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Abstract. In this paper, we study a nonlinear Langevin equation involving n−parameter singular fractional
orders αi(i = 1, 2), and βwith initial conditions. By means of an interesting fixed point theorem, we establish
sufficient conditions for the existence and uniqueness of solutions for the fractional equations.

1. Introduction

The Langevin equation (first formulated by Langevin in 1908) is found to be an effective tool to describe
the evolution of physical phenomena in fluctuating environments [9]. As the intensive development of
fractional derivative, the fractional Langevin equations have been introduced by Mainardi and Pironi [15].
The general form of the nonlinear fractional Langevin equations is presented as

cDα
(
Dβ + λ

)
u(t) = h(t,u(t))

where cDα and cDβ are the Caputo fractional derivatives of orders m − 1 < α ≤ m,n − 1 < β ≤ n,n,m ∈ N∗

λ is variable and not a constant and h : [0, 1] × R → R is a continuously differentiable function, [21]. It
worth mentioning that mainly, fractional Langevin equations have been studied extensively. Recently, the
existence and uniqueness solution for the nonlinear fractional Langevin equations involving two fractional
orders was studied in [1, 2, 7, 11, 13, 14, 16, 18–20, 23, 25] and the extensive list of references given therein.
With different unit intervals of values to two fractional orders α and β, many authors introduced their
works. For instance, [5, 8, 21, 23, 24] concerned with m − 1 ≤ α ≤ m, n − 1 ≤ β < n, n,m ∈ N [2, 16, 20]
concerned with 0 < β, α ≤ 1, [3, 10, 14, 25] concerned with 0 < α ≤ 1 and 1 < β ≤ 2, [8, 11, 13] concerned
with 1 < α, β ≤ 2. Motivated by work, we study the existence and uniqueness of solutions to the initial
value problem of the Langevin equation involving n Fractures of different periods as follows:
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

cDα1
(

cDα2
(

cDα3
(
· · ·

c Dαn
(
D2 + λ2

)
· · ·

)))
u(t) = h(t,u(t)), t ∈ [0, 1]

u(0) = 0,
u(1) = bu(η),

cDαn (u′′(0)) = 0,
cDαn−1 (cDαn (u′′(0))) = 0,

...
cDα3 (cDα4 · · ·

c Dαn (u′′(0)) · · · ) = 0,
cDα2

(
cDα3

(
· · ·

c Dαn (u′′(1) + λ2u(1)) · · ·
))

= 0

(1)

where 0 < αi ≤ 1; i = 1,n, λ is variable and not a constant, b ∈ R∗, b , sinλ
sinλη , 0 < η < 1 and h ∈ C [0, 1] is a

continuously differentiable function.

2. Preliminaries

In this section, we introduce some notations and definitions of fractional calculus and present prelimi-
nary results needed in our proofs later. We use the terminologies used in the books [12, 17]

Definition 2.1. The Riemann-Lioville fractional integral of order α > 0 for a continuous function h : [0,∞)→ R is defined as

Iαh(t) =

∫ t

0

(t − s)α−1

Γ (α)
h(s)ds,

provided that the right-hand-side integral exists, where Γ (.) denotes the Euler gamma function is defined by

Γ (α) =

∫
∞

0
tα−1e−tdt, α > 0.

Definition 2.2. . Let n ∈N be a positive integer and α be a positive real such that n− 1 < α ≤ n, then the fractional
derivative of a function h : [0,∞)→ R in the Caputo sense is defined as

cDαh(t) =
1

Γ (n − α)

∫ t

0
(t − s)n−α−1 f (n)(s)ds,

provided that the right-hand-side integral exists and is finite. We notice that the Caputo derivative of a constant is
zero.

Definition 2.3. [4]. Let (X,≤) be a partially ordered set and h : X→ X be a self mapping. Then f is called increasing
(decreasing) if h (u) ≤ h (v) (h (v) ≤ h (u)) whenever u ≤ v. Also, we say that elements u, v ∈ X are comparable either
u ≤ v or v ≤ u. Moreover, fxng is called an increasing sequence (a decreasing sequence) if un ≤ un+1 for all n ∈ N
(un+1 ≤ un for all n ∈N).

Theorem 2.4. [4]. Let (X,≤) be a partially ordered set and suppose that there exists a metric d in X such that (X, d)
is a complete metric space. Let h : X → X be an increasing mapping such that there exists an element u0 ∈ X with
u0 ≤ h(u0). Suppose that there exists 0 ≤ α < 1 such that

d(h(u), h(v)) ≤ αd(u, v),

for all comparable u, v ∈ X. Assume that either h is continuous or X is such that if an incrasing sequence {un} → u
in X, then un ≤ u for all n ∈ N. Beside, if for each u, v ∈ X, there exists z ∈ X which is comparable to u and v. Then
h has a unique fixed point u∗
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Lemma 2.5. Let n ∈N and n − 1 < α ≤ n. If u is a continuous function, then we have

IαcDαu(t) = u(t) + c0 + c1t + · · · + cn−1tn−1.

Lemma 2.6. If h ∈ C [0, 1], then the unique solution of the boundary value problem (1) is given by

u(t) =
1

λΓ

(
n∑

i=1
αi

) ∫ t

0
sinλ (t − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds

−
1

λΓ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ t

0
sinλ (t − s) s

n∑
i=2
αi

ds

+
b sinλt

∆Γ

(
n∑

i=1
αi

) ∫ η

0
sinλ

(
η − s

) ∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds

−
b sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ η

0
sinλ

(
η − s

) s
n∑

i=2
αi

 ds

+
sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ 1

0
sinλ (1 − s)

s
n∑

i=2
αi

 ds

−
sinλt

∆Γ

(
n∑

i=1
αi

) ∫ 1

0
sinλ (1 − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds

where

∆ = λ
(
sinλ − b sinλη

)
, 0 (2)

Proof. We use the property established in Lemma 2.5 to (1), we find that

(cDα1
(

cDα2
(

cDα3
(
· · ·

c Dαn
(
D2 + λ2

)
· · ·

)))
)u(t) = h(t)

So (
D2 + λ2

)
u(t) = I

n∑
i=1
αi

h(t) + I
n∑

i=2
αi

a1 + · · · + I

n∑
i=p+1

αi

a j + · · · + Iαn an−1 + an,

and

u′′(t) + λ2u(t) = 1(t) =


1

Γ

(
n∑

i=1
αi

) ∫ t

0
(t − s)

(
n∑

i=1
αi

)
−1

h(s)ds


+

a1t
n∑

i=2
αi

Γ

(
1 +

n∑
i=2
αi

) +

n−1∑
j=2

a j
t

 n∑
i= j+1

αi


Γ

1 +
n∑

i= j+1
αi



 + an,
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so

u(t) =
1
λ

∫ t

0
sinλ (t − s) 1(s)ds + A cosλt + B sinλt

=
1

λΓ

(
n∑

i=1
αi

) ∫ t

0
sinλ (t − s)

∫ s

0
(s − τ)

(
n∑

i=1
αi

)
−1

h(τ)dτ

 ds

+ A cosλt + B sinλt +
a1

λΓ

(
1 +

n∑
i=2
αi

) ∫ t

0
sinλ (t − s) s

n∑
i=2
αi

ds

+

n−1∑
j=2

a j

∫ t

0 sinλ (t − s) s

 n∑
i= j+1

αi


ds

λΓ

1 +
n∑

i= j+1
αi



 +
an

λ

∫ t

0
sinλ (t − s) ds.

Some of the initial conditions allow us to write:

u(0) = 0 =⇒ A = 0
u′′(0) = 0 =⇒ an = 0

cDαn (u′′(0)) = 0 =⇒ an−1 = 0
cDαn−1 (cDαn (u′′(0))) = 0 =⇒ an−2 = 0

...
cDα3 (cDα4 · · ·

c Dαn (u′′(0)) · · · ) = 0 =⇒ a2 = 0
cDα2

(
cDα3

(
· · ·

c Dαn (u′′(1) + λ2u(1)) · · ·
))

= 0 =⇒ a1 = 0 =⇒ a1 = −Iα1 h(1)

a1 = −Iα1 h(1) = −
1

Γ (α1)

∫ 1

0
(1 − s)α1−1 h(s)ds,

so

u(t) =
1

λΓ

(
n∑

i=1
αi

) ∫ t

0
sinλ (t − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds + B sinλt

−
1

λΓ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ t

0
sinλ (t − s) s

n∑
i=2
αi

ds,

and

u(1) =
1

λΓ

(
n∑

i=2
αi

) ∫ 1

0
sinλ (1 − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds + B sinλ

−
1

λΓ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ 1

0
sinλ (1 − s) s

n∑
i=2
αi

ds
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u(η) =
1

λΓ

(
n∑

i=1
αi

) ∫ η

0
sinλ

(
η − s

) ∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds + B sinλη

−
1

λΓ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ η

0
sinλ

(
η − s

)
s

n∑
i=2
αi

ds,

so

u(1) = bu(η) =⇒ B =
b

∆Γ

(
n∑

i=1
αi

) ∫ η

0
sinλ

(
η − s

) ∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds

−
1

∆Γ

(
n∑

i=1
αi

) ∫ 1

0
sinλ (1 − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds

+
1

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ 1

0
sinλ (1 − s)

s
n∑

i=2
αi

 ds

−
b

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ η

0
sinλ

(
η − s

) s
n∑

i=2
αi

 ds,

Therefore

u(t) =
1

λΓ

(
n∑

i=1
αi

) ∫ t

0
sinλ (t − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds

−
1

λΓ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ t

0
sinλ (t − s) s

n∑
i=2
αi

ds

+
b sinλt

∆Γ

(
n∑

i=1
αi

) ∫ η

0
sinλ

(
η − s

) ∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds

−
b sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ η

0
sinλ

(
η − s

) s
n∑

i=2
αi

 ds

+
sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s)ds

) ∫ 1

0
sinλ (1 − s)

s
n∑

i=2
αi

 ds

−
sinλt

∆Γ

(
n∑

i=1
αi

) ∫ 1

0
sinλ (1 − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ)dτ

 ds.
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3. Existence results

Let u0, v0 ∈ C [0, 1] are the lower and upper solutions of (1), defined as

u0(t) ≤
1

λΓ

(
n∑

i=1
αi

) ∫ t

0
sinλ (t − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ,u0 (τ))dτ

 ds

+
b sinλt

∆Γ

(
n∑

i=1
αi

) ∫ η

0
sinλ

(
η − s

) ∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ,u0 (τ))dτ

 ds

+
sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s,u0 (s))ds

) ∫ 1

0
sinλ (1 − s)

s
n∑

i=2
αi

 ds

−
1

λΓ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s, v0 (s))ds

) ∫ t

0
sinλ (t − s) s

n∑
i=2
αi

ds

−
b sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s, v0 (s))ds

) ∫ η

0
sinλ

(
η − s

) s
n∑

i=2
αi

 ds

−
sinλt

∆Γ

(
n∑

i=1
αi

) ∫ 1

0
sinλ (1 − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ, v0 (τ))dτ

 ds,

and

v0(t) ≥
1

λΓ

(
n∑

i=1
αi

) ∫ t

0
sinλ (t − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ, v0 (τ))dτ

 ds

+
b sinλt

∆Γ

(
n∑

i=1
αi

) ∫ η

0
sinλ

(
η − s

) ∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ, v0 (τ))dτ

 ds

+
sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s, v0 (s))ds

) ∫ 1

0
sinλ (1 − s)

s
n∑

i=2
αi

 ds

−
1

λΓ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s,u0 (s))ds

) ∫ t

0
sinλ (t − s) s

n∑
i=2
αi

ds

−
b sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s,u0 (s))ds

) ∫ η

0
sinλ

(
η − s

) s
n∑

i=2
αi

 ds

−
sinλt

∆Γ

(
n∑

i=1
αi

) ∫ 1

0
sinλ (1 − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ,0 (τ))dτ

 ds.



B. Hamid / Filomat 35:14 (2021), 4743–4754 4749

To prove the main results, we need the following assumptions: (H1) h : [0, 1] × R → R be a function such
that h(.,u(.)) ∈ C [0, 1] for each u ∈ C [0, 1] . (H2) There exists L > 0 such that 0≤ h (t,u) − h(t, v) ≤ L(u − v) for
all u, v ∈ R with u ≥ v.

Theorem 3.1. With assumptions (H1) − (H2), if Problem (1) has a coupled lower and upper solution and N < 1,
where

N = max


L |∆| + |λb|Lη

n∑
i=2
αi+1

|λ| |∆|Γ (1 + α1) Γ

(
1 +

n∑
i=2
αi

) +
L

|∆|Γ

(
2 +

n∑
i=1
αi

)

,
L |∆| + L |λb| η

n∑
i=1
αi+1

|λ| |∆|Γ

(
2 +

n∑
i=1
αi

) +
L

|∆|Γ (1 + α1) Γ

(
2 +

n∑
i=2
αi

)
 ,

then it has a unique solution in C [0, 1].

.

Proof. It is easy to see that X :=C [0, 1] is a partially ordered set with the following order relation in X:

u ≤ v u, v ∈ X⇐⇒ u(t) ≤ v(t) ∀t ∈ [0, 1]

Also,(X, d) is a complete metric space with metric d(u, v) = max
t∈[0,1]

|u(t) − v(t)|.

Obviously, if {un} is an increasing sequence in X that converges to u ∈ X and {vn} is a decreasing sequence
in X that converges to v ∈ X, then un ≤ u and v ≤ vn for all n. Also, for any u, v ∈ X, the functions max {u, v}
and min {u, v} are the upper and lower bounds of u, v, respectively. Also, X × X is a partially ordered set if
we define the following order relation in X × X :

(u, v) ≤̂
(
x, y

)
⇐⇒ u ≤ x, v ≤ y

Furthermore, for every (u, v) ,
(
x, y

)
∈ X ×X, there exists a (max {u, x} ,min

{
v, y

}
) ∈ X ×X that is comparable

to (u, v) and (x, y). Moreover, (X × X, δ ) is a complete metric space, where δ((u, v) ,
(
x, y

)
) = d(u, x) + d(v, y).

Also, if {(un, vn)} is an increasing sequence in X × X that converges to (u, v) then (un, vn)≤̂(u, v) for each n.
Now we define 11, 12 : X→ X and T : X × X→ X × X as follows:

11 (u) (t) =
1

λΓ

(
n∑

i=1
αi

) ∫ t

0
sinλ (t − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ,u (τ))dτ

 ds

+
b sinλt

∆Γ

(
n∑

i=1
αi

) ∫ η

0
sinλ

(
η − s

) ∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ,u (τ))dτ

 ds

+
sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s,u (s))ds

) ∫ 1

0
sinλ (1 − s)

s
n∑

i=2
αi

 ds,



B. Hamid / Filomat 35:14 (2021), 4743–4754 4750

12 (v) (t) = −
1

λΓ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s, v (s))ds

) ∫ t

0
sinλ (t − s) s

n∑
i=2
αi

ds

−
b sinλt

∆Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 h(s, v (s))ds

) ∫ η

0
sinλ

(
η − s

) s
n∑

i=2
αi

 ds

−
sinλt

∆Γ

(
n∑

i=1
αi

) ∫ 1

0
sinλ (1 − s)

∫ s

0
(s − τ)

n∑
i=1
αi−1

h(τ, v (τ))dτ

 ds,

and

T (u, v) =
(
11 (u) + 12(v), 11 (v) + 12(u)

)
It is easy to see that (u0, v0)≤̂T(u0, v0), 11 is an increasing mapping and 12 is a decreasing mapping. Hence,
T is an increasing mapping in X × X. Now, for (u, v) ,

(
x, y

)
∈ X × X with (u, v) ≤̂

(
x, y

)
and t ∈ [0, 1] we have∣∣∣T (u, v) (t) − T

(
x, y

)
(t)

∣∣∣ =
∣∣∣(11u(t) + 12v(t), 11v(t) + 12u(t)

)
−

(
11x(t) + 12y(t), 11y(t) + 12x(t)

)∣∣∣
≤

∣∣∣11u(t) − 11x(t)
∣∣∣ +

∣∣∣11v(t) − 11y(t)
∣∣∣ +

∣∣∣12u(t) − 12x(t)
∣∣∣ +

∣∣∣12v(t) − 12y(t)
∣∣∣ .

On the other hand

∣∣∣11u(t) − 11x(t)
∣∣∣ ≤ 1

|λ|Γ

(
n∑

i=1
αi

) ∫ t

0

∫ s

0
(s − τ)

n∑
i=1
αi−1
|h(τ,u (τ)) − h(τ, x (τ))| dτ

 ds

+
|b|

|∆|Γ

(
n∑

i=1
αi

) ∫ η

0

∫ s

0
(s − τ)

n∑
i=1
αi−1
|h(τ,u (τ)) − h(τ, x (τ))| dτ

 ds

+
1

|∆|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1

|h(s,u (s)) − h(s, x (s))| ds
) ∫ 1

0

s
n∑

i=2
αi

 ds

≤
Ld (u, x)

|λ|Γ

(
n∑

i=1
αi

) ∫ t

0

∫ s

0
(s − τ)

n∑
i=1
αi−1

dτ

 ds

+
|b|Ld (u, x)

|∆|Γ

(
n∑

i=1
αi

) ∫ η

0

∫ s

0
(s − τ)

n∑
i=1
αi−1

dτ

 ds

+
Ld (u, x)

|∆|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 ds

) ∫ 1

0

s
n∑

i=2
αi

 ds

≤


L |∆| + L |λb| η

n∑
i=1
αi+1

|λ| |∆|Γ

(
2 +

n∑
i=1
αi

) +
L

|∆|Γ (1 + α1) Γ

(
2 +

n∑
i=2
αi

)
 d (u, x)

≤ Nd (u, x) ,
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∣∣∣11v(t) − 11y(t)
∣∣∣ ≤ 1

|λ|Γ

(
n∑

i=1
αi

) ∫ t

0

∫ s

0
(s − τ)

n∑
i=1
αi−1 ∣∣∣h(τ, v (τ)) − h(τ, y (τ))

∣∣∣ dτ ds

+
|b|

|∆|Γ

(
n∑

i=1
αi

) ∫ η

0

∫ s

0
(s − τ)

n∑
i=1
αi−1 ∣∣∣h(τ, v (τ)) − h(τ, y (τ))

∣∣∣ dτ ds

+
1

|∆|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1

∣∣∣h(s, v (s)) − h(s, y (s))
∣∣∣ ds

) ∫ 1

0

s
n∑

i=2
αi

 ds

≤


L |∆| + L |λb| η

n∑
i=1
αi+1

|λ| |∆|Γ

(
2 +

n∑
i=1
αi

) +
L

|∆|Γ (1 + α1) Γ

(
2 +

n∑
i=2
αi

)
 d

(
v, y

)
≤ Nd

(
v, y

)
,

∣∣∣12u(t) − 12x(t)
∣∣∣ ≤ 1

|λ|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1

|h(s,u (s)) − h(s, x (s))| ds
) ∫ t

0
s

n∑
i=2
αi

ds

+
|b|

|∆|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1

|h(s,u (s)) − h(s, x (s))| ds
) ∫ η

0

s
n∑

i=2
αi

 ds

+
1

|∆|Γ

(
n∑

i=1
αi

) ∫ 1

0

∫ s

0
(s − τ)

n∑
i=1
αi−1
|h(τ,u (τ)) − h(τ, x (τ))| dτ

 ds

≤
Ld(u, x)

|λ|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 ds

) ∫ t

0
s

n∑
i=2
αi

ds

+
|b|Ld(u, x)

|∆|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1 ds

) ∫ η

0

s
n∑

i=2
αi

 ds

+
Ld(u, x)

|∆|Γ

(
n∑

i=1
αi

) ∫ 1

0

∫ s

0
(s − τ)

n∑
i=1
αi−1

dτ

 ds

≤


L |∆| + |λb|Lη

n∑
i=2
αi+1

|λ| |∆|Γ (1 + α1) Γ

(
1 +

n∑
i=2
αi

) +
L

|∆|Γ

(
2 +

n∑
i=1
αi

)
 d(u, x)

≤ Nd(u, x),
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and ∣∣∣12v(t) − 12y(t)
∣∣∣ ≤ 1

|λ|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1

∣∣∣h(s, v (s)) − h(s, y (s))
∣∣∣ ds

) ∫ t

0
s

n∑
i=2
αi

ds

+
|b|

|∆|Γ (α1) Γ

(
1 +

n∑
i=2
αi

) (∫ 1

0
(1 − s)α1−1

∣∣∣h(s, v (s)) − h(s, y (s))
∣∣∣ ds

) ∫ η

0

s
n∑

i=2
αi

 ds

+
1

|∆|Γ

(
n∑

i=1
αi

) ∫ 1

0

∫ s

0
(s − τ)

n∑
i=1
αi−1 ∣∣∣h(τ, v (τ)) − h(τ, y (τ))

∣∣∣ dτ ds

≤


L |∆| + |λb|Lη

n∑
i=2
αi+1

|λ| |∆|Γ (1 + α1) Γ

(
1 +

n∑
i=2
αi

) +
L

|∆|Γ

(
2 +

n∑
i=1
αi

)
 d(v, y)

≤ Nd(v, y),

For all (u, v) ,
(
x, y

)
∈ X × X with (u, v) ≤̂

(
x, y

)
and t ∈ [0, 1]. Then we conclude that∣∣∣T (u, v) (t) − T

(
x, y

)
(t)

∣∣∣ ≤ 2N
(
d(u, x) + d(v, y)

)
= Nδ

(
(u, v), (x, y)

)
,

for all (u, v) ,
(
x, y

)
∈ X × X with (u, v) ≤̂

(
x, y

)
and t ∈ [0, 1]. Hence, for each (u, v), (x, y) ∈ X × X with

(u, v) ≤̂
(
x, y

)
, we obtain

δ
(
T (u, v) ,T

(
x, y

))
≤ Nδ

(
(u, v), (x, y)

)
.

Thus, according to Theorem 2, there is a unique element (u∗, v∗) ∈ X×X such that (u∗, v∗) = T (u∗, v∗). On
the other hand, since (u∗, v∗) is another fixed point of T, then u∗ = v∗. Hence, u∗ = 11(u∗) + 12(u∗), i.e., u∗ is a
unique solution of (1.1).

4. Examples

Example 4.1. Consider the boundary value problem

cDα1
(

cDα2
(

cDα3
(
· · ·

c Dαn
(
D2 + 1

)
· · ·

)))
u(t) = h(t,u(t), t ∈ [0, 1]

u(0) = 0,
u(1) = bu(π6 ),

cDαn (u′′(0)) = 0,
cDαn−1 (cDαn (u′′(0))) = 0,

...
cDα3 (cDα4 · · ·

c Dαn (u′′(0)) · · · ) = 0,
cDα2

(
cDα3

(
· · ·

c Dαn (u′′(1) + λ2u(1)) · · ·
))

= 0

(3)

where

h(t,u(t) = 4u(t)+
(

1 − t2 + t3

100

)
+A sin t−

1
50

cos t,
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and

A = −

(
π3

48600
−

π2

2700
−

π
450

+
1

900 sin 1
−

1
150 tan 1

−

√
3 − 3
75

)
,

α1= 1, η =
π
6
, λ = 1,

n∑
i=2

αi= 1, b =
−2 sin 1

sin η
and ∆ = 3 sin 1.

Clearly, 0 ≤ f (t, x) − f (t, y) ≤ L(x − y), x ≥ ywith L = 4 . Moreover,

N = 0, 2168313488 < 1

Also, a relatively simple calculus, with the help of Maple, shows that u0(t) = − 1+cos 1
200 t, v0(t) = ( 31−4

√
3

1200 +
π3+18π2+108π

194400 + 1+6 cos 1
3600 sin 1 )t is a coupled lower and upper solution of problem (3). Thus, by Theorem 3.2 the

boundary value problem (3) has a unique solution on [0, 1]
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