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Abstract. In this paper, we study a nonlinear Langevin equation involving n— parameter singular fractional
orders a;(i = 1,2), and g with initial conditions. By means of an interesting fixed point theorem, we establish
sufficient conditions for the existence and uniqueness of solutions for the fractional equations.

1. Introduction

The Langevin equation (first formulated by Langevin in 1908) is found to be an effective tool to describe
the evolution of physical phenomena in fluctuating environments [9]. As the intensive development of
fractional derivative, the fractional Langevin equations have been introduced by Mainardi and Pironi [15].
The general form of the nonlinear fractional Langevin equations is presented as

D (DF + A)u(t) = h(t, u(t))

where D% and °DF are the Caputo fractional derivatives of ordersm -1 <a <m,n-1<p <n,nme N
A is variable and not a constant and / : [0,1] X R — R is a continuously differentiable function, [21]. It
worth mentioning that mainly, fractional Langevin equations have been studied extensively. Recently, the
existence and uniqueness solution for the nonlinear fractional Langevin equations involving two fractional
orders was studied in [1, 2, 7, 11, 13, 14, 16, 18-20, 23, 25] and the extensive list of references given therein.
With different unit intervals of values to two fractional orders @ and $, many authors introduced their
works. For instance, [5, 8, 21, 23, 24] concerned withm -1 <a <m,n-1<p <n,n,m € N [2, 16, 20]
concerned with 0 < ,a < 1, [3, 10, 14, 25] concerned with0 <@ < land 1 < < 2, [8, 11, 13] concerned
with 1 < a,f < 2. Motivated by work, we study the existence and uniqueness of solutions to the initial
value problem of the Langevin equation involving n Fractures of different periods as follows:
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D (D% (D% (+++¢ D% (D2 + A2) -+ ))) u(t) = h(t, u(t)), t € [0,1]
u(0) =0,

u(1) = bu(n),
"D (u”(0)) =0,
cDan-1 (CD“” (u//(o))) =0, (1)

D% (D% ... Da:n w”(0))---)=0,
D% (D% (- D¥ (' (1) + A2u(1)) -+ )) = 0

where 0 < @; < 1;i = 1,1, A is variable and not a constant,b € R*,b # ;g/@n,o <n<landheC[0,1]isa
continuously differentiable function.

2. Preliminaries

In this section, we introduce some notations and definitions of fractional calculus and present prelimi-
nary results needed in our proofs later. We use the terminologies used in the books [12, 17]

Definition 2.1. The Riemann-Lioville fractional integral of order a > 0 for a continuous function h : [0,00) — R is defined as

. _ t (i’ _ S)afl
I h(t) = fo Wh(S)dS,

provided that the right-hand-side integral exists, where I (.) denotes the Euler gamma function is defined by

I'(a)= f 1 tetdt, a > 0.
0

Definition 2.2. . Let n € IN be a positive integer and « be a positive real such that n — 1 < a < n, then the fractional
derivative of a function h : [0, c0) — R in the Caputo sense is defined as

ca _ 1 ' n—a-1 ¢(n)
D*h(t) = —— - ds,
=g fo(t 9" )ds

(n-a)

provided that the right-hand-side integral exists and is finite. We notice that the Caputo derivative of a constant is
zero.

Definition 2.3. [4]. Let (X, <) be a partially ordered set and h : X — X be a self mapping. Then fis called increasing
(decreasing) if h () < h (v) (h (v) < h (u)) whenever u < v. Also, we say that elements u,v € X are comparable either
u < vorv < u. Moreover, fxng is called an increasing sequence (a decreasing sequence) if u, < uy4q for alln € IN
(Ups1 < uy foralln € IN).

Theorem 2.4. [4]. Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such that (X, d)
is a complete metric space. Let h : X — X be an increasing mapping such that there exists an element uy € X with
ug < h(up). Suppose that there exists 0 < a < 1 such that

d(h(u), h(v)) < ad(u,v),

for all comparable u,v € X. Assume that either h is continuous or X is such that if an incrasing sequence {u,} — u
in X, then u, < u for all n € IN. Beside, if for each u,v € X, there exists z € X which is comparable to u and v. Then
h has a unique fixed point u*
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Lemma 2.5. Letn € Nandn—1 < a < n. If u is a continuous function, then we have
I°D%u(t) = u(t) + co + c1t + -+ - + cpq "L,

Lemma 2.6. Ifh € C[0, 1], then the unique solution of the boundary value problem (1) is given by

: s i
u(t) = +f sin A (t —s) [f (s— T)Elal ' h(T)dT] ds
AF(Zaf) 0 0
i=1
- ! ( f (1-s)™~ 1h(s)ds) f sm)\(t—s)sn ds
AFMQF(L+Z&) ‘
i=2
+£2;£1[ZmAm Lf@—@u’h@mﬂ
AF(ZCK,‘)
i=1
- bsin At (f (1-s)"" 1h(s)ds)f sin A (1 —s) (sfgai]ds
AT ()T (1+ Ya )
sinAf (f (1-s)"" 1h(s)ds)f sinA(1-s) (srzzai)
AT (a)T (1 + Za)
i=2
. 1 s e
——EE%L—f‘QnAU—Q(j\@—ﬂEM1Mﬂmj$
M(Zm)o ‘
i=1
where
A=A(sinA —bsinAn) £ 0 2)

Proof. We use the property established in Lemma 2.5 to (1), we find that
(cDa1 (cDaz (cDas ( ..C D (D2 + /\2) e ))))u(t) = h(t)
So

n n

i i rai L a
(D2 + )\2) u(t) = 15 h(t) + 1= ay + -+ + 79 aj+ -+ 1", 1 +ay,

and

w’(t) + APu(t) = g(t) =
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SO

¢
u(t) = % fo sin A (f — s) g(s)ds + A cos At + Bsin At

t S n
ZD(,‘ -1
= +f sin A (t—s) f (s— ’C)(f:1 ) h(’c)dt} ds
Al (Z 0(1‘) 0 0
i=1
611 t Z”:al
+ Acos At + Bsin At + — f sinA (t —s)si=2 ds
AT (1 + Za,-) 0
i=2
t [i “‘iJ
sin A (f — s)s\=*' Jds

n
1+ Ea,-

i=j+1

n-1 t
+Z ajfo +a7"fsin)\(t—s)ds.
=2 AF( ) °

Some of the initial conditions allow us to write:

u0)=0=A=0
u”0)=0=a,=0
D (u”0)=0=a,.1=0
D1 (D% (1”'(0))) = 0 = a,_» = 0
D% (°D% ... D% (”(0))--+) = 0 => ap = 0
D% (D% (- DU (' (1) + A2u(1)) -+ )) = 0 = @y = 0 => a1 = —["h(1)

1
oy = —["h(1) = —— f (1 - )" h(s)ds,
0

I'(a1)
SO
t S S f—
)= —r— f SiM(t—S)[ f (s -0 1h(T)dT]ds+Bsin/\t
AF(Zai) 0 0
i=1
1 ; 0
- - p ( f Q-9 h(s)ds) f sin A (t — s) s ds,
Al"(al)l"(1+zai) 0 0
i=2
and

ds+ Bsin A

1 s e
u(1) = +f sinA (1 —5s) {f (s— T)gal ' h(t)dt
AF(Z Oéi) 0 0
i=2

1 1 no
- ! - )(L (1-s)nt h(s)ds)‘fO sin/\(l—s)séa'ds

AF(al)F(l + Zai

i=2
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sm/\(n—s){f (s — 1) 1i h(’[)dT}ds+BsmAn

)( f 1 -s)n~ 1h(s)ds) f sin L (1 — s) s ' ds,

u(n) = —
< az
i=1

AT ()T

T [\{1:

g
B

SO

b g S ia,‘—l
u(l) = bu(n) = B = f sinA (n—s) [ f (s — 7)= h(T)d’L’] ds
0 0

1 1 s ial—l
- sinA (1 - s)( (s—1)=1 ]’Z(T)d’f) ds
AF( 0(1‘) L jo‘
' ! Y
(f (1-s)ym? h(s)ds)f sin A (1 —5s) (sf-z ]ds
bl
1 Lo
( f 1-s)! h(s)ds) f ' sinA(n—s) (Sga] ds,
it

=2

n
AT (@) T[1+ Yo

1
AF(ocl F(l + Y
b

N

Therefore

t S S —
u(t) = 1n f sinA (t —s) [f (s— T)Ela, ' h(T)dT] ds
/\F(Za,-) 0 0
L )(f (1-s5)"" 1h(s)ds)f sm)\(t—s)s =" ds

i=1
/\1"(0(1)1"(1 + Za

(o o o
o]

Ya

i=1

bsin At ) (f (1-s)n7! h(s)ds) f sinA (1 —s) (si-zzai] ds

AT (a7) (1 + za

1 )
sin At )(f (1-s)" 1h(s)ds)f 81n?l(1—5)(5 - )

AT (a))T (1+Za
i=2

- sin Af fsm/\(l (f (S—T)li h(T)d’C)
AF(Z&)

i=1
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3. Existence results

Let ug,v9 € C[0,1] are the lower and upper solutions of (1), defined as

up(t) < +f sinA (t — [f (s = 1) Zai 1h(’c, U (T))d’[} ds
A (Z (Xi)
i=1
+ bSI—r;M fn sinA (1 —s) [fs (s— T)tglai_l h(t, ug (”L’))d”[) ds
AF(Z al-) 0 0
i=1
+ sin Af (f (1 =) s, ug (s))ds) fl sinA (1 -5s) (sfizai)ds
AT ((xl)F( ; )
¢
- ( (1 =9 h(s, v (s ))ds)f sm)\(t—s) si= L " ds
/\T(al)F(1+Za) 0
- bsin At (f (1 -1 h(s, v (s))ds) f sinA (1 —s) (szgzai] ds
Ar(al)r(l + Za)
- sin Af f sinA(l-s (f (s—’[)x . h(T (7 (T))d”[]
i
i=1
and
t S z
vo(t) > + f sinA (t —s) [f (s — T)féa‘_l h(t, vy (T))dT] ds
AF(ZC\(,‘) 0 0
i=1
+ 1751—r’14/\t fq sinA (1 —s) (fs (s— ’c)t‘ém_1 h(t,vg (T))dT] ds
Ar(z a,-) 0 0
i=1

n

. 1
sin Af )(f (1 —9)"""h(s, v (s))ds)f sinA(1-s) (sfgains

AF(al)F(l + Za
=2

1
/\F(al)F(1+ Ya )

bsin At ) (f (1 —95)""h(s, ug (s))ds) f sin A (1 —s) (Siga[] ds

AT (al)F(l + Z

i=2

. 1 S S L
__smAt n/\t f sin A (1 —s) [ f - 05" (o (T))dT] ds
) |

AT (Z a;
i=1

¢
1-s)"h d) At—s)s=d
( ( (s, ug (s))ds fosm (t s)s s

4748
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To prove the main results, we need the following assumptions: (H;) 2 : [0,1] X R — R be a function such
that h(., u(.)) € C[0,1] for each u € C[0, 1] . (Hy) There exists L > 0 such that 0< h (¢, u) — h(t,v) < L(u — v) for
all u,v €e Rwith u > v.

Theorem 3.1. With assumptions (Hy) — (Hz), if Problem (1) has a coupled lower and upper solution and N < 1,
where

iaﬁl
L|A| + |Ab| L= L
max +

[AIAIT (1 + al)r(l + iai) |A|F(2 + iai)
i=2

i=1

N

ia[+1
L|A]+ L|Ab| = N L

B |A|F(2+ ia,-) AIT(1 +a1)r(z+ iai)

’
i=1 i=2

then it has a unique solution in C[0,1].

Proof. 1t is easy to see that X :=C[0, 1] is a partially ordered set with the following order relation in X:
u<v uveX << u(t) <ov(t) Ytel0,1]

Also,(X, d) is a complete metric space with metric d(u, v) = m[(z)aﬁ [u(t) — o(t)|.
te[0,

Obviously, if {u,} is an increasing sequence in X that converges to u € X and {v,} is a decreasing sequence
in X that converges to v € X, then u, < u and v < v, for all n. Also, for any u, v € X, the functions max {u, v}
and min {u, v} are the upper and lower bounds of u, v, respectively. Also, X x X is a partially ordered set if
we define the following order relation in X x X :

w,0)<(x,y) = u<x,o<y

Furthermore, for every (1,v), (x, y) € X X X, there exists a (max {u, x}, min {7, y}) € X x X that is comparable
to (1,v) and (x, y). Moreover, (X X X, 0 ) is a complete metric space, where 6((u,v), (x,y)) = d(u, x) + d(v, y).
Also, if {(us, v,)} is an increasing sequence in X X X that converges to (1, v) then (un,vn)g(u, v) for each n.
Now we define 71,92 : X = Xand T : X x X — X X X as follows:

s ia,—l
f (s—1)y=  h(t,u (T))dl] ds
Y ‘

i=1

¢
91(u)(t)=+fsin/\(t—s)
AF( )0

Y.a;

i=1

, bsinat f” i (n—S)( f -5 h(T,u(T))dT]dS
ar(f) * °

n

. 1 1
sinAf - (f (1 -s)"" (s, u (s))ds) f sinA (1 —5s) [Sgai] ds,
) 0 0

AT (al)F(l + Yo

i=2
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1 t o
72 () (t) = — L - (f (1—g)nt h(s,v (s))ds)f sinA(t —s) sfgmds
Arﬁh)an+ZaJ 0

7

- bsin At ) (f (1-s)""h(s,v (s))ds) fﬂ sinA (n—s) [sfzzai] ds

AT (a1)T (1 + Za
i=2

n

. 1 s —
B smn)\t f sin A (1 —s) (f (s — T)Em, 1 h(t,v (T))d’(] ds
AT (Zm) ’ '

i=1

T (u,v) = (91 (u) + 92(v), g1 (V) + g2(u))

It is easy to see that (i, v9)<T (1o, vo), g1 is an increasing mapping and g, is a decreasing mapping. Hence,
T is an increasing mapping in X X X. Now, for (1,v), (x, y) € X x X with (u,v) <(x,y) and t € [0, 1] we have

|T (u,0) (1) = T (x, y) (1)] = |(g1u(t) + g20(t), g10() + gau(t)) — (g1x() + G2y(t), G1y(t) + go2x(1))|
< |gruct) = gix(®)| + |g1oH) — gry(®)] + |g215) — g2x(t)] + |g20(t) — 72(8)|.

On the other hand

|gruct) — gux(t)| < ﬁ f { f (s—r)l' Ih(z, u (7)) - h(nxm)m}

|)\|1"():a
i=1

1

. L) jo"l (fos s - T)Ela,fl Ih(t, u (1)) — h(t, x (7))] dTJ ds

IAIF( a;

It

n

1
+ 1 )(f (1 =) h(s, u (s)) — ks, x(S))Ids)f (széaz]ds

|A|F(a1)r(l + Za

oA [

|)\|F(Za
|b| Ld (u, x) ( - )
+ (s—’c) =1 d’c ds
e 1
Ld(u,x) )(f (1- S)a1 1ds)f [szz l]d

|A|F(a1)r(1 + Ea

i=2
LA+ LA ! L
+ i=1
< 1 + | d ()
|A] |A|T(2+ Zai) |A|F(l+a1)r(2+ Zai)
=1 i=2

< Nd(u,x),
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|rot) = qy(] < [ s—ﬂ%“Wanu»—mLyu»wﬂds
|M%;

- n [f (s — T) |h(T,U (1)) —h(t,y (T))( dr) ds
e
1

1 . .
+ )(f (1-s)M~ 1|h(s v(s))—h(s,y(s )|ds)f (,%“l]ds

|A|F(a1)F(l + Za

i=2
LA+ LA ! L
< |Al + L] nn . : d(0,y)
[A] |A|F(2+ ):ai) |AIT (1 +a1)F(2+ Zai)
i=1 i=2
<Nd(v,y),
1 ! a]—l ' iﬂti
|g2u(t) - gzx(t)| < - (I —=s)"""" |h(s,u(s)) — (s, x(s))|ds s=2 ds
wrmor@+2m) ’ ’
i=2

N |b| )(f (1 =) (s, u (s)) - h(s, x(S))Ids) fn [s,%“’]ds

IAll"(ozl)l"(l + Zal

+ +) ](; [fo (s— T)igai_l [h(t, u (7)) — h(T, x (7))] d’[] ds

|A|F(Zai

i=1

Ld(w, x) (f (1-s)"" 1ds)f s ' ds
|

|)\|F(a1)F(1 + Za

sl (4

|A|F(a1)r(1+2a)
Ld(u, x) [ - ]

(S—T) =1 d’[ ds
preeaill)

LIAL+ bl L=
< 1A+ A6l Lo~ — L | d(u, x)
[AIAIT (1 + al)F(l + Za,') |A|T(2 + Zai)
i=2 i=1

< Nd(u, x),
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and

1 T
|g20(t) — g2y ()] < ! - ( f (1-s)y? |h(s,v(s))—h(s,y(s))|ds) f 5 g
|A|r<a1>r(1+2a,-) ° °

i=2

n

b L e ) 7(2]
1—=5)"""|h(s, — h(s, d =2 |d
. n )(fo( "~ it 0 60 = s, o] s {55 s

|A|F(a1)F(1 + Y

i=2
1 1 s iai_l
+— =07 |a(r,0(0) - h(t, y (7))| dr |ds
|A|r(2ai) A0
i=1
Zyl:a,‘+1
LIA| + |Ab| L=
R e
IAlIAIT (1 +0c1)T(1 + Zai) |A|F(2+ Zai)
i=2 i=1
< Nd(v,y),

For all (u,v), (x, y) € X x X with (u, ) < (x, y) and t € [0,1]. Then we conclude that
|T (w,v) () - T(x,y) (t)‘ < 2N (d(u,x) + d(v, y))
= No6((u,0), (x, ),

for all (u,0),(x,y) € X x X with (1,0)<(x,y) and t € [0,1]. Hence, for each (1,v),(x,y) € X x X with
(1,v) < (x, y), we obtain

6 (T (u,0),T (x,y)) < N6 ((u,0), (x, ).

Thus, according to Theorem 2, there is a unique element (1%, v*) € X X X such that (u*,v*) = T (v, v*). On
the other hand, since (1%, v*) is another fixed point of T, then u* = v*. Hence, u* = g1(u*) + g2(u*), i.e., u* is a
unique solution of (1.1). O

4. Examples

Example 4.1. Consider the boundary value problem

D (D% (D% -+ D¥ (D2 + 1) -+ )))u(t) = h(t, u(t), t € [0,1]
u(0) = 0,
u(1) = bu(g),
CDU(,, (u/l(o)) - 0/
"D (D (' (0)) =0, ©)

D (D% ... Da‘n W’ (0)---) =0,
cD* (CD“3 ( -~ D% (w(1) + A2u(l))-- - )) =0

where

1-#2+1 _ 1
h(t, u(t) = 4u(t)+ (T) +Asin t—% cost,
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and

w- (A = 1 1  V3-3
B 48600 2700 450 900sin1 150tanl 75 !

n
b4 Z —2sinl .
a1= 1,77 :g,/\z 1,. Z(Xiz 1,b ZW and A =3sinl.
i=

Clearly, 0 < f(t,x) — f(t,y) < L(x — y),x > ywith L = 4 . Moreover,

N =0,2168313488 < 1

Also, a relatively simple calculus, with the help of Maple, shows that uy(t) = —%t, vo(t) = (311_2%)85 +

3 +18m2+1087 + l#6cosl

191700 o007t is a coupled lower and upper solution of problem (3). Thus, by Theorem 3.2 the

boundary value problem (3) has a unique solution on [0, 1]
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