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Abstract. In this paper, we introduce the almost 7-Hurewicz (ATH) property which is a simultaneous
generalization of the 7-Hurewicz (/H) (see [1, 5]) and the almost Hurewicz [23] properties. It is shown
that the ATH property independent to the weakly 7-Hurewicz (WZH) [6] property, where I is the proper
admissible ideal of IN. It is shown that in a regular space, the ATH property implies the 7H property hence
the WIH property, but not in Urysohn space. In a similar way, we consider almost 7y-set and the almost

star-7-Hurewicz property (ASZH) and it is shown that the image of almost Jy-set under O-continuous
mapping has the ATH property.

1. Introduction

In 1996, Scheepers [20] initiated the systematic study of selection principles in topology and their rela-
tion to game theory and Ramsey theory (see also [12]). Ko¢inac and Scheepers [14] studied the Hurewicz
property in detail and found its relations with function spaces, game theory and Ramsey theory. Subse-
quently this topic became one of the most active areas of set theoretic topology. The classical selection
principles have been used to define and characterize various topological properties. Maio and Ko¢inac [17]
introduced certain types of open covers and selection principles using the ideal of asymptotic density zero
of N. Das, Chandra and Ko¢inac (see [1-5]) studied the open covers and selection principles using arbitrary
ideals of IN (also see [25]). Further Das et al. (see [1, 5]) defined the ideal analogues of some variants of the
Hurewicz property such as the 7-Hurewicz, the star-7-Hurewicz and the weakly 7-Hurewicz, where 7 is
the proper admissible ideal of IN. Recently authors continued (see [21, 25]) the study of Hurewicz covering
properties using ideal.

The purpose of this paper is to extend the use of arbitrary ideal of IN to the covering properties. Briefly,
we define the almost 7-Hurewicz (A7H) which is a generalization of the 7-Hurewicz (I H) property and
the almost Hurewicz property and independent to the weakly 7-Hurewicz (WJH) property. In a similar
way we define almost 7)-set, which is a generalization of almost y-set [13]. We also define the almost
star-7-Hurewicz property (ASZH) which is a further generalization of the ATH property.

This paper is organized as follows. Section-2 contains the necessary preliminaries. In Section-3, we
define the almost 7-Hurewicz property and study its relationship with the 7H, WJH and almost Hurewicz
properties by giving some examples. Several results are proved in this section for instance; (1) It is shown
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that in a regular space the ATH property implies the 7H property hence the WIH property but not in a
Urysohn space, (2) The ATH property and the W1 H are independent properties, (3) We can use regular open
subsets instead of open sets in the definition of the ATH property. In Section-4, we study the preservation
properties of the ATH under several types of mappings and subspaces. In Section-5 we define almost 7y -set
and it is obtained that the image of almost Jy-set under 0-continuous mapping has the ATH property.
Section-6 contains the almost star-7-Hurewicz (ASTH) property and its relationship with the STH, ATH
and almost star-Hurewicz properties.

2. Preliminaries

Throughout the paper (X, 7) stands for a Hausdorff topological space. Let A be a subset of X and U be
a cover of space X. Then St(A,U)=\J{U € U : UN A # 0}. We usually write St(x, U)=St({x}, U).

Let us recall some types of open covers which are used in this paper. An open cover U of X is an w-cover
[10] if for each finite subset F of X there exists a U € U such that F C U and X is not a member of U. An
open cover U of X is a y-cover [10] if it is infinite and for every x € X the set {U € U : x ¢ U} is finite.
Gerlits and Nagy [10] defined the notion of y-sets, a space X is a y-set if for each sequence (U, : n € IN)
of w-covers there exists a sequence (V, : n € IN) such that for every n € N, V,, € U, and (V,, : n € N) is
a y-cover of X. An open cover U of X is an almost y-cover [13] if it is infinite and for every x € X the set
{U € U : x ¢ U} is finite. Kocev [13] defined the notion of almost y-sets, a space X is an almost y-set if for
each sequence (U, : n € IN) of w-covers there exists a sequence (V, : n € IN) such that for every n € NN,
Vi, € U, and (V,, : n € N) is an almost y-cover of X.

A space X is said to have the Hurewicz property [11] if for each sequence (U, : n € IN) of open covers of
X there is a sequence (V, : n € IN) such that for each n € IN, V,, is a finite subset of U, and for each x € X,
x € UV, for all but finitely many n.

A space is called Hurewicz space if it has the Hurewicz property and so on throughout the paper.

A space X is said to have the almost Hurewicz property [23] if for each sequence (1, : n € IN) of open
covers of X there is a sequence (V,, : n € IN) such that for each n € N, V,, is a finite subset of U, and for

eachx € X, x € |JV, for all but finitely many n.

A family I c 2Y of subsets of a non-empty set Y is said to be an ideal in Y if (i) A, B € 7 implies AUB € T
(ii) A € 7, B c A implies B € 7, while an ideal is said to be admissible ideal or free ideal 7 of Y if {y} € 1 for
eachy € Y. If 7 is a proper ideal in Y (thatis, Y ¢ 7,7 # {0}), then the family of sets ¥ (1) = {M C Y : there
exists A € 1 such that M = Y'\ A} is a filter in Y. Throughout the paper 7 will stand for proper admissible
ideal of IN. We denote the ideals of all finite subsets of N by 7 f,.

A space X is said to have the 7-Hurewicz property (see [1, 5]) (in short, 7H) if for each sequence
(U, : n € IN) of open covers of X there is a sequence (V, : n € IN) such that for each n € IN, V,, is a finite
subset of U, and foreachx e X, {neN:x¢ | JV,} e 1.

A space X is said to have the star-7-Hurewicz property [6] (in short, STH) if for each sequence (U, : n €
IN) of open covers of X there is a sequence (V, : n € IN) such that for each n € N, V,, is a finite subset of U,
and foreachx e X, {n e N:x ¢ St(UV,,U,)} € I.

A space X is said to have the weakly 7-Hurewicz property [6] (in short, WIH) if for each sequence
(U, : n € N) of open covers of X there is a dense set Y C X and a sequence (V,, : n € IN) such that for each
n € N, V, is a finite subset of U, and foreachy e Y, ne N:y ¢ [JV,} € T.

A space X is said to have the mildly star-7-Hurewicz property [6] (in short, MSTH) if for each sequence
(U, : n € N) of clopen covers of X there is a sequence (V, : n € IN) such that for each n € IN, V,, is a finite
subset of U, and for each x € X, {n € N : x ¢ SHUV,,, U,)} € I.

A countable open cover U = {U, : n € IN} of X is said to be an 7-y cover [5] if for each x € X the set
{neIN:x¢ U,} € 1. The set of all /-y covers will denoted by 7 — A.

Throughout this paper, the cardinality of a set A is denoted by |A|. Let w be the first infinite cardinal
and w; the first uncountable cardinal. As usual, a cardinal is the initial ordinal and an ordinal is the set of
smaller ordinals. Every cardinal is often viewed as a space with the usual order topology. For other terms
and symbols we follow [8].
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3. The almost 7-Hurewicz property

Definition 3.1. A space X is said to have the almost I-Hurewicz property (in short, ATH) if for each sequence
(U, : n € N) of open covers of X there is a sequence (V,, : n € IN) such that for each n € IN, V,, is a finite subset of

Uy and foreachx e X, {fneN:x ¢ JV,} e I.

From the definitions it is obvious that for an admissible ideal 7, the almost Hurewicz property implies
the almost 7-Hurewicz property and the 7-Hurewicz property imply the almost 7-Hurewicz and the
weakly 7-Hurewicz properties. Thus we have the following implications.

I-Hurewicz ——— Weakly -Hurewicz

Almost Hurewicz

Hurewicz Almost -Hurewicz

We give examples show that the converse implications need not be true in general.

Example 3.2. Let X be the Euclidean plane with the deleted radius topology (see [Example 77, [22]]). Since X is not
Lindeldf, X does not have the 1-Hurewicz property, since a space having the I-Hurewicz property must be Lindelof.
Now to prove that X has the AT H property, we will use the fact that the closure of every open set in the deleted radius
topology is the same as in the usual Euclidean topology and that the Euclidean plane with the Euclidean topology is
o-compact and therefore has the ATH property.

Problem 3.3. Construct an example which has the ATH property but does not have the almost Hurewicz property.

With 7 f;, ideal, the ATH and the almost Hurewicz properties become equivalent.
Now a natural question arises that under what condition the ATH property implies the 7H property.
The following theorem gives partial answer to this question.

Theorem 3.4. Let X be a reqular space with the ATH property. Then X has the TH property.

Proof. Consider (U, : n € IN) be a sequence of open covers of X. By regularity of space X, for each n € IN

there exists an open cover V,, of X such that V/, = {V : V € V,} is a refinement of U,,. Applying the ATH
property to the sequence (V,, : n € IN), there is a sequence (W, : n € N) such that for eachn € N, W, is a

finite subset of V,, and for eachx € X, {n e N : x ¢ |JW,} € I. Consequently, {(n e N : x € U W,} € F(J).
For every n € N and for every W € ‘W,, choose Uw € U, such that W c Uy. Let U, ={Uw: WeWw,l

Then for each n € IN, U, is a finite subset of U, and hence {n e N: x e | JW,} c{n e N:x e |JU,}. Thus
X has the 7H property. O

Example 3.5. There exists an Urysohn space having the ATH property which does not having the IH property.

LetA={ap:a<wi},B={:ic€cwland Y = {{a,,b;)) : a < w1, i € w}. Let X = YU A U {a} where
a ¢ Y UA. We topologize X as follows: every point of Y is isolated, a basic neighborhood of a, € A for each
a < w; takes of the form Uy, (i) = {a.} U {{(aq,bj) :i < j} where i € w and a basic neighborhood of a takes the
form U,(a) = {a} U U{{ap, bi) : p > a, i € w} where @ < wy. Clearly, X is an Urysohn space. However X is not
regular, since the point a can not be separated from the closed set {a, : @ < w1} of X. Since {a, : @ < w1} is an
uncountable discrete closed set of X. Thus X is not Lindeltf and X does not have the 7-Hurewicz property,
since a space having the 7-Hurewicz property must be Lindel6f (see [[25], Theorem 4.6]).

We show that X has the almost 7-Hurewicz property. Let (U, : n € IN) be a sequence of open covers of
X. For eachn € IN, choose U,, € U, such thata € U,. By the definition of topology of X, there exists a 5, < w1
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such that U,(8,) € Uy, then {a, : a > B} U {a} U {{ay, bi) ta > By, i € w} C u,. Let § = sup{f, : n € N}. Then
B < ws, since for each n € N, B, is countable. Then the subset C = | asﬁ(aa U {{aa, b;) :i € w})is countable
by the definition of X. So C can be enumerate as C = {c, : n € N}. Now W,, = {U,,} U {U,1, Up2, ..., Unu},
where U, is the open set such that ¢; € U,; € U, for each i € {1,2,...,n}. Then for eachn € N, W, is a

finite subset of U,,. We can easily verify that foreachx € X, {n e N : x ¢ | JW,} € 1. Thus X has the almost
J-Hurewicz property.

Recall that a space X is almost Lindelsf [26] if every open cover U of X there exists a countable subset
Vof U such that U{V : V e V} = X.

Lemma 3.6. If a space X has the ATH property then X is almost Lindelof.

Proof. Let U be an any open cover of X. Let U,, = U for each n € N. Then (U, : n € IN) is a sequence
of open covers of X. Applying the ATH property of X to the sequence (U, : n € N), there is a sequence

(V, : n € IN) such that for each n € IN, V,, is a finite subset of U,, and foreachx € X, {n e N:x ¢ |JV,} € 1.

Let V = U{V, : n € N}. Clearly V is a countable subset of U also for each x € X, x € | J V. Therefore X is
almost Lindelof. O

Theorem 3.7. [26] A regular almost Lindelof space is Lindeldf.
Theorem 3.8. [6] Every separable space has the WIH property.
We have the following corollary From Theorem 3.4.
Corollary 3.9. Let X be a reqular space with the ATH property. Then X has the WI H property.

However the following example shows that the converse of above corollary need not be true, that is, if
a regular space X has the WZH property then X need not have the A7H property.

Example 3.10. There exists a reqular space with the W1 H property which does not have the AT H property.

Let X be the Sorgenfrey plane. Then X is regular, since product of two regular space is regular. Also
X is separable. By Theorem 3.8, X has the WIH property. The existence of uncountable discrete closed
subspace L = {x X (—x) : x € R} of X, shows that X is not Lindel6f. Thus by Theorem 3.7, X is not almost
Lindelof. Hence by Lemma 3.6, X does not have the ATH property.

Problem 3.11. Does there exist a space having the ATH property but not having the WIH property.

In [6] it was shown that a paracompact Hausdorff space X has STH property if and only if it has 7H
property. So from Theorem 3.4, we have the following theorem.

Theorem 3.12. Let X be a paracompact space. Then the following statements are equiavlent.

1. X has the TH property;
2. X has the STH property;
3. X has the ATH property.

Theorem 3.13. [6] The TH, STH and MSTH properties are equivalent in a paracompact Hausdorff zero-dimensional
space.

From Theorem 3.12 and Theorem 3.13, we obtain the following corollary.

Corollary 3.14. Let X be a paracompact zero-dimensional space. Then the following statements are equivalent.

1. X has the TH property;

2. X has the STH property;
3. X has the MSTH property;
4. X has the ATH property.
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The following example of Tychonoff space has the WIH property but does not have the ATH property,
also we use this example later in the text.

For a Tychonoff space X, let X denote the Cech-Stone compactification of X.
Example 3.15. There exists a Tychonoff space having the WIH property which does not have the ATH property.

Let D be a discrete space of cardinality w;. Let X = (8D X (w + 1)) \ (D \ D) X {w}) be the subspace of the
product of D and w + 1. To showing that X has the WIH property it is enough to show that there exists
a dense set in X which has the 7H property. Let (U, : n € IN) be a sequence of open covers of X. Since
every countable set has the 7H property and thus w has the 7H property also D is a compact set. Since
product of space having the 7H property and a compact set has the 7H property. Thus D X {w} has 7TH
property, there exists a sequence (V, : n € IN) such that for each n € N, V, is a finite subset of U, and for
eachx € BD x {w}, {n e N :x ¢ |JV,} € 1. Also since D X {w} is a dense subset of X. Thus X has the WIH
property. To prove that X does not have the ATH property, by Lemma 3.6, it is enough to show that X is not
almost Lindel6f. Since |D| = wy, we can enumerate D as {d,, : &« < w1}. Foreacha < wy,let U, = {d,} X (w+1).
For each n € w, let V,, = D X {n}. Let us consider the open cover U = {U, : « < w1} U {V, : n € w} of X.
Clearly for each countable subset V of U, |V = U{V : V € V). Consider V be any countable subset of U

and let ap = sup{a : U, € V). Then ap < wy, since V is countable. So for any ’ > ay, {d,,, w) ¢ U{V VeV,
since U}, is the only element of U containing {(d},, w). Thus X is not almost Lindelof.

Theorem 3.16. If the complement of dense set has the ATH property then the WIH property implies the ATH
property.

Proof. Let X has the WIH property and (U, : n € IN) be a sequence of open covers of X. By the WIH
property of X, there is a dense set Y € X and a sequence (V,, : n € IN) such that for eachn € N, V, is a
finite subset of U, and foreachy € Y, {n e N: y ¢ |JV,} € 1. Since Y is dense in X thus X \ Y has the
ATH property. Then for each n € IN there is a sequence (V;, : n € IN) such that for each n € IN, V;, is a finite
subset of U, and foreachy e X\Y,{neN:y ¢ | JV,} e I. Let W, =V, UV,. Then for each n € N, W,

is a finite subset of U, and for each x € X, {n € IN : x ¢ | J W, }. Therefore X has the ATH property. O

Recall that a subset A of a topological space X is called regular open (regular closed) if A = Int(A)
(A = Int(A)).

The next theorem shows that we can use regular open sets instead of open sets in the definition of the
ATH property.

Theorem 3.17. A space X has the ATH property if and only if for each sequence (U, : n € IN) of covers of X by
reqular open sets, there exists a sequence (V,, : n € IN) such that for every n € IN, V,, is a finite subset of U, and

eachxeX,ineN:x¢JV,}eT.

Proof. Let X has the ATH property (U, : n € IN) be a sequence of covers of X by regular open sets.
Since every regular open sets is open, so by the definition of ATH property proof follows. Conversely, let

(U, : n € N) be a sequence of open covers of X. Put U;, = {Int(U) : U € U,}. Then for each (U, :neN)is
a sequence of covers of X by regular open sets. Applying hypothesis, there exists a sequence (V, : n € IN)

such that for every n € IN, V,, is a finite subset of U, and eachx € X, {n e N : x ¢ |J V,,} € 7. Consequently,
neN:xeJV, € F(). Foreachn € N and V € V, there exists Uy € U, such that V = Int(Uy). Put
W, ={Uy : V € V,}. Then W, is a finite subset of U,,. Let x € |JV, for some n € IN as every member
of £(7) is nonempty. Choose V € V, such that x € V also Uy is open set, Uyisa regular closed set. Thus

Uy = IntUy) =V, x € UW,. Therefore {n e N:xe JV,} C {neN:xelJW,}. Thus X has the ATH
property. [
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4. The almost 7-Hurewicz property and mappings

Recall that a mapping f : X — Y is almost continuous if for each regular open set A C Y, f71(A) is an
open set in X.

Theorem 4.1. The ATH property is preserved under almost continuous mappings.

Proof. Let f : X — Y is almost continuous mapping and space X has the ATH property. Let (U, : n € IN)
be a sequence of covers of f(X) by regular open sets. Put U, = {f }(U) : U € U,}. Since f is almost
continuous surjection, then (U], : n € IN) is a sequence of open covers of X. Applying the ATH property of
X, there exists a sequence (V,, : n € IN) such that for each n € IN, V,, is a finite subset of U, and each x € X,
fneN:x¢ W} € 1. Consequently, {n € N : x € m} € ¥(Z). Foreachn € N and V € V,, choose
Uy € U, such that V = f‘l(UV). Let V), = {U_V : Ve V,}. Then for each n € IN, V), is a finite subset of U,,.
Let x € X. Then f(x) = y for some y € f(X). Letx € m for some n. Choose V € V, such that x € V,
xeV= fUy) c f‘l(U_V). Hence y = f(x) € Uy. Therefore {n € N : x € m} cnelN: f(x)e U—(V;l}.
Thus Y has the ATH property. [

Corollary 4.2. The ATH property is preserved under continuous mappings.

To show that the preimage of a space with the ATH property under a closed 2-to-1 continuous map
need not have the ATH property, we use the Alexandorff duphcate A(X) X x{0,1} of a space X. The basic
neighborhood of a point {x, 0) € X x {0} is of the form (U x {0}) (U % {1}\ {{x, 1)}), where U is a neighborhood
of x in X and each points (x, 1) € X X {1} are isolated points.

Example 4.3. There exists a closed 2-to-1 continuous map f : A(X) — X such that X is a Urysohn space having the
ATH property, but A(X) does not have the ATH property.

Let X be the space X of Example 3.5. Then X has the ATH property and has an uncountable discrete
closed subset A = {a, : @ < w1}. Hence the Alexandorff duplicate A(X) of X does not have the ATH property,
since A X {1} is an uncountable discrete, open and closed set in A(X) and by Theorem 4.10, the ATH property
preserved under an open and closed subsets. Let f : A(X) — X be the projection. Then f is a closed 2-to-1
continuous map.

Recall that a mapping f : X — Y is called almost open [24] if f~'(U) ¢ f-1(U) for each open subset U of
Y and f is said to be perfect [8] if X is Hausdorff, f is closed and for each y € Y, f~}{y} is a compact subset
of X.

Theorem 4.4. The ATH property is inverse invariant under perfect almost open mappings.

Proof. Let f : X — Y be a perfect almost open mapping and let Y be a space having the ATH property. Let
(U, : n € IN) be a sequence of open covers of X. Then for each y € Y and for each n € IN, there is a finite
subset U, of U such that FfHytcU U,,. Let Uy, = U U,,. Then vV, , =Y\ f(X\ U,,) is a neighborhood
of y, since f is closed. Now for each n € N, V,, = {V,,, : y € Y} is an open cover of Y. Applying the ATH
property of Y to (V,, : n € IN), there exists a sequence (V;, : n € IN) such that for each n € N, V;, is a finite
subset of V,, such thatand foreachy € Y, {n e N: y ¢ | JV;} € 7. Consequently {n e N: y € JV;} € F(I).
Suppose that V;, = {V,,,, : i < n’} for each n € N. For each n € N, let U}, = U,,, Uy, Then U}, is a finite

subset of U,. Let y € Y. Then y = f(x) for some x € X. Let y € JV}, for some n. Choose V,,, v €V, such
that x € f7I( ny) for i < n’. Since f is almost open, then x € f~ 1(Vny) C fYVuy) C Uny = UU,,, fo

i <n'. Thus x € |JU), for some n. Therefore n e N:y e |JV;} c{neN:xe|JU,}. Hence X has the
ATH property. [

Since every open mapping is almost open, we have following by Theorem 4.4.

Corollary 4.5. If X has the ATH property and Y is compact then X X Y has the ATH property.
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Theorem 4.6. The ATH property is closed under countable unions.
Proof. The proof is easy and thus omitted. [

We have the following from Corollary 4.5 and Theorem 4.6.
Corollary 4.7. If X has the ATH property and Y is o-compact then, X X Y has the ATH property.

Remark 4.8. In Example 3.5, the set A = {a, : @ < w1} is an uncountable discrete closed set of X, thus A is not
almost Lindeldf and by Lemma 3.6, the set A does not have the ATH property. This shows that the ATH property
does not preserved under closed subsets.

The following example shows that the ATH property is not preserved under an regular closed subsets.

Example 4.9. There exist an Urysohn space the ATH property but their reqular closed subset not having the ATH
property.

Let S; be the same space X of Example 3.5. Then S; has the ATH property. Let S, be the same space X
of Example 3.15. Then S, does not have the ATH property. We assume that S; N S, = 0. Since |D| = w1, we
can enumerate D as {d, : @ < w1}. Let ¢ : D X {w} — A be a bijection defined by y({d,, w)) = a, for each
a < wi. Let X be the quotient space obtained from discrete sum S; @ S, by identifying (d,, w) with ({(ds, w))
for each a < wq. Let 1 : 51 ® So — X be the quotient map and Y = n(S,). Then Y is a regular closed subset
of X by the construction of X. Since Y is homeomorphic to S, thus Y does not have the ATH property.

Now we show that X has the ATH property. Let (U, : n € IN) be a sequence of open covers of X. Since
11(S1) have the ATH property, there exists a sequence (V;, : n € IN) such that for each n € IN, V}, is a finite
subset of U, and for each x1 € n(S1), {n € N : x1 ¢ [JV}} € 7. On the other hand, since every countable set
has the ATH property and thus w has the ATH property also D is a compact set. Then by Corollary 4.5,
n(D X {w}) has the ATH property, there exists a sequence (V; : n € N) such that for eachn € N, V), is a

finite subset of U, and for each x; € (D X {w}), (n e N : xp ¢ UV}/} € I. Let V,, =V, UV,. Then for
eachn € IN, V,, is a finite subset of U, and foreachx € X, {ne N:x ¢ | JV,} € 1.

Theorem 4.10. The ATH property is preserved clopen subsets.

Proof. Let X be a space having the ATH property and Y be a clopen subset of X. Consider a sequence of
open covers (U, : n € N) of Y. Foreachn € N, V,, = U, U{X\ Y}. Then (V, : n € N) is a sequence of
open covers of X. Applying the ATH property of X there exists (H,, : n € IN) such that for each n € N, H,,

is a finite subset of V,, and foreachx € X, {n e N: x ¢ | JH,} € 7. Since Yis open thus X\ Y = X \ Y. Let
W, = H, \ {X\Y}. Then W, is a finite subset of U, and | J W, = UH, \{X\Y}) c UH,. Therefore for
eachyeY, neN:yg UW,JclneN:x¢ UH,}. O

Recall that a mapping f : X — Y is O-continuous [9] (strongly O-continuous [16]) if for each x € X, and

each open set V in Y containing f(x) there is an open set U in X containing x such that f U cv( f Uy cv).
It is clear that each strongly 0-continuous mapping is 0-continuous.

Theorem 4.11. The ATH property is preserved under O-continuous mappings.

Proof. Let f : X — Y is O-continuous mapping and space X has the ATH property. Let (V, : n € N) be a
sequence of open covers of f(X). For each n € N and for each x € X there is a open set V., € V,, containing

f(x). Since f is O-continuous there is an open set U, , containing x such that f(U,,) C V,,. Therefore for
eachn € N, U, = {Uy, : x € X} is an open cover of X. Applying the ATH property of X to the sequence
(U, : n € N), there is a sequence (H, : n € IN) such that for each n € IN, H, is a finite subset of U, and for
eachxe X, {neN:x¢|JH,} € I. Consequently, {n €e N:x € m} € F(I). For each H € H,, there is
Wy € V,, such that f(ITI) C Wy. Let W, = {Wy : H € H,). Then for each n € IN, ‘W, is a finite subset of
V.. Let x € X then f(x) = y for some y € f(X). Letx € UH, for some n € N as every member of ¥ ([) is
nonempty. Choose H € H,, such that x € H then y = f(x) € f(H) ¢ Wy. Hence the result follows from the
fact that {n e]N:xem} cineN: fx)eUW,}. O
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Corollary 4.12. If f : X — Y is strongly O-continuous mapping and X has the ATH property then f(X) has the TH
property.

A mapping f : X — Y is called contra-continuous [7] if the preimage of each open set in Y is closed in
X. f is said to be precontinuous [18] if f~1(V) C Int(f~1(V)) whenever V is a open in Y.

Theorem 4.13. Let f : X — Y be contra-continuous and precontinuous mapping. If X has the ATH property then
f(X) has the TH property.

Proof. Let (V, : n € IN) be a sequence of open covers of f(X). Since f is a contra-continuous, for each n € IN

and each V € V, the set f~}(V) is a closed in X. Also f is precontinuous f~1(V) c Int(f~1(V)), so that
FUV) c Int(f1(V)), that is f~1(V) = Int(f~}(V)). Therefore for each n € IN, the set U, = {f (V) : V € V,}
is a open cover of X. By the ATH property of X there is a sequence (G, : n € IN) such that for each n € IN,

Gy is a finite subset of U, and eachx € X, {n e N:x ¢ |JG,} € 7. Consequently, {n e N :x € | UG,} € F(I).
Put H, = {f(G) : G € G,}. Then for each n € N, H, is a finite subset of V,,. Let x € X. Then f(x) = y for

some y € f(X). Let x € |G, for some n. Choose G € G, such thatx € G = G, y = f(x) = f(G). Therefore
meN:xeUGu c{nelN: f(x) e UH,}. Thus f(X) has the TH property. 0O

Recall thatamapping f : X — Yis called weakly continuous [15] if for each x € X and each neighborhood
V of f(X) there is neighborhood U of x such that f(U) V.

Theorem 4.14. If f : X — Y be weakly continuous and X has the TH property, then f(X) has the ATH property.

Proof. Let (V,, : n € IN) be a sequence of open covers of f(X). Let x € X. Then for each n € N there is a
V € V, such that f(x) € V. Since f is weakly continuous there is a open set U, , in X such that x € U,,
and f(U,,) c V. The set U, = {U,, : x € X} is a open cover of X. Applying the TH property of X
there exist a sequence (¥, : n € IN) such that for each n € IN, F,, is a finite subset of U, and each x € X,
meN:x¢JFu) € I. Consequently, {n € N:x e |JF,)} € F(J). For each U € 7, assign a set Viy € V,
such that f(U) c Vy. Put W, = {Vy : U € F,). Then for each n € N, ‘W, is a finite subset of V,. Let
x € X. Then f(x) = y for some y € f(X). Let x € |[JF, for some n. Choose U € F, such that x € U,
y = f(x) = f(U) € Vy;. Therefore {n € N:x e UF,} C {n € N: f(x) € UW,}. Thus f(X) has the ATH
property. [

By Theorem 3.4, Theorem 4.13 and Theorem 4.14, we conclude the following.

Corollary 4.15. (1) If Y is a regular space then the ATH property is preserved by strongly O-continuous mappings.
(2) If X is a reqular space then the TH property is preserved by contra-continuous and precontinuous mappings.
(3) If Y is a reqular space then the AT H property is preserved by contra-continuous and precontinuous mappings.
(4) If X is a reqular space then the ATH property is preserved by weakly continuous mappings.
(5) If Y is a regular space then the TH property is preserved by weakly continuous mappings.

By Theorem 3.5, Theorem 4.4, Theorem 4.13 and Theorem 4.14, we conclude the following.

Corollary 4.16. Let f : X — Y be an almost open, perfect, contra-continuous, precontinuous and X and Y both
regular spaces. Then

(1) X has the TH property if and only if (X) has the TH property.

(2) X has the ATH property if and only if (X) has the ATH property.

Corollary 4.17. Let f : X — Y be an almost open, perfect, weakly continuous and X and Y both reqular spaces.
Then

(1) X has the TH property if and only if {(X) has the TH property.

(2) X has the ATH property if and only if f(X) has the ATH property.
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5. Almost 7 y-set

In this section we consider almost Jy-set which is a generalized form of y-set [10] and almost y-set [13].
First we define almost 7-y-cover which is a generalization of 7-y-cover [5].

A countable open cover U = {U, : n € IN} of X is said to be an almost 7-y-cover if for each x € X,
neN:x¢U, el

Definition 5.1. A space X is said to be an almost Iy-set if for each sequence (U, : n € IN) of w-covers of X there
exists a sequence (U, : n € N) such that for each n € N, U,, € Uy, and (U,, : n € IN) is an almost I-y-cover of X.

Theorem 5.2. A space X is almost Iy-set if and only if for each sequence (U, : n € IN) of w-covers of X by regular
open sets, there exists a sequence (U, : n € IN) such that for each n € N, U, € U, and (U, : n € IN) is an almost
I-y-cover of X.

Proof. The necessary part follows from the fact that every regular open set is open. Conversely, let (U, :
n € IN) be a sequence of w-covers of X. Let U, = {Int(U) : U € U,)}. Then for each n € N, U, is a sequence
of w-covers of X by regular open sets. By the hypothesis, there exists a sequence (U, : n € IN) such that for

eachn € N, U, € U, and eachx € X, {n € N: x ¢ U,} € 7. Follow the same argument as in the proof of
Theorem 3.17. Hence X is almost 7y-set. [

Lemma 5.3. Let f : X — Y be almost continuous surjective mapping and U be an w-cover of Y by regular open
sets. Then U’ = {f~X(U) : U € U} is an w-cover of X.

Proof. Let F is a finite subset of X then f(F) is a finite subset of Y. Since U is an w-cover of Y by regular
open sets, there exists U € U such that f(F) c U. Then F c f~}(U). Since f is almost continuous, f~(U) is
an open set for every U € U. So U’ is an w-cover of X. [J

Theorem 5.4. An almost Iy-set preserved under almost continuous surjective mappings.

Proof. Let f : X — Y is almost continuous surjective mapping and space X be an almost Zy-set. Let
(U, : n € N) be a sequence of w-covers of Y by regular open sets. Let U, = {f~'(U) : U € U,}. By Lemma
5.3, for each n € IN, U, is an w-cover of X. Since X is an almost J)-set there exists a sequence (V,, : n € IN)
and U, € U, such that foreachn € N, V,, = f‘l(lln) and (V,, : n € IN) is an almost 7-y-cover of X. That is
foreachxe X,(neN:x¢V,) el So{neN:xeV,} e€F (). Consider a sequence (U, : n € IN). Let
x € X. Then y = f(x) for some y € Y. Let x € V,, for some n, thus x € V,, = f-1(U,) ¢ f~(U,) which implies
y = f(x) € U,. Therefore {(n € N:x € V,} C {n € N: y € U,}. This completes the proof. [

Theorem 5.5. If f : X — Y is O-continuous mapping and X is an almost 1y-set then f(X) has the ATH property.

Proof. Consider (V, : n € IN) be a sequence of open covers of f(X). Let x € X. For each n € N there is a
open set V., € V, containing f(x). Since f is O-continuous there is an open set U, , containing x such that

f (m) C Vyy. For each n € IN, let U, be the set of all finite unions of sets U, ,,x € X. Then each U, is an
w-cover of X. As Xis an almost Jy-set there is a sequence (U, : n € IN) such that for eachn € N, U,, € U, and

foreachxe X, {ne N:x ¢ U,} € I. Consequently {n e N : x € U, € F(I). LetU, = Uy, n VU, » V.. UUy, .
For each Uy, j < in, assign a set Vy, , € Vy, with f(m) C W]" Put W, = {Vx/.,n :j=1,2,..,1,}. Then for
each n € N, ‘W, is a finite subset of V,,. Let x € X. Then y = f(x) for some y € f(X). Let x € J U, for some
n as every member of ¥ (7) is nonempty. Then x € Uy, , for some 1 < p < iy, y = f(x) € f(Uy,n) C Vi u.
Therefore (n e N:x e U,} c {neN: Y€ m}. Hence f(X) has the ATH property. [
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6. The almost star-7-Hurewicz property

Definition 6.1. A space X is said to have the almost star-I-Hurewicz property (in short, ASTH) if for each sequence
(U, : n € N) of open covers of X there is a sequence (V,, : n € IN) such that for each n € IN, V,, is a finite subset of

U, and foreachx € X, {n e N :x ¢ SH(UV,, Uy)} € 1.

Theorem 6.2. A space X has the ASTH property if and only if for each sequence (U, : n € IN) of covers of X by
regular open sets, there exists a sequence (V,, : n € IN) such that for every n € IN, V,, is a finite subset of U, and

eachx € X,{neN:x ¢ St(UV,, Uy} 1.

Proof. Suppose X has ASTH property. Since every regular open set is open. Thus result follows. Conversely,

let the (U, : n € IN) be the sequence of covers of X by regular open sets. Consider U/, = {Int(U) : U € U,,}.
Then for each n € IN, U;, is cover of X by regular open sets. Applying the hypothesis to the sequence
(U, - n € IN), there exists a sequence (V, : n € IN) such that for every n € IN, V, is a finite subset of

U, and each x € X, {n e N : x ¢ St(UV,,, U})} € I. Consequently, {n € IN : x € St(UV,,, U})} € F(I).
For every V € V,, choose Uy € U, such that V = Int(u_v). Put W, = {Uy : V € V,}. Then for each
n € N, W, is a finite subset of U,,. Let x € St(JV,, U}) for some n. Then for every neighborhood U,
of x, U, N St(JV,, U,) # 0. Then there exists U € U, such that U, N {Int(U) : Int(U) N JV, # 0} # 0
which implies U, N {U : UN JV, # 0} # 0. Now using the fact that SHU, U,) = St(Int(U), U,) for
each U € U,, we have U, N{U : UN YW, # 0} # 0. Thus x € St(UW,,U,) for some n. Therefore
meN:xeSt(UV,, U} Cc{neN:xeSt(JW, U,} Hence X has the ASTH property. [

Theorem 6.3. The ASTH property is preserved under almost continuous surjection mappings.

Proof. Let f : X — Y is almost continuous surjection mapping and space X has ASIH property. Let
(U, : n € N) be a sequence of covers of Y by regular open sets. Put U, = {f~}(U) : U € U,}. Then
for each n € IN, (U, : n € IN) is a sequence of open covers of X, since f is almost continuous surjection.
Applying the ASTH property of X, there exists a sequence (V,, : n € IN) such that for each n € N, V,
is a finite subset of U, and each x € X, {n € N : x ¢ St(U YV, U,)} € I. Consequently, {n € N : x €
StUV,, U, € F(I). PutV, ={U: f1(U) € V,}. Then for each n € N, V, is a finite subset of U,
and fY(UV,) = UV, Letx € X then f(x) = y for some y € f(X). Let x € St(f~1(J V,), U], for some n.
Then y = f(x) € f(St(f~U(UV}), U;)) C fF(SHFI V), Uy)) < SHU YV, Uy,). For proving last inclusion,
suppose that f=1(JV,) N f~HU) # 0. Then f(f{(U V) N f(f1(U)) # 0 which implies the last inclusion
UV, NnU # 0. Therefore {n € N : x € S{{UV,,, U})} € {n e N : y € St(UV,,, U,)}. Hence Y has the ASTH
property. [

The following lemma is immediate from the definitions.
Lemma 6.4. For a topological space X and an admissible ideal 1, ATH = ASITH and STH = ASTH.
Theorem 6.5. If a paracompact space has the ASTH property then it has the ATH property.

Proof. Let X be a paracompact space having the ASTH property and (U, : n € IN) be a sequence of
open covers of X. By the Stone characterization of paracompactness [8] for each n € IN, U, has an open
star-refinement, say V,. Applying the ASTH property of X to the sequence (V, : n € N), there is a
sequence (W, : n € IN) such that such that for each n € IN, ‘W, is a finite subset of V,, and each x € X,

nelN:x¢StUW,, V) €I Consequently, {n e N:xe St(JW,, V,)} €F (). Foreach W e W,, let
Uw € U, such that SE(W,V,) c Uw. Let H, = {Uw : W € W, }. Then for each n € IN, H,, is a finite subset
of U,. Let x € S{(UW,,V,) for some n. Then for every neighborhood U, of x, U, N St{(UW,,V,) + 0.
Choose W € ‘W, such that U, N St(W,V,) # 0 and St(W,V,,) € Uw which implies U, N Uw # 0. Thus
x € Uy ¢ U{Uw : Uy € H,) for some n € N. Hence {n € N : x € SHUW,, V) C {neN:xelUH,.
Therefore X has the ATH property. [
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