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Abstract. The Kontorovich-Lebedev-Clifford transform (KLC-transform) as well as its inversion are de-
fined. The useful preliminary results like translation and convolution operators are introduced and their
estimates are obtained. Continuity of translation and convolution operators on function spaces 7, and G,

are discussed. Further, pseudo-differential operator (p.d.o.) associated with the KLC-transform is defined
and studied its properties on some function spaces.

1. Introduction

The Kontorovich-Lebedev transform (KL-transform) is basically defined in terms of modified Bessel
function of second kind (Macdonald function) of purely imaginary index given as [3, 10]

Kir(x) = fe“OShtcos(Tt) dt, x>0, t>0, (1)
0

and generally it is used to solve certain boundary-value problems of mathematical physics in cylindrical
co-ordinate systems. The function Kj;(x) satisfies the differential equation

(*D2 +xDy — (x* = 1))y = 0.

The KL-transform was first introduced in 1938 by M. I. Kontorovich and N. N. Lebedev [8, 9], and its
theory has since been developed and continued by various authors like Yakubovich [11, 41, 42], Srivastava
et. al. [33, 34], Prasad and Mandal [22, 23] and many more [1, 5, 15, 16, 30, 40]. Analogue theories and
investigations for different types of KL-transforms, other integral transforms, pseudo-differential operators
as well as wavelet transforms may also be viewed in [15, 17, 21, 23, 31, 32, 37, 39].

The Hankel transform was first introduced by a German mathematician H. Hankel by using the Bessel
function of first kind J,(x) of order v and then studied by many authors [14, 19, 38, 43]. After that an English

mathematician W. K. Clifford, slightly modified the Bessel function by replacing x by 2 v/x and obtained a
new function named as Bessel-Clifford function

Cu(x) = x 2T, (2Vx),
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which is a solution of the differential equation
(xD2 + (v + 1)D, + 1)y = 0.

Itleads to another integral transform and known as the Hankel-Clifford transform, for instance see [2,13, 20].
Subsequently, corresponding to the Mehler-Fock transform [4, 12, 35, 36], Prasad and Verma [25], constructed
the Mehler-Clifford integral transform and studied various theories related to it.

In similar spirit, in this paper we have considered the Macdonald function as

)

Ky z(2Vx) = fe‘z‘/’?COSht cos2Vtt)dt, x>0, >0, ()
0

which is a solution of the differential equation
(xzDi +xDy — (x - 1))y =0.
The asymptotic behavior of the Macdonald function K, (2 vx) with respect to x [11]

VA 1

KQ2vVx) ~ ~—e?Vi[1+0(—=)], x = o,

s of L)

KQ2vVx) ~ O W2 x 0,

Ko2vx) =~ O(logx), x — 0.
Moreover, Ky; (2 Vx) is an eigenfunction of the operator

2 &

A, =x ﬁ‘i‘l’a—x, (3)
and

ALKy 7 (2Vx) = =Ky (2 V). (4)
Also, we can write

’ dZ 2 d
ﬂx—@x —Ex—x, (5)

which represents the adjoint operator of A,. The series representation of A’ can be written as:
29
7 _ ipi j
Al = Z APIx)DY, ¥ q € Ny, (6)
j=0
where the Pj are polynomials of degree g — é for even jand g — (];—1) for odd j respectively.
Thus qu(x) =1land qu_l(x) =q(2q9-1).
Now, we define here an integral transform by using the Macdonald function K; (2 V/x) on the positive
half line R, = (0, o), provided the integral exists, as:
1 -
K0 = 5 [ Kye@ VP! d, TR, )
0

and we named it as the Kontorovich-Lebedev-Clifford transform (KLC-transfrom). The inversion formula
of (7), is given by
4 .
ox) = = sziv;(Z Vx) sinh(27 V7)(Ke)(7) d7, x € R,. (8)
0
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Besides, we define adjoint of the KLC-transform for any function ¢ as:

[

)0 = o [ Kp@VRY@ @5 xe R,

0

and corresponding inversion formula as:

Y(7) = —smh n V1) szl 2 V) (K'P)(x) dx, T € R,.
0

Next, we define the translation and convolution structure for the KLC-transform. From [3], we have

2 .
=3 f Kiy(p)Kiy (9)Kin(r)n sinh(rn) dn = T(p, 4,7),
0
where T(p, q,7) is symmetric in p, g, r and defined as:
~(PPq + 7+ p?)
2pqr
Now, putting p = 2vx, g =24/, r = 2yzand n = 27 in (11) and (12), we get

% f Ky o2 VOKy; 22 Vi)Kys (22 V2 sinh(27 V) dv = D(x, y, 2),

0

T(p,q,1) == exp[ ], p.q,17€R,.

where
(xy + yz + zx)
VxYz

Clearly from (14), D(x, y, z) is symmetric in x, y, z. Since

Ve T e e

D(x,y,z) = —exp[ ] x,y,z€R,.

Thus
exp( - (\/22+ \/%+ E)) < exp(-2Vx).
From (14) and (15)

|D(x/ Y, Z)I < exp(_z \/E)

By using (7), (8) and (13), the product of Macdonald functions can be written as:

o)

Ky 22 VO)Ky; 22 YY) = f Ky 7@ V2)D(x,y,2) 7' dz = (K D(x,y,2))(v).

0

The translation operator T, of function ¢(x) is defined by

(o9

@)W =5 [ Dy

0

4813

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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and the corresponding convolution operator is defined as:

0o

1
3 [ Tow vt ay

0

(@ B )(x)

R 1
-1 Of Of D(x,y, D)y ddy 19)

The Plancherel relation for the KLC-transform can be written as:

o) o)

; f PP dx= f (Ke)(@)(K$)(@) sinh(2r v7) dT,
0

0

and the Parseval formula is given by
1 2 -1 4 2
7 | le@IFxde=— | [((Ke)(D)F sinh(2r V) dr.
0 0

The paper consists of four Sections, in first Section we introduced KLC-transform and its inversion and
adjoint then translation, convolution structure associated to KLC-transform are also defined. Section 2
deals with some useful results and operational formulas are discussed and estimates for the translation
and convolution operators in Lebesgue space are obtained. In Section 3, we studied the continuity of
the translation and convolution operators in function spaces ¥, and G,. Section 4 is devoted to the
study of pseudo-differential operator (p.d.o.) associated with the KLC-transform, where symbols are in
S™. Furthermore continuity of p.d.o. is discussed from function space G, into #,. Also an integral
representation of p.d.o. is given and its estimate in Lebesgue space is obtained. Finally, a special case for
p-d.o. is discussed.

2. Preliminary results and estimates for convolution operators

In this section, we discuss some relevant results which will be useful in upcoming Sections.
From (3) and (5), we have a relation between the differential operators A, and A, as:

A (7 p(x)) = x T A(x). (20)
Further (20) can be extended to n times, where n € INj, that is
(A" (@ () = X7 Aip(x). (21)
Lemma 2.1. If ¢ and y be any real valued functions defined on IR, then
@) (KA 9)(7) = —t(Ke)(1), (22)

(i) (K (A, P)() = ~K 7 9)(),
where K, K’ and K’ are defined as (7), (9) and (10) respectively.
Proof. By using (20) and (4), we can obtain the required results. [

Lemma 2.2. If the translation and the convolution operator defined as (18) and (19) respectively, then we have

() (K(T:) () = Ky =2 V) (Kop) (1), (23)
(i) (Kip §9)) (1) = K)()(Ke)(1). (24)
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Proof. (i) By using (7), (18) and the Fubini’s theorem, we get

(KZp) (1) = % f ( f Ky i 2 V9)D(&, 2, y)y ' dy )p(z)z " dz,
0 0

Thus by using (17) and then (7), we get

(K(Tx)) (1) = Ky (22 V) (Kp) (7).
(ii) By using (7), (19) and Fubini’s theorem, we have

% f Ky (2 ﬁ)(% f Tep(P(y)y dy)x dx

0

(K(p # ¥)(1)

N =

0

0
f (% f Ky e VO T p()x~ dx)lp(y)y—ldy
0

- 1 f (KT, p) (D) (y)y~dy.

0

Thus by using (23), we get

0o

Kp#o)© = K)o 5 [ K@V DOWY 'y = KK

0

Hence proof is complete. [

We now discuss some operational formulas associated with the differential operator, translation and con-
volution operator and function D(x, y, z) defined by (13) and (14).

(i) By using (4) and (13), we have quite obvious result between the differential operator (3) and D(x, y, z)
defined by (13)

AD(x, y,2) = ALD(, y,2) = AD(, ¥, 2), (25)

where n € INp.
(ii) If the differential operator A, and the convolution operator is defined as (3) and (19) respectively, then
we have

A ﬁ Y) = Awp ﬁ Y =9 l:t A, (26)
Proof. By using (7), (22) and (24), we get

(KA(p 4 (1) = —tKp)(O)(Ky)(7) = KAP)O)(KY)(7) = (K (Acp) § ¥))(7).
Similarly

ﬂx((P ﬁ IP) = ﬂx(P ﬂ l,lJ, L?Ix((P ﬁ llb) =@ ﬁ ﬂxlnb

Hence the proof is complete. [
(iif) If the translation and the convolution operator is defined as (18) and (19) respectively, then

(e # Y) = T # V=9 # Ty (27)
Proof. By using (23) and (24) and proceeding as the proof of (26), (27) can be easily obtained. [J
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Next, we find out some estimates and preliminary results that are quite interesting and useful for our
purpose in this paper.

(i) Kovx+y) < Ko2vy) or Ko(2Vx), (28)

(i) f D(x,y,2)z 'dz = 2 KoQRX + ), (29)
0

(iil) | Ky z@Vx)| < C'(b)x7 [sinh@rvD)]?, 0 <b <1/2, (30)

(iv) |A'D(x,v,2)| < C(xyz)7, 0<b<1/2, neN,, (31)

() DKy z2VX) <C'x7, ¥reN, (32)

where C’(b) and C are some positive constants.

Proof. (i) From [42, p. 212], we have an integral representation for Macdonald function of index zero as

(o)

Ko(x) = %j‘e‘t‘fj t1dt. (33)

0

Hence from (33), the inequality is obvious.

(i1) From [26, p. 344], we have

f e = z(%)‘%(z VP@), Re(p), Re(@) > 0, a € R. (34)

0

1 x+/

Thus by puttinga =0, p = and g = 2/xy in (34) and keeping in view (14), we get the required result.

(iif) To prove the inequality (30), we use another representation of Macdonald function as in [3, p. 97(69)]
[Kyi (2 VX)? sinh(2r V) = 7 f Jo(4 Vx sinh(t)) sin(4 v7t)dt. (35)
0

Also from [15, p. 32], we have
Jo()x? < Cb), 0<b<1/2, VxeR,. (36)

Thus from (35) and (36), we get

o)

[Ky; =2 VO sinh@@n V)l < C(b)n f [4 Vxsinh()]7dt < C(b)m(4Vx)~ f [sinh()]°dt

C(b)m(4 V) bJ(1+u2)2

for 0 < b < 1/2, the integral is convergent. Thus

A

IA

| Ky z2V0) | < C'(b) x7 [sinh@n )] 7
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(iv) By using (13), (4) and then (30), we get
4 .5 = ( . B =
[ALD(x, y,z)| < ;[C DO (xyz)* f’c”[smh(Zn Vo)]7dt < C(xyz)7.

0

Hence the estimate (31) is true.
(v) By using (2), we have

)

DKy z(2Vx) = Zc],(—l)"x¥ f (cosh(t)) e 2 Vx<osh®) cog(2 vfTt)dt,
j=1 0

where C;, > 0 is some constant. Thus

(e8]

r
Z Cj,r x%zy fetj e_‘&erdt Z C]r X z fuj_l e_‘&”du
=1

0

I i—2r | — 1 !
Z Cir x% (-1 < Cx7,
j=1

ID; Ky, yz(2 V)

IN

x3
where C’ > 0 is some constant. [
Remark 2.3. From (25) and (31), we can conclude that
D(x,y,z) = ﬂ;D(x, y,z)=ADx,y,z) < C (xyz)%b.

Theorem 2.4. If ¢, Y € LY(R,;x"'dx) then the translation and the convolution operator defined as (18) and (19)
respectively, exist and belong to L'(IR.; dx). Further, we have the following estimates

@A) NTpllnw,; a < 31 ol R, ; x1dx),
) 19 8Pl an < 5 1P w0 W1y
Proof. (i) From (18) and (16), we have
| T ) 1< 50Vl
Thus

1
1Tl r,; a0 < PR, x1d0)-

(i1) Now from (19) and (16), we get

[(@HY)) | < }Ie_z‘f ffl(p(z)l Wzl y ™! dz dy).
0

0

Hence

1
llp 8 Yllr,; an < 3 lpllir,; xrav PR, 1) -

Hence proof is complete. [
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Theorem 2.5. If ¢ € LP(Ry;x71dx), 1 < p < oo and ¢ € LY(Ry; x~1dx), then the convolution operator (19) exists
and belongs to LF (R; dx). Moreover

lp 8 Yllpwoay < Cl@lpm.; x1an LR, ; x-10, (37)

where C > 0 is certain constant.

Proof. By using (19) and Holder's inequality, we have

==

@il < 5 [ [ Doy per wwl 'z dy i)
0

0
< ([ [owraweristaya)
0 0

Thus from (16), we get

wroer < (e ([ [ervwi= a )

0 0
X (f(j‘D(x,y,z)z‘1 dz)l¢(}/)| y! dy)%.
0 0

From (28) and (29), we have

(o)

1 _ p E ;
lp Yl < g f e V21K VD) ) Il e, o) 19l )
0
< Cllellpm®, xR, xtdx .

where C > 0 is certain constant. Hence the proof is complete. [J

3. Function spaces ¥, and G, and continuity of translation and convolution operator

In this Section we consider the function spaces ¥, and G, analogous to [6, 7] and discuss the continuity
of translation and convolution operators.

Definition 3.1. The space ¥, consists of all complex-valued infinitely differentiable functions ¢ defined on R, with
the topology generated by the collection of seminorms

Yna(@) = sup |AZ(x)x  ALP(x)| < oo, (38)

xR,

where a > 0, n € Ny, A, is the differential operator as (3) and A7 (x) denotes the continuous function

—a

ex if0<x<1,
Ay(x) = (39)
e ifl1 <x < oo.

Remark 3.2. The differential operator A, is continuous linear mapping from the space F, into itself.
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Definition 3.3. The space G, consists of all complex-valued infinitely differentiable functions ¢ defined on R, with

the topology generated by the collection of seminorms

Tpa(@) = sup NG Alp(x)] < oo,

xeR4

where a > 0, n € Ny, A, is the differential operator (3) and A} (x) denotes the continuous function
e if0<x<1,
Ag(x) =
e ifl<x<oo.

Remark 3.4. The differential operator Ay is continuous linear mapping from the space G, into itself.

Remark 3.5. The differential operator A, is continuous linear mapping from the space G, into the space F .

Theorem 3.6. The translation operator defined as (18), is a continuous linear mapping from G, into F,.

Proof. Let ¢ € G, then from (18), (25) and (21), we have

(o)

AT = 5 [ DE Y @b = 5 [ D62 A bz
0

0

Now by using (38), (39) and (16), we get

yeR,

Y (To(y) snM@wm@@f{ﬂﬂﬁM@Pm
0

from (41), it is clear that the integral is convergent. Thus

Yna(Zx@(y) < CT(p),

where C > 0 is certain constant. Hence our proof is complete. [
Theorem 3.7. The convolution operator defined as (19), is a continuous linear mapping from G, into F,.

Proof. Let ¢, ¢ € G, then by using (19), we have

Aot =5 [ A9 ) v dv
0

Now by using (38), (40) and Theorem 3.6, we get

Pl B9 < 3 VaGp0) Toaw) [Ty
0

from (41), it is clear that the integral is convergent. Thus

Yia@#9) < Cyna(Tye) Toa®),

where C > 0 is some constant. Thus the proof is complete. [

(40)

(41)
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4. Pseudo-differential operator

Definition 4.1. Let us consider the the symbol class S™ as collection of functions a(x,7) : C*(R2) — C which is
exponentially decreasing in variable T and its derivative satisfies

(1 +x)7"| D!Da(x, 1) |< Ce™, (42)
foralll,p,q € No, m > 0 and constant C = Cy 4 > 0.

Definition 4.2. Let the symbol a(x,7) € C*(R2) — C satisfies (42). Then the p.d.o. involving KLC-transform is
denoted by IP, and defined by

00

Paps) = 25 [ Ko s@ VB sinh(2r v, D)) @3)

0

where K is as (7).

For p.d.o’s involving Kontorovich-Lebedev transform, Fourier Jacobi transform, Fourier transform, Hankel-
Clifford transform, fractional Fourier transform, linear cannonical transform we refer to [15, 17, 22-24, 27,
28, 32, 37, 39] respectively.

Theorem 4.3. Let a(x,7) € S™ then the p.d.o. is continuous linear mapping from G, into F,.

Proof. By using (43) and (6), we have

ﬂZ]PaQD(x)

2q x
Y WP f D]Ky (2 VR)a(x, 7) sinh@r VO Ke) (D)t
=0

(e8]

29 i
- % Z ij?(x) f Z (i)D;KZi (2 VXD a(x, 7) sinh(27 V)
j=0 0

0o 7
x (1+r>-SZ(Z)< D" (=0)"(Kp)(@)d. (44)
n=0

Now by using (4) and (21), we get

(]

(' Ke)®) = 3 f Ky o2 VD A (.

0

Thus from (30) and (40), we obtain

[COKD | < SCOsinhEr D f £ A

l
1

IN

—C’(b)[smh 2n\7)]? rna(@f
0

where 0 < b < 1/2. From (41), clearly the integral is convergent, hence

| (~1)"(Kp)(1) | < C”[sinhrVD)]7 Toa(e), (45)
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where C” > 0 is a constant. Now from (44) and (45), we get

2q Ry ‘
| ALPup() | niz *IP(x) f Z(j)w;KZiﬁ(zm D a(x, )|
=0 0

IA

r=0

X sinh(2r VD)1 +1)7 ) (:z)c"[sinh(zn VOI7 T a(p)dt
n=0
= % flKZi\ﬁ(z Vx)| la(x, 7)| sinh (27 V1)
0

x (1+7)° Z (S)C”[sinh(Zn VOI? Tpa(@)dt

29 g .
’ %Z i) f Z(Z)IDQKMQM ID;"a(x, 7)]
0

j=1 r=1
x sinhQr 7)1 +17)° Z (Z)C”[sinh@n \/E)]%ll",,,a((p)d’r.
n=0
By using (30), (42) and (32), we get

| AP, p(x) | < % ZO (Z)Fn,a((p)C”C'(b)xf Ca+ x)‘lf e+ 1)dt
"= 0
4 &
+ ; Z ]P‘i(x) Z( )Z ( )rn,a((P)C”C' X
j=1 r=1
X C(1+x)7" f e (1 + 7)"*[sinh(2m V7)]2d7,
0

for large value of m(> 0) the integrals are convergent. Thus from (38)

Vaa(Pap) < clx()m«p)supw\(x)x (1407

n=0 xeR;.
+ C wa(@)sup | AL (x)x (1 + x) xJP"(x) ( )
? ; (1’1) 4 xEIRPi Z Z
Using (39), we have

Vq,a(IPa(P) < G rn,a((P)/

where C3 > 0 is a constant, from which the theorem follows. [

An integral representation of p.d.o.
Let us consider a function a,(y) associated with the symbol a(x, 7) by
4 .
al) = 7 [ Kae@VDKy o (2F) ate, ) sinh(2r V) e

0
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then from (43), (7) and by using Fubini’s theorem, we have

[e9) (o)

Pp)e) = 5 f (% f Ky 22 VOKy: 22 yPa(x, 1) sinh(2r V) d () y™ dy.

0 0
On using (46), (47) reduces to

N =

Pap)(x) = a(y) )y dy.
/

Theorem 4.4. If a,(y) is defined as (46), then we have the following estimate

a(y)l < Cly)T(A+x)7,
where 0 < b < 1/2, 1€ Ngand C > 0 is certain constant.

Proof. By using (46), (30) and (42), we get
4 o 2 -1 —-mt
lax(y)l < SO ()T A +x)7 | e dr,
0

where 0 < b < 1/2,and I € Ny. Clearly the integral is convergent as m > 0, thus
) < COpTa+n,
where C > 0 is a constant. Hence the proof is complete. [

Now we find out an estimate for p.d.o. defined as (48). From (48) and (49), we have

C e
@@l < 5 [@fasaowy dy
0
C =2 a2t
< 3 @)FA+0)7 ) Pll®, e do-
Thus, for/ >1-%,0<b<1/2

b
IPplliiroay < C IO @l et av-
Special Case:

4822

(47)

(48)

(49)

If we consider symbols a(x, T) which can be explicitly represented as a(x, 1) = f(x)g(7), then p.d.o. defined

as (43), we have

C0) = 2 [ Ko VDsinh2r VOSKN
0

By using (8), (50) reduces to

[K(P}QD)]W) = gOKp)(D), f(x)#0.

Further, if g(7) = (Ky)(1), then by using (24), (51) can be represented as

[K(P}(P)]ﬁ) = K@ l(0).

(50)

(51)
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Or
Pap)(x) = f(x) () § ).

Moreover, by using Holder’s inequality, we have

IPe)i Ry < Y B @llipw, ol fllaw. a0, (52)
from (37) and (52), we obtain

IPa) iR iy < WPl l@l R, anll fllLa®,dx) .
wherep, g > 1.

Remark 4.5. Ifin (50), we consider f(x) = 1 then the p.d.o. belongs to a special class of operator similar to potential
operator as investigated for Fourier, Jacobi and Bessel transform [18, 29, 39].
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