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Abstract. In this paper, an extension of Darbo’s fixed point theorem via the concept of operators A(f;.)
and O-w-contractions in a Banach space has been presented. We illustrate that some conditions of control
functions 9 and @ can be omitted where they applied previously in [ Mohammadi et al., Mathematics,
2020, 8(4), 492]. As an application, we study the existence of solutions for a system of fractional integral
equations. Finally, to support the effectiveness of our results, we present an example.

1. Introduction and preliminaries

Creating generalizations of the Banach contraction principle [12], which is a fundamental result of metric
fixed-point theory, is an interesting field for researchers upon its valuable applications in many branches of
mathematics and other sciences.

Measures of noncompactness inaugurates a very applicable branch of nonlinear analysis. It presents
a lot of applications in operator theory. Measures of noncompactness are spaciously applied in fixed
point theory and are especially useful in differential and integral equations and in fractional calculous. Its
first definition investigated by Kuratowski [1]. For more details and recent development of measure of
noncompactness theory, the reader can refer to [2]-[11].

The present paper is devoted to a generalization of Darbo’s fixed point theorem using the class of 9-w
control functions as a generalization of F-contractions. The paper will provide a large class of contractions
introduced by Wardowski. Its results applying to the existence solutions for systems of integral equations.
This paper can also consider as a provenance of new approaches associated with the measures of noncom-
pactness and its applications in enhancing tripled fixed point theorems for mappings defined in nonempty;,
bounded, closed and convex subsets of Banach spaces.

Wardowski [20] presented the notion of F-contraction, which has encountered success due to its useful-

ness in nonlinear analysis. A fundamental advantage of such contractions is the eventuality of combined
with different existing contractions to obtain new conditions.
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Throughout this paper, let G be the closure of G, Conv(G) be the convex hull of G, M(B) be the set
includes all nonempty bounded subsets of the Banach space B and 9(B) be the set includes all relatively
compact subsets of B. Also, let R be the set of all real numbers, IR, be the set of all nonnegative real

numbers, B(a, r) be the closed ball with center « and radius r and B, be the ball B(0, ).
Definition 1.1. [14] p : M(B) — R, is called a measure of noncompactness in the Banach space B if:

1° @ # kerp = (G € M(B) : w(G) = 0) € N(B);

2 GcQ= uG) < @

3° (@) = o)

4° u(ConvG) = wW(G);

5 p(AG+ (1 -1M)Q) < Au(@) + (1 - )u(Q) forall A € [0,1];

6° If (G} C IMM(B) for which Gp1 = Gn = G, and 1}1_{210 WGn) =0, then Goo = N>, Gy # 0.

As in [20], let Q be the family of all functions w : R* — R such that:

(wl) w is strictly increasing,
(w2) lim A, = 01if and only if lim w(A,) = —oo, for each sequence {A,} in (0, +o0),

(w3) Ah_)rg Afw(A) = 0, for a real number k € (0, 1).
In this paper, we assume that (X, 0) is a complete metric space.
Definition 1.2. [20] Y : ¥ — X is called an F-contraction if
o(Y1,Yx) >0 = 1+ w(o(Yt, Yk)) < w(o(y, x)), (1)
forall i, x € X, where t € R* and w € Q.

Theorem 1.3. [20] Let Y : ¥ — X be an F-contraction. Then Y admits a unique fixed point z in ¥ and the sequence
{Y"u} converges to z for any point u € L.

In [21] Isik et al. generalized the result of Wardowski to multivalued mappings as follows:
Let © interprets the set of all functions 9 : R — R such that:

($1) lim & <0 foralls > 0;
n—o0

(92) 3(s) <sforallseR.

(93) 9 is nondecreasing upper semi-continuous.

Let (£,0) be ametricspaceand Y, I' : & — CB(X). The pair (Y, I) is called a generalized Wardowski type
contraction pair or a (9, w)-contraction pair, whenever there exist 9 € ® and w € Q such that forall (, x € Z,

DY, Tx) >0 = w(H(Y, k) < Hw(M(t, x))), 2)

where
o(t, Tx) + a(x, Y)
2

Theorem 1.4. Let Y, I : ¥ — K(X) be such that (Y,T) is a (3, w)-contraction pair. If Y, T or w is continuous, then
Y and T have a common fixed point.

M(t, x¥) = max{o(t, ), o(t, Y1), 0(x, '),

}.
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Now we remind two significant theorems which have a main designation in fixed point theory (Schauder
and Darbo’s fixed point theorems).

Theorem 1.5. [13] Let I1 be a nonempty, bounded, closed and convex subset of a Banach space B. Then w : T1 — I1
possesses at least one fixed point provided that w be a continuous and compact mapping.

From now on, we suppose that IT is a nonempty, bounded, closed and convex subset of a Banach space
B.

Theorem 1.6. [15] Let u be a MINC defined in B and let " : T1 — I1. Assume that there exists a constant L € [0, 1)
such that W(I'G) < Lu(G) for any nonempty subset G of I1. Then I admits at least a fixed point in I1 provided that T
be a continuous mapping.

In [22], the authors extended Darbo’s fixed point theorem using the concept of 9-w-contractions.
From now on, a nonempty, bounded, closed and convex subset IT of a Banach space B is indicated by
NBCC, shortly.

Theorem 1.7. Let w € Q, 9 € O, p be an arbitrary MNC and let Y : IT — I be a continuous operator such that
o(p(rg)) < (w(u(@)), 3)
forall G CI1. Then Y has at least one fixed point in IL

The notion of A(f;.) operators has been presented by Altun and Turkoglu [16].
Let E([0, c0)) be the collection of all functions f : [0, 00) — [0, c0) and let E be the class of all operators
A(e;+) 1 E([0,00)) = [0,00) : f — A(f;")
such that:
(1) A(f;1) > O for all t > 0 and A(f;0) = 0.
(2) A(f;1) < A(f;x) forall t < k.
(3) limy—00 A(f; tn) = A(f; lim,, . 1) for all sequence ¢, C [0, o).
(4) A(f; max{t, x}) = max{A(f; 1), A(f; x)} for all f € ([0, o)) and for all ¢, x > 0.
2. Main Results

In this section, we want to extend Darbo’s fixed point theorem via the concept of modified 9-w-
contractions.
Let )’ be the following subcollection of Q contains all functions @ : R* — R such that

(w1) w is a continuous and strictly increasing mapping;

Let © indicates the collection of all functions 9 : R — R such that:
(81) 3(s) <sforalls e R,
(92) 9 1is an increasing continuous mapping.

Using the above two modified class of control functions, we prove the following results. In fact, we
omitted some conditions on control functions w and 9 than the above classes introduced in [21] and [22].

Theorem 2.1. Letw € ', 3 € @, A(e;) € E, u be an arbitrary MNC and let T’ : T1 — I be a continuous operator
such that

W(A(f; u(G))) < S(w(A(f; (@), @)
forall G CI1. ThenT has at least one fixed point in IL
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Proof. Let {I1,} be such that ITy = I[Tand IT,41 = %(F(HH)) for all n € IN.

If u(Ily) = 0, for some N € IN, then Iy is relatively compact and so, from Theorem 1.5 I' admits a fixed
point. So, we may assume that u(I'l,) > 0 for each n € IN.

Explicitly, {I'T,},en is a sequence of NBCC sets such that

Ilo 211 2 -+ 2 I, 2 Thi4a.
On the other hand,

(A(f; u(y41))) = w(A(f; u(IT1,))) (5)
< S(w(A(f; u(11,))))
< w(A(f; p(I1,))).

That is, according to (w1) A(f; u(ITu+1)) < A(f; u(I1,)) for all n € IN. This further means that A(f; u(I1,)) —
d* > 0asn — +oo. If & > 0, we obtain from the previous relation that

w(d*) < S(a)(d*)) < w(d*), (6)

which is a contradiction. Hence, lim;—,+e0 A(f; pt(I1y11)) =
So, we obtain that

lim p(Il,41) =0

Reviewing axiom (6°) of Definition 1.1 we subsume that the set Il ﬂ I1, is a nonempty, closed and

=1
convex set which is fixed under I' and is an element of Keru. Then accordmg to the Schauder theorem, I
admits a fixed point. [

Taking A(f;s) = s, f = I (the identity mapping) and 9(s) = s — 7, for all s € IR, we derive that:

Corollary 2.2. Let w € Y, T be an arbitrary positive amount, p be an arbitrary MNC and let T : I1 — IT be a
continuous operator such that

T+ w(uG)) < w(u(@)), 7)
forall G CI1. Then I admits at least one fixed point in I1.
Remark 2.3. Ifwe define w(s) = Ins, forall s > 0, we derive the Darbo’s fixed point theorem from the above corollary.

Corollary 2.4. Let T be an arbitrary positive amount, u be an arbitrary MNC and let T : T1 — I1 be a continuous
operator such that

T+ uG) - @) -

1
8
R <O~ gy ®
forall G CI1. Then I admits at least one fixed point in IT.

Taking w(s) = s - % and 9(s) = s — W(e°) where W is the Lambert W-function [23], we obtain that:

Corollary 2.5. Let I' : IT — I be a continuous operator such that

w(rG) - < U(G) - —= - WO 79),

1
wTG) = (Q)
for all G C I1, where u is an arbitrary MINC. Then I' admits at least one fixed point in IT.
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1

Taking w(s) = Ins and 9(s) = g(s) where g is the inverse of the function s + =

corollary.

, we obtain the following

Corollary 2.6. Let I : IT — I be a continuous operator such that

Inu(G)

In(uI(@) < —

) (Inu(G)? - 3
3/~(n p(@))® ~ 9n 4(@)) + /A p(G)F 3 + (~2(n (@)} — 18(n (@) + 277 + Z

1
3

i/ ~In (@) ~ 9(In (@) + 5 |-4(In K(G)? ~ 3 + (-2 (G ~18(n (@) +27) + 5,

forall G C I1, where u is an arbitrary MINC. Then I admits at least one fixed point in IT.

3. Tripled fixed point results

The notion of tripled fixed point has been presented by Berinde and Borcut [17]. They provided some
tripled fixed point results for contractive mappings in metric spaces. For more details on tripled fixed point
results and corresponding topics the reader may refer to [17], [18] and [19].

Definition 3.1. [17] We say that (7,7,%) € B3 is a tripled fixed point of a mapping T : BXBXB — B 1fF(7,7,7€) =7,
I'(G,ij,)=jandI(k, ji,) =k

Theorem 3.2. [6] Supposethat uy, Uy, . . ., Un are measures of noncompactness defined in Banach spaces By, B, . .., By,
respectively. Also, let the function f : [0, 00)" — [0, 00) be a convex function such that f(iy,--- ,i,) = 0 if and only
ifi;=0foralli=1,2,--- ,n. Then

@) = f(u1(G1), y2(G2), - - -, tn(Gn)),

is a measure of noncompactness in By X By X ... X By, where G; is the natural projection of G into B;, for all
i=1,2,...,n.

Theorem 3.3. Let I : TI X IT X IT — I be a continuous function such that

1
W(A(f; w(T(G1 X G2 X Go)))) < g[S(a)(A(f) B(G) + w(G2) + u(G1)))] ©)
for all subsets G1, G2, Gz of I1, where u is an arbitrary MNC, u(G2) < u(Gs), 9 € © and w € Y and w is a

sub-additive mapping. Also, let A(e;-) € Eand A(f;r +s+1t) < A(f;r)+ A(f;s) + A(f;t) forall 1,5, > 0. Then T
embraces at least a tripled fixed point.

Proof. Consider I : TT® — I3 by
TG, 50 = (0, .0, TG, 1), T, 7, ).

Explicitly, T is continuous. The main thing that remains to be proven is that T satisfies all the reservations of
Theorem 2.1. Let G C I'T° be a nonempty subset. We know that ((G) = 1(G1) + 1(G2) + (Gs) is a (MNC)[14].
From (9) we have
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o(A(f; TLT©G))) < w(A(f; TT(G1 X G2 X G3) X T(G2 X G1 X G2) X [(G3 X Ga X G1)))
ﬂ)(A(f uI(G1 X G2 X G3)) + ul'(G2 X G1 X G2)) + u(l'(G3 X G2 X §1))))
W(A(f; uT(G1 X G2 X G3)))) + W(A(f; ((T(G2 X G1 X G2)))

£ (TG X G2 X G1))))

% (A(f; (@) + (G2 + u(G5))]

+olA(f

[$(w

[ (w(A(F; 1(G2) + 1(G1) + 1(G2)))]
+3[8(e

< 3w

IN

8

(ACf; 1(G3) + w(G2) + w(61))]
(ACf; u(61) + u(Ga) + 1(G»)))
= 3(w(A(f; HG))).

Now, from Theorem 2.1 it is concluded that T possesses at least a fixed point which infers that I' admits
at least a tripled fixed point. [J

Substituting A(f;t) = t, f = and 3(t) = t — 37 (7 > 0) in Theorem 3.3 we infer:
Corollary 3.4. Let I' : TI X I X I'T — IT be a continuous function such that
1
T+ w[u(Y(G1 X G2 X G3))] < gw[u(@) + w(G2) + u(Gs)l (10)

for any subsets G1, G, G3 of 11, where p is an arbitrary (MNC), u(G>) < (Gs), and w € Q'. Then I has at least a
tripled fixed point.

Theorem 3.5. Let T : T1 X I1 X IT — I be a continuous function such that
W(A(f; T(Gr x G2 x §3)))) < 8(w(A(f; max{u(G1), 1(Ga), n(G)D)) (11)

for all subsets G1,G2, Gs of I1, where u is an arbitrary MNC, u(G>) < w(@s), 9 € © and w € QO'. Also, let
A(e; ) € Eand A(f; max{r, s, t}) = max{A(f; 1), A(f;s), A(f; t)}. Then I possesses at least a tripled fixed point.

Proof. Take Y : IT3 — IT® by
T, j,k) = (G 1,0, TG, 1), T, 5, D).
The continuity of T is clear. We show that T fulfill all the reservations of Theorem 2.1. Clearly, u(Gg) =
max{u(G), W(G2), 11(G3)} is a (MNC)[14]. Let G C IT° be a nonempty subset. According to (12) we infer
W(A(f; TT(G))) < w(A(f; TT(G1 X G X G3) X T(Ga X G1 X G2) X [(G3 X G2 X G1))
= w(A(f; max{p(T(G1 X G2 X G3)), (T(Ga X G1 X §2)), w(T(G5 X G2 X G))))
= max{w(A(f; p(T(G1 X G2 X G3)))), w(A(f; w(T(Ga X G1 X G2)))),
W(A(f; 1T(Gs x G x G))))
< max {8(w(A(f; max{u(Gr), u(G2), 1(G5)))), (w(A(f; max{p(Ga), (G), (Ga)))),
H(w((A(f; max{u(@s), w(G2), w(G)))}
= 3(w(A(f; max{p(Gy), w(Ga), 1(Gs))))
= 3(w(A(f; 1(9))))
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According to Theorem 2.1 we elicit that T owes at least a fixed point, that is, I enjoys at least a tripled fixed
point. [

Taking A(f;s) = sand f = I in Theorem 3.5 we have:

Corollary 3.6. Let I' : TI X IT X IT — IT be a continuous function and

0(1T(G1 % G2 x G3))) < 8(w( max{u(Ghr), u(G2), 1(G5)))) (12)

for all subsets G1,G», G3 of I1, where u is an arbitrary MNC, u(G,) < u(Gs) and 9 € © and w € . Then Y
possesses at least a tripled fixed point.

Corollary 3.7. Let ' : TT X I1 X IT — T be a continuous function such that

T+ 0(T(G1 X Ga X G5))) < w( max{u(Gh), u(Ga), 1(G5))) (13)

for all subsets G1, G, G3 of I1, where i is an arbitrary (MNC), T > 0 and w is as in Theorem 2.1. Then I has at least
a tripled fixed point.

4. Application

The fractional integral of a function f € L;(a, b) with respect to another function g of order « is,

7 Of0
1
(mm—wﬁ

_adt,oz>0, —0o<a<b< o

a — 1 *
Bof =g |

which is defined for every continuous function f(t) and for any monotone function g(f) having a continuous
derivative [24].

Analogous to the above definition, the fractional integral for a continuous function h(t,s, ) in three
variables on IR3, w.r.t. monotone functions g,h,iof order a is given by,

P WXY,Z)

a+,g,h,i

1 g (O (s)i (r)h(t, s, )
- o7 f f f A & —dsdtdr
@mrmﬂ @wrmﬂ @a—mﬂ

where @ > 0, T'(Z) = fooo t271e7tdt, forall Z > 0 and X, Y, Z € [a, b] where —c0 < a4 < b < co.

Now, we discus the existence of solutions for the following system of fractional integral equations:
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o1, po, u3) = h(ua, po, s, o1(u1, ta, 43), 02(u1, po, us), 03(p1, to, 43),

13 " A,(Cl)B,(CZ)C’(CB})“}(HLHZrl~13/clrCZ/CS/Ul(Cl/CZ/(,?))/UZ(Cl/CZ/C3)/(73(C1/C2/C3)
fo fo fo (Al ~ACG)) ™ (B(2)-B(&))*(Clus)—C(Go) AC1dCadCs)

oo(p1, po, u3) = h(ua, po, s, 021, U2, 43), o1(u1, o, us), o2(p1, ko, 43),

14
AI(Cl)B/(CZ)C/(Cs)g(}ll/HZrHS/CL(,Z/CS/UZ((,l/CZ/CS)/Ul((,l/CZ/CS)/UZ(CMCZ,CS)) (14)

Hs 2 i
fo fo fo (Au1)—AC)) - (B(u2)-B(C2))* (C(uz)-C(T3) 2 dGdCadCs)

o3(u1, H2, 43) = h(ua, to, us, 03(u1, o, 43), o2(1, o, 4z), o1(t1, ta, Us),

s ;2 A'(Cl)B'(Cz)C/(Cs)y(,U1,H2,,Us,C1,Cz,CsrUs(Cl,Cz,Cs),Uz(Cl,C2,C3),U1(C1,C2,C3))
fo j(; fo (Alu)=AC) = (B112)~B(C2) ™~ (C(u)-CG)™ 461dCrdCs)

where u; € [0,4a].
Let C([0,4]%) be the space of all bounded continuous real functions on [0, a] equipped with

lloll = supflo(ua, pa, pa)l = pa, p2, p3 € [0, a}.
Let
w(o,€) = sup{lo(u, po, uz) — o(uy, wy, sl = wa, ta, U, 1y, wo, 5 € [0,a], lwi — ujl <e, i=1,2,3},
for all o € C([0,a]®).
Now, let w(G, €) = sup{w(o, €) : 0 € G}. Let
w(G) = lim { sup w(o, e)},
e—0 0eG

be the Hausdorff measure of noncompactness for all bounded set G of C([0,4]%).
Theorem 4.1. Let:
(i) The functions A,B,C : I — R, are C' and nondecreasing. Also, A’,B’,C’ >0,
(ii) The function h : [0,a]® X C([0,a])® X R — R is continuous and

‘h(m, Y2, 43, 01,02,03, C) - h(m, Y2, U3, C1,62,G3, D)‘ < k( max {|0i(,111, o, u3) = Gi(u1, ta, [J3)|} + ‘C -D ),
(15)
for some k € (0,1),
(iii) g:[0,a]° X R® — R is continuous,
(iv) The inequality

[A(a) — A(0)]* [B(a) — B(0)]* [C(a) — C(0)]
o o (04

o
kr + kK +M<r

enjoys a positive solution ry, where M = max {|h(y1, 2, u3,0,0,0, O)| cui €10, a]},
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and

K = sup{lg(u1, 42, 43, C1, C2, C3,01(C1, Ca, C3), 02(C1, Ca, C3), 03(Ca, Ca, C3)))I
D, po, g3, G, G, G € [0,a] lloill <7, i=1,2,3).

Then the system of integral equations (14) enjoys at least a solution in (C([0, a]’)).

Proof. LetT : C([0,a]%) x C([0,a]%) x C([0,a]*) — C([0, a]*) be such that

I(o1, 02, 03) (11, ta, 43) = h(ua, po, k3, 01(U1, pa, 4a), o2(pa, to, 13), 03(H1, Ha, U3),

A'(G)B (Cz)C'(Cz)y(M] J2,143,C1,02,03,01(C1,C2,03),02(C1,C2,83),03(C1,Co, C%))

13 L2 L
f f f A(u1)—~A(C) = (B(u2)~B((2)=*(Cluz) - C(G)* 4G dCodCs).

4905

(16)

Let u, u’, u” € I be fixed and {u,} and {u},} and {u]'} be sequences in I such that y, — u, y, — y’ and

uy, — u’ as n — oo. Without loss of generality, we can choose u, > u, u;, > p’ and p;, > p”’. Then

|F(01, 02,03)(n, Uy, 1y ) = T(01, 02, 03) (@, 1, 1”’)

< |h(#n, Mt 01 (s s 1), 02y s 1137), 03y My 1),

A/(Cl)B/(CZ)C/(CS)g(HanJ;/H;1/1C1/CZrCSrOl(HnI[J:VHnI) 02 (bt iy )03 b by 7))

T AT
fo fo fo (Apn)~AC) = (Bl —B(C))—(C(u)—C(G)) AC;dCadCs

- h(‘u/ H,/ ‘U.N, 01 (["l/ ‘Ll.,, /"l”)/ 02("[/ [J/, "ll/)/ G3(Mi #// MN)/

w o AR ) C’(Cs)y(u A 1, G, 01 ()02 1), 03 w))
f f f (AG)-AC) = B)-BG) (C)-CG) dCldCde3))|
< k max{loi(iin, g, 1) = 0, 1, 1)}

A’(C1)B'(C2)C'(G3) (yn,y;,y;’,ll,Cz,Cam(yn,yi,,pi,'),ﬁz(ymu;,yi,’)m(yn,y;,u;[ )

AUPZ
+k| f f f (A=A~ (Bu7)-BC) = (C(u)-CG) AC1dCadCs)

A'(Cl)B'(Cz)C’(ﬁa)g(y o C1,Co,Ca 01 (o 1), o2 (g 1), o3 (1t y”))

f f f AW-AC) - BH)-BG) (CW)-CG) dCldcde?’))'

< kln%a?é loi(thn, thyy, ) — oilp, p', ")} + kE + kF + kG,
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where
E =
T A(G)B (Cz)C'(Cs)g(un Loty 1C1,C2,C3,01 (kb by ), 02 (o 7 )03t 71477 )
‘ f f f (Alpn)-AC) (B ~BC))—(C(u;)—C(Ga) = dC;dCodCs)
‘Ll A (Cl)B/ CZ)C/(C3)9(/~‘VI P-nfy’n /C1,C2,Ca, (71(.‘1}1 Pnryn ) UZ(H" ‘L’n yn) 03(#”/#}1 .“n)
f f f (A —AC)) (Bl ~BC) -+ (Cu))—CC)* dCldC2dC3>)))|
[";z' ‘u;’ L A/(Cl)B/(CZ)C/(CS) (HV! :“:1 [‘1;1/ C1,C2,C3,01 (H" yn/yn) UZ([J”/H;LIVI/{)'U3(FVI'[‘4:1/!1;1/ )
= | fo j(; fy (Alpn)~AC)) = (B(u)~BC))—(C(u;)—C () -* dC,dCrdCs)

A'(G)B/( Cz)C’(Ca)g(umun o C1,C2,C3,01 (Unsfhry sty )02 (o 1) )03 (Wi sy ))
f f f (Alpn)~AC)) ™ (B(u)-B(C2)—*(C(u;)~C(Ca) e Gy dCadCy

W HA'(C1)B'(Cz)C’(Ca)g(#»,/ﬂi«#,’{/élrCz,Cslvl(#n/y;,uf{)az(Hn,#;/H;’)/Gs(ﬂmu,’u#;’))
+ fy , fo fo (Al —-AC) B, -BG)(Cu)—-CG) dCldCde3|

< |K[A(#n)—A(#)]“ [Bu)—BO)I* [Clu)-CO)]*

a [

4+ KA A@I - [AQ)—AOI [Bl)—BI" [Cs)~Cl)I"—[Clw,)-COI"

a a a

4+ g AW - AW —AW)-AQO)" [B(,)~BE)I"—[Bu) -BOI [C()-Cl)I*

a a a

A'(G1)B' (C)C" (Cs)y(yn,yfz,yf{,cl,Cz,Cs,nn(yn,y,’,,y;’)ﬁz(yn Sty ),03 (o by ,y;’))

u e
| fo fo fo (Alpn)~AC)) (B, -BC))(C(u))~C(Ga) 0 AC1dCadCs)

A'(C)B'( Cz)C’(Ca)g(yn,yn,y,l 1C1,C2,C3,01 (s by ) Uz(yn,y;,y;’),aa(yn,y,’,,y;’))

N
- fo fo fo (A —AC) B -BC))*(C(u")-C(G) dCldCde3|
< K( i i ,u A’(C1)B'(L)C' (&) dC,dCdc
= AW -AG) B -BC))*(C(u")—C(Gy)) = * 14526453

[.l
AR (L)C(G)
f f f (Alpn) A (B(,)~B(C) - (C()~C(Ca) = dC;dCodCs

K[A(#) AQO]* [B)=BO)]* [Cu")-CO)]*

a o
K[[A(Hn —AWI* A =AQON" [B(w,)=B()]1"~[B(u,)=BO)I* [Cu)-Cu")]*~[C(u)-CO]I*
a a a

and



V. Parvaneh et al. / Filomat 35:14 (2021), 4897-4915 4907

G=

A'(C1)B'(&2) C’(Cz)y(un ity 1C1,C2,C3,01 (Wt iy )02 (b sty 7)), 03 (i 17y #,’,’))
| f f f (A —-AC)—*(B()-BC)*(C(u")—C(G)) dCydCadCy

A'(C1)B( Cz)C’(Cs)y(u o G2, a0 (o ) o2 (it 1),03 (i’ ”))

i’
f f f AG)=AC) = (B()-B(C) ™~ (C(u")-CG) dCldCde3|

which in it

v = suptlg(pn, iy, ty » C1, Co, 3y 01 (s My i) 02(lns s 1), 03 (s s 7))
=g ', 1", G, G, Gyon(u, p', 1), oo, 1, p0'"), o3(u, 1, 1))
* Hny [J;w !.1:1/, u, H/r [J”/ Cll CZ/ C3/ € [0/ a]l o; € C([OI a]:’))}'

Now, as n — oo, continuity of A, B and C yield that E — 0.
Also, taking n — oo and using the continuity of A, B and C, it is observed that F — 0.

On the other hand, from continuity presumption of g on the compact set [0,4]° x R*> we conclude that
G—0asn — oo.

Thus, 01,02,03 € C([0,a]%) gives T'(01,02,03) € C([0,a]®). So, the mapping I : C([0,4]*)® — C([0,a]®) is
well defined.

Also,

IT(01, 02, 03) (1, 2, 43)l
= |h(y1, o, us, o111, 42, 43), o2(u1, pa, us), 03(t1, ko, 43),

" " " A/(C1)B’(CZ)C'(C3)y(,LL],#2,}13,C1,CZ,C3,U1(Cl,Cz,C3)rUZ(Cl,széa)r173(61,Cz,C3))
fo fo fo (A1) —A(C) = (B(u2)~B(C2)*(Cluz) - C(Ga)—* dgdczd‘;’"

< |h(}l1, 2, s, 01(p, Ha, 143), 02(H1, p2, 43), 03(p, Ha, 13)

U5 ;2 A(C1)B' () (Ca)y(m J2,13,C1,C2,C3,01(C1,C2,83),02(C1,82,C3),03(Ch, Ca, Cs))
f f f A(u1)—~A(C1) = (B(u2)—B(C2)=*(Cluz) - C(G)—* 4G dCodCs

— h(u1, pia, 143,0,0,0, 0)|
+ 'h(m, 12, 143,0,0,0, 0)'.
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On the other hand,

|h(y1, Ha, b3, 01(p, ha, i3), 021, ha, 3), 03U, o, i3),

13 ™ " A'(Cl)B'(Cz)C’(C3)y(H1,Hz,H3,C1,Cz,Csﬁl(Cl,Cz,C3),Uz(CbCz,C3),03(C1,C2,C3))
fo fo fo (A1) ~AC))*(B(2)-B(G)*(C(p3)-C (G dC1dCadCs

- h(['lll U2, Uz, 0/ 0/ 0/ 0)'

< kmax{|01 (‘Llll Uz, s 02(‘[11/ U2, HS)/ 03(#1/ Uz, u3) }

13 12 " A'(Cl)B'(CZ)C’(Q)y(Hl,Hz,Hs,Cl,Cz,Csl(il(Q,C2,C3),0'2(C1,C2,53),03(C1,C2,Cs))
+k| f f f (A=A = B(u2)-BG) (C(us)-CE) dCldcde3|

< kmax{lloall, llozll, llosll}

A'(G)B’ (Cz)C'(Cv)y(‘Lh 2,143,C1,02,03,01(C1,C2,03),02(C1,C2,83),03(C1,Co, C?))

13 L2 151
+k| f f f A=A (Bll2)-B(C)) = (C(u2)-CG) dCldCzd@‘

< kmax{lloall, llo2]l, llosll}

+ kg Aw)-A01" [B(g})-BO)" [C(Mi’)—C(O)]"'

a a a

Thus,

|h(u1, Ha, p3, 01k, o, 113), 02, pa, 13), 0314, Ha, Ba),

T A,(Cl)B,(CZ)CI(CS)g(HI/‘ULHSrCl/CZrCS/GI(ClrCZ/CS)/GZ(ClrCZ/CS)/GS(CerZ/CS)
fo fo fo Aun)~AC)) T (B(uz)-B(G) = (Clps)-C (G dCydCrdCs)

— h(u, P2, 143,0,0,0, 0)|
|+ kK [A(u1)—-A(0)]* [B(u)—B(0)]* [C(uy)-C(0)]*

a a a

<k max({llo1]l, lloz[l, {llos|

From the above calculations, we have

“F(Ol/ 02, G3)(ulr Ha, [’13)”

A —A(0)]* [B(u!)—B(0)]* [C(u!")-C(0)]*

< kmax{lloy]l lloa|l, losl} + ki L -AQF B PO IE)-COF (17)
A AO B(a)—B(0)]* [C(a)-C(0)]*

< kmax{||61|| ”02“ ”03“} +kK[ (1)=A0)]* [ (ﬂ)a( )]* [C(a) . 0)] +M.

Applying inequality (17) and supposition (iv), we conclude that the function I brings (B,,)* into B,,.

Now, we will investigate thatI'is a continuous function on (Br0)3. So, fixe > 0and take o1, 05,03,¢1,62,¢3 €
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B,, arbitrarily such that |lo; — ¢;|| < € for alli = 1,2, 3. Then, for all y1, yz, us € [0,a], we infer

‘F(GL 02,03) (U1, t2, 43) — (1, G2, G3) (1, po, 43)

< |h(#1, 2, pa, 01(p, pa, H3), 02(H1, o, 13), 03(p, pa, H3),

IHS 112 fyl A(G )B’(CZ)C'(Ca)y(M JH2,13,C1,82,83,01(Gr,Ca,C3),02(C1,C2,C3),03(Ch ,Cz,Cs))
0 j()‘ 0 (A

11)-AC)) - (B(2)~B(C2))*(C(pa)—C(Ga) dC1dCadCs

- h(#ll ‘u2/ ‘U3, gl(‘l’lll MZI “3)’ CZ(HL ‘u2/ #3)/ g3(u1/ ‘u2/ #3)/

Us ;2 A/(Cl)B’(Cz)C’(Q)y(Hl,yz,lvl3,C1,Cz,C3,€1(Cl,Cz,C3),§2(C1,C2,C3),§3(C1,Cz,C3))

(A1) —AC)) - (B(12)-B(C2))*(C(uz)—C(T3) 2 dC1dC2dC3|
<k max {loi(u, p2, ps) — cilpa, d2, us)l}

113 11 1 A’(Cl)B’(CZ)C/(CS)g(HllflLHS/Cl/C21C3/Gl(ChCZ/CS)/GZ(CerZ/C3)/03(C1/C2/C3))
AL
0 0 0

(A1) ~AC))*(B(2)-B(G) = *(C(p3)-C (G dC1dCadCs

f”s f”z fyl A/(Cl)B/(CZ)C,(CS)g(‘Ul/HZ/PS/CerZ/CS/Ul(Cl/CZ/C3)r02(Cl/CZrC3)rU3(C1/CZrC3))
0 0 0

(@A) ~-AC)*(B(u2)-B(&) I (C(u3)—C(G)I dCldCde3'

< k maxllo; - ) + K, AC-AOL B0-00F [C0-COr

o a a a 4

where

Q;, = supflg(u1, p2, 3, C1, C2, C3,01(C1, G2, C3), 02(C1, Ca, C3), 03(C1, C2, C3))

— g, ta, 43, C1, Co, C3,01(Ca, Co, C3), 02(C1, Ca, C3), 03(Ca, Ca, C3))
21, a2, w3 € [0,a, lloill, llcill < 7o, lloi = Gill < &}

From continuity presumption of g on the compact set [0, a]® X [-70, 79]® we conclude that Q;, — Oase — 0.

Thus, |I'(01, 02, 03)(u1, p2, p3) —T'(c1, 2, ¢3)(11, 42, u3)| = 0as e — 0, i.e., I'is a continuous function on (370)3.

Now, we prove that I' assures all the reservations of Theorem 3.5. Let G1,G», G5 be nonempty and
bounded subsets of B,,. Also, let ¢ > 0 be fixed. Also, Let y, u’, 1"/, i1, py, py € I'be fixed such that u; > p,
py 2w and py > u” (without loss of generality) with [y — | < ¢, [0’ — il < ¢, [u” — p)| < ¢, and 0; € G;
forall j=1,2,3.
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|r(01/ 02, 03)(”1/ [Ji/ .lli,) - r(oll 02, 03)(”/ IJI/ (u”)
< (o i (1), 02000, 8, ), 3o, ),

W A’(C1)B'( Cz)C’(Cs)g(m 11y C1,C2,Ca,01 (ua, gy )02 (pa, g1y ), 03 (i p )
f f f (A1) —AC) - (B(p))-B@)*(Cuy)-CG)T dCydCadCs

- h(‘u/ H s ‘Ll. ;01 (tu/ ‘Ll ’ fu”)/ 62(‘1/ ‘u// "ll/)/ U?)(“/ tu// u’l)/

A’(C1)B’(Cz)C’(Cs)y(y,u’,y”,él,Cz,Cs,ol(y,y’,y”) Gz(u,u’,y”),az(y,u’,H”))

WP ’
f f f (A= AC) ™ BE)-BG) () -CG) dCldCde3|
< k maxfloi(, ) = oi(w, u', wI + kA,

On the other hand,

A :|h(y1/ ,u‘,l/ Hll,/ al(#l/ ,uir [J‘,l’)/ 0-2(['11/ Hi/ Hi/)/ 03(/’[1/ Hlll Hi,)/

TNV A’(Cl)B’(Cz)C’(Cs)y(m,y;,y{’,CuCz,Csm(yl,u{,y;’ ,oz(yl,u{,yg’),as(yl,pﬁ,yi'))
fo fo fo A -AC) B, -BG)(C(u))~CG)* AC1dCdCs

—h(yl,y’l,yl,m(ul,ul, D) o2(ur, ph, ), o3, ph, i),

T A(ClB(Q)C’(Cs)y(W’ 1 €1, Ca,Ca, 01 (! o2 pt 1”), 03 (o )
f f f (AG)-AC) = B)-BG) - (Cu)-CG) dC1dC2dC3|

< |h(“1r [Ji/ ‘ui,/ 01 ((ul/ !Ji/ ‘Ll:,[,)l 02(“1/ (ui/ “i/)/ 03(!/[1/ ‘ui/ [ull,)/

w e }11 Cl)B'(Cz)C’(Ca)g(yl,yl,yl,Cl,Cz,Cs,m(yl,yl,yl),Uz(yl,ul,yl)Ga(m,ul,u ))
f f f (AGu)=AC) = B)-BG) ™ (C()-CT) AC1dGrdCy

= h{p, ', 01, 1y, 1Y), 02, 1, 1), 03, 13, 1),

T Hl Cl)B'(Cz)C’(Cs)g(yl,pl,yl /C1,Co,Ca 01 (b 1 4 )02 (g 4 1 ),03 (p 445 ))
f f f (AGu)=AC) = B)-BG) - (C()-CT) dCldCde3|

+ |h u,u S o, uy, uy), 00(u, uy, 1Y), 03(ua, uy, 1Y),

W Hl C1)B’(Cz)C’(Cz)g(yl,;tl,yl’,C1,Cz,Ca,01(ylfy{,yi'),az(yl,y{,yi'),ﬁa(m,y'l,yi'))
f f f (AGu)-AC) = B)-BG) - (C()-CT)™ AC1dGadCy

- h(!”ll H ’ [J ;01 ([J, [J,/ [JN)/ 0'2(['1/ ‘U,, ['1/,)/ O'3((Ll, [J,/ (u”)/

u” A'(C)B’ (Cz)C’(Ca)g(F o 8, Ca,Caon (! " )oa (! 1), oa (! H”))
f f f AW -AC) B -BG)(Cu")-CG) dC1dC2dC3| =I+1II.
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We can calculate that

W o A’(Cl)B’(CZ’C'(CW(Mf“ifﬂi'/ﬂncz/csm<u1/u;,ua’>az(m,u;,u;’»asw,u;,u;')
Gapca | f f f (A=A (B -BEC)(Cp)-CT)™ deCZd@'
K le-AQF [Bs) 5O [C)-CON
a a
< gl@- AOI [B0)-BOY [C0-COF
- a a a :

Let

Qy(h, €) = sup{lh(uy, t2, p3, u, v, w, z) — h(uy, Wy, 1y, u,0,w,2)| : 1, to, 4, 1y, 1y, 1y € [0,al, lu; — il < &,
llell, [191l, 1wl < 70,12l < Gapcal-

As his uniform continuous on the compact set [0, a]* X[y, 71> X[~ Gy, Gy, ], we conclude that Q,, (1, €) —
0.

Also,
Il =

|h(u, wop” o, ph, 1Y), o2, 1y, 1Y), o3, 1y, 1),

(A= AT BGH-BC) (Cu))-CTG) 4C1dGadGs

f”lf fm A'(Cl)B'(Cz)C’(Ca)g(Hll‘Lli,H{',CLCz,Cs,Ul(Hl/,lli/‘ui'),ﬂz((“l,Halﬁli')/ﬁs(ﬂl,,U'lqlli'))
—-h

(' 1 01, 1 1), 02, ', 1), 031, 1, 1),

f” f f A'(G) B(CZ)C/(C%)g(}ll,H'lz}li’rChCZrCS:Ul(Hlr#i:#i’)(72(.111r#i:#i’):(fs(‘lllr#i:#i’))

(A —AC)) - (B(1))—-BC) - (C(u)~CTa )" dCldCde?”
< kmaxfloi(u, pa, p7) = i, ', 1)}

W A’(Cl)B’(Cz)C’(Cs)g(m WY /€ Co, a0 (g ey )02 (pa iy py ) os (ki 1)
+k| f f f (Aun)-AC))*(B(;)-B(G)*(C(u})-C(G) dC;dCrdCs)

f f f A'(G)B'(C2) C’(Ca)g(m MY 1o Ca,00 (i )02 (i 1y )03 (i 1y ))

(A(uD)-AC))*(B(;)-B(C) = (C(u))-C(G) dCydCadCs

PQ’ " " A'(Cl)B'(Cz)C’(Ca)g(HL‘Ui,#i',CL@z,Cs,Ul(Hl,,llil‘Ui')/Gz(Hl,H'I/Hi')/ﬁs(ﬂlru'llﬂi'))
L

(A1) —-AC) = (B())-B&) = (C()—CG) d51dC2dC3|
<klrr%a2x{loz(u1,p1, uy) = oiu, 1, u”)}

+ k|K[A(m ;A(H)]“ [B(u)—BO)I* [C(u})-CO)]*

a a

4+ g A AW -TAG) - A0 [B(u)—-B(]* [C(uy)-Cu")]*-[C(uy)-CO)]”
o o a

+ g IAE)- AW -[A)-AO] [B(p)=B()]" - [B(})-BO)]” [C(u7)-Clu"))*
o a a
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Using condition 15 we have
A= |F(61, 02,03) (11, 4y, 1) — T(c1, c2, Ga)(p, 1y, 1)

= |h(u1, w1y o1, ph, 1Y), 02, 1y, 1Y), 03(u, 1y, 1),

A’(C1)B’(Cz)C’(C3)g(u1, w1y, G, Co, Ca 01, Yy, 1), 02, i, 1), 03, g, w1y )

A Care
dCdCod
~£ L l: () - AC) (B — B@G)*(C(y) - CGN CadCadls
— (g w01, 1), 02, 1 1), 03 1, 1),
u” W A/(Cl)B,(CZ)C,(CB)g(H, [J,, [J”’ C1,C2, 3, 01 ([’1’ lu,’ [’1”)/ UZ(H/ [J,, [—l”)/ US(H/ ['1/1 H”))
dC,dCyd
fO‘ ﬁ L (A([,l) — A(Cl))l‘”‘(B(‘u') _ B(CZ))l_a(C(‘li") _ C(C3))1_a Cl CZ C3'

< Qy(h, &)+
k maxloi(u, py, ) = oilp, 1’ 1))
[A(u1) — A(w)]* [B(u7) — BO)I* [C(uy) — CO)]¢

+ k’K " " "
. K[A(Hl) — A(W)]* = [A(u1) — A0)]* [B(p}) — B(u)]* [C(py) — C(u)]* = [C(uy) = C(O)]
a a a
N K[[A(m) = A(W)]* = [A(u1) = A)]* [B(p}) = B(u")]* = [B(uy) — BO)]* [C(uf) — C(p")]
a a a -

Since in (18), 0; was an arbitrary element of G; for i = 1,2, 3, we obtain that

QI(G1 X G2 X G3), €)
< Q. (h, &) + kmax{Q(Gi, €), UG, €), UGs, &)}
+k K[z“(#l)—f“(#)]”Y [B(p;)—B(0)]* [C(u7)-C(0)]*

a a a

4+ KA -AWI-Aw)-AOI" [Blp)-BI* [C)-Cu)I* ~[C)-COT

a a a
+ K IA@)- AT -[Aw)-AOI" [B(up)—B)]*—[B(})-BO)]* [C(p)-C(u)]*
a o o .

As h, A, B and C are uniform continuous on the compact sets [0, a]® X [—7o, 70]* X [-G,, Gy, ], [0, 4], [0, 4]
and [0, a], respectively, we conclude that Q, (h, &) — 0, A(uy) — A(y”") — 0, B(uy) — B(y”") — 0 and
C(uy) = C(u"”) — 0 as ¢ — 0. Therefore, by taking A(f;t) = t and f = I, we have

QI (G1 X G2 X G3)) < kmax{Q(G1), Q(G2), Gs)}-

Thus, we get
W(Q(G1 X G2 X G5)) < Hw( max{Q(Gr), AG2), AG5)Y)), (19)

where w(x) = xe* and 9(x) = kx for all x > 0 and 9(x) = Ix for all x < 0 where [ > 1 (Note that kxe* < kxe*
for all k € (0,1).) Therefore, Corollary 3.6 infers that the operator I' enjoys a tripled fixed point. That is, the
system of functional integral equations (14) admits at least one solution in (C([0,4]*))>. m O

Remark 4.2. In the above theorem, we applied w(x) = xe* which is an element of CQ’. This function is not an element
of Q. Also, 9 is not a function in collection ® introduced in [22]. So, we have larger collections of functions with
respect to the classes of functions introduced in [22].
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5. Example

Example 5.1. Let:

1,-v3 tan! o1 (1, i1, iz)+sinh ™! Uz(m,m pa)+tan”" o3 (i, pt3)
([’11’ Ha, [’l3) E 1H + 1070+ 23 2)10

ACidCodCs

H f H2 (72 Gcos T2, pit V(#0202 6P (Asind 02(Cr,Ca, 0o) (10052 05(Ca Lo Ca)
EZ?:I MEATT i:13(,Lli*Ci)(1+Gf(C1,Cz,Ca)Z)(lﬂiHZ 02(C1,82,C3))(A+c0s? 03(C1,L2,(3))

tan_l o2 (i, i1, p3)+sinh ™! o1 (u, g, pia)+Han ™" op (i, 113)
10m+(X7, p2)0

(le Uz, H3) _e Zx 1“

R PR (20)
f 31 Gleos Ty it \(1+02(C,0a,C3)2)(1+8in? 01 (G, Lo, Ga)) (14082 02(C1, o, Cs)) AC1dCdC
1aC20C3
it A= (ui=C) (14+03(C1,Ca,Go)2)(L+in? 01 (C1 Ca,Ca)) (1082 02(C1 Ca, o)
tan~" o1 (1,41, 443)+sinh ™ 62 (1,11, pi3)+tan ! o3 (U1, 1, 43)
o, po, p3) = o~ T S 10n+o§?:z u?]ﬂ”s T
H3 H2 H1 3 Cilcos Y21 2 2 2 2
f i1 Gi i1 Mit \/(1+0'3(C1,C.2,C3) )(L+sin” 02(C1,C2,C3))(1+cos? 01(C1,C2,C3)) A0, dCdC
. 1aC20C3
eEim i AT i=13 (= C)(1+03(C1, Lo, G)2) (1+sin? 0 (8,2,C3)) (14082 01 (1, Ca, L))
The above system is a particular case of the system (14) with
1
A(t) = B(t) = C(t) = ¢, a=z, te[0,1],
h(u, w2, 4z, 01(ua, po, p3), 021, ta, 43), 03(U1, t, 4s), p) (21)
1 3 2 -1 -1
_ L oyi e tanT on(uup ) tsinh” oo ps)ttan ! os(upaps) P
¢ et 10m+(X2, i)' + 10 (22)
and
g1, 42, 43, C1, Co, C3,01(C1, Co, C3), 02(C1, Ca, C3), 03(C1, G2, C3)) (23)
Z, 1 Ci(cos 2,3 1 it \/(1+02(C1,C2,C%)2)(1+51n 02(C1,C2,C3))(14cos? 03(C1,C2,C%)) (24)

E1 i (1462(Cy,Ca, ) (1+in? 02(Cr,Ca, ) (1+€082 03(C1,Ca,Ca)

We need to investigate the suppositions (i)-(iv) of Theorem 4.1 to show that the above system has a solution.

Example 5.2. Supposition (i) is explicit. We define w(s) = se® and k = ;.

0
Now,
w(‘h(m, L2, 3, 01,02, 03,m) — h(p1, pa, U3, 07, Gg,og,n)|)

[tan~! 51 —tan™! ¢/ |+|sinh ™" o—sinh ™" o} |+| tan™! o3—tan~" | + |m — n|

< wf 10m+(L, 42)® 10 )

IA
g

010} [Hoa—o3l+los=ci] |m — nl)

( 107 10

IN
g

max;{lo;—o’|}+|m-n|
(=)

S( (miax{lal- — ol +|m— nl)).
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Hence, h fulfills supposition (ii) of Theorem 4.1. Also,

1 2
M = supilh(u1, y2, 13,0,0,0,0)| : p1, 2, uz € [0,1]} = sup{ge_zfil it g, do, us €10,1]) = 0.33

Explicitly, supposition (iii) of Theorem 4.1 is accurate, that is, g is continuous on [0,a]> X [0,a]® X R, and

K = sup ‘Z}L Ci(cos T3y it \1+02(C1, G, G3)D) (Lsin® 02(C, L, a))(1+c0s? 03(C1,L2,3)))
e Hi(14+02(C1,2,C3)2) (14sin? 02(C1,C2,C3))(1+cos? 03(Ch,02,03))

CH, U2, U3 € [Or 1]/ Clr CZ/ C3 € [01 1]/ 0; € [_7’, 7’]}

t2
<sup o = 0.55.

As well as, every r > 0.3744 satisfies the condition (iv), i.e.,

kr + kK AQ-AOI [BO-BOI [CO-COF 4 pr 4 033

[ a

—1,. 151
=557+ 57065 033 <.

As a result, the suppositions of Theorem 4.1 are valid and hence, the above system of integral equations enjoys at least
one solution in {C([0,a]*)}>.
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