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Geometric Characteristics of a Manifold With a Symmetric-Type
Quarter-Symmetric Projective Conformal Non-metric Connection
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?College of Science, University of Shanghai for Science and Technology, 200093 Shanghai, P. R. China.
YFaculty of Mathematics, Kim Il Sung University, Pyongyang, D. P. R. K.

Abstract. We introduce a quarter-symmetric projective conformal non-metric connection family and study
its geometrical properties. Further we investigate the geometries of a symmetric-type quarter-symmetric
projective conformal non-metric connection satisfying the Schur’s theorem.

1. Introduction

The study of geometries and topologies of a manifold associated with a semi-symmetric (metric or
non-metric) connection has been an active field over the past seven decades. In particular, the problem of
geometric classifications based on the transformation groups has always been the main research topics of
classical geometries. From the isometric transformation group, the conformal transformation group and
the projective transformation group, the isometric geometry, the conformal geometry and the projective
geometry come into being. We have reasons to believe that the study of transformation groups based on
semi-symmetric connection is bound to have the important theoretical significance and potential application
value for the study of related geometric classification problems.

Since the concept of the semi-symmetric connection was introduced by Friedman and Schouten in [10]
for the first time, the relevant research on semi-symmetric connections has been springing up with great
success. Many geometricists have devoted themselves to this field and have made great achievements.
There are many celebrated works related to semi-symmetric connections. For instance, Hayden in [16]
introduced the metric connection with torsion, and Yano in [27] defined a semi-symmetric metric connection
and studied its geometric properties. N. Agache and M. Chafle [1] investigated the semi-symmetric non-
metric connection. Before long, a quarter-symmetric connection in [12] was defined and studied. A linear
connection is said to be a quarter-symmetric connection if its torsion tensor T is of the form

T(X,Y) = UX)pX - UX)pY, (1.1)
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where U is a 1-form and ¢ is a tensor of type (1,1). Afterwards, several types of a quarter-symmetric metric
connection were studied ([8, 15, 21, 25, 28]). In [11, 20, 22, 26, 31, 32], the geometric and physic properties
of conformal and projective the semi-symmetric metric recurrent connections were studied. And in [23, 24]
a projective conformal quarter-symmetric metric connection and a generalized quarter-symmetric metric
recurrent connection were studied. In [9] a curvature copy problem of the symmetric connection was
studied. And in [24] the mutual connection of a semi-symmetric connection was studied.

Recently, De, Han and Zhao in [5] introduced and studied the geometrical natures of a manifold with a
semi-symmetric non-metric connection; Barman and De [2] investigated the quarter-symmetric non-metric
connection on Sasakian manifolds; Chaubey and De [3], Chaubey, Suh and De [4] and De, Zhao, Mandal and
Han [6], respectively, considered the geometrical features of a manifold associated with semi-symmetric
connections.

Following this concept and the related researches, Zhao, Ho, An [29], Zhao, Jen and Ho [30] further
studied the geometrical properties of a manifold with Ricci quarter-symmetric recurrent connections and
mutual connections. For this topics, one can also see [2, 8, 15, 23, 24, 28] for details.

On the other hand, the Schur’s theorem of a semi-symmetric non-metric connection is well known ([17,
18]) based only on the second Bianchi identity. A semi-symmetric metric connection that is a geometrical
model for scalar-tensor theories of gravitation was studied ([7]) and a conjugate symmetry condition of the
Amari-Chentsov connection with metric recurrent was also studied.

Especially, Han, Fu and Zhao in [14] further studied the similar topics in sub-Riemannian manifolds.
The readers can refer to [13, 19] for further understanding on geometry and analysis on sub-Riemannian
spaces in details.

Motivated by the statements above, we define one class of quarter-symmetric non-metric connection
family obtained by applying certain rules to the covariance derivative of the metric, and consider the major
geometrical properties for this new type of quarter-symmetric non-metric connection family.

The paper is organized as follows. Section 2 studies the property of a quarter-symmetric projective
conformal non-metric connection family; Section 3 considers the geometric characteristics of a manifold
associated with a symmetric-type quarter-symmetric non-metric connection satisfying the Schur’s theorem.

2. Geometries of a manifold with a quarter-symmetric projective conformal non-metric connection
family

0
Let (M, g) be a Riemannian manifold (dimM > 3), g be the Riemannian metric on M and V be the
Levi-Civita connection with respect to g. Denote T(M) by the collection of all vector fields on M.

n
Definition 2.1. A connection V is called a quarter-symmetric non-metric connection if it satisfies the relation

0 n
(Vzg)(X, Y) = —n(X)U(Y, Z) - n(V)U(X, Z), T(X,Y) = n(Y)pX - n(X)pY
The local expressions of this relations are as follows
v Tk k k
Vigji = —mill = iUy, T = 707 — g5,
and the connection coefficient is
Tk o gk gtk 1k
l“l.]. = {ij} + 7;U; anj.
t
Definition 2.2. A connection family V is called a quarter-symmetric non-metric connection family if it satisfies
t t
(Vzg)(X, Y) = (t = DIrXOU(Y, Z) + n(U(X, 2)], T(X,Y) = n(V)pX — n(X)pY

where t € R is a family parameter.
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The local expressions of this relations above are below
d Lk k k
Vigji = (t = DImillp + iUy, T = 1907 — 05,
and the connection coefficient is

t
l"i.‘]. = {Z} + n]-llf - ﬂiV;-( - tul-]-nk.

t
Remark 2.1. The quarter-symmetric non-metric connection family V is a connection homotopy of the quarter-
q n
symmetric metric connection V in [30] and the quarter-symmetric non-metric connection V. Namely if t = O, then

t n t q
V=Vandift=1,thenV=V.

C C
The connection V is called a quarter-symmetric conformal non-metric connection family, if V is conformally

equivalent to a quarter-symmetric non-metric connection family % The coefficient of the connection V is
T = (5} + 00 + 008 — gijo — V¥ + U — iyt
where the conformal metric g;; = ezggi]- and o; = d;o.

The connection % is called a quarter-symmetric projective non-metric connection family, if % is projec-
tively equivalent to a quarter-symmetric non-metric connection family 6 The coefficient of the connection
% is

TE = (£ + 90 + g0+l — V- e,
where 1); is a projective component.
Definition 2.3. A connection V is called a quarter-symmetric projective conformal non-metric connection family, if
V is projectively and conformally equivalent to a quarter-symmetric non-metric connection family %

In a Riemannian manifold, a quarter-symmetric projective conformal non-metric connection family V
satisfies the relation

Vzg(X,Y) = 22[Y(2) + Zolg(X, Y) = Y(X)9(Y, Z) — p(Y)g9(X, Z)
+(t — DIrX)U(Y, Z) + n(V)U(X, Z)], (2.1
T(X,Y) = n(Y)pX - n(X)pY

The local expression of this relation is

Vigii = =2k + 01)gij — Yigjx — g + (¢t = V(i + 1;U),
Tk = ni¢f — mipk (22)
ji iPi l(p]
and its coefficient is
T o= {5+ @i+ 0ok + () + 00 = gijo* + mUf - mV§ — tlymt* 2.3)

c r t
Remark 2.2. If ¢; =0, then V =Vandifo; =0, then V=V. If; =0; =0, then V = V. And ift = 1 and

q n
Yi=0;=0,thenV=Vandif; =0; =0andt =0, then V = V. And if pX = X, then a quarter-symmetric
projective conformal non-metric connection family V is a projective conformal semi-symmetric non-metric connection
family.
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From the expression (2.3) we find that the curvature tensor of V is

! 1 1 ) ! ! ) 1 1 1
Rijk = Kijk + (3]-61,']c - 6iajk + gikb]‘ - gjkbi + chik - Llicjk + Uikd]. - ujkdi

+

0 0
(5;((Villjj - le/)i) - f(viu]‘k - V]'u,‘k)ﬂl + (Viu; - V]'ug)?'(k + 71,'V§-k - ﬂijk (2.4)
| 0 0
- Vk(ij - V]‘T(i),

0
where Ki]-kl is the curvature tensor of V of g;j, and

ag = %i(ll}k +0r) = (i + o) (W + 0k) — Uipy(PF + o) + tU (P + 0p)107 + gix(Pp + 0p)07,
b = %iak - oiox + Uy o, — thapTck,
Cix = %igik = 1(ox + Pr) — Ufnpnk + tUym,m? 2.5)
di = t(Vimy — iox — tllfnknp),
VL = ViV - Vi + 00 + UV m, — U Vi + (U Vi — U VPt
+ Viga! + gikV;;Up + 55V£(1/’p +0p)

m
From the expression (2.2), the mutual connection V of the quarter-symmetric projective conformal non-
metric connection family V satisfies

m
Vigji = =2 + 00)gij — Yigjc — Y9 + 21y + (Ui + tUj) + 10(Vii + tVi),

Tk k. vk k. vk (2.6)
Tji = ‘IZ]'(ui + Vi) - ‘IIi(uj + Vj)’
and its coefficient is
m
l“i.‘]. = {Z} + (17[)1 + Gi)(S? + (l/)] + Gj)éf - gijOk + nill;? - ﬂij - fui]'T(k (2.7)
m
The curvature tensor of V is
m m m 0 0
Ri' = Kiyp'+ 5575% — Sla + gib ' = g i + 5 (Vivh; = Vi)
0 0
+ (rg ;Uik - ?ﬂlljk) + dﬁkﬂj - di.kni + U}l{(viﬂj - V]'ﬂi) (2.8)
Ul — VUM + Vier — Vle: 1 _yl
+ ,U]k V] Uy + Vie]k V].elk + (Vji Vl-]-)ﬂk
where
0
ay = Vil + 1) — (@i + 0) (Y + 0x) + Uy + o)1 — UL (Y + 0p) + gk (P + 0p)o?,
m 0
bix = Viop—oiof — tll,-,,a’”nk + n,-UkpnP,
0
rgik = t(Vimy — miop + T(,’Ukalp - tUi,,nVnk), 2.9)
0 .
di’k = V,-LI,’( - uf(z/}k + 0g) + Uika’ - tll,-plll’:nl,
0
Cik = Vi — ﬂi(gbk + Ok) - 7?1U£7Zp + Vfﬂpﬂk + tuikﬂpﬂp + gikﬂpO'p,
0
Vi = ViVi+ Vi@, +0p) + Vijo! + mViL, — tU] Vit

Let a, p and y be of 1-forms with its components

a; = Uy, Bi=Uim, vi=Vim (2.10)
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Theorem 2.1. A Riemannian manifold (M, g, V) associated with 1-form ¢ and a being of closed, then it is Ricci-like
flat with respect to the quarter-symmetric projective conformal non-metric connection family V, namely, there holds

Pij=0 (2.11)
where P;j=R;jug" is a volume (or Ricci-like) curvature tensor of V.

Proof. Contracting the indices k and / of the expression (2.4), then we obtain
0 k k k ko o J k
Pi]‘ = pij + ai]' — ajz' + b]‘,‘ — bi]‘ - Ul- Cjk + chik - u]'kdi — uikdj + (Viu]'k — Vju,'k)ﬂ
0 0 0 0 r k k 0 0
- t(Vink - lelik) + TI(V,'I]D]' - le#,‘) + Tll‘ij - njVik - Vk(Vz‘T(]‘ - V]‘T(i), (2.12)

0 0
where P;; is the volume (Ricci-like) curvature tensor of the Levi-Civita connection V of g;;. At the same

time, Pl] =0, Vk 0. Using (2.5), we have
0 0
ajj — aji + b]‘,‘ - bi]‘ = (V,‘IJ)]‘ - Viji) + [ﬂinp(¢p + Up) - ﬂjuip(¢p + O'p)] - t(ﬂiU?O'p - ﬂjUpr),
Uy — Ufcy = Und" — Und + UV, — UFY, — [ U5y + ox) — 7, US(gx + 0x)]
jbik iCjk = Ujkl; ikt j j itk i ViTlk Tt ](lpk Gk) T i(lpk O_k)
ok O & k k
+t(uiijn - UjkV,-n )+ t(ﬂinkG - ﬂjuikG ),
Vi =o.
Substituting these statements above into (2.12) and using (2.10) we have

Py = 1+ DVt - V) + (1 - (Vi — Vyar) @13)

0 0 0 0
If a 1-form ¢ and a 1-form «a are of closed, then V;i; = V;i; and V;a; = V;a;. From (2.13), we know that
(2.11) is tenable. O

Remark 2.3. Formula (2.13) implies that if t = 1 and ¢ is a closed form, then 163’1]' = InDij =0.

Theorem 2.2. For a Riemannian manifold (M, g, V) if 1-form ¢, a, ﬁ and y are of closed, then the Riemannian
manifold (M, g, V) is Ricci-like flat with resect to the mutual connection V namely

m
P;j =0, (2.14)
m
where is a volume (Ricci-like) curvature tensor of V.
Proof. Contracting the indices k and I of the expression (2.8), then we have
m 0 moom 0 0
Pi]‘ = P,']' + 711,']' - Zl/i + bji - bi/’ + n(Viz,le - V]‘ll)i) + (Uikyg’]? - Ujk’g];)
0 0 0 0 .
+ Uk(Vin]- - V]-nz) (dzkn] .kni) - i’(V,‘Ujk - V]-U,-k)n (2.15)
WU — VU + VEer — Veer 4 (V5 — V&
t(VZU,k ]Ulk)ﬂ + Vi ejk Vjelk + (Vji Vij)nk
From (2.9) we arrive at

m m m m 0 0
aij—aji + b]'i - bi]' = (VIIP] - V]lp,) - [T[l‘U?(l’[Jp + Up) - T(]u:](l,bp + O'p)] - (t - 1)(711-1,1]-,70” - T(]'uip()p),
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nik nik 0 k 0 k k k k k
Ul‘kC]- - u]‘kCi = t(UikV]-n - u]‘kviﬂ )+ t(ﬂ,‘u]‘kO' - ﬂjul‘kO' ) — t(ﬂiuj‘kupﬂp - njllikupn”),
d?k‘l'[]' - d];kﬂi = [Riulf(lpk + Uk) - njuf(lpk + O‘k)] + (RinkUk - Rjuikﬁk)

0 0
+ KmUpUlnt — i, Ul + (Vilgm - ViUgm),
0 0
View=View = (Vi = Vime = [ViVime) = VAVimo)l.

Substituting these formulaes above into (2.15) and using (2.10), one gets

m 0 0 0 0 0 0 0 0
Pij = (n+1)(Vij — Vi) — t(Viaj — Viai) + (ViBj = ViBi) = (Viyj = Vyi). (2.16)
0 0 0 0 0 0
If a 1-form ¢, @, B and y are of closed, then there holds V;a; — V;a; = 0, V;8; — V;f; =0 and V;y; = V;y; = 0.
From (2.16), it is not hard to see that (2.14) is tenable. [

Set by

Agi 28l an + gab + (Ulcy + Uyd') + ViUl — Vil + 5V, + VL — VIV,

ijk =0tk ik j jczk ikt i ]‘T(k ik k zll)] Tt 3 k ViTlj,

and

o laglm ! mp o Iy e J Y I

Ajji =0, + gixb; + Uic ; + dymtj + 5 Vipj + U Viry — tVillyre + Viey + Vimy,
From these formulaes, we know that (2.4) and (2.8) are exactly as follows

Rije' = K" + A" = Ajuc,

and
m m m

I I I
Rije" = Kije" + Aije* — Ajir ',

respectively.
Thus we get the following.

Theorem 2.3. When Aijkl = Ajix ! then the curvature tensor will keep unchanged under the connection trans-
0 m m
formation V. — V and when A,-]-kl = Ajix ! then the curvature tensor will keep unchanged under the connection

0 m
transformation V. — V.

From (2.2) and (2.3), the connection coefficient of dual connection V of the quarter-symmetric projective
conformal non-metric connection family V is

rf], = {f]} - (i + 01)5’} + Gjé? - gij(l]l)k + Gk) + tT(]'Uf - 7‘(1"/;f - Ui]'T(k,

and the curvature tensor of V is

*

1 1 1 i 1 1 1 1 ! 1
Rijk = Kijk + 6]'bik - 6ibjk + gika]. = Jjka; + (Lljdik - uid]'k - UjkCi + uikC]-)

I 0 0 0 ; 0 ok 0 0 I
6k(vill1]‘ - le/)i) + t(Vl-U]. - V]-Lli)n - (Viu]'k - Vjuik)T( (2.17)

* 0 0
vV v vV — ..
+ n,ij iV = Vi(Virj — Vim),

* 0
Vi = ViVi=Viep + UgVy? — Uy Vind + 6[Vio, + tU VT, — tUL Vi + V(@' + o)
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+ gxV,(YF + b,
From (2.4) and (2.17), we obtain

*

Ri! = Kig'+6iaj—bp) - 5§(ﬂik —bi) + _t]ik(ﬂ; - b;) - g(a; — b)) + Uj(ci — djp) — U;(Cik —di)
0 0 0 0
+ Ui(c; = d) = Uplc; = dy) + (£ = DIViU = Vil = (Villje = ViUi)rt'] (2.18)
* 0 0 *
+ (V= V) = 260V = Vi) = (Vi = V).

n* m
From (2.6) and (2.7), the connection coefficient of dual connection V of the mutual connection V of the
quarter-symmetric projective conformal non-metric connection family V is

m*
k k k k Kk, k k k k
T i = {ij} - (Wi + ai)éj + O']'(Si - g,']'(lll +0") — niU]. + tﬂ]'ui + Vl']'ﬂ
ms
and the curvature tensor of V is

m*

m m 0 0
Rijkl = Kijkl + 5§'bik - 5517]'1( + gik’le?. - g]'k,lgg - 65{(%1/1]» - V]‘ll)i) + Uygik - Ullv;gjk
o 0 l 1 I
- uk(vil[lj - V]'l/)l') +(d T diknf) + t(Vin - V]'ul-)T(k (2.19)
+ (Ve = Vigelj) + (Vi = Vi),
where
. 0
diy = Vil - Ujox = U Uy — Ug(@' +0),

0
Vz'jk = V,‘ij + Vl‘]‘(jk - V,‘pT(jUZ + gikV]‘p(lpp + o) — i‘ViPU?T[k.

From (2.8) and (2.19), we obtain

m* m m m m m
Rip' = Ry'+ 55(75]% —bj) - 5?(2& = bi) + !]ik(;g; -b l,~) - !ij(zlﬁ — bl
+ (’&ku§ —Cpll + Upye ! - uik?;) +(dp! + dp i — @di! + dy ) (2.20)
- 208 (%‘lp‘ - %41/;4) + t[(%-u’ - %-ul)n + (%-u- ViU )’
K\Vilj j¥i ity jY i)tk i jk jUik)TC
0 0 m m
= 2U(Vim = V1) + Vel = Vi + View = View + (Vig = Vi) = (Vi = Vim,
Denote by

0 0
Bie! = 8@ —bp) + gula; = b)) + Uj(cje = d) + Ui(c; — ) + (¢ = D(Villi + Villgrd)
* 0
+ (Vi = V) =28 Vi
and
m m m * 0
Bip! = ol(ap—by)+ gik(Z’; ~bh)+ (uj.*c",-k + Ujch) + my(d Lt dl) =26 Vi,
O 2 ! ko 1/l 7o I I
+ t(V,-LIjnk + Viu]'kT[ )+ Vjei + Vjeik + V,']'kT( + V,']' Tl — ZUkV,'T(j

From these formulaes above, we get (2.18) and (2.20) are given below

%

I I I I
Rijx" = Rijx" + Bijx — Bjix ',
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and
mx* m

IRl B l_p I
Rl]k - Rl]k +Bz]k B]zk ’
respectively.

So there exists the following.

Theorem 2.4. When B;j! = Bji!, then the quarter-symmetric projective conformal non-metric connection family V

m m m
is a conjugate symmetry and when By = Bji', then the mutual connection V of the quarter-symmetric projective
conformal non-metric connection family V is a conjugate symmetric.

3. Geometries of a manifold with symmetric-type quarter-symmetric non-metric connections
For convenience, we assume in this subsection 1/)17 1s a symmetric tensor, and Ebij = Uij.

Definition 3.1. A connection Vis called a symmetric-typequarter-symmetric non-metric connection, if the connec-
S
tion V satisfies
S
V29(X,Y) = ~r(NU(X, Z) - n()U(Y, Z), 61)
T(X,Y) = n(Y)UX = n(X)UY.
where U is a symmetric tensor of type (1,1) and 1 is a 1-form.

Remark 3.1. If U(X,Y) = g(X,Y), then this connection is the semi-symmetric non-metric connection that was
considered in [1].

The local expression of (3.1) is

Vigi = —mlj - iUy, T% = mU - mU, (3.2)
and the connection coefficient is
5= () + mUl, (3.3)
and the curvature tensor is
Rip! = K + Ulrg — Uty + (ViU — VU, (3.4)
i i j i

0
where 71 = V1t — Ufn,,nk.

Theorem 3.1. A Riemannian manifold (M, g, %) associated with a form a being closed, then the manifold (M, g, %)
S

is Ricci-like falt, that is, the volume curvature tensor of V is zero, namely

S

Pij=0, (3.5)
S Bl
where Pjj is a (Ricci-like) volume curvature tensor of V.

0
Proof. Contracting the indices k and [ of the expression (3.4) and using P;; = 0 and (2.10), we have

1l
o

7 k k Ok Ok
Pi]' ij + U]-TCik - Lll. TUjk + (ViLI]. - V]U,.)nk

103~+Uk(€7'n -ur C UV — U Vil - ViU
ij j\ViTtk inpnk) i( Ttk jnpnk)+( 1= ] i)nk

0 r 0 ‘ 0 0
= Vi(U].nk - V]-(Ui T(k) = Via]- - V]'(Xi.

0 0
If a 1-form « is a closed form, then V;a; — V;a; = 0. Hence we obtain (3.5) is tenable. [J
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S* S
From (3.2) and (3.3) the connection coefficient of dual connection V of V is

I = (5} - Uy, (3.6)

and the curvature tensor of is

S%

0 0
R,’jkl = Ki]'kl + Ul'kﬂ; - ll]'kni» - (V,'u]'k - Vjuik)ﬂl. (3.7)
Thus we have the following.

Theorem 3.2. In a Riemannian manifold (M, g), the first Bianchi identity and the second Bianchi identity of the
5% S

curvature tensor of dual connection V of V are

5% Sx S* 5% S S (38)

S* S S
{ Rii! + Rjie' + Ry = 0,
VhR,'jkl + Vithkl + V]'Rhikl =0.

sm S
From (3.2) and (3.3), the connection coefficient of mutual connection V of the connection V is
Tk _ ik k
Ii= {l.].} + U, (3.9

sm
where the mutual connection V satisfies

sm

Vigii = —2mlyy, Ti* = mU* - m Uk 3.10
kij = —eTelij,  Lijs = TG — TG, (3.10)

sm
and the curvature tensor of V is

sm

0 0
R,‘jkl = Ki]'kl + Vl(n]ll,l() - V,(T(,U,’(), (311)

S+ sm

From (3.9) and (3.10), the connection coefficient of dual connection V of V is

S+

Tk =) -mlf, (312)

Shi*
and the curvature tensor of V is

S+

0 0
Rix' = Kij' + Vi(mUl) — V(i U), (3.13)
So there exists the following.

Theorem 3.3. In a Riemannian manifold (M, g), if there holds

0 0
ViUl = Vi(mly) (3.14)
0 sm
then the curvature tensor will keep unchanged under the connection transformation V. — V and the mutual connection

sm S
V of V is a conjugate symmetric connection.

Theorem 3.4. If a Riemannian manifold (M, g) associated with a symmetric-type quarter-symmetric non-metric
S sm
connection V admits zero curvature tensor with respect to the mutual connection V, then the Riemannian manifold

M,g, 561) is flat.
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Proof. Considering (3.11) and (3.13), we obtain

R’ + Rzl = 2K 1
ijk + ijk — ijk s (3 5)
smx

sm
If Rij' = 0, then R j' = 0. From (3.15) we have K;' = 0. Hence the Riemannian metric g is flat. ]

It is well known that if a sectional curvature at a point p in a Riemannian manifold (M, g) is independent
of E(2-dimensional subspace of T,,(M)), then the curvature tensor is as below

Rij' = k(p)(Sigjx — 6;917()’ (3.16)
In this case, if k(p) = const, then the Riemannian manifold (M, g) is a constant curvature manifold.

Theorem 3.5. (Schur’s Theorem) Suppose that (M", g)(dimM > 3) is a connected Riemannian manifold asso-

sm sm
ciated with an isotropic mutual connection V. Then the Riemannian manifold (M", g, V) is a constant curvature
manifold.

Proof. Substituting (3.16) into the second Bianchi identity of the curvature tensor of the mutual connection
sm S
V of the symmetric-type quarter-symmetric non-metric connection V, we have

sm

ViRiw! + ViR + ViR = T7 Ry + T " Ry + 17 Ry,
By a direct computation, we obtain
V()G - 8 gix) + s’Vﬂik(P)(éﬂghk ~ 8450 + V k(p)(Bh g — )
+ k(P)[(éﬁ%nhg ik — 6§'s€h!]ik) + (5%”:‘!]111« - 5515611‘%%) + (52%1]‘!7% - 55561]‘9%)]
= k(p)[(m,UY — niuZ)(éi'gpk — 5Lg5) + (ﬂiu? — 1;UN)(8,9pk — Spgme) + (U} — ﬂhU?)(éfgpk - 5,9i)]-
Using (3.10), then we obtain
Vik(p)©gj6 — 6190 + Vik(p)(©gi — 8,976) + V k()6 g — )
= 2k(p)[ (Ol U — 5§Uik) + ni(é;uhk = &, Uj) + 10}, Uy — 6:Uje)]
= k(P)[(éﬂ-Tihuik - 5;7Tiuhk — mUlg i + il gje) + (6, il — 0 7y Uy — niui-ghk + 70Ul i)
+ (07 Unc — Oyt Ui — 10U gk + 70U g
Contracting the indices i,/, we have
(1= Dlg3eVak(p) = gV K(p) = 2K(p)n = 2l = ;U]
= k(p)[(n = 3)(rtjUne — U ) — gue(U} 7t — Uire) + g (U — Uiy ).
Multiplying both sides of this expression again by g/, then we arrive at
sm
(n—=1)(n—-2)Vyk(p) = 0.

According to dimM > 3, we have k = const. The connected condition implies that Theorem 3.5 is tenable. [

4. Ackonowedement
The authors would like to thank Professors X. Chao, U. C. De and H. Li for their encouragement and

help!



D. Zhao et al. / Filomat 35:15 (2021), 5137-5147 5147

References

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]

[10]
(11]

(12]
[13]

(14]
[15]
(16]
[17]
(18]
(19]
[20]

[21]
[22]

(23]
[24]

[25]
[26]

[27]
(28]
[29]
[30]
(31]

[32]

N. S. Acacue and M. R. CHAFLE: A semi-symmetric non- metric connection in a Riemannian manifold, Idian J. Pure Appl. Math.
1992, 23, 399-409.

A. Barman and U. C. Dg: On a type of quarter-symmetric non-metric &-connection on 3-dimensional quasi-Sasakian manifolds,
Differ. Geom. Dyn. Syst. 2020, 22, 26-41.

S. K. Cuausey and U. C. Dg: Characterization of three-dimensional Riemannian manifolds with a type of semi-symmetric metric
connection admitting Yamabe soliton, ]. Geom. Phys. 2020, 157, 103846, 8pp

S. K. Cuausgy, Y. J. Sunand U. C. Dg: Characterizations of the Lorentzian manifolds admitting a type of semi-symmetric metric
connection, Anal. Math. Phys. 2020, 10(4), Paper No. 61, 15pp

U. C. Dg, Y. L. Han and P. Zuao: A special type of semi-symmetric non-metric connection on a Riemannian manifold, FACTA
UNIVERSITATIS, Series: Math and Informatics, 2016, 31(2): 529-541

U. C. D, P. Zuao, K. Manparand Y. L. Han: Certain curvature conditions on P-Sasakian manifolds admitting a quarter-symmetric
metric connection, Chin. Ann. Math. Ser. B, 2020, 41(1): 133-146.

K. A. Dunn: A Geometric model for scalar-tensor theories of gravitation, Tensor. N. S, 1975, 29, 214-216

M. K. Dwrvepr: A Quarter-symmetric non-metric connection in a Kenmotsu manifold, IEJG. 2011, 4, 1, 115-124

S. BriaN Epcar: Curvature copies and uniqueness of Bianchi-type equations: the symmetric connection case, Class. Quantum. Grav.
1993, 10, 2445-2555

A. FripmaN and A. Scuouten: Uber die Geometric der halb-symmetrischen Ubertragungen, Math. Zeitschrift. 1924,21, 211-233

F. Fu, X. Yanc and P. Zuao: Geometrical and physical characteristics of a class conformal mapping, J. Geom. Phys. 62(2012),
1467-1479.

S. GoLaB: On semi-symmetric and quarter-symmetric linear connections, Tensor. N. S. 1975, 29, 249-254

M. Gromov: Carnot-Caratheodory spaces seen from within, in subriemannian geometry, edited by A. Bellaiche and ].-J. Risler,
Progr. Math. Birkhauser, Basel, 1996, 144: 79-323.

Y. Han, F. Fuand P. Zuao: On a semi-symmetric metric connection in sub-Riemannian manifolds. Tamkang Journal of Mathmatics,
2016, 47(4): 373-384

Y. Han, T. Ho and P. Znao: Some invariants of quarter-symmetric metric connections under the projective transformation, Filomat,
2013, 27(4): 679-691

H. A. Havpen: Subspace of a space with torsion, Proc, London Math. Soc. 1932, 34, 27-50

T. Ho: On a semi-symmetric non-metric connection satisfying the Schur’s theorem on a Riemannian manifold, arXiv : 1212 4748 V1

T.Ho, C. Jen and G. JIN: A semi-symmetric projective conformal connection satisfying the Schur’s theorem on a Riemannian manifold,
J. of Yanbian University (Natural Science), 2014, 40(4) : 290-294

R. MoNTGOMERY: A tour of subriemannian geometries, their geodesics and applications, AMS, Math. Surveys and Monographs,
2002, 91

M. Z. Perrovicand M. S. Stankovic: A note on F-planar mappings of manifolds with non-symmetric linear connection, International
Journal of Geometric Methods in Modern Physics, 2019, 16(5), id. 1950078-205

E. S. StepaNOVA: Dual symmetric statistical manifold. J. of Mathematical Sciences, 2007, 147(1): 6507-6509

I. SunenDRrO: A New Semi-symmetric unified field theory of the classical fields of gravity and electromagnetism, Progress in physics,
2007, 4:, 47-62

W. Tang, T. Ho, E. Fu and P. Zuao: On a Quarter-symmetric Projective conformal connection, IEJG, 2017, 10, 2, 37-45

W. Tang, T. Ho, K. Ry, E. Fu and P. Znao: On a Generalized quarter-symmetric metric recurrent connection, Filomat, 2018, 32:1,
207-215

M. M. TripatH: A new connection in a Riemannian manifold, IEJG, 2008, 1, 1, 15-24

N. O. VEsic and M. S. Stankovic: Invariants of Special Second-Type Almost Geodesic Mappings of Generalized Riemannian Space,
Mediterranean Journal of Mathematics, 2018, 15:60

K. Yano: On semi-symmetric metric connection, Rev, Roum, Math. Pures. et Appl, 1971, 15, 1679-1586

K. Yano, J. Imar: Quarter-symmetric connection and their curvature tensors, Tensor. N. S, 1982, 38, 13-18

D. Zuao, T. Y. Ho and J. H. AN: Geometries for a mutual connection of semi-symmetric metric recurrent connections, Filomat,
2020, 32(13), 4367—4374.

D. Zuao, C. Y. Jenand T. Y. Ho: On a Ricci quarter-symmetric metric recurrent connection and a projective Ricci quarter-symmetric
metric recurrent connection in a Riemannian manifold, Filomat, 2020, 32(3): 795-806

P. Zuao : The invariant of projective transformation of semi-symmetric metric recurrent connections and curvature tensor expression,
J of Engineering Math, 2000, 17(2): 105-108

P. Zuao, H. Sonc and X. YaNc: Some invariant properties of semi-symmetric recurrent connections and curvature tensor expression,
Chin. Quart. J. of Math, 2004, 14(4): 355-361



