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Iterated Function System of Generalized Contractions in Partial Metric
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Abstract. In this paper we aim to obtain the attractors with the assistance of a finite family of generalized
contractive mappings, which belong to a special class of mappings defined on a partial metric space.
Consequently, a variety of results for iterated function systems satisfying a different set of generalized
contractive conditions are acquired. We present some examples in support of the results proved herein.
Our results generalize, unify and extend a variety of results which exist in current literature.

1. Introduction

Iterated function system has as a base, the mathematical foundations laid down in 1981 by Hutchinson
[15]. He proved that the Hutchinson operator defined on IR* has as its fixed point, a subset of RF which
is closed and bounded, known as an attractor of iterated function system [10]. According to [11], it is a
generalized version of the celebrated Banach’s contraction principle which we state below.

Theorem 1.1. [9, 24] Consider a complete metric space (Y,p) and & : Y — Y, a contraction on Y with
contraction constant « € [0, 1), that is, for any v, w € Y, the following condition holds:

p (hv, hw) < xp (v, w).

Then & has a unique fixed point, say u in Y. Moreover, for any initial guess vy € Y, the sequence of simple
iterates {vg, hvg, h*vg, K30y, ...} converges to u.

The importance of Banach contraction mapping principle [9] in the study of fixed point theory in metric
spaces cannot be overspecialized. Its vast range of applications, which include among others, iterative
methods for solving linear and nonlinear difference, differential and integral equations, attracted several
researchers to intensify and extend the scope of fixed point theory in metric spaces. Some focused on
the expansion of the Banach contraction principle either with the aim of generalizing the domain of the
mapping [4, 5, 14, 16, 17, 29, 30] or extending the contractive condition [12, 13, 18, 21, 25, 28]. Others
considered cases where the range Y of a mapping is replaced with a collection of sets which possess some
special topological structure. Nadler [2, 7, 23, 27] pioneered the research of fixed point theory in metric
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spaces involving multivalued operators. Secelean studied generalized countable iterated function systems
on a metric space [26].

Our primary objective in this paper is the construction of a fractal set of generalized iterated function
system on a partial metric space. We observe that the Hutchinson operator defined on a finite family of
contractive mappings on a complete partial metric space is itself a generalized contractive mapping on
a family of compact subsets of Y. By successive application of a generalized Hutchinson operator, a final
fractal is obtained and this shall be followed by a presentation of a nontrivial example in support of the
proved result.

Notations N, R*, R and R* will denote a set of natural numbers, a set of nonnegative real numbers, a
set of real numbers and a set of k-tuples of real numbers respectively. We give the following preliminary
definitions and results [8, 22].

Definition 1.2. By a partial metric space is meant a pair (Y, p) consisting of a nonempty set Y and a function
p:YxY — R* defined for all 1, t5, t; € Y with the following properties:

(p1) t1 = trif and only if p(t1, t1) = p(t, t2) = p(ta, t2),
(p2) p(t1, 1) < pt, ta),

(p3) p(t, ) = p(t2, 1),

(ps) p(tr, £2) + p(ts, t3) < p(ty, t3) + p(is, £2).

The non-empty set Y is the space and p is a partial metricon Y.

From the definition, we see that if p(t;,t,) = 0, then properties (1) and (2) imply that t; = £, but in
general, the converse is not true. An elementary example [8] is given by a partial metric space (R*, p), with
p(t1, t2) = maxity, to}.

Example 1.3. [8, 20] If Y = {[¢1, P2] : P1, P2 € R, P71 < ¢y}, then
p[p1, P21, [P3, P4l) = max{Pz, Pp3} — min{cpy, P4}

is a partial metric defined on Y.

Following [1, 8, 20], a Ty topology 7, on Y having as a base, a family of open p-balls {B,(t1,¢) : t; € Y, & > 0},
such that B,(t;,¢) = {t2 € Y : p(t;,t2) < p(t1,t1) + €} for all t; € Y and ¢ > 0, is generated by each partial
metricpon Y.

Let p be a partial metricon Y then p° : Y X Y — R* with p°(t1, t2) = 2p(t1, t2) — [p(t1, t1) + p(t2, t2)], is a metric
on Y [8, 20].

Moreover, {t;} has as its limit, a point f € Y if and only if
klim p(te, ty) = %im p(te, 1) = p(t, t).
,1—>00 —00
Definition 1.4. [20] Consider a partial metric space (Y, p).
(i) {t} is called a Cauchy sequence in Y if klim p(t, t;) exists.
11— 00

(ii) (Y, p) is said to be complete if every Cauchy sequence {f;} in Y converges to a point t € Y with respect
to the topology 7, such that p(t, t) = ]}im p(te, 1)

Lemma 1.5. [8] Let (Y, p) be a partial metric space. Then,
(i) {t} is Cauchy in (Y;t) if and only if it is Cauchy in (Y, p°).

(ii) (Y;p) is complete if and only if (Y, p°) is a complete metric space.
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We shall denote by CB’(Y), a collection of all closed and bounded nonempty subsets of the partial metric
space (Y, p).
Let M,N € CB(Y)and v € Y, define

p(o, M) = inf{p(v, u) : p € M}, 6,(M,N) = sup{p(u, N) : p € M}
and

0p(N, M) = sup{p(n, M) : n € N}.
Remark 1.6. For be a partial metric space (Y, p) and any nonempty set Min (Y, p),

p(u, 1) = p(u, M) if and only if u € M.

Furthermore M = M if and only if M is closed in (Y, p).

Now we look at some properties of the mapping 6, : C8/(Y) x C8/(Y) — R* [8].

Proposition 1.7. Consider a partial metric space (Y, p). Then for any £, M, N € CB'(Y), we have
@) 6,(L, L) =supfp((,{): L€ L};

(b) 6,(L, L) < 6,(LM);

(©) 6,(L, M) = 0 implies that L € M;

(d) 6,(L M) < 0,(L,N) + 0,(N, M) — infyen p(n, ).

Let (Y, p) be a partial metric space, then for M, N € CH’(Y), define

Hy,(M,N) = max{6,(M, N), 6,(N, M)}.
Proposition 1.8. [8] Consider a partial metric space (Y, p). Then for all L, M, N € CB'(Y),
(@) Hy(L, L) < Hy(LM);
(b) H,(L, M) = H,(M, L);
(¢) Hy(L, M) < H,(L,N) + Hy(N, M) — infyep p(n, 1).
Corollary 1.9. [8] Consider a partial metric space (Y, p), then

Hy,(M,N) =0 implies that M =N
for M, N € CB(Y).

The Example below shows that the converse of Corollary 1.9 is not true, in general.

Example 1.10. [8] Let Y = [0, 1] be equipped with the partial metricp : Y X Y — R* such that
p(t1, t2) = max{ty, t>}.
From (a) of Proposition 1.7, we get

Hy(Y,Y) = 6,(Y,Y) = sup{t; : 0 < t; <1} = 1 £ 0.
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Based on Proposition 1.8 and Corollary 1.9, we shall refer to the mapping
H,:CB(Y)xCB(Y) = R,
as a partial Hausdorff metric generated by p.

Definition 1.11. Let (Y, p) be a partial metric space and C* C Y . Then C? is said to be compact if every
sequence {v,} in C* contains a subsequence {v,,} which converges to a point in C?.
It is worth noting that closed and bounded subsets of an Euclidean space IRF are compact. Similarly, every
finite set in R¥ is compact. The half-open interval (0,1] C R is an example of a set which is not compact
since {1, %, 21—2, ...} € (0,1] does not have any convergent subsequence. Similarly the set of integers, Z C R is
not compact too.

Consider a partial metric space (Y,p) and denote by C*(Y) the set of all non-empty compact subsets of
Y. For M, N € CF(Y), let

Hy(M, N) = max{sup p(1, M), sup p(u, N)},

neN uemM

where p(t, M) = inf{p(t, ) : u € M} is a measure of how far a point t is from the set M. Such a mapping
H, is referred to as the Pompeiu-Hausdorff metric induced by the partial metric p. (C*(Y), H,) is a complete
partial metric space, provided (Y, p) is a complete partial metric space [24].

Lemma 1.12. Let (Y, p) be a partial metric space. Then for all K, £, M, N € C*(Y), the following conditions
are true:

(@) If £ S M, then sup p(k, M) < sup p(k, £).
ke keK

(b) sup p(t, M) = max{sup p(k, M), sup p(L, M)}.
teKUL keK tel

(©) Hy(KU L MUN) <max{H,(K, M), H,(L, N)}.
Proof. (a) Since L € M, for all k € K, we have
plk, M) = inflp(k,u) : u e Mj
< inflpk,£): €€ Ly =p(k L),

this implies that
sup p(k, M) < sup p(k, £).
keK keK
(b)
sup p(t, M) = suplpt, M):te KU L}
teKUL
= max{sup{p(t, M) : t € K}, suplp(t, M) : t € L}
= max{supp (k, M),supp (£, M)}.
keK tel
(c) We note that
sup p(t, MUN)
teKUL
< max{sup p(k, MU N),sup p(£, LU N)} (from (b))
keK tel
< max{sup p(k, M),supp({, N)}  (from (a))
keK teL

IA

max {max{sup p(k, M), sup p(u, K)}, max{sup p(£, N), sup p(n, £)}}
kex uemM teL neN

= max{H, (K, M), H, (L, N)}.
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Similarly,

sup p(v, LU K) < max {Hp (K, M), H, (L, N)}.
veNUM

Hence it follows that

H,(KULNUM)

max{ sup p(v, KU L), sup p(t, MU N)}
veLUN teKuL

max {H, (K, M), H, (£, N)}.

IA

O

Theorem 1.13. [20] Consider a complete partial metric space (Y,p) and let h : Y — Y be a contraction
mapping such that, for any A € [0, 1),

p (htll htZ) < Ap(tl/ tZ)

is true for all 1, t, € Y. Then there exists a unique fixed point u of i in Y and for every vy in Y (withv = #;) a
sequence {vg, hvy, hvy, ...} converges to the fixed point u of h.

Theorem 1.14. [24] Consider a partial metric space (Y,p) and leth : Y — Y be a contraction mapping. Then
(a) /r maps elements in C*(Y) to elements in CP(Y).
(b) If for any M € CF(Y),
hM) = {h(tr) : 1 e M}, (1)
then 1 : CP(Y) — CP(Y) is a contraction mapping on (C?(Y), Hp).

Proof. (a) We know that every contraction mapping is continuous. Moreover under every continuous
mapping h : Y — Y, the image of a compact subset is also compact, that is, if

M e CP(Y) then h(M) € CP(Y).
(b) Let M, N € CP(Y). Since h : Y — Y is contraction, we obtain that

p(ht1,h(N)) = inf p (ht1, hty) < A inf p(t, £) = Ap (8, N) .
[2€N szN

Also

p (it h(M)) = inf p(ity, hty) < A inf p(t2, b) = Ap (2, M) .
teM tHeM

Now
H, (h(M),h(N)) = max{sup p(ht1,h(N)),sup p(hta, h (M))}
tHeM heN
< max{A sup p(t;, N), Asup p(t2, M)} = AH, (M, N).
HeM theN

Thus h satisfies
H, (h(M),h(N)) < AH, (M, N)

forall t1,t, € CP(Y), and so h : CP(Y) — CP(Y) is a contraction mapping.
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Theorem 1.15. [24] Consider a partial metric space (Y,p). Let {h : k = 1,2,...,7} be a finite collection of
contraction mappings on Y with contraction constants A4, Ay, ..., A,, respectively. Define W : C*(Y) — CP(Y)
by

YM) = h(M)Uh,(M)U---Uh (M)
U;;:lhk(M)r

for each M € CP(Y). Then W is said to be a contraction mapping on CP(Y) with contraction constant
A =max{Aq, Ay, ..., AL

Proof. We illustrate the claim for r = 2. Let hj,h; : Y — Y be two contractions. We take M, N' € CP(Y).
Using the result from Lemma 1.12 (c), we have that

Hy,(WM),W(N)) = Hy(h(M)Uha(N),hi(N) U h(N))
max{H,(h1 (M), 11 (N)), Hy(ha(M), ha(N))}
max{AHy(M, N)), A2H,(M, N))}
AH,(MN),

IANIN A

where A = max{Aq, A,}. O

Theorem 1.16. [24] Consider a complete partial metric space (Y,p) and let { : k = 1,2,...,r} be a finite
collection of contraction mappings on Y. Let a mapping on C?(Y) be defined by

Y(M) (M) Uh,(M) U - - - U (M)
U]rczlhk(M)/

for each M € C*(Y) . Then

i) W:CP(Y)— CP(Y);
(ii) W has a distinct fixed point U; € CP(Y), this means that U; = W (U;) = U,’(zlhk(ul);
(iii) for any initial set My € CP(Y), the sequence
Mo, W (Mo), W (M), ...}
of compact sets is convergent and has a fixed point of W as a limit.

Proof. (i) From the definition of W and Theorem 1.14 the conclusion follows immediately since each /i is a
contraction. (ii) W : C*(Y) — CP(Y) is a contraction too, by Theorem 1.15. Thus if (Y, p) is a complete partial
metric space, then (CP(Y), Hp) is complete. As a consequence, (ii) and (iii) may be deduced from Theorem
1.14. O

Definition 1.17. Consider a partial metric space (Y, p). Amapping W : C*(Y) — CP(Y)is called a generalized
Hutchinson contraction operator if a constant A € [0, 1) exists such that for any M, N € CP(Y)

H, (WM),V(N)) < AZy(M,N),
where

Z‘P(Mr N) = maX{Hp(M/ N)/ Hp(M/\p(M))/ HP(N/\IJ(N))r

Hy(M, W (N)) + Hy(N, W (M
p ( ))Z pN, W ( )),Hp(\I’Z(M),\If(M)),

Hy(W2 (M), N), Hy(%* (M), W (N))}.

Note that if W defined in Theorem 1.15 is a contraction, then it is a generalized Hutchinson contraction
operator but the converse is not true.
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Definition 1.18.  Let (Y,p) be a partial metric space, then a mapping W : CP(Y) — CP(Y) is called
a generalized rational Hutchinson contraction operator if there exists A, € [0,1) such that for any M,
N € CP(Y), the following holds:
H, (¥ (M), ¥ (N)) < ARy (M, N),

where

Ry(MN) = {HP(M'W(N))“ + Hy(M, W(M))]

2(1+H, (M, N)) ’
H,(N, ¥ (N))[1 + H,(M, ¥(M))]
1+H,(M,N) ’
H,(N, ¥ (M))[1 + Hy(M, ¥ (M))] }
1+ H,(M, N) '

Definition 1.19. Let (Y, p) be a partial metric space. If I, : Y — Y, k = 1,2,..., r are contraction mappings,
then {Y; I,k =1,2,---,r}is called iterated function system (IFS).

It follows that the generalized iterated function system consists of a partial metric space and a finite family
of contraction mappings on Y.

Definition 1.20. [24] Let M C Y be a nonempty compact set, then M is an attractor of the IFS if
(i) Y(M) = Mand

(ii) there exist an open set V; C Y such that M C V; and I}im WK(N) = M for any compact set N C V7,

where the limit is taken with respect to the partial Hausdorff metric.

Thus the maximal open set V; such that (ii) is satisfied is referred to as a basin of attraction.

2. Main Results

We state and prove some results on the existence and uniqueness of a fixed point of generalized Hutchinson
contraction operator W.

Theorem 2.1. Consider a complete partial metric space (Y,p) and an iterated function system, {Y; , k =
1,2,---,r}. Let W : CP(Y) — CP(Y) be defined by

YM) = mi(M)Uhy(M)U---U (M)
= U]tzlhk(M)r

for each M € CP(Y). If V¥ is a generalized Hutchinson contraction operator, then ¥ has a unique attractor
U; € CP(Y), that is

Uy = W (Uy) = U_ i (Uy).
Furthermore, for an arbitrarily chosen initial set My € CP(Y), the sequence
{MO/ v (MO) 7 \I]2 (MO) s }

of compact sets have for a limit, an attractor of V.
Proof. Choose an element M, randomly in C?(Y). If My = W (My), then there is nothing further to show.
So suppose that My # W (M) . Define

Mi =W (Mo), My =Y (M), ... Mixa = (M)
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for k € IN.
We assume that My # M4 for all k € IN. If not, then My = M1 for some k implies My = W( M) and this
completes the proof. Now take My # M. for all k € IN. From Definition 1.17, we have

Hy(Mis1, Mi2) = Hp(W (M), WV (Mis))
= /\Z\I»’ (Mk/ Mk+1) ’

A

where

Zy (M, Myy1) = max{H,(My, Mi1), Hy (M, ¥ (M), Hy (Mis1, W (Misr)),
Hy, My, W (Mis1)) + Hy (Mii1, WV (My))
2
H, (W2 (M), Mia ), Hy (W2 (ML), (M)}
= maX{Hp (M, Mi11), H, My, Mi11), H, (M1, Mis2),
Hy (Mi, Miy2) + Hy (M1, Mii1)

2
H(Mk+2/ Mk+1)r Hp (Mk+2/ Mk+1) ’ Hp (Mk+2/ Mk+2)}

max{H,(My, Mis1), Hy (Mis1, Mi+2),
Hy, (Mg, Mi11) + H,, (Mk+1/Mk+2)}

’ Hp(\pz (Mk) Y (Mk))/

IA

2
= maX{Hp My, Mis1), H, (Mies1, Mis2)}

Thus, we have

Hp(Mk+1/ M) < A maX{Hp (M, Mys1), H, (Mir1, Mis2)}
= /\Hp My, Mit1),

A

for all k € N. Now with k,n € N and n > k, we get

Hp (Mk/ Mn) < Hp (Mk/ Mk+1) + Hp (Mk+1/ Mk+2) +..+ Hp (Mnflz Mn)
- ,Uk+112/\f/tk+1 P(Mk+1, His1) — szl?/& " P(Hk+2/ Ui+2) —
= ynff?/\a B p(Un-1, hn-1)

< AP AR+ L+ ATHH, (Mo, My)
= AL+ A+ A%+ + A" H, (Mo, My)]
Ak
1-A
and so k/lniinoo H, (Mg, M) = 0. Thus {M;} is a Cauchy sequence in Y. Since (C*(Y),H,) is a complete

<

H, (Mo, My).

partial metric space, we have that My — U as k — oo for some U; € CP(Y), that is, ]}im Hy (Mg, Uy) =
]}LI?O Hp (M, M) = Hp Uy, Uy).
Now for some U; € C*(Y), My — U as k — oo that is, ]}im H, (M, Uy) = 0.
To show that U; is the fixed point of W, we assume in the contrary that H,(U,;, W (U;)) > 0. So
Hp(ull M) + Hp(Mk+1/ W (L)) - " 11?/&’( 1 p(Uis1, Hk+1)
= Hy(Uy, Mgs1) + Hy(W (My), W (Uy)) - in/\f/[ 1P(Hk+1r[ik+l)

i1 €My

H,(Uy, W (Uh))

IA

IA

Hy(Uy, Myy1) + AZg (M, Uy) = inf p(uie, pie1)
Hi+1 eEMi



where

Zy (My, Uy)
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max{H,(M, Ur), Hy(My, W (My)), Hy(Uy, W (U1)),
Hp(Mk/ W (ul)) + Hp(ulr b4 (Mk))
2

Hy (W2 (M), Uy), Hy(W? (M), W (L))}
max{H,(My, U1), Hy(My, Mis1), Hpy(Uz, W (U1)),
Hy(My, W (Un)) + Hy(Uz, Myt1)

2 7
Hy(Mir2, Mii1), Hy(Miciz, Ur), Hy(Mii2, W (U1))}-

Now we examine the following seven cases:
(1) If Zw (M, Un) = Hy(Mi, Un), then

Hy(Uy, ¥ (Uy)) < AH, (M, Uy)

taking the limit as k — oo, gives

H,(Uy, W (Uy)) < AH,, (U3, Uy)

which implies that H, (U3, W (U1)) = 0, and so Uy = W(Uy).
(2) For Zy (Mg, Uy) = Hy(My, Mi41), then

Hy(W (Uy), Uy) < AH, (Mg, Mis1)

and taking the limit as k — oo

Hy(Uy, W (Un)) < AHp (Uy, Un)

which implies that, U; = W(U;).
(3) In case Zy (My, Uy) = Hy(Uy, W (U7)), we get

Hy (U, ¥ (U1)) < AH,, (U, ¥ (U))

which gives U; = W (U;).

(4) If Zy (M, Uh) =

H,(Uy, W (Uh))

Hy(My, W (Uh)) + Hy(U1, Mi+1)

IA

<

5 then

21y M W (L) + Hy (U, M)

A .
S 1H, OV, Un) + Hy (U, W (Un) = inf pla, ) + Hy (U, M)

and taking the limit as k — oo,

H,(Uy, W (Uy))

that is,

Hy(Uy, W (Uy))

A

A .
o [Hp (U, W) + Hy(Uh, W (Lh)) — inf p(u, u) + Hy (U, Uh)]

ME, (U, Us) + 31 (U, W () = inf pla o)),

2A .
< m[Hp Uy, ) - ul?ufl p(u, u)]

giving us H,(U;, W (Uy)) =0 and so Uy = W (Uy).

Hy (W2 (M), W (M),

5169
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(5) When Zy (M, U1) = Hy(Myi2, Mii1), then as k — oo, we get
H,(Uy, W (Uy)) < AH, (Uy, Uy),

which gives U; = W (Uy).
(6) In case Zy (M, Uy) = Hy(Miy2, Uy), then as k — oo, we have

Hy(Uy, W (Uh)) < AH,, (U, Uy),

and so U; = W (U).
(7) Finally if Zy (Mg, Uy) = Hy(Mys2, W (U1)), we have

Hy (Uy, W (L)) < AHp(Misa, W (Un))
< AMHpy (Mo, Un) + Hy(Uy, W (Uy)) — ulgbfl p(u, u)]
and on taking limit as k — oo, yields
Hy(Uy, W (Uy) < A[H, (U, Uy) + Hy(Uy, W (Uh)) - ulenjl p(u, u)]
(1-MH, (U, Y (U1) < AlH, (U, Uy) - uleni p(u, u)]

A

impling that H, (U, W (U1)) < 0 and so Uy = W(U;). Thus in all cases, U is the attractor of W. We establish
the uniqueness of W by assuming that U; and U, are two attractors of W with H, (U, Uy) > 0. Since Wis a
generalized Hutchinson contraction, we have that

H,(W (Uy), W (Uy)).
A maX{Hp(ulf UZ)/ H}?(ul/ 4 (ul))/ HP(UZI 4 (UZ))/
Hy(Uy, W (L)) + Hy(Uy, W (L))
2 7
H, (P2 (Uy), Uy), Hy(W? (L), Us), Hy(W2 (L), W (L))}
Hp(ulr u2) + HP(UZI ul)
2 7

Hp(ull Uz)

IA

= Amax{H, (U, Us), H,(Uy, U1), Hy(Uz, U),
H (U, Uy), Hy(Uy, Up), Hy(Uy, Up)}
= AHy(Uy, U2)

and so (1-A)H,(Uy, Uz) < 0, thatis H, (U3, U) = 0 and hence U; = Us. Thus U; € CP(Y) is a unique attractor
of W. O

Remark 2.2. If in Theorem 2.1 we take S”(Y), the family of all singleton subsets of the given space Y, then
SP(Y) € CP(Y). Furthermore, if we take /i = h for each k, where h = h; then the operator W becomes

W(y1) = h(y1).
Consequently the following fixed point result is obtained.
Corollary 2.3. Suppose {Y;hy, k=1,2,--- ,r}is a generalized iterated function system defined in a complete
partial metric space (Y, p), define a mapping /1 : Y — Y as in Remark 2.2. If some A € [0, 1) exists such that
for any y1, y» € C¥ (Y) with p(hy1, hy2) # 0, the following holds:

p (hyr, hy2) < AZy(ya, y2),

where

Jhy2) + p(ya, b
Zi(y1,y2) = max{p(y1,yz),P(yllhyl),p(yz,hyZ),p(yl yZ)ZP(}/z y1),

p(*y1, y2), p(*y1, hyr), p(hPya, hya))
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then /1 has a unique fixed point u € Y. Furthermore, for any uy € Y, the sequence (1o, hug, H2uy, ...} has as a
limit, a fixed point u of h.

Corollary 2.4. Let {Y;h,k = 1,2,--- ,r} be an IFS defined in a complete partial metric space (Y,p)
and each hy for k = 1,2,...,r be a contractive self-mapping on Y. Then ¥ : CP(Y) — C?(Y) defined in
Theorem 2.1 has a distinct fixed point in C? (Y) . Furthermore, for any initial set My € C? (X), the sequence
{Mo, ¥ (M), W2 (M), - -} of compact sets has for a limit, a fixed point of W.

Example 2.5. [8] Let Y = [0, 10] be endowed with the partial metricp : Y X Y — R* defined by

p(y1,2) = = maX{ylfyz} —Iy1 =1l

forall y;,y, € Y.
Define h1,hy : Y — Y as

10 —
hy (y1)

ha (y1)

Now for y1, 4, € Y, we have

N forally; € Y and
Y1+ 4

forally; € Y.

_ 1 10—y 10—, ‘10 ¥ 10—y2
p (i (1), (1)) 2m% 10 %4 - 2

= [ max{10 — y1,10 — yo} + |y1 y2|]
/\1}7(]/1,]/2)/

IA

where A1 = %
Also for y1,y2 € Y, we have

1 y1+4 y2+4 1
p (1 (1), 12 (1)) Em% 4’4}*1

y1+4 y2+4’
4 4

4[2max n +4 y2+4 |y1 yz):l

Aap (1, Y2),

IA

where A, =
Consider the iterated function system {Y; h1, 1} with the mapping W : C” (Y) — C¥ (Y) defined by

U =WY(U) = h(U)Uhy(U) forall U € CP (Y)
then for M, N € C? (Y), we have by Theorem 1.15,
H,(W M),V (N)) <A'H,(M,N),

PN

where A* = max{}, 1} = 1.

Thus all conditions of Theorem 2.1 are satisfied. Moreover, for any initial set My € CP(Y), the sequence
{MOI v (MO) ’ \p2 (MO) ’ }
of compact sets is convergent and has for a limit which is the attractor of ¥. O

Theorem 2.6. Consider a complete partial metric space (Y, p) and an iterated function system, {Y; I, k =
1,2,--+,7}. Let W: CP(Y) = CP(Y) be defined by

YM) = hM)Uhy(M)U---U (M)
= U;;:lhk(M)/
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for each M € CP(Y). If ¥ is a generalized rational Hutchinson contraction operator, then W has a unique
attractor U; € CP(Y), that is

Uy = W () = U_ I (Uy).
Furthermore, for any arbitrarily chosen initial set My € C?(Y), the sequence of compact sets
(Mo, ¥ (M), W* (M), ...}

is convergent and has for a limit, the attractor U; of W.
Proof. Choose an arbitrary element My in CP(Y). If My = W (M), then the proof is finished. Suppose
My # W (M) and define

M =W (M), Moy =Y (Mi),... M1 =¥ (M)

for k € IN.
Assumed that My # My for all k € N, else My = V(M) for some k and there is nothing further to show.
Consider My # M1 for all k € N. Then

Hy(Mis1, Mis2) = Hp(W (M), W (Mi1))
ARy (My, Mii1),

IA

where

Ry (M, Mii1)

. {Hp(Mk/ W (M1 + Hy(My, Y(Mi))]
2(1 + Hp (Mk/ Mk+1)) ’
Hy(Myr1, ¥ (Mis1)[1 + Hy(Mi, W(My))]
1+ Hp (Mk/ Mk+1) ’
Hy(Mi1, W (M1 + Hy(Mi, W (My))]
1+ Hy(My, Mi11) }
C {Hp(Mkz Mi2)[1 + Hy(My, Mii1)]
2(1 + Hy (M, My+1)) ’
Hy(Miv1, Mi2)[1 + Hy(My, Mii1)]
1+ Hy (M, Myy1) ’
Hy(Mys1, Mir0)[1 + Hy(My, Misr)] }
1+ Hy(My, Mis1)
Hy (M, Mys2)

=  max{ >
Hp(Mk+l ’ Mk+1 )}
Hy(My, Mis2)
-

7 Hp (Mk+1/ Mk+2)/

Thus, we have

/\x-
Hp(Mk+1/ Mk+2) < ? [Hp(Mk/ Mk+1) + Hp(Mk+l/ Mk+2)
—_inf  p (&, &)l

Exr1€EMs1

/\x-
< ? [Hp(Mk/ Mk+1) + Hp(Mk+l/ Mk+2)]/

2Hp(Mk+1/ Mk+2) - /\*HP(Mk+1/ Mk+2) < A*[Hp(Mk/ Mk+1)]/
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A*
Hy (M1, Mis2) < me(Mk/ Mii1),

A’*
that is, for n. = T <1, we have

H, My, Mys2) < n.H, (M, Mis1)

for all k € N. Thus for k,n € N with k < n,

H,(Mi, M) < Hy(Mg, Misa) + Hy(Migr, Mii) + -+ - + Hy (M1, M,)
— inf — inf _
HMI?MM P(}lkﬂ, [Jk+1) Hk+21?Mk+2 P([Jk+2/ Hk+2)
T H”_llg/&n_l p([—ln—ll [Jn—l)
< U]pr(MO,Ml) + U]fHHp(Mo, M)+ + n?ial(MO/Ml)
< I+ e+ T H, (Mo, My)
< L4+ 4+ 0 H (Mo, M)
K
1.
. n*Hp(MO/ My).

By the convergence towards 0 from right hand side, we get H, (M, M,) — 0 as k,n — oo. Therefore { M}
is a Cauchy sequence in Y. But (C?(Y), H,) is complete, so we have My — Uj as k — oo for some U; € CP(Y),
in other words, ]}im H, (M, Uy) = I}im Hy My, Mit1) = H, (Uy, Uy) .

To prove that U] is the fixed point of W, we assume in the contrary that H,(U;, W (Uy)) > 0. This implies that

A

Hy(Uy, WV (Uh) < Hy(Uy, M) + Hy(Myery, W (Un)) = inf - ppiiern, pes)

Hr+1 €M1

Hy (U1, Mis1) + Hy(W (My), W (U)) — N lgAfA P(Hk+1, fie1)

+1

< Hp(Uy, Mys1) + ARy (M, Un) — . 12/& P(Uks1, tie1)
where
B Hy(My, ¥ (U)[1 + Hy(My, W(My))]
R\P(Mk/ ul) - ax{ 2(1 + Hp (Mk/ ul)) 4
H,(Uy, W (U)[1 + Hy(My, W (My))]

1+ H, (M, Un) ‘
Hy(Uy, W (M1 + Hy(M, W (Mk))]}
1+ Hp(Mk, )
Hy(My, W (Un))[1 + Hy(My, Myi1)]
- om { 2(1 + H, (M, ) '

Hy(Uy, W (Un)[1 + Hy(Mi, Mis1)]

1+ H, (M, Un) '
Hp(ulr Mk+1)[1 + Hp(Mk/ Mk+1)] }

1+ Hp(Mk, Ul) '

Consider the following three cases:
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Hy(My, W (Un))[1 + Hy(My, Mii1)]

(1) If Ry(My, Uy) = 201+ H, (M, 1) , then we have
H,(Uy, ¥(Uy) < Hy(Us, Mis1)
N AH, (Mg, Uy) + Hp(Uy, W(Uy) — infyer, p(u, w)][1 + Hy(My, Mii1)]
2(1 + Hy(M, Un))
- Hk+1i?/\f4k+l P([Jk+1r [Jk+1)
AJH, (M, Uy) + Hy,(Uy, Y(UD][1 + H,(My, My
< H(Us, M) + [Hy(My, Ur) + Hp(Uz, W(U)][ p (M, Mii1)]

2(1 + Hy(My, L))
and on taking limit as k — oo, we get

A[Hy(Us, Un) + Hy(Uy, W(Un) — uigLfl p(u1, u1)][1 + Hy(Us, Up)]

<
Hy(Uy, W(Uh) < Hp(Uy, Un) + 2(1 + Hy(Uy, Uy))

(1= A)H,(Uy, () < (1 + %)Hp(ul, )

which gives us H,(U;, W(U;)) = 0 and so Uy = W(Uy).
Hy(Uy, W (Un))[1 + Hy(Mi, Mis1)]

1+ H, (M, U)

Hy(Uy, W(U)[1 + Hy(Mi, Micir)]
1+ H,(M, Uy)

(2) When Ry (M, Uy) = , we have

H,(Uy, W(U;) < Hp(ulle+1)+A*{

— inf  p(uks+1, pis1)

M1 €EMii
Hy,(Uy, W(U)[1 + Hy(Mi, Mys1)]
1+ H,(M, Uy)

< Hp(Uy, Mis) + A {
and taking the limit as k — oo, yields

H,(Uy, W(Uy))

IA

HP(UL ul) + A, {Hp(uqu](ul))[l + HP(UL Ul)]}

1+ Hp(lll, Us)

1
Hy(Uy,W(Uy)) < me(Ul,Ul)

and so U; = W(U»).

H, (U1, Mi)[1 + Hy(Mi, My
(3) In case Ry(My, Uy) = p(Un, M)l p My, Mie)]

1+ H,(M,, Uy)

Hp(ulr Mk+1)[1 + Hp(Mk/ Mk+1)]
1+ Hy,(M,, Uy)

, we obtain

H,(U;, W(Uy)) < Hp(ul,Mm)M*{

— inf  p(uks1, pie1)

,uk+1€Mk+1
HP(Uli Mk+1)[1 + Hp(Mk/ Mk+1)]
1+ H,(M, Uy)

< Hp(Uy, Mys) + A*{

Taking the limit as k — oo,

A

Hy(Uy, W(Uh)) < Hp(ul,uom{H”(ul’ul)“+H”(u1’ul)]}

1+ Hp(ul, u,)
H,(Uy, P(Uy)) < (1+A)H,(Uy, Uy)

A

5174
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that is U, = \IJ(Ul)

Thus in all three cases it was shown that U is an attractor of the mapping W.

For the uniqueness of attractor of W, assume that U; and U, are attractors of W with H, (U, U>) not equal
to zero. Since W is a generalized rational contraction, we obtain that

Hy(Uy,Up) = Hy(W(Uy),V(Uy))
< A maX{Hp(Ul,‘I’(Uz))[l + H,(Uy, W(Uy))]
- 2(1 + H, (Uy, Uy)) ’
Hy(Up, W (U2))[1 + Hy(Uy, W(U1))] Hy(Uz, W (Un))[1 + Hp(ull\y(ul))]}
1+ H, (U, U) ' 1+ H, (UL, 1)

_ 2 {Hp(UL Up)[1 + Hy(Us, Un)]
‘ 20+ H, (U, 1)
H, (U, o)[1 + Hy(Uy, Uy)] Hy(Uz, Uy)[1 + Hy(Uy, Up)]
1+H, (U, Uz) ’ 1+ Hy(Uy, Uy) }
< ALH,(Uy, ),

and so (1 — A.)H,(Uy, Uz) < 0, which implies that H,(U;, Uz) = 0 and hence U; = Us. Thus U; € CP(Y)is a
unique attractor of W. O

Corollary 2.7. Consider a generalized iterated function system {Y; h, k =1,2,---,r} on a complete partial
metric space (Y, p) and define a mapping & : Y — Y as in Remark 2.2. If there exists some A. € [0,1) such
that for any y1, y» € C? (Y) with p(h(y1), h(y2)) # 0, the following holds:

p(hyi, hys) < ARu(y1, v2),
where

Ry ) = max {p(]/l/h]/Z)[l +pyr, )l p(y2, hy)[1 + p(yr, b))l
ny 2 21+ p(y1, v2)) ’ 1+ p(y1,y2)
p(ya, hy)[1 + p(y1, hy1)] } '

1+p(y1,y2)

Then & has a unique fixed point y; € Y . Furthermore, for any initial choice of u € Y , the sequence
{uo, huo, hPuy, ...} converges to a fixed point of h.

3. Well-posedness of Iterated Function System

Lastly, we investigate the well-posedness of attractor based problems of generalized contractive operator
and generalized rational contractive operator given in Definition 1.17 and 1.18, respectively, in the frame-
work of Hausdorff partial metric spaces. Some useful results of well-posedness of fixed point problems are
appearing in [3, 19].

Definition 3.1. An attractor based problem of a mapping W : C*(Y) — CP(Y) is said to be well-posed if
W has a unique attractor A* € CP(Y) and for any sequence {Ax} in CP(Y), ]}im Hy(W(Ax), Ax) = 0 implies that
I}im Hy(Ax, AY) = Hy(A", A7), that is, I}im A=A

Theorem 3.2. Let (Y, p) be a complete partial metric space and W : C*(Y) — CP(Y) be defined as in Theorem
2.1. Then W has a well-posed attractor based problem.
Proof. From Theorem 2.1, it follows that map W has a unique attractor B,, say.
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Let a sequence {Bi} in C?(Y) be such that I}im H(W(By), Bx) = 0. We want to show that B, = ]}im By for every
positive integer k. As W is generalized contractive Hutchinson operator, then

H,(B., Bx) H,(W(B.), W(By)) + Hy(W(Bx), Bx) — ﬁkg\fl}(ka)P(ﬁk, Bx)

AZy(B., Bx) + Hy,(W(By), Br) — ﬁkelg(ka)p(ﬁk, Br)

IN

IN

where
Zw(B.,B) = max {Hp (B., By), Hy(B., W(B.)), H,(Bx, W(By)),
Hy(B., W(Bx) + Hy(Bk, W(B.))
2
H,(W(B.), By), Hy,(¥2(B.), W (By)))
= max {H,(B., By), Hy(Br, W(By),
H,(B., W (Bx) + Hy(Bx, B.)

2
Then we have the following cases:

(i) If Zw(By, B.) = H,(B., By), then

Hy(B., Bx) < AHy(B., Bx) + Hy(W(Bk), Bx) = inf p(B, Br)
BreW(Br)

Hy(B., BY) = AHy(By, B.) < Hy(W(B), B~ inf p(Bi, B

1 .
Hy(B., By) < 7— [H,(W(By), By) - ﬁkelg(ka)P(ﬁk, Bl

and as k — oo we have

7 HP(WZ(B*)I \II (B*))/

, H,(B.,, W (Bk))} .

. 1 . . .
,}ggo Hy(B., By) < ) [kllr?o H,(W(By), By) - N Elg(ka) ]}ggo P(Br, Br)]

thus lim By = B..

—00

(i) If Zw (B, B.) = H,(Bi, W(By)), then

Hp(B., Bx) < AH,(Bi, W(Bi)) + Hy(W(Bx), B) — inf lim p(By, fi)]
BreW(By) k—oo

and as k — oo we have
I}im Hy(B.,By) < A I}im H,(W(By), By) + I}im H,(\W(Bx), Bx)
— inf lim p(Bx, Br),

BreW(By) k—oo

thus lim By = B..

Hp(B*/ “Ij(Bk) + Hp(Bk/ B*) th

(i) If Zy(By, B.) = >

en

A

Hy(B.,By) < E[Hp(B*r\y(Bk)+Hp(Bk;B*)]
H,(\W(By),By) — inf ’
+H,(\W(By), Br) ,skel\?(zak)p(ﬁk Br)

IN

A .

E[HP(BH By) + Hy(Bk, W(By)) — blgg p(bx, bx) + Hy(By, B.)]
3 k

+H,(\W(Bx), Bx) — ﬁkel\fyl(ka)P(ﬁk, Br),
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A .
H,(B.,By) — AHp(B.,By) < E[Hp(Bk/\y(Bk)) - bllgg p(br, bi)]
k k
+H,(\W(By), Bx) — ﬁkelg}(ka)P(ﬁk, Br),

Hy(B., By) 5 [Hp(Br, W(Br)) — mf P(bk, bi)]

<
T
+m[HP(\IJ(Bk)/ Bk) - ﬁkGi{I}(ka) p(ﬁkr ;Bk)]/

and as k — co we have

. A
Jim Hy(B.,B) < s llim Hy(B, W(BY) = inf lim p(b, o)
1 .
oy lim Hy(W(B0,B) ~ inf Tim p(Bi, fo)l

which implies that I}im By = B..

(iv) If Zy(By, B.) = Hy(B., W (By)), then

A

Hy(B.,By) < AHp(B., W (By)) + Hy(W(By), Bx) — l\rll(fB)P(ﬁk,ﬁk)

A[H,(B., Bx) + Hy(Bx, W (By)) — inf P(bk, bi)]

+H,(W(Bx), Br) — I{I}fB )P(ﬁk, ,Bk)

IN

Hy(B.,B) ~ AHy(B.,B) < ALHy(Bi, ¥ (B) — inf p(b, by)]
k<=Dk

+HP(\P(Bk)r Bk) - ﬁkei‘rl—’l(ka) P(ﬁk/ ﬁk)r

A .
Hy(B.B) < 7o[H, (B, W (B)) = inf p(by, b}

1
T [H,(W(Bx), Bx) — N é\rl}(ka) P(Br. Bo)l,

and as k — oo we have

lim Hy(B., B) < Alim H,(W(B,), B,) + lim H,(¥(B), By)
B elxryl(ka) %me P o),
giving us that I}im By =B..O

Theorem 3.3.  Consider a complete partial metric space (Y,p) with ¥ : CP(Y) — CP(Y) defined as in
Theorem 2.6. Then W has a well-posed attractor based problem.
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Proof. It follows from Theorem 2.6, that map W has a unique attractor say B.. Let {B} be the sequence in
CP(X) and I}im H,(W(B), Bx) = 0. We want to show that B, = ]}im By for every k € N. As W is a generalized

rational contractive Hutchinson operator, then

Hy(Bi B) < Hy(W(B), W(B) + Hy(W(B), B~ inf p(Bi B

< ARw(By, B.) + Hy(W(By), By) — ﬁkei\fl}(ka)P(ﬁk, Br)
where
_ Hy,(By, W(B.))[1 + Hp(Bx, W(By))]
Ry(By,B.) = ax{ 201+ H,(B;, B.) ,
H,(B., W(B.))[1 + H,(B, W(By))]

1+ Hy(By, B.) ’
Hy(B., W(B))I1 + Hy(By, W(By))]
1+ Hy(By, B.) '
We consider the following three cases:

H,(By, W(B.))[1 + H,(By, W(B
(i) For Ry(B, B.) = B 2((1 i)[Htka; ;) —
p\Dk, D«

, we have

H,(Bx, W(B.))[1 + Hp(Bx, W(By))]
2(1 + Hy(By, B.))
+H,(\W(Bx), Bx) — ﬁkei\ryl(ka) P(Br Br)
A*Hp(Bk, B[l + Hp(Bk, W(Bp)]
+H,(\W(By), Bx) — ﬁkei{yl(ka) P(Br., Br)

IA

*

H,(B., By)

IA

Hy(B., Bx) — AuHp(By, B.)[1 + Hp(By, W(B))] < H,(W(Bx), B) — p Ei\ryl(ka)P(ﬁk, Br),

1 .
Hy (BB < T a3, wagy v B Be) = Ik, (B ol

and by taking the limit as k — oo gives

lim Hy(B., By) <0,

which implies that }}im By = B..

Hy(B., W(B.)[1 + Hp(B, W(By))]

(i) If Ry(By, B.) = 1+ H,(Bx, B.)
14 [

, then

HP(B*I Bk)

IN

1 Hy(B., W(B.))[1 + Hy(By, W(By))]
. 1+ H,(By, B.)
+H,(\W(By), Bx) — ﬁkeig}(ka) p(Br. Br)

H,(W(By), By) - ﬁkei\rl}(ka) p(Br., Pr)

and by applying the limit as k — oo, we have
I}l_)rg Hy(B.,By) <0,

which implies that %im By = B..



(iii) And if Ry(By, B.) =
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Hy(B., Y(By)[1 + Hy(Bx, W(By))]
1+ H,(By, B.)

, then

1 H,(B., W(By)[1 + Hy(Bx, W (B))]
: 1+ H,(By, B.)
+H,(\W(By), Bx) — ﬁkei\g}(ka) p(Br. Br)

A<lHp(B., Be) + Hy(B, W(B) = inf plie, nol[1 -+ Hy(Br, W(BL)]

+H,(\W(By), Bx) — ﬁkel\ryl(ka) p(Br., Br)

Hy(B., By)

IN

IN

o
Hy(B., B) = AsHp(B., Bi)[1 + Hy(Bk, W(Bx))]
< AJHp(Br, W(By)) - ’]ikrelgk Pk, M1 + Hy(Br, W(B))]
+H,(\W(By), Bx) — ﬂkel\ryl(ka) P(Br Br)
therefore

1 .
(1 = /\*) [1 + HP(Bk, \I](Bk))] [/\*[Hp(Bk/ \I](Bk)) — ni}ggk p(nk, Uk)]

X[1 + H,(By, W(Bx))] + H,(W(By), Bx) — ﬁkei{l}(ka)P(ﬁk, Bx),

Hy(B.,By) <

which implies that %im By = B.. Thus the proof is complete. O
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