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Abstract.In the present paper we establish a link between the Lupag operators and its Kantorovich type
integral modification, by applying the methods of finite differences, also the difference between two op-
erators is established in weighted spaces. Further, we consider a modification of the Kantorovich variant,
which preserve the test functions ¢, j=1,2 and estimate a Voronovskaja type convergence estimate.

1. Introduction

In the recent years several problems concerning convergence of operators have been discussed by

researchers, see for example [1], [2], [3], [4], [5], [10], [13] and [16] etc. In the recent book [12] a collection
of moments of some operators is provided, based on different methods.

A distinguished Romanian
mathematician Alexandru Lupas in [14] proposed an important discrete operator, which for x > 0,n € N is
defined by

L@ = Y KE() = Y k) f(%)
=0 =0

1)
where

li(nx) = ;:lx;(k' -2

and the rising factorial is given by (y)

[17 (v + i),m > 1; (y)o = 1. These operators are different
from the other operators of exponential type (see [15]), as we can not find a function p(x), such that
pE(Lnf) (x) = n(Luipnf), 3

= (e1 — xeo)", ei(t) = t,i = 0,1,2,3, ..., which is the necessary condition for an
operator to be of exponential type. If we denote bEnk = Fox(e1) = %, then /Jf"k = Fox(e1 — eoFpx(e1)) = 0.

Remark 1.1. Using the identity == = Y2, Bk gk, Ja| < 1, we have
Ly(e,x) = 2 =M™,
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which provides the moment generating function (abrv. m.g.f.) of the Lupags operators, and if we denote the r-th order
moment of the operators (1) are given by (L,e,)(x), e,(t) = t', then, few moments are given by

(Lneo)(x) =
(Luer)(x) = «x
2
L)) = +=
6x%  6x
L, = P 2
(Lye3)(x) X+ " +n2
12x%  36x%  26x
_ 4
(Lyeg)(x) = «x +_n +—112 P

The Kantorovich variant of Lupas operators defined by Agratini [6] is defined as follows:

o)

(Kuf)®) = Y Im)Gua(f), x 2 0 2)

k=0
where

(k+1)/n
Gni(f) = nf]: f(bdt.

n

Remark 1.2. By simple computation, we have G, x(e1) = 2’;—21 and

1
tuzcy"k = Gn,k (61 - eOGn,k(el ))2 - 127’12/
He” = Guxler —eGuile)’

= Gu(es) — 6G(es)Guxler) + 15G, x(es) (Gur(er))* — 20G, x(e3) (Gp(er))’
+15G,(e2) (Gui(er))* = 6Gui(er) (Gux(e1))® + Gui(eo) (Gux(er))®

7 _ 17 6 _ 16 5_15 2
_ (e k)_6(<k+1> k)(2k+1)+15<(k+1) k)(2k+1)

7n® 6n° 2n 5n* 2n
ol D k) ok a (G417 K)ok 1
- 4n3 m | " 3n? 2n
_6((k+1)2—k2) 2%+1V (2k+1)
2n 2n 2n
B 1
C448n8
Remark 1.3. By simple computation, the moment generating function of the Lupas-Kantorovich operators (2) is
given by
; B n(ed" - 1) I\
(Kue")(x) = —Qa (2 -t ") .

The r-th order moment of (2) satisfy

(Kue,)(x) = [;}:r w (2 _ e/\/n)_l’lx]

A=0
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Using this expression, some of the moments are given by

(Kneo)(x) = 1

(Kue1)(x) = x+%

(Kue2)(x) = x2+?;—x+$

(Knes)(x) = x3+%2+1,%x ﬁ
(Knes)(x) = x4+%xs+52—§2 % 51?

We may point out that there was a minor misprint in the first moment given in [6, pp. 48]. Also, it is seen
from Remark 1.3 that the operators (K, f) preserve only constant function.

The link between the Lupas operators (1) and its Kantorovich variant was not established earlier,
as standard differential operator does not work for such operators. In the present article we establish a
connection between the two operators, using the methods of finite differences. We also provide the difference
between Lupas operator and its Kantorovich variant. In the last section, we modify the Kantorovich variant
in such a way that exponential functions are preserved and for such operators, we establish a Voronovskaja
type convergence result.

2. Link between Lupas and its Kantorovich variant

Theorem 2.1. We have the following link between Lupas and its Kantorovich variant
(Knf) = (VoL oF), )
where F(x) = n fox f(t)dt, and V is the backward difference operator for the function f(nx) with unit step length.

Proof. Obviously, we have
V(nx)x = k(nx)e-1

and
AV b 2—nx+1‘

Thus using the identity
V(fg) = f(Vg) +g(V) = (VH(Vg),
we can write
V((nx)2™™) = (na)e.27™ = 27 4 k()27 = k() (27 — 27
— (nx)k(z—nx _ 2—nx+1) + k(nx)k_lz—nx+1
= (nx)27™ = 27 [ (nx) = k(nx)1]
= 2k — 27,
implying
V(Ix(nx))

Ly(nx) = 2k (nx) + lr_1(nx)
= Il (nx) = Le(nx).



We start with

(VoLyoF)(x)
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V(LP) = [2 hm)F (5)]
k=0
kzz(;(wk(nx>>F(§)
. k
D Ui (nx) — I(m)] F (;)
k=0

Lroo(r(57)-r(5)

o0 (k+1)/n
1Y ) fk/ 0t = (K,

k=0

This completes the proof of the theorem. [

5230

Remark 2.2. Using the link between the backward difference V with the unit step length and the differential operator

D, in our Theorem 2.1, V can be replaced by 1 — e

—D/n.

Remark 2.3. Here we provide the application of Theorem 2.1, to verify the link between two operators for calculating
few moments. By (3) and applying Remark 1.1, we have

(Vo Ly o Fep)(x)

Next, we have

(VolL,oPFe)(x)

Also, we can write

(V oLy oFep)(x)

VolL,onx
Vonx=nx—(nx-1) =1 = (K,ep)(x).

2
nx
Velio—-

2
37+ 3)

L1520 21, 1
™ [nx (nx-1) ]+n[nx (nx—1)]
1 1 1
X—E+;—X+E—(K71€1)(x).
3
nx
Volio 5
2
\Y o( S+ o + 6—x)
n n2
L[nsx3—(nx—1)3]+ —
3n n2
3x 1
2 _
X~ + 7 + ﬁ = (KnEZ)(.X').

2 [n%x% = (nx — 1)*] + %[nx — (nx —1)]

Thus by knowing the moments of Lupag operators, one can find the other moments of Lupas-Kantorovich operators in

a similar manner.
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3. Differences between Lupas and its Kantorovich variant

Let B>[0, o) be the set of all functions f defined on positive real line with some constant C(f) depending
only on f, satisfying the condition |f (x)| < C(f) (1 + xz) .Let C; [0, 00) = C[0, 00) N By [0, o0) and by C;, [0, c0),
we denote subspace of all continuous functions f € B; [0, o) for which lim |f (x) |(1 + x?)! < 0.

X—00

Following [7], [11] (see also [8]), the difference between L, and K, is given by:

Theorem A. Let f € C; [0, 00) with f” € C; [0, 00). Then

(L= K (0] < 5 1], B + B, 60) 1+ B) + 1602 (£, 62) (/(x) + 1),

where

p@ = @ {(1+ Fuse)’) 5 + (14 Gusten)’) 5},

k=0

Y@ = Y ) (1+ (FG)uxlen))’),
k=0

o) = Z Ly je(x) {(1 + (Fn,k(el))z) yg”'k + (1 + (Gn,k(el))2) Hgn,k}
k=0
and
o0 = Z L e(x) (1 + ((FG)n,k(el))2) (Fniler) = Guxler)),
k=0

where (FG),,i(e1) = min{F, x(e1), Gnx(e1)} we suppose that 61(x) < 1,062(x) < 1 and Q(f, 6) is the weighted
modulus of continuity given by

|f G+ 1) — f()

Q(f,0) = = - -7
(f,0) <o xe[0,00) (L +H2)(1 + x2)
for each f € C,[0, o).

Quantitative estimates for differences of Lupas operators and Lupas-Kantorovich operators are given
as:

Theorem 3.1. Let f € C; [0, 00) with f” € C;[0,00). Then

(x> x 4dn?+1)\, .,
Ly = K (f,2)| < 3 (ﬁ Tt W) 1”1l
wsl14 x? S 4n? +1 Iz x? N 3x +4n2+1
12n2  4nd 48n* "448n°  448n7  1792n8
2x (x*>+1) «x
+16(2+—+2)Q , +—.
S U TSR
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Proof. Using Remark 1.1 and Remark 1.2, we get

R
k=0
;ln,k(x) (1 n (Zkzz 1)2] (ﬁ)

2 x4t
12n2  4nd 48nt 7

and b = min {E, 2k + 1} = k, thus
n  2n n

i L je(x) (1 + (b(F G)"fk)Z)
k=0

2x
2+ =41,
n

Bx)

y(x)

Also

87(x)

i L (%) {(1 + (bmf) i 4 (1 + (bcn,k)z) yé:n,k}
k=0
gln,k(x) (1 + (Zkz—:ll)z] (fsné)

X2 N 3x N 4n? +1
448n° = 448n”  1792n8

and

83(x)

kZ.OO Ly (x) (1 + (b(FG)u,k)z) (bFn,k _ bG,z,k)4
00 2 4
Y1) (1 +(4) ](% -2

**+1) «x

16n* 815"

Arrange these terms as in Theorem A, we get the proof of the theorem. O

Example 1. The following graph represents the difference between two operators.

Figure 1: The difference between (L, f) (Blue) and (K, f) (Red) for the function f = x° + x> + 3x%. (Green) and # = 10.
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4. Preservation of '/, j = 1,2

In order to preserve exponential function, we start with the following form of Lupas-Kantorovich
operators

= o b o [
K, = — .27 d 4
R =0}, G [ som @

Suppose these operators preserve e'*, then

i (k+1)/n
(EnEVt)(x) =" = n M . 2—nbn(x) evtdt
2k k! 8
* n

n(e’™ —1) (2 ~ ev/n)‘"b”(") ,

implying

b,) logn(e"/" — 1) —logv — vx

nlog(2 —e"/m)

Obviously lim b,(x) = x. Now based on this we define the following operators

_ = (k+1)/n
(Knf)(x) =n Z e”% - 271 (x) fk eV f(t)dt. 6)
k=0 ' "

These operators (5) reproduce ¢'* and ¢, but loose to preserve the constant function.

Lemma 4.1. Let v > 0, for each n € N and x € [0, o0), the following identities hold

— log v+vx—log n(eV/m-1)
—_ 71(1 —e v/n) ~ logrneognie 1)
Kn(eO/ x) evx— (2 —e v/n) log(2—e/M) ,
14
Z v/n logvrva—logn(e!/"1)
R = exMe 2D (o o) s
s
2v
% S log rva-logn(e!/"1)
Kn (€4Vt x) — evxu (2 _ eSv/n) log(2—eV/™)
’
3v

Proof. By using Remark 1.3, we obtain

—_ _ ,—v/n _
K. (e, x) ew‘—n(l ¢ )(2 —e—V/n) nha (%)
v
_evin logv+va-logn(e’/" 1)
_ evx n(l e ) (2 _ e—v/n) log(2—c"/) )
v
Next
= n(e?m - 1) by (%)
Kn(eiivt, x) = o (2 _ e2v/n)
2v
2 log v+vx—log n(e"/"-1)
_ e”‘n(e vin _ 1) (2 ~ EZV/")W
2v
Finally Next
= n(E@m —1) b, (x)
K,,(em, x) = e~ (2 _ e3V/n)
3v
3 log v+vx—log n(e"/1-1)
_ e”‘n(e vin _ 1) (2 ~ e3v/’1)gbg(+m
3v
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Remark 4.2. Let us consider exp, (t) = et — v, then

_ ,—v/n logvﬂfx—logn(c"/”—l)
e [1 —e —n(l ) (2 - e_V/”) log(2-¢"/) ] .

fn (exp}/,x(t), X) -

K (€, x) — 26" K,y(e", x) + €2 Kyi(eo, x)

_ —v/n log v+vx—log n(e"/"-1)
= o [evxn(l e ) (2 _ e—v/n) log(2—eVTM) _ 1} .

Ka(exp? (), x)

v

and

Kiu(e*", x) — 4e" K, (e, x)
+662 Ky (€2, x) — 46> K,y (€", x) + e Koy (eo, X)

3v/n _ 10gv+vx—logn((’v/"—1)
evx[n(e 1) (2 _ eSv/n) Tog(2—eVTM)
3v

2v/n _ log v+vx—log n(eV/1-1)
n(e 1) (2 — el n) log2—e"/)
2v

Ki(exp (1), %)

_4evx

_ ] L,v/n_1>
n(1 —ev/n log r+ux-logn(e/"~1)
+2€3vx + €4vx ( ) .

(2 _ e—v/n) log(2—¢"T)
v

Remark 4.3. By simple computation using the mathematical software, we have

im n

n—oo

— log v+vx-log ne¥/"-1)

n(l —¢ v/n) B 8 i

T A
v

and

3v/n _ log v+va—log n(e"/"-1)
2{evx[n(€ 1) (2 _ eSv/n) log2—c"/")

lim n
n—oo 3v
2v/n _ logv+\'x—logn(c"/”—1)
—4e"* n(e 1) (2 _ eZv/n) log(2—cV/")
2v
_ r— \’/H,l)
n(l —e V/n) B log v+vx—log n(e!

1003V 4 phvx (2 —e v/n) log2—c"/1) =0.

v

The space C* [0, o) is a small subspace of C [0, o) of real-valued continuous functions on x > 0 where
lim f (x) exists and is finite.
xX—00

We consider for a fixed v > 0 the exponential function exp, (f) = ¢” and its inverse log,, is the logarithmic
function with base ¢".

Theorem 4.4. If f € C*[0, 00) has a second derivative at a point x € (0, 00), then
lim n ((Iznf)(x) - f(x)) = 21%x f(x) — Bvxf’(x) + xf”(x).
Proof. By Taylor’s theorem, we obtain

f = (f o logv) (e”) = (f o logv) (e™) + (f o 1ogv), (€™)exp, . (t)

.\ (f o logv) (™)

> expix(t) + hy () expix(t),
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where I, (t) := h (e — ¢") and h continuous function, which vanishes at 0. Applying the operator Zn and
then evaluating at the point x, we get

K@) = f @) Kaeo)@) +(f olog, ) (€) Ky expl, (H)(x)

+wﬁ (esz,x(f)} x) + Kn (hx (t) eXPi,x(t); x) ’

Since

(folog,) (@) = e f ()
and

(fotog,) @) =™ (v2f" () = v f (),
we have

(Kuf)(x) = f (x)

£ ((Kaeo)(x) = 1) + ™7 £ (x) (K, exp) (D) ()

—2vx (1,=2 f11 e
P (;c) @) 2 exp? (D)) + (Rolte () expl, (0)(2)

_ ,—Vv/n log v+vx—log n(e"/"-1)
= f( (e” ml-e ) (2—evim) e 1]
v

_ ,—Vv/n logv+vx—logn(e"/"—l)
+e VT (x) e [1 —e nl =) (2 —e ") Tog(2-e") }
v
—2vx ( =21 —1 47 ) B i
e v x)—v b —evin logv+vx—logn(e’/"~1)
+ f ( ) f ( ) eva evxn(l e ) (2 _ e—v/n) log@—c/1) -1
2 %

+(Kohs (F) exp? . (£))(x)
— vx”(l_e_vm) —v/n % [ i ’ L "’ ]
i [e e B AR A A

+(Kahy (1) exp? . (£)(x).

Using Cauchy-Schwarz inequality, we can write

1 |(Rult () exp2, ()] < Kol (0)(x) yf12(Ko exp ().

Also, we have lim (E,,hﬁ ()(x) = k2 (x) = 0, by simple computations, it follows that:

lim 1 |(Kytx (1) exp?,  (H)(0)] = 0.
This completes the proof of the theorem. [
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