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Abstract. In this paper, we consider a g-circulant matrixA1(T), whose the first row entries are generalized
Tribonacci numbers T(a)

i . We give an explicit formula of the spectral norm of this matrix. When 1 = 1, we
also present upper and lower bounds for the spread of the 1-circulant matrixA1(T).

1. Introduction and preliminaries

Let 1 be a nonnegative integer. A matrixA1 ∈Mn is called a g-circulant matrix if it is of the form

A1 =


a0 a1 a2 · · · an−1

an−1 an−1+1 an−1+2 · · · an−1−1
an−21 an−21+1 an−21+2 · · · an−21−1
...

...
...

. . .
...

a1 a1+1 a1+2 · · · a1−1


(1)

where each of the subscripts is understood to be reduced modulo n. Obviously, when 1 = 1 or 1 = n + 1,
the g-circulant matrixA1 reduces to the standard circulant matrix.

Circulant type matrices not only have many connections to problems in physics, statistics and numerical
analysis, but also have important applications in signal and image processing [1], networks engineering
[2, 3], solving ordinary and partial differential equations [4, 5]. In recent years, there are several papers focus
on the norms and spread of some special matrices [6–21]. For example, Solak [6] gave upper and lower
bounds for the spectral norms of circulant matrices whose entries are Fibonacci and Lucas numbers. İpek [7]
improved the estimation for the spectral norms of these matrices. Kizilateş and Tuglu [14] established upper
and lower bounds for the spectral norms of geometric circulant matrices involving generalized Fibonacci
and hyperharmonic Fibonacci numbers. Zhou and Jiang [16] derived some explicit formulas for the spectral
norms of 1-circulant matrices whose the first row entries are Fibonacci number, Lucas number and their
powers. In addition, Johnson et al. [19] derived some lower bounds for the spread of a normal matrix. Li
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et al. [21] investigated the norms and spread of circulant matrices with Tribonacci and generalized Lucas
numbers.

Let a,u, v and w be arbitrary positive integers. The generalized Tribonacci sequence {T(a)
n } is defined by

the following recurrence relations:

T(a)
n = uT(a)

n−1 + vT(a)
n−2 + wT(a)

n−3, (2)

where T(a)
0 = 0,T(a)

1 = a,T(a)
2 = au. Some results concerning this sequence were given in [22–24]. When

a = u = v = w = 1, the generalized Tribonacci sequence reduces to the Tribonacci sequence {Tn} in [25]. Let
γ1, γ2 and γ3 be the roots of the characteristic equation x3

− ux2
− vx − w = 0. Then we have

γ1 + γ2 + γ3 = u,

γ1γ2 + γ1γ3 + γ2γ3 = −v,

γ1γ2γ3 = w.

Throughout this paper, we assume that γ1, γ2 and γ3 are distinct. The sequence {T(a)
n } can be defined for

negative values of n by using the recurrence (2) to extend the sequence backwards, that is

T(a)
−n = (−vT(a)

−n+1 − uT(a)
−n+2 + T(a)

−n+3)/w.

In this paper, letA1(T) be a g-circulant matrix, whose the first row entries are (T(a)
0 ,T

(a)
1 , · · · ,T

(a)
n−1). We give

an explicit formula of the spectral norm of this matrix, which is only related to the generalized Tribonacci
numbers. Afterwards, we also present upper and lower bounds for the spread of the circulant matrixA1(T).

Now we give some preliminaries related to this paper. For anyA = [ai j] ∈Mn, the well-known Frobenius
(or Euclidean) norm of the matrixA is

‖A‖F =
[ n∑

i=1

n∑
j=1

|ai j|
2
] 1

2

,

the spectral norm ofA is

‖A‖2 =
√

max
1≤i≤n

λi(AHA),

and the spread ofA is

s(A) = max
1≤i, j≤n

|λi(A) − λ j(A)|,

where λi(A) is eigenvalue of A and AH is conjugate transpose of A. Then the following inequality holds
[26]:

s(A) ≤
[(

2‖A‖2F −
2
n
|trA|2

)2

− 2‖AAH
−A

H
A‖

2
F

] 1
4

, (3)

where trA is trace ofA.

Lemma 1.1. [19] LetA = [ai j] be an n × n matrix.

(i) IfA is real and normal, then s(A) ≥ 1
n−1 |

∑
i, j ai j|;

(ii) IfA is Hermitian, then s(A) ≥ 2 maxi, j |ai j|.

Lemma 1.2. [27] Let Q1 be an n × n g-circulant matrix with the first row (1, 0, · · · , 0). Then

(i) Q1 is unitary if and only if (n, 1) = 1;
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(ii) A is a g-circulant matrix with the first row (a0, a1, · · · , an−1) if and only if A = Q1C, where C is a circulant
matrix with the first row (a0, a1, · · · , an−1).

Lemma 1.3. [28] LetA = [ai j] ∈ Mn be a nonnegative matrix. Then its spectral radius ρ(A) satisfies the following
inequality

min
1≤i≤n

n∑
j=1

ai j ≤ ρ(A) ≤ max
1≤i≤n

n∑
j=1

ai j. (4)

2. Main results

We consider three sequences {Xn}, {Yn} and {Zn}, which satisfy the recurrence (2) and the following initial
conditions:

X0 = 0, X1 = 0, X2 = 1;

Y0 = 0, Y1 = 1, Y2 = 0;

Z0 = 1, Z1 = 0, Z2 = 0.

Then T(a)
i = aXi+1, and the Binet formulas of these sequences are given by [23]:

Xn = A1γn
1 + A2γn

2 + A3γn
3 ,

Yn = B1γn
1 + B2γn

2 + B3γn
3 ,

Zn = C1γn
1 + C2γn

2 + C3γn
3 ,

(5)

where

A1 =
1

(γ1 − γ2)(γ1 − γ3)
, A2 =

1
(γ2 − γ3)(γ2 − γ1)

, A3 =
1

(γ3 − γ1)(γ3 − γ2)
;

B1 =
−(γ2 + γ3)

(γ1 − γ2)(γ1 − γ3)
, B2 =

−(γ3 + γ1)
(γ2 − γ3)(γ2 − γ1)

, B3 =
−(γ1 + γ2)

(γ3 − γ1)(γ3 − γ2)
;

C1 =
γ2γ3

(γ1 − γ2)(γ1 − γ3)
, C2 =

γ3γ1

(γ2 − γ3)(γ2 − γ1)
, C3 =

γ1γ2

(γ3 − γ1)(γ3 − γ2)
.

By solving the equations in (5), we obtain
γn

1 = γ2
1Xn + γ1Yn + Zn,

γn
2 = γ2

2Xn + γ2Yn + Zn,

γn
3 = γ2

3Xn + γ3Yn + Zn.

(6)

Next we give an explicit formula of the spectral norm of the matrixA1(T), which is only related to the
generalized Tribonacci numbers T(a)

i .

Theorem 2.1. Let A1(T) be as the matrix in (1), with ai = T(a)
i (i = 0, 1, · · · ,n − 1) in the first row of A1(T). If

(n, 1) = 1, then we have

‖A1(T)‖2 =
T(a)

n+1 + (1 − u)T(a)
n + wT(a)

n−1 − a
u + v + w − 1

.
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Proof. Applying the results from Lemma 1.2, we obtain

(A1(T))H
A1(T) = (Q1C)HQ1C = CH(Q1)HQ1C = CHC,

where C = [ci j] is an n × n circulant matrix with the first row (T(a)
0 ,T

(a)
1 , · · · ,T

(a)
n−1). Hence the spectral norm

of the matrixA1(T) is the same as that of C.
Since the circulant matrix C is normal, there exists a unitary matrix U ∈ Mn such that UHCU =

dia1(λ1, λ2, · · · , λn), where λi is eigenvalue of C, hence

UHCHCU = dia1(|λ1|
2, |λ2|

2, · · · , |λn|
2).

Therefore, the spectral norm of C is given by its spectral radius. Note that C is nonnegative, hence its
spectral radius ρ(C) satisfies the following inequality:

min
1≤i≤n

n∑
j=1

ci j ≤ ρ(C) ≤ max
1≤i≤n

n∑
j=1

ci j.

Moreover, for each i ∈ {1, 2, . . . ,n}, we have

n∑
j=1

ci j =

n−1∑
k=0

T(a)
k = a

n−1∑
k=0

Xk+1 = a
n−1∑
k=0

(A1γ
k+1
1 + A2γ

k+1
2 + A3γ

k+1
3 )

= a
[A1γ1(1 − γn

1)

1 − γ1
+

A2γ2(1 − γn
2)

1 − γ2
+

A3γ3(1 − γn
3)

1 − γ3

]
=

a[Xn+2 + (1 − u)Xn+1 + wXn − 1]
u + v + w − 1

=
T(a)

n+1 + (1 − u)T(a)
n + wT(a)

n−1 − a
u + v + w − 1

.

It follows that

‖A1(T)‖2 = ‖C‖2 =
T(a)

n+1 + (1 − u)T(a)
n + wT(a)

n−1 − a
u + v + w − 1

.

Thus the proof is completed.

If we take a = u = v = w = 1 in Theorem 2.1, then we obtain the spectral norm of a g-circulant matrix
involving the Tribonacci numbers.

Corollary 2.2. Let B1(T) be a g-circulant matrix with the first row (T0,T1, · · · ,Tn−1). If (n, 1) = 1, then we have

‖B1(T)‖2 =
Tn+1 + Tn−1 − 1

2
.

In the sequel of this paper, we will investigate the spread of the circulant matrixA1(T). Before presenting
our main theorem, we need the following several lemmas.

Lemma 2.3. For arbitrary integer k ≥ 0, we have

3∑
i=1

A2
i γ

k
i =

2(v2
− 3uw)Xk − (uv + 9w)Yk + 2(u2 + 3v)Zk

∆2 (7)

∑
1≤i< j≤3

AiA j(γiγ j)k =
uwHk−1 − 2w2Hk−2 −Hk+1

∆2 (8)
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where

∆2 = u2v2
− 27w2 + 4v3

− 4u3w − 18uvw,

Hr = (v2
− 2uw)X2

r − (uv + 3w)XrYr + 2(u2 + 2v)XrZr + 2uYrZr

−vY2
r + 3Z2

r (r = −2,−1, 0, 1, 2, · · · ).

Proof. Since

A2
1 + A2

2 + A2
3 =

1
(γ1 − γ2)2(γ1 − γ3)2 +

1
(γ2 − γ3)2(γ2 − γ1)2 +

1
(γ3 − γ1)2(γ3 − γ2)2

=
2[(γ2

1 + γ2
2 + γ2

3) − (γ1γ2 + γ2γ3 + γ1γ3)]

(γ1 − γ2)2(γ2 − γ3)2(γ3 − γ1)2

=
2(u2 + 3v)

∆2 ,

and

γ1A2
1 + γ2A2

2 + γ3A2
3 = −

uv + 9w
∆2 , γ2

1A2
1 + γ2

2A2
2 + γ2

3A2
3 =

2(v2
− 3uw)
∆2 ,

the formula (7) is valid for k = 0, 1, 2. In the case k ≥ 3, according to (6), we obtain

3∑
i=1

A2
i γ

k
i =

3∑
i=1

A2
i (γ2

i Xk + γiYk + Zk)

=
( 3∑

i=1

γ2
i A2

i

)
Xk +

( 3∑
i=1

γiA2
i

)
Yk +

( 3∑
i=1

A2
i

)
Zk

=
2(v2
− 3uw)Xk − (uv + 9w)Yk + 2(u2 + 3v)Zk

∆2 .

Next we will prove the formula (8). Since (6) is valid for r ≥ −2, we have

∑
1≤i< j≤3

(γiγ j)r =
∑

1≤i< j≤3

(γ2
i Xr + γiYr + Zr)(γ2

j Xr + γ jYr + Zr)

=
( ∑

1≤i< j≤3

(γiγ j)2
)
X2

r +
( ∑

1≤i< j≤3

(γ2
i γ j + γiγ

2
j )
)
XrYr +

( ∑
1≤i< j≤3

(γiγ j)
)
Y2

r

+2
( 3∑

i=1

γ2
i

)
XrZr + 2

( 3∑
i=1

γi

)
YrZr + 3Z2

r

= (v2
− 2uw)X2

r − (uv + 3w)XrYr + 2(u2 + 2v)XrZr

+2uYrZr − vY2
r + 3Z2

r
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It follows that

∑
1≤i< j≤3

AiA j(γiγ j)k =

γ1γ2γ3
∑

1≤i< j≤3
(γk−1

i γk
j + γk

iγ
k−1
j ) −

∑
1≤i< j≤3

(γiγ j)k+1
− (γ1γ2γ3)2 ∑

1≤i< j≤3
(γiγ j)k−2

∆2

=

uw
∑

1≤i< j≤3
(γiγ j)k−1

− 2w2 ∑
1≤i< j≤3

(γiγ j)k−2
−

∑
1≤i< j≤3

(γiγ j)k+1

∆2

=
uwHk−1 − 2w2Hk−2 −Hk+1

∆2

Thus the proof is completed.

For the convenience of the discussion, we denote

Mi :=
2(v2
− 3uw)Xi − (uv + 9w)Yi + 2(u2 + 3v)Zi

∆2 , (9)

Ni :=
uwHi−1 − 2w2Hi−2 −Hi+1

∆2 . (10)

Lemma 2.4. For the generalized Tribonacci sequence {T(a)
n }, if v , u + w + 1 and v , w2

− uw − 1, then we have

n−1∑
j=0

(T(a)
j )2 =

a2[w2(M0 −M2n) + (1 − u2
− 2v)(M2 −M2n+2) + (M4 −M2n+4)]

(v − 1)2 − (u + w)2

+
2a2[w2(N0 −Nn) + (1 + v)(N1 −Nn+1) + (N2 −Nn+2)]

1 + v + uw − w2 .

Proof. Since v , u + w + 1 and v , w2
− uw − 1, γiγ j , 1 for any i, j ∈ {1, 2, 3}. Applying Binet formula of the

sequence {Xn}, then we obtain

n−1∑
j=0

(T(a)
j )2 = a2

n−1∑
j=0

X2
j+1 = a2

n−1∑
j=0

( 3∑
i=1

Aiγ
j+1
i

)2

= a2
n−1∑
j=0

( 3∑
i=1

A2
i γ

2( j+1)
i + 2

∑
1≤i<k≤3

AiAk(γiγk) j+1
)

= a2
3∑

i=1

A2
i γ

2
i (1 − γ2n

i )

1 − γ2
i

+ 2a2
∑

1≤i<k≤3

AiAk(γiγk)[1 − (γiγk)n]
1 − γiγk

.

By Lemma 2.3, we get

3∑
i=1

A2
i γ

2
i (1 − γ2n

i )

1 − γ2
i

=
w2 ∑3

i=1 A2
i (1 − γ2n

i ) + (1 − u2
− 2v)

∑3
i=1 A2

i γ
2
i (1 − γ2n

i ) +
∑3

i=1 A2
i γ

4
i (1 − γ2n

i )

(1 − γ2
1)(1 − γ2

2)(1 − γ2
3)

=
w2(M0 −M2n) + (1 − u2

− 2v)(M2 −M2n+2) + (M4 −M2n+4)
(v − 1)2 − (u + w)2
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and

∑
1≤i<k≤3

AiAk(γiγk)[1 − (γiγk)n]
1 − γiγk

=

w2 ∑
1≤i<k≤3

AiAk[1 − (γiγk)n] +
∑

1≤i<k≤3
AiAk(γiγk)2[1 − (γiγk)n] +

(1 + v)
∑

1≤i<k≤3
AiAk(γiγk)[1 − (γiγk)n]

(1 − γ1γ2)(1 − γ2γ3)(1 − γ1γ3)

=
w2(N0 −Nn) + (1 + v)(N1 −Nn+1) + (N2 −Nn+2)

1 + v + uw − w2 .

Thus the proof is completed.

Theorem 2.5. For the circulant matrixA1(T), if v , u + w + 1 and v , w2
− uw − 1, then we have

s(A1(T)) ≥
n

n − 1

[T(a)
n+1 + (1 − u)T(a)

n + wT(a)
n−1 − a

u + v + w − 1

]
,

and

s(A1(T)) ≤

√

2na
[w2(M0 −M2n) + (1 − u2

− 2v)(M2 −M2n+2) + (M4 −M2n+4)
(v − 1)2 − (u + w)2

+
2(w2(N0 −Nn) + (1 + v)(N1 −Nn+1) + (N2 −Nn+2))

1 + v + uw − w2

] 1
2

,

where Mi,Ni are given by (9) and (10).

Proof. SinceA1(T) is a real and normal matrix, applying the results from Lemma 1.1 and Theorem 2.1, we
have

s(A1(T)) ≥
n

n − 1

[ n−1∑
k=0

T(a)
k − T(a)

0

]
=

n
n − 1

[T(a)
n+1 + (1 − u)T(a)

n + wT(a)
n−1 − a

u + v + w − 1

]
.

On the other hand, since (A1(T))H
A1(T) = A1(T)(A1(T))H, by using (3) and Lemma 2.4, we obtain

s(A1(T)) ≤

√
2‖A1(T)‖2F −

2
n
|trA1(T)|2 =

√

2‖A1(T)‖F =
√

2
[
n

n−1∑
k=0

(T(a)
k )2

] 1
2

=
√

2na
[w2(M0 −M2n) + (1 − u2

− 2v)(M2 −M2n+2) + (M4 −M2n+4)
(v − 1)2 − (u + w)2

+
2(w2(N0 −Nn) + (1 + v)(N1 −Nn+1) + (N2 −Nn+2))

1 + v + uw − w2

] 1
2

.

Thus the proof is completed.

If we take a = u = v = w = 1 in Theorem 2.5, then we obtain upper and lower bounds for the spread of
a circulant matrix involving the Tribonacci numbers.

Corollary 2.6. Let B1(T) be a circulant matrix with the first row (T0,T1, · · · ,Tn−1). Then we have

s(B1(T)) ≥
n

n − 1

(Tn+1 + Tn−1 − 1
2

)
,

and

s(B1(T)) ≤

√

2n
[11 + 7X2n+1 − 2X2n + X2n−1 − (Hn+3 + 2Hn+2 + 3Hn−1 + 2Hn−2)

44

] 1
2

,

where Hr = −X2
r − 4XrYr + 6XrZr + 2YrZr − Y2

r + 3Z2
r (r = 0, 1, 2, · · · ).
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[12] N. Tuglu, C. Kizilateş, On the norms of circulant and r-circulant matrices with the hyperharmonic Fibonacci numbers, Journal of
Inequalities and Applications 2015 (2015) 253.
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[14] C. Kizilateş, N. Tuglu, On the bounds for the spectral norms of geometric circulant matrices, Journal of Inequalities and
Applications 2016 (2016) 312.

[15] B. Shi, The spectral norms of geometric circulant matrices with the generalized k-Horadam numbers, Journal of Inequalities and
Applications 2018 (2018) 14.

[16] J. Zhou, Z. Jiang, The spectral norms of g-circulant matrices with classical Fibonacci and Lucas numbers entries, Applied
Mathematics and Computation 233 (2014) 582–587.

[17] Z. Jiang, J. Zhou, A note on spectral norms of even-order r-circulant matrices, Applied Mathematics and Computation 250 (2015)
368–371.

[18] S. Q. Shen, W. J. Liu, J. J. He, On the spectral norms of some special g-circulant matrices, Hacettepe Journal of Mathematics and
Statistics 45 (2016) 1441–1448.

[19] C. R. Johnson, R. Kumar, H. Wolkowicz, Lower bounds for the spread of a matrix, Linear Algebra and its Applications 71 (1985)
161–173.

[20] E. Jiang, X. Zhan, Lower bounds for the spread of a Hermitian matrix, Linear Algebra and its Applications 256 (1997) 153–163.
[21] J. Li, Z. Jiang, F. Lu, Determinants, norms, and the spread of circulant matrices with Tribonacci and generalized Lucas numbers,

Abstract and Applied Analysis 2014 (2014) Article ID 381829.
[22] T. Mansour, M. Shattuck, Polynomials whose coefficients are generalized Tribonacci numbers, Applied Mathematics and Com-

putation 219 (2013) 8366–8374.
[23] S. Rabinowitz, Algorithmic manipulation of third-order linear recurrences, Fibonacci Quarterly 34 (1996) 447–464.
[24] S. Q. Shen, W. J. Liu, L. H. Feng, Explicit inverses of generalized Tribonacci circulant type matrices, Hacettepe Journal of

Mathematics and Statistics 48 (2019) 689–699.
[25] M. Elia, Derived sequences, the Tribonacci recurrence and cubic forms, Fibonacci Quarterly 39 (2001) 107–115.
[26] R. Sharma, R. Kumar, Remark on upper bounds for the spread of a matrix, Linear Algebra and its Applications 438 (2013)

4359–4362.
[27] W. T. Stallings, T. L. Boullion, The pseudoinverse of an r-circulant matrix, Proceedings of the American Mathematical Society 34

(1972) 385–388.
[28] R. A. Horn, C. R. Johnson, Topics in Matrix Analysis, Cambridge University Press, Cambridge, 1991.


