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Abstract. In the present paper, considering the differential equations on smooth closed manifolds, we
investigate and establish the well-posedness of boundary value problems nonlocal type for parabolic
equations and also hyperbolic equations in Holder spaces. Furthermore, in various Holder norms we
establish new coercivity estimates for the solutions of such type parabolic boundary value problems on
manifolds and hyperbolic boundary value problems on manifolds as well.

1. Introduction

The role played by the coercivity inequalities (well-posedness) is well known (see, e.g. [1-3]) in the
study of boundary value problems involving partial differential equations. The well-posedness of partial
differential equations of nonlocal parabolic and hyperbolic types in the Euclidean space has been well
studied (see, for example [4-9],[11-20] and also the references therein).

The present article considers the differential equations on smooth closed manifolds, investigates and
establishes in Holder spaces the well posedness of nonlocal type boundary value problems on manifolds.
In addition, for the solutions of such boundary value problems for parabolic equations and hyperbolic
equations on manifolds it establishes new coercivity inequlities in various Holder norms.

2. Laplacian on Riemannian manifolds

In this section, we will recall the basic definitions and fact about the Laplacian on Riemannian manifolds.
For more information and unexplained subjects, the reader is referred to [22, 23], and the references therein.
A pair (M, g) is a Riemannian manifold if M is a smooth manifold and g is a map assigning to each x € M

a symmetric positive definite non degenerate bilinear form -, ->g(x) : TaM X T.M — R so that for all smooth

vector fields X, Y € T'ce (T M), the map x +— (X(x), Y(x)) g(x) 1s smooth.
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For the local coordinates (x1, ..., x,), let us consider (U, ¢) corresponding natural basis { ( aixl )x Leee, (% )x}
of tangent space T, M, then by g;; we denote <(£)x , (aixj) > . We also denote by g'/ the entries of the inverse
’ xlg(x)

matrix of (g;).
Recall that the gradient V,, : €°° (M) — I'e~ (T M) is defined by

(Vop,X), = do (X)
forall p € €°(M), X € I'g~ (TM). In the local coordinates (x1,...,x,), the gradient vector field has the
form
op d
gl
Vo = ; x; Bx]

Since the differential operator d is linear and satisfies the Leibniz rule, we have V, (¢ + 1) = V,¢ + V1) and
Vo(p-9) =@ -Vop+1-Vyp forall o, € €' (M).
Let w € Q"(M) be an n—form and X be a vector field on M. The (n — 1)—form txw € Q""'(M) is defined
by
xw (X1, ..., Xum1) =0 (X, Xy, ..., Xn-1),

where Xj, ..., X, are any vector fields on M. For d(1xw) being an n—form, there exits a number div,(X) so
that d (ixw) = div,(X)w.
Divergence div,, : Tz~ (TM) — € (M) is the operator defined by
d (1xw,) = divy(X)w, for all X € Tgw (TM).

Here, w, € (0"(M) is the natural volume element obtained from the metric g on M. In the local coordinates

(x1,...,x,), for X = mex € I'gw (T M) we have

div,(X) =

\/WZ I (b y/detg) 1)

Forall X,Y € T'ce (TM) and w € Q" (M) we get ixiyw = txw + tyw. This yields div, (X +Y) = div, (X) +
div, (Y) Furthermore, by (1), we have for every ¢ € ¢~ (M)

div, (pX) = @divyX + (Vsp, X>g . )
The Laplace-Beltrami operator A, : € (M) — €= (M) on (M, g) is the operator defined by

Ay = —div, 0 V,.
For both V,; and div, being linear, we have

Ag (@ +1) =D + Agip
for every ¢, 1 € € (M). We also have

ANg (- ) = PAgp + A — 2 <V9(P/ Vﬂ’>g .

Considering the local coordinates (xi,...,x;,), the following equality holds:

9@)

Ay =-—

\/detgl] 13"1 (
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For instance, let us consider the n—spere

S" = {(x1,...,Xps1) € R x% + .- +xfl+1 =1}.
in geodesic polar coordinates namely ¢ : (0, )" x (0,2m) — §",
X1 = cos 6
X = sin 61 cos 6>
X3 = sin 01 sin 6, cos O3
®3)
X, =sinB;sinH,---cos G,
Xp41 = Sin6B;8in 6B, - --sin 6,
where 0 < 61,0,,...,0,_1 <1, 0< 6, <2mn. Then we have
1 0 0 0 0 @ eeeees
0 sin?6; 0 0 0 e
0 0 sin®@;sin?6, 0 0 e
95" =1 o 0 0 0 e ’
[0 0 0 0 0 sin®0;---sin*0,; |
n-1
\/detg,, = H (sin@,)"¢.
=1
Thus, in these coordinates the Laplace-Beltrami operator Ag: is
1 =~ 0 0
- — |a; ., 0)=—=1, 4
Z&G,(axel, 0 >&9j) @

n—-1 . - i
[1 (sin@,)"" /=1
=1

n-1 ¢
[1 (sin6y)""
wherea; =landforj=2,...,n,a; = el

j-1

H Sil’l2 91'

i=1

Before finishing this section, let us recall Stokes” Theorem and Divergence Theorem for manifolds.

Theorem 2.1 (Stokes” Theorem). If M is an oriented smooth compact n-manifold with boundary dM and if
a € Q"1 (M) have compact support, then

ft*a:f da, orforshort,f oczf da.
M M M M

Here, 1 : IM — M is the inclusion map.

Theorem 2.2 (Divergence Theorem). If M is a Riemannian manifold and X is a C'—vector field on M, then

fdivg(X) dngf (X, v),day.
M oM

Here, div, is the divergence operator on (M, g), dV , is the natural volume element on (M, g), and v is the unit vector
normal to oM.
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Figure 1: Topological rectangle on 2—sphere 52

These theorems yield

Theorem 2.3 (Green’s Theorem). Suppose (M, g) is a compact Riemannian manifold with boundary. If ¢ €
¢! (M) and @ € €* (M) , then

99
f YA, dVy = f <Vg¢/ V9¢> dVy — f 1/’%’1%'
M M IM

Here, V, is the gradient operator on the Riemannian manifold (M, g).
From Green’s Theorem it follows that
Theorem 2.4. [23] Suppose (M, g) is a closed (i.e. compact with empty boundary) Riemannian manifold, then

1. (Formal self-adjointness): <1P, AM(P>

2. (Positivity): <AM¢’(P>$2(M,dVg) > 0.
Here, £5(M,dV ) is the Hilbert space

LMV, <(P’ Ay ¢>32(M,dvg)

{(P M= RiQ,9) ymav,) = f/;(@z(x) dVy(x) < 00}-

Finally, let us recall that eigenfunctions of the Laplace-Beltrami operator Ag: on the n—sphere §" ¢ R"*!
are restrictions of harmonic polynomials to the sphere. The eigenvalues are A; = (€ + n — 1), where
t=0,1,2,....

3. Parabolic differential equations on manifolds

3.1. Nonlocal parabolic differential equation
Let (M, g) be a smooth closed orientable Riemannian manifold (such as n—sphere 5", n—torus T"). Let
us consider the nonlocal parabolic differential equation

up (t,x) + A u(t,x) + ou(t,x) = f(t,x), 0<t<l,xeM,

P 5)
u(0,x) = aiu(A;,x) +u(x), xeM, 0<A<---<A, <L
i=1

1
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P
Here, A,, is the Laplace-Beltrami operator on the manifold (M, g), 6 > 0, and Z la] < 1.
i=1
We have

Theorem 3.1. The solutions of (5) satisfy the following stability inequality
lur llgecmmavyy  +  ITLut llge zmavy)

”f”‘t«iﬁ(fﬂM,dVg)

< K(Aq,0) (0[(1—_&)) + ||LM||$2(M,M)),

where K(A1,6) does not depend on u(x), f(t, x).

We consider problem (5) as the nonlocal boundary value problem
wm+LU@)=F¢), 0<t<l,

p (6)
() =
=1

1

a;U(A) + , O<Ar <<, <1

in the Hilbert space H = .% (M, dVg) with the self-adjoint positive definite operator L = Ay + 0I. Here, I

1/2
denotes the identity operator, [[Yll. madv,) = ( f M wz(x)dVy(x)) / ,and dV is the natural volume element of
M obtained from metric tensor g.
The proof of Theorem 3.1 is based on the following theorem.

Theorem 3.2. Problem (6) is well-posed in 6 (H) and the following coercivity inequality holds:

U llega ey + ILUllge g < K()\l,é)( Ellgo ey + IILller ),

a(l —a)

where K(A1, 6) is independent of a, u, and F. Here, 65 (H) (0 < a < 1) is the Banach space which is the completion of
of smooth functions U : [0,1] — H in the norm

tU (¢t + 1) = U (@)l
IUllgz@n = IUllgen +  sup -

o
0<t<t+r<l T

and ||U equals to max ||U®)||4.
Ul eq Ostsl” Ollr

3.2. Nonlocal BVP for parabolic equation on a relatively compact domain QO C 5"
Let (a;,b;)) c(0,m),i=1,...,n—1and (a,,b,) C (0,27). Let us consider the domain

Q = &((a1, br) X -+ X (ap-1, by-1) X (an, bn)) C " (7)

Here, & : (0,1)"! x (0,271) — §" is the geodesic polar parametrization (3).
Clearly, Q ¢ §" is a normal domain with the property $" — Q is open in 5".
We consider the nonlocal boundary value problem for parabolic equation

u; (¢, x) + Agnu(t, x) + Ou(t,x) = f(t,x), 0<t<1, xeQ,

u(0,x) =

1

4
aiu(Ai, x) + u(x), x€Q, 0<A;<---<A, <1, (8)
=1

ut,x)=0, 0<t<1, xedQ.
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P
Here, Ag: is the Laplace-Beltrami operator on 5", 6 > 0, and 2 la] < 1.
i=1
We have
Theorem 3.3. The following stability inequality

lus llescnavy + Nullgrnzav,)

IIf] ||<gg (LyQaVy)

< K(A41,0) (W + ||H||~;//22(Q,dvﬂ))
is valid for the solutions of (8), where K(A1,6) does not depend on u(x), f(t, x).

We consider problem (8) as the nonlocal boundary value problem (6) in the Hilbert space H = % (Q, dVg)
with the self-adjoint and positive definite operator L = Ag: + Ol

Theorem 3.2 with H = % (Q, dVg) and the following result (Theorem 3.4) which is about the coercivity
inequality for the solution of the elliptic differential problem in #5(€2,dV,) prove Theorem 3.3.

Theorem 3.4. If we consider the following elliptic differential problem
— — =
AS"M(‘S(G)) = C()(é(e)), 0 = (91/ ceey 971) € (all bl) XX (ﬂn/ bn)r

— -
u(&(0)) =0, 0 inboundary of [a1,b1] X -+ X [a,, by],

then we have the coercivity inequality

n
Z ”ueiefnxz(o,dvg) < Killollz@av,)-
)

The proof of Theorem 3.4 is based on the following theorem.

Theorem 3.5. [4] For the solutions of the elliptic differential problem
Afu(&) = (&), &€ (a1, B1) X+ X (an, Pn),
w(&) =0, &inboundary [ar,p1] X -+ X [ay, Bul

the coercivity inequality holds:

n
Y lluee,

r=1

Lanpoxxtnpn) = KONz poxxianpn-

Here, A° = Y, 9% (ar(é)a%) anda,(§) >a>0,r=1,...,n.

—

Proof. [Proof of Theorem 3.4] Note that boundary of Q is the image &£(0) of the boundary of [a1,b1] X - - - X
[a,,b,]. Note also that this parametrization sends the interior of [a1,b1] X - - - X [a,, b,] to the interior of Q. If
u : Q) — R and vanishes on the boundary of Q, thenv =uo & : [a1,b1] X --- X [a,,b,] = R and v vanishes on
the boundary of [a1, b1] X - - - X [a,, by].

n—-1
There exist k, K > 0 so that on Q we have 0 < k < [] (sin 65)”_[ <K
=1
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From equation (4) and Theorem 3.5 it follows

" ' ] ) ,99 a](e)z?uog(e))}
f f 46, - do,

fg Ay 1) dV,(x) —
(H sin 65)

b 8u o 5( 0)
= f f Zaa[ ~ae, {0
_ ” 4010, )uog” e
= ”A(Ql """ Ol ||xz<(u1,b1)x»x(an,bn))
2
1
K'—Kg (Zl ”ve"g" fiz((ﬂl,bl)X"'X(ﬂn,bu))] ’
e
Hence, we get

172

2 1 -
£|ASV‘ u(x)| dvﬂ(x) 2 \/EKz ; Hvsiei||$2((a1,b1)><~~~><(a,,,b,,)) :

Let us now note that fori =1,...,n, we have

bl bn 1/2
2
”06’1'(7', ‘|$2((u1,b1)><~~-><(a,,,b,,)) = f o f |U(7'16i(61/ ceey 6n)| den T del
_ 1/2
b by H (sin 6,)" "
> f"'fll)@igi(el,... n)| =—d9n"'d91
1/2
1 ) n-1
=— f f [00,0,(01,...,0,)[ | | (sin6)"* dO,---do
VK -1
bl bn n-1 1/2
= | [ [lwo 0@ 00 [ in0n do,--do,
ay an t=1

5l 2l-

[ ”,s,ﬂz(o,dvg) ‘

Equations (9) and (10) yield

1/2

1 n
f Aueof av,@ | = KZZ; ool vy -
Q =

This ends the proof of Theorem 3.4. [

5037

-d0q

(10)
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3.3. Nonlocal reverse parabolic differential equation

Let (M, g) be a smooth closed orientable Riemannian manifold. Let us consider the boundary value
problem of nonlocal parabolic type

uy (%) — Apqu(t, x) — 6u(t,x) = f(t,x), 0<t<1, xeM,

u(l,x) = aiu(Ai, x) +@x), xe M, 0<A;<--- <Ay <L

1

P (11)
=1

P
Here, Ay denotes the Laplace-Beltrami operator on the Riemannian manifold (M, g), 6 > 0, and Y |a;| < 1.
i=1
We prove

Theorem 3.6. For the solutions of (11), the following stability inequality

lur llgecmmavyy  + T Lt llge zmavy)

IIf “%’f‘(‘z’z(M,dVy)

< KAy, 0) (01(1——01)) + ||L(P||$2(M,dvq))

is valid. Here, K(Ay, 0) is independent of ¢(x), f(t,x).
Problem (11) is considered as the nonlocal boundary value problem
u(t) - LU(t) =F(t), 0<t<1,

Y (12)
U(1)=ZaiU()\i)+(p, 0<A<--<A,<1
P

inH=% (M, dVg) with self-adjoint and positive definite operator L = A + Ol
The proof of Theorem 3.6, we use the following result.

Theorem 3.7. [21] If A is a self-adjoint positive definite operator on a Hilbert space H, ¢ € Z(A), F(t) € ¢} (H) and

p
Y. lil < 1, then problem
i=1

v'(t) - Ao(t) = g(t), 0<t<1,

Y (13)
o) =) aw(A)+¢, 0<A<---<A, <1
=1

i

is well-posed in ¢7*(H) and the coercivity estimate holds:

, 1
10" ey + 1ADlze ) < K(Ap, 6) m“gllﬁf;*(w + ||A§0||H),

where K(Ay, 0) is independent of ¢ and g(t), t € [0,1]. Here, ¢} (H) is the Banach space which is the completion of
smooth funtions v : [0, 1] — H with the norm

(1 =H)llo(t + 1) — o)l
||U||<g;’(H) = |lollg@ + sup m .
0<t<t+1<1 T
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3.4. Nonlocal reverse parabolic differential equation on a relatively compact domain (3 C 5"

We consider the normal domain Q c $" in (7).
We consider the nonlocal boundary value problem of parabolic type

us (t,x) — Agnu(t, x) — ou(t,x) = f(t,x), 0<t<1, xe(),

p
u(1,x) = Z au(, x) + (), x€Q, Ay <---< 1, <1, (14)
i=1

ut,x)=0, x€dQ, 0<t<1.

p
Here, Ag: denotes the Laplace-Beltrami operator on the Riemannian manifold (5%, gs:), 6 > 0, and ), |a;| < 1.
i=1
We have

Theorem 3.8. For the solutions of (14), we have the following stability estimate
lur lleemn@avyy + llu ||<g{'("//22(g,dyq))

< K(Apré)(m Il f llexz@av,) +||(P||’7V22(Q,dV,,))'

Here, K(A,, 0) does not depend on ¢(x), f(t, x).

Theorem 3.9. If Y.7_(a¢(x)@x,(x))x, — 0@ = f(1,x) — le aif(Aj, x), then the solutions of problem (14) satisfy the
stability inequality:

K(A,0)

I s llge(znavyy + 1t llgamav,y< ) Il f llgeca@av,)) -

Here, K(Ay, 0) is independent of ¢(x), f(t,x).

We consider problem (14) as the boundary value problem of nonlocal type (12) in H = .% (Q, dVg) with
the self-adjoint and positive definite operator L = Ag: + 1.

The proofs of Theorem 3.8 and Theorem 3.9, we use the symmetry properties of the operator L defined
by (14), Theorem 3.4, Theorem 3.7, and also the following result.

4
Theorem 3.10. [21] If g(t) € €*(H), g(1) - L}, aig(Ai) + A € Hy and Y |ai| < 1, then problem (13) is well-posed
i=1
in €*(H) and moreover for the solutions the following coercivity estimate
l U'||<ga(H) +[|Avllgaq) + 10 le )
4
<K|-

9(1) - ) aig(hi) + Ap
i=1

is valid, where K is independent of ¢ and g(t), t € [0,1]. Here, H, = Hy o (H, A) is the fractional space consisting all

v € H for which the following norm |[vll, = [0l + sup ., 1A *Ae™* 0|y is finite.

K(A,, 8)
+ (= a)||_l7||<g (H)

a
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4. Hyperbolic differential equations on manifolds

4.1. Nonlocal hyperbolic differential equation
Suppose (M, g) is a smooth closed orientable Riemannian manifold. Consider the mixed boundary
value problem for hyperbolic equations

uy (t,x) + A, u (t,x) + ou(t,x) = f(t,x), (£,x)€[0,1]x M,
4
u(0,x) = aju (/\j, x) + @), xeM,
j=1
(15)
4
u(0,x) = Zﬁkut (A, x) +P(x), xe M,
j=1
0<A<--<A,<1,
Here, A,, is the Laplace-Beltrami operator on the manifold (M, g), 6 > 0. We assume
p p 4
Yol Bl Y el Y 1Bul < [1+ ) as|. (16)
j=1 j=1 m=1, m#j j=1
We have
Theorem 4.1. The solutions of (15) satisfy the stability inequalities
max | u(t, ) lgymavy < K[l laaomav,
L2 lganar,y +max | LV2F ) Lsonar, |
1/2 1/2
max | L2 ) gaeary < K[1IE20 Laiar,y
1 aaar,) +max 76 uar, |
max || un(t, ) llp,(mav,) +oax | Lu(t, ) [l zomav,)< K [II Lo Nl 2 (mav,)
t
+ ” Ll/zl,b ”i”z(M,dVg) + “ f(or ) ||$z(M,dVﬁ) fo ” ft(t/ ) ”_%(M,dvy) dt]/
where K is independent of f(t,x), p(x), and (x).
We consider problem (15) as the following problem
Uy(t) + LU(t) = F(t), 0<t<1,
4
u©) =Y au(A;)+e,
j=1
(17)
4
u,0) = Y pelli (1) + ¥,
j=1
O<A < <A,<1
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in H = %(M,dV,) with the self-adjoint and positive definite operator L = A + 6I. Here, I denotes the

1/2
identity operator, ||U|| # Mdv,) = ( f " Uz(x)dVg(x)) / ,and dV, is the natural volume element of M obtained
from metric tensor g.

The proof of Theorem 4.1 is based on the following result.

Theorem 4.2. ([8, 9]) If A is a self-adjoint positive definite operator on a Hilbert space H, ¢ € D(A), ¥ € D(A'?),
and g(t) is in CY([0,1], H), and the assumption (16) is valid, then there is a unique solution of

ou(t) + Ao(t) = g(t), 0<t<1,
p

v(0) = Z ajv (/\j) + @,
=1

P
o(0) = ) Bror (M) + 9,
=1

O<A <<, <1
and the following stability inequalities hold:

lolcen < K[l + 11 A2 [y + | A™2g llcg]

A

1A ey < K[ILA™@ 1l + 19 s + 11 9 llcas |,

A

t
1" llca) + | Av ey < K[ll Ag llg + 1l AV |lg + 1 g(0) lln f Il g'(®) Il dl‘],
0

where K is independent of g(t),t € [0,1], and ¢, . Here, |||l is equal to gntevf [lo())||g-
<t<

4.2. Nonlocal hyperbolic differential equation on a relatively compact domain Q) C $"
Let us consider the domain QO C 5" in (7). We consider the mixed boundary value problem for hyperbolic
equations

uy (t,x) + Agiu (£, x) = f(t,x), (t,x)€[0,1]xQ,

r
u(0,x) = aju ()\j,x) +px), xeQ,
=1
2 (18)
w(0,x) = Y B (A, 1) + (x), x€Q,
j=1

0<A<---<4,51,

ut,x)=0, x€dQ, 0<t<1
under the assumption
4

P
Yl + i+ Y gl Y 1Bul <
=1 j

j=1 m=1, m#j

. (19)

P
1+ Z aip
j=1
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Here, Ag: denotes the Laplace-Beltrami operator on (5", gs»).
We have

Theorem 4.3. For the solutions of (18), the following stability inequalities

max (11t ) v,y + 140 o,

< K|maxll £, lagaa) *+ (196 L) + 1190 lagay)+ 19 Lo

max [0t ) o) + 110006 o,y )+ max 1100t ) L,
< K|max I ftt) oy + 17O nam)

+ (ll Poo l zy(av,) + Il Poo ”ffz(Q,dv!,)) + (ll Vo llz(qav,) + 11 o ”ZZ(Q,dV?))]
are valid, where K does not depend on f(t, x), p(x), and (x).

Equation (18) can be considered as problem (17) in H = .%((Q,dV,) with the self-adjoint and positive
definite operator L = Ag;.
To prove Theorem 4.3, we use Theorem 3.4 and Theorem 4.2 with H = #5(Q,dV).

5. Conclusion

In this article, we investigate the differential equations on smooth closed manifolds. We prove the
well-posedness of boundary value problems nonlocal type for parabolic equations and also hyperbolic
equations in Holder spaces. Moreover, in various Holder norms we obtain new coercivity estimates for the
solutions of such type parabolic boundary value problems on manifolds and hyperbolic boundary value
problems on manifolds as well. Some statements without proof were published in [10]. In future works,
following the techniques introduced in [11], we will investigate difference of equations associated to the
differential equations.
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