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Abstract. Let H be a finite dimensional Hopf C*-algebra, H; a Hopf »-subalgebra of H. This paper focuses
on the observable algebra Ay, determined by H; in nonequilibrium Hopf spin models, in which there is a
copy of H; on each lattice site, and a copy of H on each link, where H denotes the dual of H. Furthermore,
using the iterated twisted tensor product of finite *-algebras, one can prove that the observable algebra Ay,
is »-isomorphic to the C*-inductive limit - - - > H; > H = Hj > H = Hy>---.

1. Introduction

In the statistical mechanics systems, there are a large of composite subsystems, each of the subsystems
can be in a certain small number of states, and each state ¢ of the system possesses a certain energy E(o),
which is the sum of all energies of interactions between subsystems in their given states. A mathematical
description of the system S and the energy function E(o) is called a model [10].

Quantum chains considered as models of 1+ 1-dimensional quantum field theory exhibit many features,
including the integrability, braid group statistics and quantum symmetry, which is closely related to the
quantum double. In particular, in the research of the conformal field theory, quantum double symmetries
have been realized in orbifold models [6] and in integrable models [2]. The algebraic quantum field
theories also give a axiomatic approach of the quantum double symmetries [15]. Cosets, orbifolds and
simple current extensions are efficient ways of constructing conformal field theories, then based on the
algebraic quantum field theory framework using subfactor theory, Xu focused on the coset conformal field
theories to produce new two-dimensional conformal field theories [30, 31], and used the lattice models to
determine the obstructions to the flatness of the orbifold connections in some finite depth subfactors [29],
etc.. Besides, in quantum integral systems, there are some studies about the quantum groups, one can see
References [8, 11, 25, 26]. Furthermore, on the Banach algebras framework, Ng studied the cohomology
theory for Hopf C*-algebras and Hopf von Neumann algebras [17], and the duality of Hopf C*-algebras

2010 Mathematics Subject Classification. Primary 46105, 46N50, 81R15

Keywords. The observable algebra, twisted tensor product, C*-inductive limit.

Received: 03 April 2019; Accepted: 30 May 2021

Communicated by Dragan S. Djordjevié

Corresponding author: Lining Jiang

Research supported by the National Natural Science Foundation of China under grant no. 11871303 and no. 11701423.

Email addresses: wxiaomin1509@163.com (Xiaomin Wei), jianglining@bit.edu.cn (Lining Jiang), xinqiaoling®923@163.com
(Qiaoling Xin)



X. Wei et al. / Filomat 35:2 (2021), 485-500 486

[18]. On the other hand, the quantum double such as the Drinfeld’s quantum double D(H) (where H is a
finite dimensional Hopf algebra with invertible antipode) can describe the quantum symmetry in quantum
chains.

Here we focus on the second approach to describe the quantum symmetry by the quantum double in
certain models. As it is well known, the basic but important of all models is the G-spin model, where G
is a finite group. Indeed, in classical statistical systems or the corresponding quantum field theory, G-spin
models [7, 10, 21] provide the simplest examples of lattice field theory, exhibiting quantum symmetry given
by the double D(G) of a finite group G. In [21] Szlachdnyi and Vecsernyés defined the field algebra and the
observable algebra related with G-spin models, then Nill and Szlachanyi [19] investigated the following
generalization of G-spin models, looking at Hopf spin models as a general class of quantum chains, where
the quantum symmetry is revealed by Drinfeld’s double D(H) [11]. In the Hopf spin models, on each lattice
site there is a copy of finite dimensional Hopf C*-algebra H and on link there is a copy of its dual H, which
correspond to the order factor and disorder factor, respectively. Non-trivial commutation relations are

postulated only between neighbor links and sites, where H and H act on each other in the natural way, then
the observable algebra A in Hopf spin models can be obtained by the C*-inductive limit procedure. The
Hopf spin models will be reduced to the ordinary G-spin models if H = CG is a group algebra of a finite
group G.

In the usual spin models as above, there is a one-to-one correspondence between the order and disorder
operators in the lattice, this leads to the equilibrium spin models, which plays a very important role in
equilibrium statistical mechanics. However, for a macrophysical system possessed with a larger number
of particles, the number of disordered states is much greater than ordered states, implying that isolated
physical system always tends to be in disordered state. This disordered trend suggests the entropy increase
in thermodynamics. That’s the reason why the nonequilibrium statistical mechanics emerges in more
complicated situation. A nonequilibrium case determined by a normal subgroup N of a finite group G
is discussed by Xin and Jiang [27, 28], with the symmetry algebra D(N, G), where D(N, G) is the crossed
product of C(N) and CG. They proved that the observable algebra A, is exactly the iterated twisted
tensor product Apng =+ *N>xG>xN>xG>xN>--- asaC'-algebra.

Iluminated by [28], this paper considers a nonequilibrium situation in Hopf spin models. From now
on, by H we denote the Hopf C*-algebra of finite dimension over the complex field C. Let H; be a Hopf

+-subalgebra of H, one can construct a C*-algebra Apy,, by order generators H; and disorder generators H
with respect to certain commutation relations; this is called the observable algebra in Hopf spin models
determined by H;. Section 3 characterizes the observable algebra Ay, in terms of the iterated twisted

tensor product Since H; and H are matched with respect to the induced natural action between H and its
dual H one can construct Correspondmg tw1st1ng maps. Furthermore, using the iterated twisted tensor

product H; ®Ro1 I‘I®R1 ,Hi and I‘I@R1 ,Hi ®Rys H together with twisting maps Ro1,R12,Rop and R, 2,R03,Ri3,
respectively, one can get the iterated twisted tensor product of finite C*-algebras by induction

An,m = An ®R,,l,,+1 An+1 R ® Am—l ®Rm,1,,,, Am/

wheren,me Z andn <m,

Hy, i€e2Z
Ai=1~"
H, ie2Z+1.

There exist the inclusions 7 : A, v — Ay, Which are *-homomorphisms and norm-preserving, thus one
can get the C*-inductive limit of increasing C*-algebras {A;,  }n,mez, Where 1,4, is the unit in A;. Accordingly,
= (C") limy, < Ay,m, it means that

ﬂHl =---H ®R-2,_1 H ®R_1’0 H; ®R0/1 H ®R1,2 H; ®R2}3 H---

Notice that if H; = H, then Ay, describes the observable algebra A in Hopf spin models given by [19].
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Thus the observable algebra A can be defined as

A:=--H®r,, H\®R71,o H®g,, H®R1,2 H ®g,, H---.

2. Preliminaries

In this paper, all algebras are unital associative algebras over the complex field C. For more detail about
Hopf algebras one can refer to Refs. [1, 5, 14, 20]. We shall denote the comultiplication, the counit, and
the antipode by A, ¢ and S respectively. The Sweedler’s sigma notation is used throughout this paper as
follows: A(c) = ¥, c1)®c(2). Moreover, since the coassociative law holds, then A"(c) = (id®" V@A) A" () =
Z(C) c1) ®CR) @ - ®Cn+1) (n>1).

In what follows we collect some conceptions.

Definition 2.1. [5] Let (H,m,1,A,¢,S) be a Hopf algebra. A subalgebra A of H is called a Hopf subalgebra if A
is a subcoalgebra, with S(A) C A. We note that if A is a Hopf subalgebra of H, then A is itself a Hopf algebra with
induced structures of H.

Definition 2.2. [11] Let (H,m,1,A,¢,S) be a Hopf algebra. We say that H is a Hopf *-algebra if there exists an
antilinear involution * on H such that H is a +-algebra together with following conditions hold:

(1) the map  is a morphism of real coalgebras. In other words, for every h € H,
Ay = Ay, e() = e(h;
(2) the map * is compatible with the antipode S of H, namely
(*08)? =id.
Definition 2.3. [3] Suppose that (H, A) is a pair of finite dimensional C*-algebra with a unital +-homomorphism

A: H — H® H. We call this pair a Hopf C*-algebra of finite dimension if the following conditions hold:

(1) (A®id)oA=(1d®A)o A;
(2) the linear spaces span{A(H)(H ® 1)} and span{A(H)(1 ® H)} are both equal to H ® H.
Such a A is called the comultiplication of H. (H, A) is said to be cocommutativeif toA = A, wheret: H9H — H®H
is the flip, t(a®b) =b®a, a,b € H.

Note that for a finite dimensional Hopf C*-algebra, there exists a counit € and an antipode S ([25, 26]) which are
linear maps

e:eH—->C,S:H—>H
satisfying the following properties:

(1) €is a unital *-homomorphism, and S is a unital +-preserving anti-multiplicative involution;
(2) (e®id)oA=(id®e)o A =1id;
B) mo(S®id)oA=mo (id®S) o A = 10 &, where m and 1 are the multiplication and unit, respectively.

Example 2.4. If H is a finite dimensional Hopf *- algebra, the dual H of H is a finite dimensional Hopf *-algebra as
well, where the *-structure of H is given by

(¢*,a) = {p, (Sa)").

Furthermore, if H is a Hopf C*-algebra of finite dimension, so is the dual H of H.
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Definition 2.5. Let H be a Hopf +-algebra, and A be a »-algebra. A bilinear map y: H® A — A is an action of H on
A if the following hold for any x,y € H,a,b € A:
Vay(@) = yx o yy(a),
)/x(ab) = Z Vx(l)(a))/x(z) (b)/
)
Vx(@)" = Y5 (@)
In this case, A is called a left H-module algebra.

Here we give some examples of Hopf C*-algebra and their actions.

Example 2.6. Let G be a finite group. One can check that the group algebra CG of G is a Hopf C*-algebra with

Ag)=g®g e@)=1S@=9g",9=9g",g€¢G.

Let N be a normal subgroup of G. Then the group algebra CN is a Hopf *-subalgebra of CG with induced structures
of CG. Moreover, for g € G, the left adjoint action Ady: CN — CN, Ady(h) = ghg™ makes CN a left CG-module
algebra.

Example 2.7. Let H be a finite dimensional Hopf C*-algebra, H be the dual of H. Then H is a H-module algebra
under the natural left action of H, denoted by Sweedler’s arrow:

a—>q@= Zgo(l)((p(z),a>, ae H,qo [S E
()

3. The structure of the observable algebra determined by a Hopf *-subalgebra

Let H = (H, A, ¢,5,%) be a finite dimensional Hopf C*-algebra, and let H; be a Hopf *-subalgebra of H.
Then H; is a Hopf C*-algebra of finite dimension. Furthermore, H and H; are semisimple and involutive,

namely, $% =id ([23]). We still denote the structure maps of H; by A, ¢, S, and denote the dual of H; by E,
which is a Hopf C*-algebra. Elements of H will be denoted by 4,b, ..., those of H by ¢, v,..., for H; and

its dual ITI: by x,y,...,and f,g,... , respectively. In this section, we first construct a C*-subalgebra Ay, of
the observable algebra A [19] in Hopf spin models, then describe it as the infinite iterated twisted tensor
product by the C*-inductive limit.

Consider Z as the set of the 1-dimensional lattice, and set

H,, ie€e2Z
Ai=9= .
H, ie2Z+1.

We denote the elements of Ay; by Az(x), x € Hi, and the elements of A1 by Asiv1(@), @ € H. One can
define the local observable algebra as follows:
Definition 3.1. The algebra A, 1oc is defined as the unital *-algebra with generators Aji(x) and Azi(@), x €
Hi,p € H,i € Z subject to

AB=BA, A€ A;,Be A,

Agir1(p)Azi(x) = Z Asi(x@y){x@), Py Azir1(Pe),
()

Aoi(x)Azi1(p) = Z A1 (payp), X)) A2i(x),
(p)()

i-jl>2

where (-, -y means the canonical pairing between Hy and H,ie. (p,x) = p(x).



X. Wei et al. / Filomat 35:2 (2021), 485-500 489

Remark 3.2. Using the antipode together with the relation S* = id, the commutation relations above are equivalent
to the following relations

Aoi(x) Az (@) = Z (S(x@), @ay)Azini (@) Azi(x 1)),
()(p)

Agi—1()Azi(x) = Z (Pe), S(xa))A2i(x2))Azi-1(Pq))-
(p)(x)

We denote as ﬂf, wm C Am, loc the unital *-subalgebra generated by A;,n < i < m. For m < n, set &Zlg = CL
In Hopf spin models [19], for n < m, n,m € Z, the local observable algebra of finite interval A, ,, is a finite
dimensional C*-algebra by providing a *-representation of A, ,, on finite dimensional Hilbert spaces. Notice
that the +-algebra ﬂfg}ﬂ is a finite dimensional *-subalgebra of A, ,, by Definition 3.1, thus .?ll,g}n is a finite

dimensional C*-subalgebra of A, ,,. Moreover, ﬂglm, - ﬂl,,‘t}n is an unital inclusion that preserving C*-norm,
where n < n’,m’ < m. Therefore, the increasing finite dimensional C*-algebras net {ﬂi{;,, n,m € Z}, together

with the unital inclusions i: ﬂf}m, - ﬂﬁ{}ﬂ constitute a directed system of C*-algebras. This leads to the
following definition:

Definition 3.3. The C*-inductive limit of the increasing finite dimensional C*-algebras net {ﬂnH/}n, n<m, nmeZ7Z}
is called the observable algebra in Hopf spin models determined by a Hopf *-subalgebra Hy, denoted it by Ay, .

Remark 3.4. The Ay, is a C*-subalgebra of the observable algebra ‘A in Hopf spin models in terms of the continuity
and uniqueness of C*-inductive limit.

In order to give the concrete structure of the observable algebra Ay, in the way of the iterated twisted
tensor product, we firstly introduce the definition of the twisted tensor product and compatibility of twisting
maps.

Definition 3.5. [4] Suppose that (A, m4) and (B, mg) are unital associative algebras, where m4 and mp represent the
multiplications of A and B respectively. If the linear map R: B® A — A ® B satisfies

Ro(idg®my) = (ma ®idp) o (ida ® R) o (R®id4),
Ro (mp ®ida) = (ida ® mz) o (R ®idg) o (ids ® R),

then R is called a twisting map for A and B. In this case mpg = (ma ® mp) o (ids ® R ® idp) defines an associative
multiplication on A® B, the algebra (A ® B, mg) is called the twisted tensor product of A and B, denoted it by A ®g B.

Furthermore, if A and B are *-algebras with involutions j4 and jg, respectively,and R: B® A - A® B is
a twisting map such that

(Ro(js®ja) o) o (Ro(js ® ja) o 1) = ids ®ids,
then A ®g B is a *-algebra with involution (R o (jg ® ja) o 7), where 7: B®& A — A ® B is a flip given by
1b®a)=a®b.
Using the Sweedler’s sigma notation, the twisting map can be expressed by R(b ® a) = ar ® br for
a € A,b € B, and the multiplication my of the twisted tensor product A ®g B can be given by

(a®b)a' ®b') =aa; ® brb'.

Example 3.6. (1) Consider the flip t: B A — A®B, then T is a twisting map, A ®. B is the twisted tensor product
of A and B, which is exactly the usual tensor product A ® B.
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(2) Suppose that H is a Hopf +-algebra, M is a +-algebra. Let M be a left H-module algebra, then the action of H on
M gives rise to the crossed product M = H. Define the map R: H® M — M ® H as follows:

Ra®m) = Z(a(l).m) ®4a().
(@)
Then R is a twisting map, M ®g H is the twisted tensor product of M and H. The multiplication and involution

on M ®g H, which are given by (m ® a)(m’ ® a’) = 2 m(aqy.m’) @ aga’, (m®a)* = Z ”(1 me a(2), coincide
(@)

exactly with the crossed product M = H’s. In this case we identify the +-algebra M ®g H with M > H.

In particular, we point out a further result in the following lemma.

Lemma 3.7. [24] Let H be a finite dimensional Hopf C*-algebra, M be a finite dimensional C*-algebra. Suppose that
M is a left H-module algebra, then the crossed product M >~ H is a C*-algebra of finite dimension.

Proof. The strategy is to construct a faithful *-representation of the #-algebra M = H. Recall that there
exists a faithful positive linear functional ¢ on M, and a faithful positive Haar measure ¢ on H, with
(id®@p)Aa) = (p®id)A(a) = @(a)1,a € H([23]). For m € M,a € H, define a linear map 6 on M < H as follows:

O(m ® a) = p(m)p(a).

Our task is therefore to show that the map 0 is positive and faithful, then using the GNS representation
associated to 0, one can obtain that *-algebra M = H is a C*-algebra. For more detail one can refer to the
proof of Theorem 1in [24]. O

In order to build the twisted tensor product for finite C*-algebras of finite dimension by induction, we
proceed by considering the associative law of the twisted tensor product of three *-algebras. Consider the
twisted tensor products A ®g, B, B ®g, C and A ®g, C, and maps

T1:C®(A®g, B) > (A®g, B)®C, Tr: (B®r, C)®A > A®(B®g, O),

where T1 = (ida ® Rp) o (R3 ®idp), T>» = (R1 ® id¢) o (idg ® R3). If either T or T, is a twisting map, we have
(A®g, B)y®r, C = AQ®r, (B®R, O).

Indeed, it is given by the following lemma

Lemma 3.8. [9, Theorem 2.1] The following conditions are equivalent

(1) Ty is a twisting map;
(2) T is a twisting map;
(3) Ri, Ry and Rs are compatible maps, in other words, they satisfy the hexagon equation:

(ida ® Rp) o (R3 ®idp) o (idc ® R1) = (R ® idc) o (idp ® R3) o (R, ® id ).

If one of the equivalent conditions holds, (A ®g, B)®r, C = A®r, (B®g, C). In this case, we denote it by A®g, B&g, C,
called the iterated twisted tensor product of A, B and C.

Moreover, if the twisting maps R1, Ra, R3 such that the twisted tensor products A ®g, B, B®g, C and A ®g, C are
all »-algebras, then the iterated tensor product A ®, B ®g, C is a +-algebra.

Consider the canonical pairing between H and its dual H:

(,):H®H - C, a®¢ (a,¢)={p,a),
(,yHRH->C, @®a (p,a),
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where (@, a) = ¢p(a).

Then the left actions of H; on Hand Hon H; are denoted by Sweedler’s arrows as follows:

X—>@= Z P{P@), X)),
()

Q=X :Zx(1)<X(z),(p>, xeH;,pe E
)

Letn € Z. If nis even, A,, = Hy; otherwise A, = H. Then Ajis aleft Aj-module algebra where the action
is given by the above for j = i + 1 case otherwise it is a identity. Define the maps

Ronpnsr 1 A1 ®Azy = Ay ® Appia
p®x > Y(pw 2 x)®pe) = L xaixe), Pa) @ e,
(@) (p)(x)
Ron—1pn 0 Aon®Apr — Ap1 ® Ay,
x®@p  Yxa) 2 @)®xe) = L 9aXee), Xa) ®xw),
(x) )@
Ri,j : A]‘®Ai A,’®Aj

ﬁ
Xj®xi P x®x;, j-ix2,

where (-, -) denotes the paring between H; and H. One can verify that the maps above are twisting maps.
As an immediate consequence from Example 3.6 (2) and Lemma 3.7, one has that the twisted tensor product
A; ®g,; Ajis a C'-algebra whenever i < j.

Proposition 3.9. Rq1,Ri2, Roo and Rip, Ry, Ri3 are compatible twisting maps, respectively.

Proof. 1t is equal to prove the following equalities:

(idH1 ® R1,2) o (Ro/z ® ldﬁ) o (idH1 ® RO,l) =(R0,1 ® idHl) o (1dﬁ ® RO,Z) o (RLQ ® idH1 ),
(idﬁ ® R2,3) o (R1,3 &® idHl) o (idﬁ ®Ri2) =(R12® idﬁ) o (idH1 ®Ry3)0 (Rz/g & idﬁ).

Applying the left-hand side of the hexagon equation to a generator x®@ p @y of A, ® A1 ® Ag = H1 ® HeH;,
we have

(idp, ® R12) © (Rop ®idg) o (idp, ® Rop)(x®@ @ ® )

=(idp, ® R12) © (Ro2 ® idg)(z x®(Pay) = ¥) @ )
(p)

=(idu, ® Ri2)() (P = ) ® X8 9)
(@)

= Z (Pa) = 1) © (xa) = ) ® X
@)

= Z Yoy, Pm) @ PaiPe), Xa) ® X@)-
@H®



X. Wei et al. / Filomat 35:2 (2021), 485-500 492

On the other hand, for the right-hand side we get
(Ro1 ®idp,) o (id ® Ro2) © (Ri2 ®idp, )(x ® ¢ ® )
=(Ro;1 ®idp,) o (id5 ® Ro,z)(Z(x(l) - Q)®x2) ®Y)
®)

=(Ro1 ®id)( ), Py (e, ¥1) @ ¥ ® X))
@)

= 2 (@) = YNPE), X)) @ P) ® X@)
@)

= Z Yo ly@, Pm) @ PaiPe), Xa) ® X)-
(P)y)

It proves that Ro1,R12, Ry are compatible twisting maps. Similarly, one has the compatibility of the maps
Rip,Ryzand Ri3. O

Based on the compatibility of the twisting maps above, one can define the multiplications and involution
maps on twisted tensor products Ay ®g,; A1 ®r,, Az and A1 ®g, , A2 ®g,, A3, such that they become C*-algebras
of finite dimension. We divide the progress into three steps which are of interest by their own means.

Forx;® p; ® y; € Ag ®Ry, Aq ®R, Ay, i®X; @1 €A ®R,, Ay ®R, 3 As, i=1,2,set

(1 ® Q1@ y1)(X2 ® P2 ® I2)
= Z xl((Pl(l) - X2)® P1p) (]/1<1> - (PZ) @ Yip Y2

(p1)(y1)

= Z X124 (X2, P10)) @ Pl P20 (P2 Y1) B Y1y Y2,
(P1)(y1)(x2)(p2)
(p1®@x1 @ P1)(P2 ® X2 ® Y2)

= Z (Pl(xlm = ¢2) ® X1, (l;blm = X2) ® lljlmlabZ
(1)) (1)

= Z P1P20) (P2 X1 ) B X1 X2 X2y, P10)) @ Y1) P2
() @1)(p2)(x2)

Lemma 3.10. A ®r,, A1 ®r,, Az and A1 ®g,, Az ®r,, As are algebras with the multiplication in the above.

Proof. It suffices to prove that the associative law holds for Ay ®g,, A1 ®k,, A2 and A ®g,, Az ®g,, A3. Since
their proofs are similar, we check only the first one. Indeed, for x; ® ¢; ® y; € Ag ®g,, A1 ®r,, A2,i =1,2,3,
we have
(x1®@P1® Y1) (2@ P2 ® Y2) (X3 ® P3 ® Y3))
= Z (1 ® 1 ® Y1) (X2X3,) (X3, P21)) ® P20 P30 (P30 Y20)) @ Y20 Y3)
(P2)(y2)(x3)(¢3)
= Z X120, X3y {X20) X3y P10y K305, P2))
(1) (Y1) (2)(P2)(y2)(x3)(@3)
® P10, P20 P30, (P26 P30y Y100 P30y Y200 ® Y1 Y2, Y3
= Z X1X24) X33, <x2(2), P1qy )<x3(2), P §02(1>>
(P1) (1) (2)(@2)(y2)(x3)(3)
® P10 P20 P30 P25y Y10y P30y Vi Y20y © Y1y Y2 Y3
=((1®P1® Y1) (2@ P2 ® 2)) (X3 ® 3 ® Y3).
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Furthermore, consider the conjugate linear map
0: Ag ®r,, A1 ®g,, Az = Ag ®r,, A1 ®g,, Ao,
and
n: A1 ®gr,, Az ®g,, Az — A1 ®g,, A2 ®r,, A3z

given by

O(x®p®yYy) = Z X1y © Py, SE@NP R (@E), SYm)) © Yy,
@)

and

Ne®xey) = Z Py ® (P, S())x o) ® (S(X@E), Py ),
(@) W)

respectively.

Lemma 3.11. A ®g,, A1 ®r,, Az is a *-algebra together with (x® p®y)' = O(x® P ® y), where x@ P @ Yy is a
generator of Ag ®g,, A1 ®r,, Aa. Similarly, Ay ®g,, Az ®r,, A3 is a *-algebra with the involution map 1.

Proof. Now we check that the map 0 makes the algebra Ay ®g,, A1 ®g,, A2 a *-algebra. For x® p®y €
Ap ®Ry; Ay @Ry, A,, one has

(x@p®y)y)

=( Y x4 @), SEP L Pe, S ® i)
@(P)(y)

= Z X(1) @ (P (1), SKE)HP ) SKip NP Py S(Yi)) X P5), S()) ® Y3)
()W

= Z Xy ® (pa), S NP, (S(SX) I Pw, (SR Kee), SYm)) © ye)
@)

S%=id
= Z Xa) ®{Pa), SXE)XP), X@)PE (Pw, Yo XPe), S(m)) ® ye)
@)

=XQQ QY.

Furthermore, for x® p ® y, z® P ® w € Ag ®g,, A1 ®R,, Az,

oYW (x®pay)
= Y, Gyo W, Sty e, Sww) @ w)y)
@ W) (W) (p)(w)

X () ® (P, S Py (P, SYMm)) ® Yi))

= Z zoy{W), SE) XY ), S@)X (Y n)a) = X))
@) w) () (p)(w)

® (V) (@Wr)a) = PP, SE@)XPe), S(Yn)) @ (Wr)oY

= Z zy Xy Py, S(z)XP), S(x@) XYy, S(wa)))
@) w)x)(@)(w)

® Y3y P ) (1), SXE)HPe), S@@)X @@, S(ym)) @ Wi Yy,
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on the other hand,

(x@pey)zeyYew)

= Z (za)(z), Pa)) @ P )Y, Ya) @ Yyow)
@HE)

= Z ZoyX1y$z@), Py
(P)W)@)W)

® (P V), SE@Z)) V0P e Pwie), SYwm)XY e, Ya) ® Wy Y,

= Z Z0yX(1y 2z, Py)
@MEW)

® (P), SEE)HUPE), SEE)XPa), SC)XYe), SE)W P
X{P), S@)XPe), SYE) XY@, S@n)XYe), SY)XPe), Yay) @ Wi Y

= Z zZoy Xy {P), €(z@)) ® P, S(x@) XY ), S(ze)XP@), S(x@))
(PWE@)

X Y5905 (P@), SWe)XPe), SY@)X ), S@a))XPe), e(ya) ® wis Y,

= Z 24Xy @ (@), S P ), SE@)XWa), SC) Y P
@HNE)

X{P@), SW)XP@, SY)HXPa, S(wa)) ® Wi Yy,

where the penultimate equality follows from the $? = id.
Thus one can get

(x®@peYERYOW) =zRYPRW) (xRPRY)"
The proof is completed. [

Moreover, Ay ®g,, A1 ®r,, A2 and Ay ®g,, Az ®g,, A3 are both finite dimensional C*-algebras. In fact,
Ap®R,, A1 is a finite dimensional C*-algebra, the action of finite dimensional Hopf C*-algebra A; on Ag®g,, A1
is given by

Ar(x).(Ao(v) ® A1(@)) = Ao(v) ® A1(x — @),

such that Ay ®g,, A1 is a left A,-module algebra. Thus the *-algebra (Ag ®g,, A1) > A; is a finite dimensional
C*-algebra. On the other hand, A ®r, (A1 ®r,, A2) = (Ao ®r,; A1) ®r A; follows from Proposition 3.9,
where T}, : (A1 ®g,, A2) ® Ay = Ay ® (A1 ®g,, Az) defined by T, = (Ro1 ®ida,) o (ida, ® Rop), and

T2, : Ay ® (A ®g,, A1) = (Ao ®g,, A1) ® Az defined by T5 | = (ida, ® R12) o (Ro2 ® ida,) are twisting maps.
Specifically, one has

T2, (Ax(x) @ Ao(y) ® A1(@)) = ), Aa(xn) (Ao(¥) ® Ar(p)) @ Ax(xer).
(%)

Therefore, the *-algebra (A¢ ®g,, A1) ®r Ay = (Ap ®g,, A1) % A is a finite dimensional C*-algebra, i.e.,
Ag ®g,, A1 ®R,, Az is a finite dimensional,C*—algebra. Another one is established in a similar fashion.

Before moving forward we want to give a notion that for any i < j < k (i, j, k € Z), the twisting maps
Rij,Rjx and R;\ are compatible such that the corresponding twisted tensor product is a C*-algebra, which
makes it possible for us to build an iterated twisted tensor product of any finite C*-algebras (> 4) by
induction.
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Now consider the Hopf C*-algebras A, A, ..., Ay, and twisting maps R;j : A; ® A; — A; ® A; for every
i < j as in the above. For every i < n — 1 define the maps

(An 1®R"1n n)®A — A; ®(An 1 ®r A)

n -1n* n-1,n

by T! _1p = Rip-1®ida,) o (ida, , ®R;,). One can get that T

1 , are twisting maps because R; -1, Ry-1,, and
Rin are compatible. Generally, let

]1] (A]1®R A]')®Ai—>A1'®(A]1®R A)

J=1j

be given by T;’.fl,]. =(Rjj-1® idA/.) o (id,q}._1 ®R;;) forevery i < j—1,and let

Tl

1, A ® (A Ry Aj) = (Ajo1 Bryyy A)) @A

be given by T§—1,j = (ida;, ® Rji) o (Rj-1,, ® idy,) for every i > j. The above all are twisting maps. Moreover
we have the results as follows:

Proposition 3.12. Let Ay, ..., A,-1, Ay be the finite dimensional Hopf C*-algebras as in the above, R;j : A; ® A; —
A; ® Aj be the twisting maps for every i < j as in the above. Then for any i < j <k, the maps R; j, R;x and R;y are
compatible. Moreover, for every i,k ¢ {j — 1, j}, the maps Rix, T and Tk jare compatible. And for any i, the
+-algebras

Ay

n=1,n

AL @R, ®Ry 5y A2 B2, (A1 Ry Ai) it At BRiyjr O
are all equal. Thus we can build the iterated twisted tensor product

A1 ®R,, A2 OR,s *** ®R, s Anc1 O,y Any
which is a finite dimensional C*-algebra.

Proof. We proceed by induction over n > 4.

(1) When n = 4, consider Ay, --- , A4, and the twisting maps Rij: Aj®Ai > Ai®A;, 1<i<j<4

We firstly check the compatibility of Rz, T;, and T3 ,» which is equal to verify the hexagon equation:

(R12 ® idasey, ,4,) © (ida, ® T3,) © (T§,4 ®idy,)
:(idA1 ® T\%A) ° (T;A ® idAz) o (idA3®R3AA4 ® Rl,z)/
where T} | = (Ri3®idy,) 0 (ida, ® R14), T2, = (Ro3 ®ida,) 0 (ida, ® Ros).
For (Y ® y) ®X® P € (A3 ®r,, A1) ® Ay ®A1, we have
(R12 ® idasey, ,a,) © (ida, ® T3 ) 0 (T3, ®ida ) (P ® y) ®x ® @)
=(Ry2 ®1idasep, ,4,) © (ida, ® T§,4)(((R2,3 ®idy,) o (ida, ® Rp4)) ® ida (Y ® y) ® x ® ¢)

=(R1,2 ®idasep, ,4,)(id 4, ® (Ri3 ®1ida,) o (ida, ® R14)))( Z x){x@), Yay) @ Py ® Yy ® @)
@)

=(R1,2 ® idaser, , 40)( Z X)X, Ya) @ ¢ ® Py ® )
@)

= Z PP, X1))XXE), Ya)) @ X2 @ P @Y,
@)
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on the other hand,
(ida, ® T5,) 0 (T3, ®ida,) © (idaser,, 4, @ Ri2) (Y @ y) ©x @ )

= Z PP, X)) ® X {X@), Ya)) @ P @ Y-
@@)

Thus
(A1 ®r,, A2) ® (A3 ®R,, Ag) =A1 ® (A2 ®r2, (A3 ®R,, A4))
=A; ® ((A2 ®r,, A3) ®r, Ayg).
Similarly,
(Ty5 ®ida,) © (idaser,, 4, ® Rig) 0 (T35 ®1ida,)
=(ida, ® T3 3) © (Ri4 ® id ey, 4,) © (ida, ® T5),

where T;,3 = (Rl,z ® idA3) o (idA2 ® Ri3), Tg,B = (idAz ®R34) 0 (R2,4 ® idAa).
For y® x® I,D) Q@ e AL ® (A; ®R, 3 A3)® Ay,

(Ty5 ®ida,) © (idaey,, 45 ® Ri4) 0 (Ty5 ®ida, )y ® (x® ) ® )

Z(T;,_’, ®ida,) 0 (idAz®1<2'3A3 ®Ri4)0 (((ldAz ® R3,4) ° (R2,4 ® ldAa)) ® idAl) (yox@yYep)

(T35 ®ida,) © (ida,ey,, 4s ® Ria)( Z x® Pay{P), ya) ® Yo ® )

@
=((R12 ®idy,) o (ida, ® R13)) ®ida,)( Z X @ Ya v, Ya) @ P @ Yw)
@
= Z PP, Xa) ® X@) @ Yay (), Ya)) ® Y,

W) W(p)(x)
(ida, ® Ty 5) 0 (Ri4 ®id sy, ,45) © (ida, ® T 3)(y ® (x @ Y) ® @)

=(ida, ® T3 3) © (R14 ® idayey,,4,) © (ida, ® (R12 ® ida,) © (ida, ® R13)(y @ (x @ ) @ )

=(ids, ® Ty 5) 0 (R4 ® id a,@p, ,4:)( Z Y® P {P), X)) ® X2) ® V)
(p)(x)

=(id4, ® ((ida, ® R34) 0 (Ro4 ®ida,)))( Z PP, X)) @Y ® X2 ®Y)
)

= Z PP, X)) ® X ® Ya o), Ya)) ® Yo)-
@D

Therefore
A1 ® (A2 ®r,; A3) @y, Aa) =(A1 @1, (A2 By, A3)) © As
=((A1 ®r,, A2) ®rs, Az) ® As.
Finally, the twisting maps R », Tg, , and T;/ , are compatible, Lemma 3.8 shows that
(A3 ®ryy As) ® (A1 By, A2) = (A1 ®R,, A2) ® (A3 Ry, As)

is a twisting map, which is equivalent to that T°,, R34 and T}, are compatible:

27
(TS, ®ida,) © (ida, ® T},) © (R34 ®ida,e, ,4,)
=(id e, ,4, ® Raa) © (T}, ®ida,) o (ida, ® T3 ).

496
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This leads to that
(A1 @Ry, A2) Br3, A3) ® Ay = (A1 Ry, A2) ® (A3 By, Ag),
As results one can get
A1 ®r,, A2 @12 (A3 ®R,, As) =A1 ®71, (A2 By, A3) Oy, Ad
=(A1 8r,, A2) B3, A3 ®k,,, As.

Note that all the twisted tensor products associated with above twisting maps are *-algebras. Together
with these, the *-algebra A ®g,, A> ®r,, A3 ®r,, A4 is well defined. We call it the iterated twisted tensor
product of Ay, - -+, A4, and it is a finite dimensional C*-algebra.

To see this, let us review that A; ®g,, A2 ®,, A3 is a finite dimensional C*-algebra. The action of finite
dimensional Hopf C*-algebra A4 on A; ®g,, A2 ®g,, A3 is

Ay (x).(A1(@) ® Az(y) ® As(¥)) = Ar(@) ® Aa(y) ® As(x — ),

such that A ®g,, A2 ®r,, A3 is a left Ay-module algebra, then the -algebra (A1 ®k,, A2 ®r,, A3) <Ay is
a C*-algebra of finite dimension. Combining the above, the desired result is obtained.

(2) Without loss of generality assume thati < j—1and i < k. We consider only the casesi = j—2ork = j—2
(other cases are either similar or all maps are flips except R;x), one can obtain the compatibility of the
maps Rk, T;—l,j and T;?_L. in the same way as Proposition 3.9.

Suppose that the conclusions hold for Ay, ..., A,_1, then given j =1, ..., n, for any i, the +-algebras

A1 @Ry ORisiy A2 Oz (Ait ®ryy Ai) ®pint Ajr1 @Ry OR 1y Aj2

®T];z_ (Aj_l ®R/‘*Li Aj) ®Tj+l _ Aj+1 ®R/‘+1,j+2 ce ®Rn721n71 A1 ®Rn—1,n A,
J=Lj j=Lj

are all equal, thus these all *-algebras

Ap

n-1n

AL ®Ry, * ®Ri iy Ai2 ®ri2 (Aic1 B,y Ai) ®rint Ai1 ®Riyr O
are equal, one can build the iterated twisted tensor product

A1 ®R,, A2 ® - ®r An-18r,,, An-

n-2n-1

By induction, the action of finite dimensional Hopf C*-algebra A, on finite dimensional C*-algebra
A1 ®R,, *** ®R,_,,., An-1 gives rise to the C*-algebra (A ®g,, A2 ® -+ ®R,_,,, Au-1) = A,;, which shows
that the *-algebra A ®g,, A2 ® - ®R,_,,; An-1 ®r,_,, A is a finite dimensional C*-algebra.

0

In particular, for any n,m € Z and n < m, set
An,m = An ®R,ll,,+1 An+1 R ® Am—l ®Rm,1,,,, Arn/

which is a finite dimensional C*-algebra.
Notice thatif n < n’ and m’ < m, then A, v € Ay . The inclusions i : Ay y — Ay given by

(X ®Xp41® - ®Xpy) =14, @ ®1s, , Xy OXp41® - Xy @1y, , ®---®1y,

n' - m’ +1

are *-homomorphisms and norm-preserving, thus increasing C*-algebras {A; ;1}umez together with inclu-
sions constitute a directed system of C*-algebras {A,, u}nmez, Where 14, is the unit in A;.

Accordingly, for any n,m € Z and n < m, let 8 be the C*-inductive limit of the directed system
{Aym, n,m e Z} as follows:

B = UA””” .

n<m
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In other words,

B=---H ®R_y 1 H ®R_1p H; ®Ry, H @Ry, H; ®Ry5 H---,

where “---” includes a C*-inductive limit procedure. We call B the infinite iterated twisted tensor product.
Moreover, 8 can be expressed in terms of the following form according to the Example 3.6 (2)

B=---xH; xﬁle xﬁlex--- .
Now it’s time to arrive at the main result of the paper, which is given by the following theorem.

Theorem 3.13. The infinite iterated twisted tensor product B is +-isomorphic to A, .

Proof. LetI =I' N Z, where I’ denotes the closed finite subintervals of R, A (I) be a *-algebra generated by
A;, i € I, which is further a finite dimensional C*-algebra. By the definition of Ay, one can get

A, =] A ).
1

Let @g>: Ag ®g,, A1 ®r,, A2 — ﬂff; be given by

Dp2(x @ 9 ® y) = Ap(x)A1(9)A2(y),
where x ® pRYE Ap ®Ro, A1 ®Ry, ®A;.
Then
Dp2(x®@ @ ® Y)DPo2(z ® P ® w)
=Ao(x)A1(P)A2(y)Ao(2)A1(P) Az (w)
=Ap(x)A1(p)Ao(2)A2(y) A1 () Az (w)
= Z Ao()Ao(z1)){z@), PaA1(@@) A1 (Y)Y ), Ya))A2(Y@)Az(w)
(@)
= Y Adeza)Ca, PP n)Ye, o) Axew),
(P @)
where the equalities follow from the commutation relations in A, joc.
On the other hand,
Do2((x®@p®Y)(z@ Y @ W))

=D, ( Z x2a)(z@), Pay) ® PYa Y, Ya)) @ Yo w)
@HEOW)

= Z Ao(xz(1)){z), Pay A1)V e), YA (yoyw).
(@) @)(Y)

Furthermore, @y, preserves the adjoint, that is, ®pp 0+ = + 0 O 5.

(Do2(x® @ @ Y))" =(Ao(x)A1()A2(y))
=Ar(y")A1(@ ) Ao(x")

- Z A@){ Py Yy Ao (¥ Aa(Yny)
()W)

= Z AO(le)xx&)/ (P:1)>A1((P22))<(P23)/ ]/21)>A2(]/22))
@ (@)v)

=Py ( Z Xy @ Py, S(x@))P ) (Pe), S(Ym)) ® Yiy)
@)y
:CDO,Z(x P y),,
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Notice that @y is a bijection, thus it is a *-isomorphism from C*-algebra Ay ®g,, A1 ®,, A2 to C*-algebra
ﬂg{ »» which implies that @, is necessarily norm-decreasing [16]. By induction one can define @, ,, n < m
in a similar way. This implies that

o: | JAwn > | A,

n<m n<m

satisfying ®@|4,, = @, is also a *-isomorphism since each @, ,, is a *-isomorphism. Therefore ® can be
extended continuously to a *-isomorphism

©: | A — | AL

n<m n<m

By the uniqueness of the C*-inductive limit [12] one can get that 8 = |J A, is *isomorphic to Ay, =

n<m

LIJﬂHl(I) . O

Remark 3.14. Theorem 3.13 shows that the observable algebra in Hopf spin models determined by a Hopf +-subalgebra
H; of H can be defined as

Ap, =---H ®R 5,4 E®R—l,0 H, @Ry, E®R1,z H, ®Ry5 ﬁ e
In particular, considering H itself as a Hopf *-subalgebra of H, the observable algebra A [19] can be established as
A=---H®, , H\(X)wa H ®g,, H@Rm H ®g,, He-.

The relations above also show that Ay, is a C*-subalgebra of A. If H = CG, Hy = CN, where G is a finite group, N
is a normal subgroup of G, one can accordingly get the observable algebra [28]

ﬂ(N,G) =---N ®R_, G ®R_10 N ®Ro, G ®Ry, N ®Ry5 G---.

Remark 3.15. In the Hopf spin models determined by a Hopf *-subalgebra Hy of H, on each lattice site there is a copy
of finite dimensional Hopf C*-algebra Hy, and on link there is a copy of the dual H of H, as shown in (1). It’s natural
to ask how about the H and Hy, which are postulated on the lattice site and link, respectively, as shown in (2).

H H H

(1)
Hy Hy Hy Hy

H; Hy Hy

(2)
H H H H

Howewver, it is not always possible to construct a twisting map between H and Hy, as demonstrated by the follows.
Define the map ¢: H® Hy — Hj,

e f=Y falfora),
()]

wherea € H, f € Hy. The map is not well defined because {f(»), x) is not matched possibly. In this case, the twisted
tensor product Hy ® H related with the map ¢ is meaningless unless Hy is the certain Hopf +-subalgebra of H or
change the action of H on Hy. Moreover, the algebra

---H ®R,2,,1 H; ®R71,0 H ®R0,1 H; ®R1,2 H ®R2'3 H;---

can not be well defined. Indeed, it is not possible to happen when the number of order factors is much more than
disorder factors in statistical mechanical models.
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