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Abstract. In this work, we present a new concept of measure-ergodic process to define the space of measure
pseudo almost periodic process in the p-th mean sense. We show some results regarding the completeness,
the composition theorems and the invariance of the space consisting in measure pseudo almost periodic
process. Motivated by above mentioned results, the Banach fixed point theorem and the stochastic analysis
techniques, we prove the existence, uniqueness and the global exponential stability of doubly measure
pseudo almost periodic mild solution for a class of nonlinear delayed stochastic evolution equations driven
by Brownian motion in a separable real Hilbert space. We provide an example to illustrate the effectiveness
of our results.

1. Introduction

The qualitative theory of differential equations, involving almost periodicity, has been an attractive
topic because of its significance and applications in areas such as physics, mathematical biology, and con-
trol theory. The concept of almost periodicity was first introduced in the literature by Bohr in 1923, for more
details about this topic we refer the reader to the recent book of N’Guérékata [16] where the author gave
an important overview about the theory of almost periodic functions and their applications to differential
equations. The notion of µ−pseudo almost periodicity, which was introduced and developed by Ezzinbi et
al. [3, 8, 10, 13–15], is a generalization of the almost periodicity and pseudo almost periodicity introduced
by Zhang [18, 19]; it is also a generalization of weighted pseudo almost periodicity firstly introduced by
Diagana [9].

In recent years, stochastic differential systems have been extensively studied since stochastic modeling
plays an important role in physics, engineering, finance, social science and so on. Qualitative properties
such as existence, uniqueness and stability for stochastic differential systems have attracted more and more
researchers attention. The existence of almost periodic, pseudo almost periodic and measure pseudo almost
periodic solutions for stochastic differential equations was obtained. We refer the reader to [1, 2, 6] and
references therein.
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In this work, we consider the following stochastic evolution equation driven by Brownian motion in a
separable Hilbert spaceH :

dx(t) = Ax(t)dt + f (t, x(t − τ))dt + ϕ(t, x(t − τ))dW(t), t ∈ R, (1)

where A is the infinitesimal generator of a C0−semi-group (T(t))t≥0 exponentially stable, f , ϕ are two
stochastic processes andW(t) is a two-sided standard Brownian motion with values inH.
In [7], F. Chérif investigates the existence of the quadratic-mean pseudo almost periodic solutions of Eq. (1).
In [11], the authors obtained sufficient condition for the existence of p-th mean µ-pseudo almost periodic
mild solutions to the following class of nonlinear stochastic evolution equations driven by a fractional
Brownian motion in a separable Hilbert spaceH :

dx(t) = A(t)x(t)dt + f (t, x(t))dt + θ(t, x(t))dW(t) + ψ(t)dBH(t), t ∈ R, (2)

where (A(t))t∈R is a family of densely defined closed linear operators satisfying Acquistapace–Terreni con-
ditions; f , θ are two stochastic processes andψ a function deterministic. The concept of almost automorphy
was first introduced in the literature by Bochner in the earlier sixties, it is a natural generalization of the
almost periodicity. In [12], the authors gave some results for the existence of p-th mean µ−pseudo almost
automorphic (or measure pseudo almost automorphic) mild solutions from equation (1) without delay.
Motivated by the above discussion, we introduce the concept of doubly measure pseudo almost period-
icity, we give some fundamental properties and we investigate the existence, uniqueness and stability of
(µ, ν)-pseudo almost periodic mild solutions in p-th mean sense for Eq. (1).
The organization of the work is as follows : In section 2, we introduce the concept of doubly measure pseudo
almost periodicity. In section 3, we give some new developments on the completeness and composition
of measure pseudo almost automorphic functions. In section 4, we study the existence and uniqueness of
(µ, ν)-pseudo almost periodic mild solutions in p-th mean sense for Eq. (1). Section 5 states the stability of
the (µ, ν)-pseudo almost periodic mild solutions for Eq.(1). Finally, in section 6, we provide an example to
illustrate the basic theory of this work.

2. (µ, ν)-pseudo-almost periodic processes

We denote by B the Lebesgue σ-field of R and by M the set of all positive measures µ on B satisfying
µ(R) = +∞ and µ([a, b]) < +∞ for all a, b ∈ R (a < b). We introduce the following new space of (µ, ν)-ergodic
functions :

Definition 2.1. Let µ, ν ∈M. A bounded continuous function f : R→H is said to be (µ, ν)-ergodic in p-th (p ≥ 2)
mean sense, if

lim
r→+∞

1
ν([−r, r])

∫ r

−r
‖ f (t) ‖p dµ(t) = 0.

We denote the space of such all functions by ξ(R,H, µ, ν).

We give the following hypothesis.
(H1) Let µ, ν ∈M,

lim sup
r→+∞

µ([−r, r])
ν([−r, r])

= α ≺ ∞.

Proposition 2.2. Let µ, ν ∈M satisfy (H1). Then (ξ(R,H, µ, ν), ‖ . ‖∞) is a Banach space, where
‖ f ‖∞= sup

t∈R
‖ f (t) ‖ .
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Proof. It is enough to prove that ξ(R,H, µ, ν) is closed in BC. Let ( fn)n be a sequence in ξ(R,H, µ, ν) such
that lim

n→+∞
‖ fn − f ‖∞= 0. Since ‖ f ‖p is a convex function, then for r > 0, we have∫ r

−r
‖ f (t) ‖p dµ(t) 6 2p−1

∫ r

−r
‖ fn(t) − f (t) ‖p dµ(t) + 2p−1

∫ r

−r
‖ fn(t) ‖p dµ(t).

It implies

1
ν([−r, r])

∫ r

−r
‖ f (t) ‖p dµ(t) 6

2p−1

ν([−r, r])

∫ r

−r
‖ fn(t) − f (t) ‖p dµ(t) +

2p−1

ν([−r, r])

∫ r

−r
‖ fn(t) ‖p dµ(t).

It follows that,

lim sup
r→+∞

1
ν([−r, r])

∫ r

−r
‖ f (t) ‖p dµ(t) 6 lim sup

r→+∞
2p−1µ([−r, r])

ν([−r, r])
sup
t∈R
‖ fn(t) − f (t) ‖p .

Moreover,
sup
t∈R
‖ fn(t) − f (t) ‖p6

(
sup
t∈R
‖ fn(t) − f (t) ‖

)p
= ‖ fn − f ‖p∞,

and from (H1), we obtain

lim sup
r→+∞

1
ν([−r, r])

∫ r

−r
‖ f (t) ‖p dµ(t) 6 α2p−1

‖ fn − f ‖p∞ .

Since lim
n→+∞

‖ fn − f ‖∞= 0, we deduce that

lim
r→+∞

1
ν([−r, r])

∫ r

−r
‖ f (t) ‖p dµ(t) = 0.

�

Definition 2.3. [11] A stochastic process x(t) : R → Lp(Ω,H) is said to be stochastically bounded in p-th mean
sense, if there exists C > 0 such that

E ‖ x(t) ‖p6 C, ∀t ∈ R,

and a stochastic process x(t) : R→ Lp(Ω,H) is said to be stochastically continuous in p-th mean sense, if

lim
t→s
E ‖ x(t) − x(s) ‖p= 0, ∀ t, s ∈ R.

Denote by BC(R,Lp(Ω,H)) the collection of all the stochastically bounded continuous processes. We can
verify that BC(R,Lp(Ω,H), ‖ . ‖∞) is a Banach space, where

‖ x ‖∞= sup
t∈R

(
E ‖ x(t) ‖p

)1/p
.

Definition 2.4. Let µ, ν ∈ M. A stochastic process x is said to be (µ, ν)-ergodic in p-th mean sense, if x ∈
BC(R,Lp(Ω,H) and it satisfies

lim
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ x(t) ‖p dµ(t) = 0.

Denote by ξp(R,Lp(Ω,H), µ, ν) the set of all such stochastic processes.

Proposition 2.5. Let µ, ν ∈M satisfy (H1). Then
(
ξp(R,Lp(Ω,H), µ, ν), ‖ . ‖∞

)
is a Banach space.

To prove this proposition, we have just to use the same arguments in the proof of Proposition 2.2. The
following lemma gives some properties of ergodicity.
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Lemma 2.6. Let µ, ν ∈ M, satisfy (H1), and let I be a bounded interval (eventually I = ∅). Suppose that
x ∈ BC(R,Lp(Ω,H)). Then the following assertions are equivalent :
(i) x ∈ ξp(R,Lp(Ω,H), µ, ν);

(ii) lim
r→+∞

1
ν([−r, r]\I)

∫
[−r,r]\I

E ‖ x(t) ‖p dµ(t) = 0;

(iii) for any ε > 0,

lim
r→+∞

µ{t ∈ [−r, r]\I : E ‖ x(t) ‖p> ε}
ν{t ∈ [−r, r]\I}

= 0.

Proof. The proof uses the same arguments of the proof of Theorem 2.22 in [10].
(i)⇐⇒ (ii) We denote byA = ν(I), B =

∫
I E ‖ x(t) ‖p dµ(t) and C = µ(I). Since the interval I is bounded and

x ∈ BC(R,Lp(Ω,H)), thenA, B and C are finite.
For r > 0 such that I ⊂ [−r, r] and ν([−r, r]\I) > 0,
we have

1
ν([−r, r]\I)

∫
[−r,r]\I

E ‖ x(t) ‖p dµ(t) =
1

ν([−r, r]) − A

( ∫ r

−r
E ‖ x(t) ‖p dµ(t) − B

)
=

ν([−r, r])
ν([−r, r]) − A

( 1
ν([−r, r])

∫ r

−r
E ‖ x(t) ‖p dµ(t) −

B
ν([−r, r])

)
.

Since ν(R) = +∞, we obtain that,

lim
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ x(t) ‖p dµ(t) = 0.

Thus, (i) and (ii) are equivalent.
(ii)⇒ (iii) Let Aε

r = {t ∈ [−r, r]\I : E ‖ x(t) ‖p> ε} and Bεr = {t ∈ [−r, r] : E ‖ x(t) ‖p6 ε}.
Assume that (ii) holds. Then, we have

1
ν([−r, r]\I)

∫
[−r,r]\I

E ‖ x(t) ‖p dµ(t) ≥
1

ν([−r, r]\I)

∫
Aε

r

E ‖ x(t) ‖p dµ(t)

≥ ε
µ(Aε

r )
ν([−r, r]\I)

.

Therefore, for r large enough, we obtain (iii).
(iii)⇒ (ii) Assume that (iii) holds, then

1
ν([−r, r]\I)

∫
[−r,r]\I

E ‖ x(t) ‖p dµ(t) =

∫
Aε

r

E ‖ x(t) ‖p dµ(t) +

∫
Bεr
E ‖ x(t) ‖p dµ(t)

6 ‖ x ‖∞
µ(Aε

r )
ν([−r, r]\I)

+ ε
µ(Bεr )

ν([−r, r]\I)

6 ‖ x ‖∞
µ(Aε

r )
ν([−r, r]\I)

+ ε
µ([−r, r]\I)
ν([−r, r]\I)

6 ‖ x ‖∞
µ(Aε

r )
ν([−r, r]\I)

+ ε
µ([−r, r]) − C
ν([−r, r]) − A

6 ‖ x ‖∞
µ(Aε

r )
ν([−r, r]\I)

+ ε
µ([−r, r])
ν([−r, r])

1 − C
µ([−r,r])

1 − A
ν([−r,r])

.

Since, µ(R) = ν(R) = +∞, then from (H1), we get that

lim sup
r→+∞

1
ν([−r, r]\I)

∫
[−r,r]\I

E ‖ x(t) ‖p dµ(t) 6 Cst.ε.

In conclusion, (ii) holds. �
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Definition 2.7. Let µ, ν ∈M.A function f : R×Lp(Ω,H)→ Lp(Ω,H), (t, x) 7→ f (t, x) is said to be (µ, ν)-ergodic
in p-th sense in t ∈ R uniformly with respect to x ∈ K , if f ∈ BC(R × Lp(Ω,H),Lp(Ω,H)) and it satisfies

lim
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ f (t, x) ‖p dµ(t) = 0,

whereK ⊂ Lp(Ω,H) is compact.

We denote by

ξp(R × Lp(Ω,H),Lp(Ω,H), µ, ν) = { f (., x) ∈ ξp(R,Lp(Ω,H)µ, ν) f or any x ∈ Lp(Ω,H)}

the set of all such functions.

Definition 2.8. [4] Let x : R→ Lp(Ω,H) be a continuous stochastic process. x is said to be almost periodic process
in p-th mean sense if for each ε > 0 there exists l > 0 such that for all α ∈ R, there exists τ ∈ [α, α + l] satisfying

sup
t∈R
E ‖ x(t + τ) − x(t) ‖p< ε.

We denote by AP(R,Lp(Ω,H)) the space of all such stochastic processes. It is easy to verify that(
AP(R,Lp(Ω,H)), ‖ . ‖∞

)
is a Banach space.

Definition 2.9. [11] Let f : R×Lp(Ω,H)→ Lp(Ω,H) be continuous. f is said to be almost periodic in p-th mean
sense in t ∈ R uniformly in x ∈ K , whereK ⊂ Lp(Ω,H) is a compact, if for each ε > 0, there exists l(ε,K ) > 0 such
that for all α ∈ R, there exists τ ∈ [α, α + l(ε,K )] satisfying

sup
t∈R
E ‖ f (t + τ, x) − f (t, x) ‖p< ε,

for each stochastic process x : R→ K .
We denote by AP(R×Lp(Ω,H),Lp(Ω,H)) = { f (., x) ∈ AP(R,Lp(Ω,H)) f or any x ∈ Lp(Ω,H)} the space of such
stochastic processes.

Definition 2.10. Let µ, ν ∈ M. A continuous stochastic process x is said to be (µ, ν)-pseudo almost periodic in p-th
mean sense, if it can be written as

x = x1 + x2

where x1 ∈ AP(R,Lp(Ω,H)) and x2 ∈ ξp(R,Lp(Ω,H), µ, ν).

Denote by PAP(R,Lp(Ω,H), µ, ν) the set of all such stochastic processes.
We can verify that

PAP(R,Lp(Ω,H), µ, ν) ⊂ BC(R,Lp(Ω,H)).

We introduce the following new space of doubly measure pseudo almost periodic functions :

Definition 2.11. Let µ, ν ∈ M. A continuous function f : R × Lp(Ω,H) → Lp(Ω,H) is said to be (µ, ν)-pseudo
almost periodic in p-th mean sense, if it can be written as

f = 1 + h

where 1 ∈ AP(R × Lp(Ω,H),Lp(Ω,H)) and h ∈ ξp(R × Lp(Ω,H),Lp(Ω,H), µ, ν).

Denote by PAP(R × Lp(Ω,H),Lp(Ω,H), µ, ν) the set of all such functions.
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Definition 2.12. [3] Let µ1, µ2 ∈ M. If there exist positive constants α, β and a bounded interval I (eventually
I = ∅) such that

αµ1(A) 6 µ2(A) 6 βµ1(A)

for A ∈ B satisfying A ∩ I = ∅, then we say that µ1 and µ2 are equivalent µ1 ∼ µ2.

Proposition 2.13. Let µ1, µ2, ν1 and ν2 ∈M. If µ1 and ν1 are equivalent respectively to µ2 and ν2, then

ξp(R,Lp(Ω,H), µ1, ν1) = ξp(R,Lp(Ω,H), µ2, ν2), (3)

and

PAP(R,Lp(Ω,H), µ1, ν1) = PAP(R,Lp(Ω,H), µ2, ν2). (4)

Proof. We prove in the first (3).
Since µ1 ∼ µ2, ν1 ∼ ν2 and B is a Lebesgue σ-field, then there exist α, β, γ, θ > 0,
such that

αµ1 6 µ2 6 βµ1,

and
γν1 6 ν2 6 θν1.

It implies that

α
θ

µ1{t ∈ [−r, r]\I : E ‖ f (t) ‖p> ε}
ν1{t ∈ [−r, r]\I}

6
µ2{t ∈ [−r, r]\I : E ‖ f (t) ‖p> ε}

ν2{t ∈ [−r, r]\I}

6
β

γ

µ1{t ∈ [−r, r]\I : E ‖ f (t) ‖p> ε}
ν1{t ∈ [−r, r]\I}

.

From Lemma 2.6, we get that

ξp(R,Lp(Ω,H), µ1, ν1) = ξp(R,Lp(Ω,H), µ2, ν2).

Using the definition of (µ, ν)-pseudo almost periodicity, we conclude that,

PAP(R,Lp(Ω,H), µ1, ν1) = PAP(R,Lp(Ω,H), µ2, ν2). �

For µ ∈M and σ ∈ R, we define the positive measure µσ on (R,B) by

µσ(A) = µ(a + σ : a ∈ A), A ∈ B.

We give the following hypothesis :
(H2) For all σ ∈ R, there exist α > 0 and a bounded interval I such that

µσ(A) 6 αµ(A),

where A ∈ B satisfies A ∩ I = ∅.

Lemma 2.14. [3] Let µ ∈M. Then µ satisfies (H2) if and only if µ is equivalent to µσ for all σ ∈ R.

Lemma 2.15. [3] It follows from hypothesis (H2) that,

∀ δ > 0, lim sup
r→+∞

µ([−r − δ, r + δ])
µ([−r, r])

< +∞.

Let f ∈ BC(R,Lp(Ω,H)). For all α ∈ R, we define fα by

fα(t) = f (t + α).

We say that the subset S of BC(R,Lp(Ω,H)) is translation invariant, if ∀ f ∈ S, we have fα ∈ S.
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Theorem 2.16. Let µ, ν ∈M satisfy (H2). Then PAP(R,Lp(Ω,H), µ, ν) is translation invariant.

Proof. Firstly, we need to prove that ξp(R,Lp(Ω,H), µ, ν) is translation invariant. In other words, if
f ∈ ξp(R,Lp(Ω,H), µ, ν), then fτ ∈ ξp(R,Lp(Ω,H), µ, ν), ∀ τ ∈ R.
Let µτ = µ({t + τ; t ∈ A}) ∀A ∈ B.

1
ν([−r, r])

∫ r

−r
E ‖ f (t + τ) ‖p dµ(t) =

ν[−r + τ, r + τ]
ν([−r, r])

.
1

ν[−r + τ, r + τ]

∫ r

−r
E ‖ f (t + τ) ‖ dµ(t)

=
ν[−r + τ, r + τ]
ν([−r, r])

.
1

ν[−r + τ, r + τ]

∫ r+τ

−r+τ
E ‖ f (t) ‖ dµ−τ(t)

6
ν[−r − |τ|, r + |τ|]

ν([−r, r])
.

1
ν[−r + τ, r + τ]

∫ r+τ

−r+τ
E ‖ f (t) ‖ dµ−τ(t).

Since µ and ν satisfy (H2) and according to Lemma 2.15 we obtain that

1
ν([−r, r])

∫ r

−r
E ‖ f (t + τ) ‖p dµ(t) 6 Cte.

ν[−r − |τ|, r + |τ|]
ν([−r, r])

.
1

ν([−r + τ, r + τ])

∫ r+τ

−r+τ
E ‖ f (t) ‖ dµ(t).

We get that

lim
t→+∞

1
ν([−r, r])

∫ r

−r
E ‖ f (t + τ) ‖p dµ(t) = 0.

Therefore, ξp(R,Lp(Ω,H), µ, ν) is translation invariant. Since AP(R,Lp(Ω,H)) is translation invariant, then
PAP(R,Lp(Ω,H), µ, ν) is also translation invariant. �

3. Completeness and composition theorem

Theorem 3.1. Let µ, ν ∈ M. Assume that f ∈ PAP(R,Lp(Ω,H), µ, ν) can be written as f = 1 + h, where
1 ∈ AP(R,Lp(Ω,H)) and h ∈ ξp(R,Lp(Ω,H), µ, ν). If µ and ν satisfy (H2), then

{1(t), t ∈ R} ⊂ { f (t), t ∈ R}. (5)

Proof. For the proof, we use the same arguments given in [3]. Assume that (5) does not hold. Then, there
exists t0 ∈ R such that

1(t0) < { f (t), t ∈ R}.

Since µ, ν satisfy (H2), and from Theorem2.16, we deduce that AP(R,Lp(Ω,H)) and ξp(R,Lp(Ω,H), µ, ν)
are translation invariants. We can suppose that t0 = 0, then there exists ε > 0 such that

E ‖ f (t) − 1(0) ‖p≥ 2pε ∀t ∈ R.

Note,
E ‖ f (t) − 1(0) ‖p6 2p−1E ‖ f (t) − 1(t) ‖p +2p−1E ‖ 1(t) − 1(0) ‖p .

For all t ∈ Cε :=
{
t ∈ R : E ‖ 1(t) − 1(0) ‖p< ε

}
, we obtain that,

E ‖ h(t) ‖p= E ‖ f (t) − 1(t) ‖p ≥ 21−pE ‖ f (t) − 1(0) ‖p −E ‖ 1(t) − 1(0) ‖p

≥ 21−pE ‖ f (t) − 1(0) ‖p

≥ ε.

For all i ∈ {1, 2, ...,n} and for all t ∈ αi + Cε, where α1, ..., αn ∈ R such that

R =

n⋃
i=1

(αi + Cε),
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we have,

E ‖ h(t − αi) ‖p≥ ε. (6)

Let ψ be the function defined by

ψ(t) =

n∑
i=1

E ‖ h(t − αi) ‖p . (7)

(6) and (7) imply that

ψ(t) ≥ ε ∀t ∈ R. (8)

Since ξp(R,Lp(Ω,H), µ, ν) is translation invariant, then we get that

[t→ h(t − αi)] ∈ ξp(R,Lp(Ω,H), µ, ν), ∀ i ∈ {1, ...,n}.

Therefore, ψ ∈ ξp(R,Lp(Ω,H), µ, ν), which is absurd by (8). �

Theorem 3.2. Let µ, ν ∈M satisfy (H2), then the decomposition of (µ, ν)-pseudo almost periodic function in the form
f = 1 + h, where 1 ∈ AP(R,Lp(Ω,H)) and h ∈ ξp(R,Lp(Ω,H), µ, ν), is unique.

This theorem can be proved with the same steps developed in the proof of Theorem 2 in [7].

Theorem 3.3. Let µ, ν ∈M, satisfy (H1) and (H2). Then (PAP(R,Lp(Ω,H), µ, ν, ‖ . ‖∞) is a Banach space.

Proof. We use the same arguments of the proof of Theorem 2.19 in [10], where we take the Banach space
X := Lp(Ω,H) equipped with the norm ‖ x ‖Lp= (E ‖ x ‖p)1/p. �

Theorem 3.4. [5] Let f : R ×Lp(Ω,H)→ Lp(Ω,H), (t, x) 7→ f (t, x), be an almost periodic process in t uniformly
in x ∈ K , where K ⊂ Lp(Ω,H) is a compact. Assume that f satisfies the Lipschitz condition : there exists L > 0
such that for any x, y ∈ Lp(Ω,H),

E ‖ f (t, x) − f (t, y) ‖p6 L.E ‖ x − y ‖p .

Then t 7→ f (t, x(t)) ∈ AP(R,Lp(Ω,H) for any x ∈ AP(R,Lp(Ω,H)).

Theorem 3.5. Let µ, ν ∈ M, satisfy H2. Assume that f ∈ PAP(R × Lp(Ω,H),Lp(Ω,H), µ, ν). If f satisfies the
Lipschitz condition in the second variable, that is, there exists L > 0 such that, for any x, y ∈ Lp(Ω,H),

E ‖ f (t, x) − f (t, y) ‖p6 L.E ‖ x − y ‖p, ∀t ∈ R.

Then t 7→ f (t, x(t)) ∈ PAP(R,Lp(Ω,H), µ, ν) for any x ∈ PAP(R,Lp(Ω,H), µ, ν).

Proof. Let f ∈ PAP(R × Lp(Ω,H),Lp(Ω,H), µ, ν) and x ∈ PAP(R,Lp(Ω,H), µ, ν).
Then, we can write f = 1+h,where 1 ∈ AP(R×Lp(Ω,H),Lp(Ω,H)) and h ∈ ξp(R×Lp(Ω,H),Lp(Ω,H), µ, ν).
And

x = x1 + x2,

with x1 ∈ AP(R,Lp(Ω,H), and x2 ∈ ξp(R,Lp(Ω,H), µ, ν). We decomposed f as

f (t, x(t)) = 1(t, x1(t)) + [ f (t, x(t)) − f (t, x1(t))] + [ f (t, x1(t)) − 1(t, x1(t))]
= 1(t, x1(t)) + [ f (t, x(t)) − f (t, x1(t))] + h(t, x1(t)).

To prove this Theorem, we need to verify
(i) 1(., x1(.)) ∈ AP(R,Lp(Ω,H)).
(ii) f (., x(.)) − f (., x1(.)) ∈ ξp(R,Lp(Ω,H), µ, ν).
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(iii) h(., x1(.)) ∈ ξp(R,Lp(Ω,H), µ, ν).
To demonstrate (i), we use the similar arguments of Step (1) in the proof of Theorem 5.7 in [11].
(ii) Let x, x1 ∈ L

p(Ω,H). By using the Lipschitz condition, we obtain

1
ν([−r, r])

∫ r

−r
E ‖ f (t, x(t)) − f (t, x1(t) ‖p dµ(t) 6

1
ν([−r, r])

.L
∫ r

−r
E ‖ x(t) − x1(t) ‖p dµ(t)

6
1

ν([−r, r])
.L

∫ r

−r
E ‖ x2(t) ‖p dµ(t).

Since x2 ∈ ξp(R,Lp(Ω,H), µ, ν), then lim
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ x2(t) ‖p dµ(t) = 0.

We deduce that,

lim sup
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ f (t, x(t)) − f (t, x1(t) ‖p dµ(t) = 0.

Therefore,
f (., x(.) − f (., x1(.)) ∈ ξp(R,Lp(Ω,H), µ, ν).

(iii) It remains to demonstrate the ergodicity of h(., x1(.)). First, we have

‖ h(t, x) − h(t, y) ‖p = ‖ f (t, x) − 1(t, x) − f (t, y) + 1(t, y) ‖p

6 2p−1
‖ f (t, x) − f (t, y) ‖p +2p−1

‖ 1(t, x) − 1(t, y) ‖p .

By using the Lipschitz condition, we obtain that

E ‖ h(t, x) − h(t, y) ‖p 6 2p−1E ‖ f (t, x) − f (t, y) ‖p +2p−1E ‖ 1(t, x) − 1(t, y) ‖p

6 2p.LE ‖ x − y ‖p .

SinceK = {x1(t), t ∈ R} is a compact. Then, for ε > 0 there exists x1, ..., xm ∈ K , such that
K ⊂ ∪

m
i=1

(
Bxi,

ε

22p−1L

)
, where B(xi, ε

22p−1L ) = {x ∈ K ; ‖ xi − x ‖p6 ε
22p−1L }.

It implies that,K ⊂ ∪m
i=1

{
x ∈ K ,∀ t ∈ R,E ‖ h(t, x) − h(t, xi) ‖p6

ε

2p−1

}
.

Let t ∈ R and x ∈ K . Then, there exists i0 ∈ {1, ...,m} such that

E ‖ h(t, x) − h(t, xi0 ) ‖p6
ε

2p−1 .

We get that

E ‖ h(t, x1(t)) ‖p 6 2p−1E ‖ h(t, x1(t)) − h(t, xi0 ) ‖p +2p−1E ‖ h(t, xi0 ) ‖p

6 ε + 2p−1
m∑

i=1

E ‖ h(t, xi) ‖p .

Since ∀i ∈ {1, ...,m}we have

lim
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ h(t, xi) ‖p dµ(t) = 0.

It follows that

lim sup
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ h(t, x1(t)) ‖p dµ(t) 6 ε, ∀ε > 0.

We deduce that

lim
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ h(t, x1(t)) ‖p dµ(t) = 0.

Finally,
t 7→ h(t, x1(t)) ∈ ξp(R,Lp(Ω,H), µ, ν).

It ends the proof. �
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4. Existence of (µ, ν)-pseudo almost periodic mild solutions for nonlinear stochastic differential equa-
tions with delay

This section is devoted to the existence of (µ, ν)-pseudo almost periodic solution for the nonlinear
stochastic delayed evolution equation (1) in the space PAP(R,Lp(Ω,H), µ, ν), where µ, ν ∈M. • A : D(A) ⊂
L

p(Ω,H) → L
p(Ω,H) is an infinitesimal generator, generating a C0- semi group exponentially stable,

denoted by (T(t)t≥0) such that ∀t ∈ R, there exists K > 0 and ω > 0 satisfying

(H0) ‖ T(t) ‖6 Ke−ωt.

• f : R × Lp(Ω,H)→ Lp(Ω,H), ϕ : R × Lp(Ω,H)→ Lp(Ω,H) are two stochastic processes.
•W(.) is a two-sided and standard one-dimensional Brownian motion with values inH.
• τ > 0 is a constant delay.

Definition 4.1. An Ft-progressively measurable stochastic process {x(t)}t∈R is called a mild solution of Equation (1),
if it satisfies the corresponding stochastic integral equation

x(t) = T(t − a)x(a) +

∫ t

a
T(t − s) f (s, x(s − τ))ds +

∫ t

a
T(t − s)ϕ(s, x(s − τ))dW(s), (9)

for all t, a ∈ R such that t ≥ a.

Lemma 4.2. [17] Let S : [0,T] ×Ω→ `(Lp(Ω,H)) be an Ft-adapted measurable stochastic process satisfying

∫ T

0
E ‖ S(t) ‖2 dt < ∞ a.s,

where `(Lp(Ω,H)) designate the space of all continuous linear operators fromLp(Ω,H) to itself. Then ∀p ≥ 1, there
exist a constant Cp > 0 such that

E sup
06t6T

‖

∫ T

0
S(s)dW(s) ‖p6 CpE

( ∫ T

0
‖ S(s) ‖2 ds

)p/2
, T > 0.

Theorem 4.3. If f ∈ PAP(R,Lp(Ω,H), µ, ν), then
(i) t 7→

∫ t

0 T(t − s) f (s − τ)ds ∈ PAP(R,Lp(Ω,H), µ, ν).

(ii) t 7→
∫ t

0 T(t − s) f (s − τ)dW(s) ∈ PAP(R,Lp(Ω,H), µ, ν).

Proof. (i) We know that f ∈ PAP(R,Lp(Ω,H), µ, ν), then it can be decomposed as f = 1 + h where
1 ∈ AP(R,Lp(Ω,H)), and h ∈ ξp(R,Lp(Ω,H), µ, ν).

Denote by (Λx)(t) =
∫ t

−∞
T(t − s)1(s − τ)ds and (Γx)(t) =

∫ t

−∞
T(t − s)h(s − τ)ds.

We need to verify that (Λx)(t) ∈ AP(R,Lp(Ω,H)) and (Γx)(t) ∈ ξp(R,Lp(Ω,H), µ, ν).
• Our first step consists to proving that (Λx)(t) and (Γx)(t) are stochastically continuous.
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Let t0 ∈ R fixed. Assume that α = s − t + t0, and from Holder’s inequality, we get that

E ‖ (Λx)(t) − (Λx)(t0) ‖p

= E ‖

∫ t

−∞

T(t − s)1(s − τ)ds −
∫ t0

−∞

T(t0 − s)1(s − τ)ds ‖p

= E ‖

∫ t0

−∞

T(t0 − α)1(α + t − t0, x(α + t − t0 − τ))dα −
∫ t0

−∞

T(t0 − s)1(s − τ)ds ‖p

6 E
[ ∫ t0

−∞

‖ T(t0 − s) ‖‖ 1(s + t − t0 − τ) − 1(s − τ) ‖ ds
]p

6 E
[ ∫ t0

−∞

‖ T(t0 − s) ‖
p−1

p ‖ T(t0 − s) ‖
1
p ‖ 1(s + t − t0 − τ) − 1(s − τ) ‖ ds

]p

6 E
[( ∫ t0

−∞

(‖ T(t0 − s) ‖
p−1

p )
p

p−1 ds
) p−1

p
×

( ∫ t0

−∞

(
‖ T(t0 − s) ‖

1
p ‖ 1(s + t − t0 − τ) − 1(s − τ) ‖

)p
ds

) 1
p
]p

6
( ∫ t0

−∞

‖ T(t0 − s) ‖ ds
)p−1
×∫ t0

−∞

‖ T(t0 − s) ‖ .E ‖ 1(s + t − t0 − τ) − 1(s − τ) ‖p ds

6
Kp

ωp−1

∫ t0

−∞

e−ω(t0−s)E ‖ 1(s + t − t0 − τ) − 1(s − τ) ‖p ds.

Let {tn} be a real arbitrary sequence such that tn → t0 as n→ +∞. Since 1 ∈ BC(R,Lp(Ω,H)), we have

e−ω(t0−s)E ‖ 1(s + tn − t0 − τ) − 1(s − τ) ‖p→ 0, n→ +∞.

Consequently, for n large enough one has

e−ω(t0−s)E ‖ 1(s + tn − t0 − τ) − 1(s − τ) ‖p6 2pe−ω(t0−s)
‖ 1 ‖

p
∞ .

Furthermore, ∫ t0

−∞

2pe−ω(t0−s)
‖ 1 ‖

p
∞ ds < ∞.

Then, from the Lebesgue’s Dominated Convergence Theorem, we get that

lim
n→+∞

∫ t0

−∞

e−ω(t0−s)E ‖ 1(s + tn − t0 − τ) − 1(s − τ) ‖p ds = 0.

Hence,

lim
t→t0

∫ t0

−∞

e−ω(t0−s)E ‖ 1(s + t − t0 − τ) − 1(s − τ) ‖p ds = 0.

Therefore
lim
t→t0
E ‖ (Λx)(t) − (Λx)(t0) ‖p= 0.

In this way we have shown that (Λx)(t) is stochastically continuous. In the same way we demonstrate that
(Γx)(t) is a continuous process.
Thus, we conclude that

∫ t

−∞
T(t − s) f (s − τ)ds is stochastically continuous.

•We now prove the almost periodicity of Λx. Note that the integral∫ t

−∞

T(t − s)1(s − τ)ds
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is absolutely convergent, and

‖

∫ t

−∞

T(t − s)1(s − τ)ds ‖6
K
ω
‖ 1 ‖∞ .

Since 1 ∈ AP(R,Lp(Ω,H)), then ∀ε > 0, ∃ l > 0, ∀ α ∈ R, there exists δ ∈ [α, α + l] satisfying

sup
t∈R
E ‖ 1(t + δ) − 1(t) ‖p< ε

(ω
K

)p
.

In other hand, assume that σ = s − δ, then we obtain :

E ‖ (Λx)(t + δ) − (Λx)(t) ‖p

= E ‖

∫ t+δ

−∞

T(t + δ − s)1(s − τ)ds −
∫ t

−∞

T(t − s)1(s − τ)ds ‖p

= E ‖

∫ t

−∞

T(t − σ)1(σ + δ − τ)dσ −
∫ t

−∞

T(t − s)1(s − τ)ds ‖p

= E ‖

∫ t

−∞

T(t − s)
(
1(s + δ − τ) − 1(s − τ)

)
ds ‖p .

Using the same steps developed above and the condition of exponential C0−semi-group(T(t))t≥0, we get
that

E ‖ (Λx)(t + δ) − (Λx)(t) ‖p

= E ‖

∫ t

−∞

T(t − s)
(
1(s + δ − τ) − 1(s − τ)

)
ds ‖p

6
( ∫ t

−∞

‖ T(t − s) ‖ ds
)p−1
×

∫ t

−∞

‖ T(t − s) ‖ .E ‖ 1(s + δ − τ) − 1(s − τ) ‖p ds

6
(K
ω

)p−1
.
K
ω
.ε.

(ω
K

)p

6 ε.

• It remains to verify that (Γx) ∈ ξp(R,Lp(Ω,H), µ, ν). First, we have

1
ν([−r, r])

∫ r

−r
E ‖ (Γx)(t) ‖p dµ(t) =

1
ν([−r, r])

∫ r

−r
E ‖

∫ t

−∞

T(t − s)h(s − τ)ds ‖p dµ(t)

6
1

ν([−r, r])

∫ r

−r

[
E

∫ t

−∞

‖ T(t − s)h(s − τ) ‖ ds
]p

dµ(t).

From Holder’s inequality and Fubini’s theorem, we get that

1
ν([−r, r])

∫ r

−r
E ‖ (Γx)(t) ‖p dµ(t)

6
Kp

ν([−r, r])

∫ r

−r

( ∫ t

−∞

e−ω(t−s)ds
)p−1
×

( ∫ t

−∞

e−ω(t−s)E ‖ h(s − τ) ‖p ds
)
dµ(t)

6
Kp

ωp−1

1
ν([−r, r])

∫ r

−r

∫ t

−∞

e−ω(t−s)E ‖ h(s − τ) ‖p dsdµ(t)

6
Kp

ωp−1 .
1

ν([−r, r])

∫ r

−r

∫
R

1]−∞,t](s)e−ω(t−s)E ‖ h(s − τ) ‖p dsdµ(t)

6
Kp

ωp−1 .
1

ν([−r, r])

∫
R

∫ r

−r
1]−∞,t](s)e−ω(t−s)E ‖ h(s − τ) ‖p dµ(t)ds.
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Let v = t − s, then we obtain

1
ν([−r, r])

∫ r

−r
E ‖ (Γx)(t) ‖p dµ(t) 6

Kp

ωp−1

∫ +∞

0

e−ωv

ν([−r, r])

∫ r

−r
E ‖ h(t − v − τ) ‖p dµ(t)dv

Moreover, we have

|
e−ωv

ν([−r, r])

∫ r

−r
E ‖ h(t − v − τ) ‖p dµ(t)| 6 e−ωv

‖ h ‖p∞ .

Since h ∈ ξp(R,Lp(Ω,H), µ, ν) which is translation invariant, and from the Lebesgue’s dominated conver-
gence theorem, we deduce that

lim
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ (Γx)(t) ‖p dµ(t)

6
Kp

ωp−1

∫ +∞

0

(
e−ωv lim

r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ h(t − v − τ) ‖p dµ(t)

)
dv

= 0.

Thus, (Γx)(t) ∈ ξp(R,Lp(Ω,H), µ, ν). Finally, (i) holds.

(ii) Similarly to (i), since f ∈ PAP(R,Lp(Ω,H), µ, ν), then it can be written as f = Θ + ϕ where Θ ∈
AP(R,Lp(Ω,H)), and ϕ ∈ ξp(R,Lp(Ω,H), µ, ν).

Let S1x(t) =
∫ t

−∞
T(t − s)Θ(s − τ)dW(t) and S2x(t) =

∫ t

−∞
T(t − s)ϕ(s − τ)dW(t). We must demonstrate that

S1x ∈ AP(R,Lp(Ω,H)) and S2x ∈ ξp(R,Lp(Ω,H), µ, ν).
•• In the first time we verify that (S1x)(t) is stochastically continuous. We take an arbitrary number t0 ∈ R.
Let α = s − t + t0, then we obtain

E ‖ (S1x)(t) − (S1x)(t0) ‖p

= E ‖

∫ t

−∞

T(t − s)Θ(s − τ)dW(s) −
∫ t0

−∞

T(t0 − s)Θ(s − τ)dW(s) ‖p

= E ‖

∫ t0

−∞

T(t0 − α)Θ(α + t − t0 − τ)dW(α + t − t0) −
∫ t0

−∞

T(t0 − s)Θ(s − τ)dW(s) ‖p .

Suppose that

W̃(α) = W(α + t − t0) −W(t − t0).

We note that W and W̃ are two Wiener process and have the same distribution. Using the Lemma 4.2, we
obtain

E ‖ (S1x)(t) − (S1x)(t0) ‖p

= E ‖

∫ t0

−∞

T(t0 − α)Θ(α + t − t0 − τ)dW̃(α) −
∫ t0

−∞

T(t0 − s)Θ(s − τ)dW(s) ‖p

= E ‖

∫ t0

−∞

T(t0 − α)Θ(α + t − t0 − τ)dW̃(α) −
∫ t0

−∞

T(t0 − s)Θ(s − τ)dW̃(s) ‖p

= E ‖

∫ t0

−∞

T(t0 − s)
(
Θ(s + t − t0 − τ) −Θ(s − τ)

)
dW̃(α) ‖p

6 CpE
[ ∫ t0

−∞

‖ T(t0 − s)
(
Θ(s + t − t0 − τ) −Θ(s − τ)

)
‖

2 ds
] P

2
.
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From Holder’s inequality, we get that

E ‖ (S1x)(t) − (S1x)(t0) ‖p

6 CpE
[ ∫ t0

−∞

‖ T(t0 − s)
(
Θ(s + t − t0 − τ) −Θ(s − τ)

)
‖

2 ds
] P

2

6 CpE
( ∫ t0

−∞

‖ T(t0 − s) ‖2‖ Θ(s + t − t0 − τ) −Θ(s − τ) ‖2 ds
) P

2

6 CpE
( ∫ t0

−∞

‖ T(t0 − s) ‖2.
p−2

p . ‖ T(t0 − s) ‖
4
p × ‖ Θ(s + t − t0 − τ) −Θ(s − τ) ‖2 ds

) P
2

6 CpE
[( ∫ t0

−∞

(‖ T(t0 − s) ‖2.
p−2

p )
p

p−2 ds
) p−2

p

×

( ∫ t0

−∞

(‖ T(t0 − s) ‖
4
p ‖ Θ(s + t − t0 − τ) −Θ(s − τ) ‖2)

p
2 ds

) 2
p
] P

2

6 CpKp
( ∫ t0

−∞

e−2ω(t0−s)ds
) p−2

2
×

∫ t0

−∞

e−2ω(t0−s)E ‖ Θ(s + t − t0 − τ) −Θ(s − τ) ‖p ds

6 CpKp(2ω)
2−p

2

∫ t0

−∞

e−2ω(t0−s)E ‖ Θ(s + t − t0 − τ) −Θ(s − τ) ‖p ds.

By the similar arguments as above, we obtain

lim
t→t0

∫ t0

−∞

e−2ω(t0−s)E ‖ Θ(s + t − t0 − τ) −Θ(s − τ) ‖p ds = 0.

It implies that

lim
t→t0
E ‖

∫ t

−∞

T(t − s)Θ(s − τ)dW(s) −
∫ t0

−∞

T(t0 − s)Θ(s − τ)dW(s) ‖p= 0.

Thus,
lim
t→t0
E ‖ S1x(t) − S1x(t0) ‖p= 0.

So we demonstrate that (S1x)(t) is stochastically continuous. By an analogous argument, we verify that
(S2)x(t) is also continuous.
••We know that Θ ∈ AP(R,Lp(Ω,H)). So, ∀ε > 0, ∃ l > 0, ∀ α ∈ R, ∃δ ∈ [α, α + l] satisfying

sup
t∈R
E ‖ Θ(t + δ) −Θ(t) ‖p< ε.

1
Cp

( √2ω
K

)p
.

Let σ = s − δ, and W̃(σ) = W(σ + δ) −W(δ). From lemma 4.2, we obtain

E ‖ (S1x)(t + δ) − (S1x)(t) ‖p

= E ‖

∫ t+δ

−∞

T(t + δ − s)Θ(s − τ)dW(s) −
∫ t

−∞

T(t − s)Θ(s − τ)dW(s) ‖p

= E ‖

∫ t

−∞

T(t − σ)Θ(σ + δ − τ)dW(σ + δ) −
∫ t

−∞

T(t − s)Θ(s − τ)dW(s) ‖p

= E ‖

∫ t

−∞

T(t − σ)Θ(σ + δ − τ)dW̃(σ) −
∫ t

−∞

T(t − s)Θ(s − τ)dW̃(s) ‖p

= E ‖

∫ t

−∞

T(t − s)
(
Θ(s + δ − τ) −Θ(s − τ)

)
dW̃(s) ‖p

6 CpE
( ∫ t

−∞

‖ T(t − s)Θ(s + δ − τ) −Θ(s − τ) ‖2 ds
) P

2
.
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From Holder’s inequality and the condition of exponential C0−semi-group(T(t))t≥0), we obtain

E ‖ S1x(t + δ) − S1x(t) ‖p

6 CpE
( ∫ t

−∞

‖ T(t − s)Θ(s + δ − τ) −Θ(s − τ) ‖2 ds
) P

2

6 Cp

( ∫ t

−∞

‖ T(t − s) ‖2 ds
) p−2

2
×

∫ t

−∞

‖ T(t − s) ‖2 .E ‖ Θ(s + δ − τ) −Θ(s − τ) ‖p ds

6 CpKp−2
( ∫ t

−∞

e−2ω(t−s)ds
) p−2

2
× K2

∫ t

−∞

e−2ω(t−s)E ‖ Θ(s + δ − τ) −Θ(s − τ) ‖p ds

6 CpKp.(
1

2ω
)

p−2
2 .

1
2ω
.ε.

1
Cp

( √2ω
K

)p

6 ε.

Consequently, (S1x)(t) is almost periodic.

•• In order to complete the proof we still have to show the ergodicity of (S2x)(t). By Lemma 4.2, we get
that

1
ν([−r, r])

∫ r

−r
E ‖ S2x(t) ‖p dµ(t) =

1
ν([−r, r])

∫ r

−r
E ‖

∫ t

−∞

T(t − s)ϕ(s − τ)dW(s) ‖p dµ(t)

6 Cp
1

ν([−r, r])

∫ r

−r

[
E

∫ t

−∞

‖ T(t − s)ϕ(s − τ) ‖2 ds
] p

2 dµ(t).

From Holder’s inequality and Fubini’s theorem, we infer that

1
ν([−r, r])

∫ r

−r
E ‖ (S2x)(t) ‖p dµ(t)

6 Cp
1

ν([−r, r])

∫ r

−r

( ∫ t

−∞

‖ T(t − s) ‖2 ds
) p−2

2
×

∫ t

−∞

‖ T(t − s) ‖2 .E ‖ ϕ(s − τ) ‖p dsdµ(t)

6 Cp
Kp

ν([−r, r])

∫ r

−r

( ∫ t

−∞

e−2ω(t−s)ds
) p−2

2
×

( ∫ t

−∞

e−2ω(t−s)E ‖ ϕ(s − τ) ‖p ds
)
dµ(t)

6 Cp
Kp

(2ω)
p−2

2

1
ν([−r, r])

∫ r

−r

∫ t

−∞

e−2ω(t−s)E ‖ ϕ(s − τ) ‖p dsdµ(t)

6 Cp
Kp

(2ω)
p−2

2

.
1

ν([−r, r])

∫ r

−r

∫
R

1]−∞,t](s)e−2ω(t−s)E ‖ ϕ(s − τ) ‖p dsdµ(t)

6 Cp
Kp

(2ω)
p−2

2

.
1

ν([−r, r])

∫
R

∫ r

−r
1]−∞,t](s)e−2ω(t−s)E ‖ ϕ(s − τ) ‖p dµ(t)ds.

Let v = t − s, then we obtain

1
ν([−r, r])

∫ r

−r
E ‖ (S2x)(t) ‖p dµ(t) 6 Cp

Kp

(2ω)
p−2

2

∫ +∞

0

e−2ωv

ν([−r, r])

∫ r

−r
E ‖ ϕ(t − v − τ) ‖p dµ(t)dv.

Add to that, we have

|
e−2ωv

ν([−r, r])

∫ r

−r
E ‖ ϕ(t − v − τ) ‖p dµ(t)| 6 e−2ωv

‖ ϕ ‖p∞ .

Since, ϕ ∈ ξp(R,H, µ, ν) which is translation invariant, and from the Lebesgue dominated convergence
theorem, we deduce that
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lim
r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ (S2x)(t) ‖p dµ(t)

6 Cp
Kp

(2ω)
p−2

2

∫ +∞

0
e−2ωv lim

r→+∞

1
ν([−r, r])

∫ r

−r
E ‖ ϕ(t − v, x(t − v − τ) ‖p dµ(t)dv

= 0,

which complete the proof. �

Theorem 4.4. Let µ, ν ∈M satisfy (H0), (H1) and (H2). Assume that f , ψ ∈
PAP(R × Lp(Ω,H),Lp(Ω,H), µ, ν) which satisfy the Lipschitz condition ,that is there exist two positive constants
L and L′ such that

E ‖ f (t, x) − f (t, y) ‖p6 LE ‖ x − y ‖p, (10)

E ‖ ψ(t, x) − ψ(t, y) ‖p6 L′E ‖ x − y ‖p, (11)

∀t ∈ R and x, y ∈ Lp(Ω,H). If

2p−1Kp
( L
ωp + CpL′

( 1
2ω

)p/2)
< 1, p > 2,

and
K2

(
2

L
ω2 +

L′

ω

)
< 1,

then Equation (1) has a unique (µ, ν)-pseudo almost periodic mild solution in p-th mean sense on R.

Proof. It is clear that x : R → Lp(Ω,H) is a solution of (1) if and only if it satisfies the stochastic integral
equation :

x(t) =

∫ t

−∞

T(t − s) f (s, x(s − τ))ds +

∫ t

−∞

T(t − s)ψ(s, x(s − τ))dW(s). (12)

Let

(γx)(t) =

∫ t

−∞

T(t − s) f (s, x(s − τ))ds +

∫ t

−∞

T(t − s)ψ(s, x(s − τ))dW(s).

From Theorem 3.5 and Theorem 4.3, we infer that γ is a self-mapping from PAP(R,Lp(Ω,H), µ, ν) to
itself. In order to demonstrate this theorem, it is sufficient to show that γ is a contraction mapping. Let
x, y ∈ PAP(R,Lp(Ω,H), µ, ν) and t ∈ R

E ‖ (γx)(t) − (γy)(t) ‖p = E ‖

∫ t

−∞

T(t − s) f (s, x(s − τ))ds +

∫ t

−∞

T(t − s)ψ(s, x(s − τ))dW(s)

−

∫ t

−∞

T(t − s) f (s, y(s − τ))ds −
∫ t

−∞

T(t − s)ψ(s, y(s − τ))dW(s) ‖p

= E ‖

∫ t

−∞

T(t − s)[ f (s, x(s − τ)) − f (s, y(s − τ))]ds

+

∫ t

−∞

T(t − s)[ψ(s, x(s − τ)) − ψ(s, y(s − τ))]dW(s) ‖p

6 2p−1E
(
‖

∫ t

−∞

T(t − s)[ f (s, x(s − τ)) − f (s, y(s − τ))]ds ‖p
)

+ 2p−1E
(
‖

∫ t

−∞

T(t − s)[ψ(s, x(s − τ)) − ψ(s, y(s − τ))]dW(s) ‖p
)

= 2p−1(γ1 + γ2).
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Firstly, we evaluate γ1. From Holder’s inequality and the Lipschitz conditions, we have

γ1 = E ‖

∫ t

−∞

T(t − s)[ f (s, x(s − τ)) − f (s, y(s − τ))]ds ‖p

6
( ∫ t

−∞

‖ T(t − s) ‖ ds
)p−1

∫
−∞

‖ T(t − s) ‖ .E ‖ f (s, x(s − τ)) − f (s, y(s − τ)) ‖p ds

6
Kp

ωp−1

∫ t

−∞

e−ω(t−s)E ‖ f (s, x(s − τ)) − f (s, y(s − τ)) ‖p ds

6
Kp

ωp−1 .L.
∫ t

−∞

e−ω(t−s)E ‖ x(s − τ) − y(s − τ) ‖p ds

6
Kp

ωp−1 .L. sup
t∈R
E ‖ x(t − τ) − y(t − τ) ‖p

∫ t

−∞

e−ω(t−s)ds

6
Kp

ωp .L sup
t∈R
E ‖ x(t − τ) − y(t − τ) ‖p .

Secondly, using Lemma 4.2, Holder theorem and the Lipschitz condition, we get that

γ2 = E
(
‖

∫ t

−∞

T(t − s)[ψ(s, x(s − τ)) − ψ(s, y(s − τ))]dW(s) ‖p
)

6 CpE
( ∫ t

−∞

‖ T(t − s)[ψ(s, x(s − τ)) − ψ(s, y(s − τ))] ‖2 ds
) P

2

6 Cp

( ∫ t

−∞

‖ T(t − s) ‖2 ds
) p−2

2
×

∫ t

−∞

‖ T(t − s) ‖2 .E ‖ ψ(s, x(s − τ)) − ψ(s, y(s − τ)) ‖p ds

6 CpKp−2
( ∫ t

−∞

e−2ω(t−s)ds
) p−2

2
× K2

∫ t

−∞

e−2ω(t−s)E ‖ ψ(s, x(s − τ)) − ψ(s, y(s − τ)) ‖p ds

6 Cp.
Kp

(2ω)p/2 .L
′ sup

t∈R
E ‖ x(t − τ) − y(t − τ) ‖p .

Therefore,

E ‖ (γx)(t) − (γy)(t) ‖p6
(2p−1KpL

ωp +
2p−1KpCpL′

(2ω)p/2

)
‖ x − y ‖p∞ .

Actually in the case p = 2, by the same method as above and from Ito’s isometry identity, we get that

E ‖ (γx)(t) − (γy)(t) ‖2 6 2E
( ∫ t

−∞

‖ T(t − s)[ f (s, x(s − τ)) − f (s, y(s − τ))] ‖ ds
)2

+ 2E
( ∫ t

−∞

‖ T(t − s)[ψ(s, x(s − τ)) − ψ(s, y(s − τ))]dW(s) ‖
)2

6 2E
( ∫ t

−∞

‖ T(t − s)[ f (s, x(s − τ)) − f (s, y(s − τ))] ‖ ds
)2

+ 2E
( ∫ t

−∞

‖ T(t − s)[ψ(s, x(s − τ)) − ψ(s, y(s − τ))] ‖2 ds
)
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6 2E
( ∫ t

−∞

‖ T(t − s) ‖‖ f (s, x(s − τ)) − f (s, y(s − τ)) ‖ ds
)2

+ 2E
( ∫ t

−∞

‖ T(t − s) ‖2‖ ψ(s, x(s − τ)) − ψ(s, y(s − τ)) ‖2 ds

6 2K2
( ∫ t

−∞

e−ω(t−s)ds
)( ∫ t

−∞

e−ω(t−s)E ‖ f (s, x(s − τ)) − f (s, y(s − τ)) ‖2 ds
)

+ 2K2
( ∫ t

−∞

e−2ω(t−s)E ‖ ψ(s, x(s − τ)) − ψ(s, y(s − τ)) ‖2 ds
)

6
2K2L
ω2 sup

t∈R
E ‖ x(t − τ) − y(t − τ) ‖2 +

K2L′

ω
sup
t∈R
E ‖ x(t − τ) − y(t − τ) ‖2

6
(2K2L
ω2 +

K2L′

ω

)
‖ x − y ‖2∞ .

If (2p−1KpL
ωp +

2p−1KpCpL′

(2ω)p/2

)
< 1,

and (2K2L
ω2 +

K2L′

ω

)
< 1,

then, γ is a contraction mapping in the Banach space PAP(R,Lp(Ω,H), µ, ν). Therefore, by the Banach fixed
point theorem, we deduce that Equation (1) has a unique (µ, ν)-pseudo almost periodic mild solution in
p-th mean. �

5. Stability of (µ, ν)-pseudo almost periodic solutions

In this section, we will establish the stability of the solution for the stochastic evolution equation (1).

Theorem 5.1. Suppose that all the conditions of theorem 4.4 hold. If

3p−1KpL
ωp +

3p−1KpCpL′

(2ω)p/2 < 1.

Then the (µ, ν)-pseudo almost periodic mild solution x∗(t) on R of equation (1) is globally exponentially stable in the
p-th mean sense.

To prove this theorem, we use same steps in the proof of Theorem 6.2 [11].

Corollary 5.2. Suppose that p = 2 and all the conditions of Theorem 4.4 hold. If

3K2L
ω2 +

3K2L′

2ω
< 1,

then the square-mean (µ, ν)-pseudo almost periodic mild solution x∗(t) on R of Equation (1) is globally exponentially
stable.

6. Example

We consider the following one-dimensional heat equation
dv(t, x) = ∂2

∂x2 v(t, x)dt + f (t, v(t, x))dt + ψ(t, v(t, x))dW(t),
(t, x) ∈ R × (0, 1),
u(t, 0) = u(t, 1) = 0 f or t ∈ R.

(13)
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Suppose that µ is a positive measure, where its Radon-Nikodym derivative is

ρ(t) =

{
exp(t) i f t 6 0
1 i f t > 0, (14)

and ν is the Lebesgue measure. Then from [3] µ and ν satisfy (H1) and (H2).
In order to write Eq.13 on the abstract from (1), we consider the linear operator

A : D(A) ⊂ L2(0, 1)→ L2(0, 1),

given by
D(A) = H2(0, 1) ∩H1

0 (0, 1), and Av = v′ f or v ∈ D(A).

It is well known that A generates a C0 semi-group (T(t))t≥0 such that ‖ T(t) ‖6 e−ωt for t, ω ≥ 0. Let

f (t, v) = (sin t + sin 2π
√

2t)v + e−t2+a(cosv + sinv), f or a > 0

and
θ(t, v) = (sin 2t + sin t)v +

√

2e−|t|cosv.

We have [
(sin t + sin 2π

√

2t)v + e−t2+a(cos v + sin v)
]
∈ PAP(R × Lp(Ω,L2(0, 1)),Lp(Ω,L2(0, 1)), µ, ν)

where (sin t + sin 2π
√

2t)v is almost periodic and e−t2+a(cos v + sin v) is (µ, ν)-ergodic, since

1
ν([−r, r])

∫ 0

−r
E ‖ e−t2+a(cos v + sin v) ‖p dµ(t) 6 2p−1 eap

r

∫ 0

−r
e−pt2

.etdt

= 2p−1 eap+ 1
4p

r

∫ 0

−r
e−p(t− 1

2p )
2

dt→ 0 as r→ +∞.

and

1
ν([−r, r])

∫ r

0
E ‖ e−t2+a(cos v + sin v) ‖p dµ(t) 6 2p−1 eap

r

∫ r

0
e−pt2

dt

= 2p−2 eap

r

∫ r

−r
e−pt2

dt→ 0 as r→ +∞.

Consequently (t, v) 7−→ f (t, v) ∈ PAP(R,Lp(Ω,L2(0, 1))µ, ν). By the same arguments performed above and
from [11], we deduce that

(t, v) 7−→ θ(t, v) = (sin 2t + sin t)v +
√

2e−|t|cosv ∈ PAP(R,Lp(Ω,L2(0, 1))µ, ν).

It is easy to verify that f and θ satisfy the Lipschitz conditions in Theorem 4.4, with K = 1, L = 2p(1 + ea)p

and L′ = (2 +
√

2)p.
We conclude by Theorem 4.4, that the equation (13) has a unique (µ, ν)-pseudo almost periodic mild solution
in p-th mean sense. �
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