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Abstract. In this paper we consider unbounded weighted conditional type (WCT) operators on LP-space.
We provide some conditions under which WCT operators on LP-spaces are densely defined. Specifically,
we obtain a dense subset of their domain. Moreover, we get that a WCT operator is continuous if and only
if it is every where defined. A description of polar decomposition, spectrum, spectral radius, normality
and hyponormality of WCT operators in this context are provided. Finally, we apply some results of

hyperexpansive operators to WCT operators on the Hilbert space L*(X). As a consequence hyperexpansive
multiplication operators are investigated.

1. Introduction

In the present paper we consider a class of unbounded linear operators on LP-spaces having the form
MyEM,, where E is a conditional expectation operator and M, and M, are multiplication operators.
What follows is a brief review of the operators E and multiplication operators, along with the notational
conventions we will be using.

Let (Q, X, u) be a o-finite measure space and let A be a o-subalgebra of X such that (Q, A, i) is also o-finite.
We denote the collection of (equivalence classes modulo sets of zero measure of) Y-measurable complex-
valued functions on Q by L°(X) and the support of a function f € L°(Z) is defined as S(f) = {t € Q; f(t) # 0}.
Moreover, we set LF(X) = LP(Q, X, u). We also adopt the convention that all comparisons between two
functions or two sets are to be interpreted as holding up to a y-null set. For each o-finite subalgebra A of

¥, the conditional expectation, E”(f), of f with respect to A is defined whenever f > 0 or f € LP(X). In any
case, EA( f) is the unique A-measurable function for which

ffdyszﬂfdy, VA€ A.
A A

As an operator on LP(X), E”! is an idempotent and EA(LP(X)) = LP(A). If there is no possibility of confusion

we write E(f) in place of E”(f) [10, 12]. This operator will play a major role in our work and we list here
some of its useful properties:

o If gis A-measurable, then E(fg) = E(f)g.
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o [E(HP < EfP).

o If f >0, then E(f) > 0;if f > 0, then E(f) > 0.

o |[E(fg) < E(IfIP)I%E(lglq)lé (Holder inequality) for all f € LF(X) and g € LY(Z), in which % + % =1.

e Foreach f >0, S(f) € S(E(f)).

Let u € L°(Z). The corresponding multiplication operator M, on L’(X) is defined by f — uf. Our interest
in operators of the form M,EM, stems from the fact that such products tend to appear often in the study
of those operators related to conditional expectation. This observation was made in [1, 2, 5, 8, 9]. In this
paper, first we investigate some properties of unbounded weighted conditional type operators on the space
LP(X) and then, we apply some results of hyperexpansive operators to WCT operators on the Hilbert space
L*(X). As a consequence hyperexpansive multiplication operators are investigated.

2. Unbounded weighted conditional type operators

Let X stand for a Banach space and B(X) for the Banach algebra of all linear operators on X. By an
operator in X we understand a linear mapping T : D(T) € X — X defined on a linear subspace D(T) of X
which is called the domain of T. The linear map T is called densely defined if 9(T) is dense in X and it is
called closed if its graph G(T) is closed in X x X, where G(T) = {(f, Tf) : f € D(T)}. We studied bounded
weighted conditional type operators on L7-spaces in [4]. Also we investigated unbounded weighted
conditional type operators of the form EM,, on the Hilbert space L*(X) in [3]. Here we consider unbounded
weighted conditional type operators of the form of M,EM, on LF(Q), L, u), in which (Q, L, u) is a o-finite
measure space. Let f be a positive Z-measurable function on Q. Define the measure yf : & — [0, o] by

ug(E) = fE fdu, E€X.

It is clear that the measure iy is also o-finite, since y is o-finite. From now on we assume that u and w
are conditionable (i.e., E(#) and E(w) are defined). Operators of the form of M,,EM,(f) = wE(u.f) acting in
LP(u) with D(MHEM,) = {f € LP(u) : u.f € D(E), wE(u.f) € LP(u)} are called weighted conditional type
operators (or briefly WCT operators). In the first proposition we provide a condition under which the WCT
operator M,EM,, is densely defined on LP-spaces.

Theorem 2.1. Let 1 < p,q < oo such that ;17 + % =1and E(lep)%E(lul‘i)% < oo a.e. Then the linear transformation
MyEM,, is densely defined on LP(Q), T, u).

Proof. For each n € N, define

Ay ={teQ:n—1<E(wl)OE(ul)(t) < n.

}OO

It is clear that each A, is an A-measurable set and () is expressible as the disjoint union of {A,},

Q=Ur A
Let f c LP (X) and € > 0. Then, there exists N > 0 such that

fu P Z f FPdu <.

Define the sets
By = U2\ A,  Cn=UNTA,

Then, fB |flPdy < eand Cy = {t € QO : E(|w|p)(t)E(|u|'7)E(t) < N —1}. Next, we define g = f.xc,. Clearly
g€ U’(Z) and E(g) = E(f).xcy. Now, we show that g € D = D(M,EM,). By an straightforward calculations
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we have
| reEora = [ roEGpre,
Q Q
- fc E(rol ) Euf)Pdu
< | EQwP)EquI)i|f1rd
<ch (kol)E(ul) 1Py

<(N=-1) [ [fPdu <.
Cn

Thus, wE(uf) € LP(Z). Now, we show that [lg — fl|, < e:
lo= 11 = [ 1o fr
X

= lg — flPdu < e.
Cn
Therefore D is dense in LF(X). O

Here we obtain a dense subset of LP(i1) that we need it to proof our next results.

Lemma2.2. Let 1 < p,q < cosuch that L +1 =1,7 =1+ E(lwP)E(ul?)?, E(wl?)? E(ulf)t < oo a.e, u, and
dv = Jdu. Then we get that S(J) = Q and
(i) LP(v) € D(MuEM,),

(i) P = DIMEMy) " = LP(u).
Proof. Let f € L(v). Then

IfIPdu < IIfIE < oo,
and so f € LP(u). Also, by conditional-type Holder-inequality we have

IIMwEMu(f)IIPd#SfQE(IWI”)E(Iqu)ﬁE(IfI”)d#

- fQ E(roP) EQul")’ 1Py
<IfIE < oo.

This implies that f € D(M,EM,). Now we prove that L(v) is dense in LP(u). By Riesz representation
theorem we have

(PO =g € L) fQ Fodi=0, Vfel'().

Suppose that g € (LP(v))*. For A € Zweset A, = {t € A: J(t) < n}. Itisclear that A, C A,y and Q = U A,
Also, Q is o-finite, hence Q = U Q, with u(Q,) < co. If we set B, = A, N (Y, then B, / A and so
g.xs, /" 9.xa a.e. u. Since v(B,) < (n + 1)u(B,) < oo, we have xp, € LP(v) and then by our assumptions we
have an fdu = 0. Therefore by Fatou’s lemma we get that L gdu = 0. Consequently, for all A € . we have

fA gdy = 0. This means that g = 0 a.e. y and so L”(v) is dense in LF(u). O

By the Lemma 2.2 we get that LP(v) is a core of M,EM,,. Here we give a condition that we will use it in the
next theorem. )

(%) If (O, A, p) is a o-finite measure space and | — 1 = (E(Ju|7))7E(jwl’) < co a.e. p, then there exists a
sequence {A,} | C Asuchthat u(A;) <coand [-1<nae. ponA,foreveryn € Nand A, / Qasn — co.
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Theorem 2.3. If u,w : QO — C are Z-measurable and 1 < p,q < oo such that % + % =1, then the following are
equivalent:

(i) MwEM,, is densely defined on LP (L),

(ii) T = 1 = E(wlP)(E(ul?)T < oo a.e., u.

(lll) ijl |ﬂ is a—ﬁnite.
Proof. (i) — (ii) Let E = {E(|w|”)(E(|u|’1))§ = oo}. Clearly, we have f [g= 0 a.e., u for every f € LP(v). This
implies that f.] [r= 0 a.e. So we have J.xang =0a.e., uforall A € I, with p(A) < co. By o-finiteness of p, we
have J.xg = 0 a.e., u. Since S(J) = 3, we get that u(E) = 0.
(i1) — (i) Evident.

(ii) — (iii) Let {A,};7, be in (k). We have

it L (An) = f E(wP)EuI) du < nu(Ay) < oo, 1€ N.
Ay
This yields (iii).

(iii) — (i) Let {A,}) |, € Asuchthat A, /" Qasn — coand yj-1 |a (Ay) < oo, for every k € IN. It follows

from the definition of uj_q that J -1 = E(lwl”)(E(lulq))g < o a.e., pon Q. Applying Theorem 2.1, we get
. O

Let X, Y be Banach spaces and T : X — Y be a linear operator. If T is densely defined, then there is a unique
maximal operator T* from D(T*) C Y* into X* such that

y(T) = (Tx,y') = (6, T'y) =Ty (x), xeD(T), ¥ €DT).

T" is called the adjoint of T.
Riesz representation theorem for LP- spaces states that (f, F) = F(f) = fQ fFdu, when f € [P(X), F € L1(X) =
(L’(D))" and ; + ¢ = 1. By Theorem 2.3 easily we get that the operator My, EM, is densely defined if and

only if the operator M;EMy is densely defined. In the next proposition we obtain the adjoint of the WCT
operator M,EM,, on the Banach space L/(X).

Proposition 2.4. If the linear transformation T = M,EM,, is densely defined on LF(L), then MzEMy, is a densely
defined operators on L(X) and T* = MzEMy, where % + % =1

Proof. Let f € D(T) and g € D(T*). Then we have
(Tf = [ wEungds
Q
= f fuE(wg)dp
Q
= (f,MaEMw!]>-
Therefore T* = M;EMg. O
In the next proposition we prove that every densely defined WCT operator is closed.

Proposition 2.5. If(E(Iqu))gE(lwlp) < oo a.e., [, then the linear transformation My,EM,, : D(M,EM,) — L (L) is
closed.
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Proof. Assume that f, € D(M,EM,), f» = f, wE(uf,) — g, and let h € D(MzEMy). Then
(f, MaEMgh) = 7}i_r){}o(f,,,MﬁEMwh)
= Tim (@E(ufy), 1) = (9, ).

This calculation ( which uses the continuity of the inner product and the fact that f, € D(MEM,,))
shows that f € D(M,EM,) and wE(uf) = g, as required. [J

In the next theorem we provide an equivalent condition to continuity of WCT operator M,,EM,,.

Theorem 2.6. If(E(luI‘f))gE(lwlp) < ooaq.e., U, then the WCT operator My,EM,, : D(M,EM,,) — LP(X)is continuous
if and only if it is every where defined i.e., D(MyEM,,) = LP(Z).

Proof. Let M,EM,, be continuous. By Lemma 2.2 it is closed. Hence easily we get that D(M,,EM,,) is closed
and so D(MyEM,) = LP(X). The converse is easy by closed graph theorem. O

We denote the range of the operator T as R(T) i.e., R(T) = {T(x) : x € D(T)}.

Proposition 2.7. If E(lul*)E(lwf?) < e a.e., p and My,EM,, : D(M,EM,) C L*(Z) — L*(L), then RIM,EM,)) is
closed if and only if R(MzEMg) is closed.

Proof. Let Py : L2(X) X LA(X) —» G(MyEM,) be a projection and P, : L*(Z) X L32(Z) — {0} x L%(X) be the
canonical projection. It is clear that R(M,EM,) = R(P,P1). Also, R(IMzEMg) = R((I — P2)(I — P1)). Since P4
and P, are orthogonal projections, then R(P,P;) is closed if and only if R((I — P2)(I — P1)). Thus we obtain
the desired result. O

It is well-known that for a densely defined closed operator T from H; into H,, there exists a partial isometry
Ur with initial space N(T)* = R(T*) = R(/T|) and final space N(T*)* = R(T) such that

T = Ur|T].
Now we are going to find the polar decomposition of WCT operator M, EM,, on the Hilbert space L*(X).
Theorem 2.8. Let M,EM,, be densely defined on L%(Z) and M,EM,, = U|MyEM,)| be its polar decomposition. Then

(i) IMwEM,| = M,yEM,,, where u’ = (E?ﬁfz?)% Xs-iand S = S(E(luf?)),

(ii) U = My EM,,, where w’ : Q — Cis an a.e. u well-defined X-measurable function such that

__w
(E(wP)E(ul?)?

’

-XSNG,

in which G = S(E(|w]?)).
Proof. (i). For every f € D(M, EM,), we have
”Mu’EMu(f)(f)Hz = ”leEMul(f)”z

Also, by Lemma 2.2 we conclude that D(M, EM,) = D(M,EM,|) and it is easily seen that M,/ EM, is a
positive operator. These observations imply that |[M,EM,| = M,,EM,,.
(ii). For f € L*(X) we have

/ 2, = [ ——AsnG 2
fg S fg Eup)Equp) DTk
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which implies that the operator M, EM,, is well-defined and N(M,EM,) = N(MEM,). Also, for f €
DMLHEM,) © N(M,EM,) we have

U(IMwEM,I(f)) = wE(uf).xsnc = wE(uf).

Thus [[U(H)Il = |If|l for all f € R(IM,EM,|) and since U is a contraction, then it holds forall f € N(M,EM,)* =
R(IMwEM,|). O

Here we remind that: if T : D(T) C X — Xis a closed linear operator on the Banach space X, then a complex
number A belongs to the resolvent set p(T) of T, if the operator AI — T has a bounded everywhere on X
defined inverse (A — T)~!, called the resolvent of T at A and denoted by R,(T). The set o(T) := C \ p(T) is
called the spectrum of the operator T.

It is known that, if a,b are elements of a unital algebra A, then 1 — ab is invertible if and only if 1 — ba is
invertible. A consequence of this equivalence is that o(ab) \ {0} = o(ba) \ {0}. Now, in the next theorem we
compute the spectrum of WCT operator M,,EM,, as a densely defined operator on L2(Y).

Proposition 2.9. Let My,EM,, be densely defined and A G X.. Then
(i) essrange(E(uw)) \{0} € o(M,EM,)).

(ii) If L2(A) € D(EM,), then o(M,EM,) \ {0} C essrange(E(uw)) \{0}.

Proof. Since o(MyEM,) \ {0} = o(EM,My) \ {0} = 0(EMyy) \ {0}, then by Theorem 2.8 of [3] we get the
proof. O

By a similar method that we used in the proof of Theorem 2.8 of [3] we have the same assertion for the
spectrum of the densely defined operator EM,, on the space L*(X), i.e.,
(i) essrange(E(u)) U{0} € o(EM,).

(ii) If LF(A) € D(EM,), then ¢(EM,,) C essrange(E(u)) U{0}.
By these observations we have the next remark.

Remark 2.10. Let M,EM,, be densely defined operator on L (X) and A ¢ L. Then
(i) essrange(E(uw)) \{0} € o(MwEM,)).

(ii) If LP(A) € D(EM,), then o(My,EM,,) \ {0} C essrange(E(uw)) \{0}.

As we know the spectral radius of a densely defined operator T is denoted by 7(T) and is defined as:
H(T) = sup, ., |Al. Hence we have the next corollary.

Corollary 2.11. Ifthe WCT operator My, EM,, is densely defined on LP (L) and LF (A) € D(EM,,), then o(M,EM,,)\
{0} = essrange(E(uw)) \{0} and r(MyEM,,) = ||E(uw)||o-

A densely defined operator T on the Hilbert space H is said to be hyponormal if D(T) € D(T*) and
IT* (NI < IT(HII, for all f € D(T). Also, it is to be normal if T is closed and T*T = TT". For the WCT operator
T = MyEM, on L*(X) we have T* = M;EMy and we recall that T is densely defined if and only if T* is
densely defined. If T is densely defined, then by the Lemma 2.2 we get that L?(v) € D(T), L2(v) € D(T*) and

{111,

Z) =DM " = DT =13,

in whichdv = Jdyand | = 1+ E(|wl?)E(ul?). Also, we have T*T = MEwpysEMy, and TT* = Mggupy,EMg.
Similarly, we have L?(v) € D(T*T), L>(v') € D(TT*) and

-1 {111,

D2 " =DTT) " = DAT) " = (),

in which dv’ = J’dpy and J’ = 1 + (E(|w|*))*(E(|ul*))*. By these observations we have next assertions.
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Proposition 2.12. Let WCT operator My,EM,, be densely defined on L*(Z). Then we have the followings:
(i) Ifu(E(lez))% = YI)(E(|M|2))% with respect to the measure p, then T = My,EM,, is normal.

(ii) If T = MwEM,, is normal, then E(lw/*)|E(u)l* = E(|ul*)|E(w)|* with respect to the measure (.
Proof. (i) Direct computations show that
T*T - TT* = MﬁE(lwlz)EMl/ - MwE(|u|2)EMw,

on L2(v"). Hence for every f € L2(v"),

(T"T — TT*(f),f) = LE(|W|2)E(uf)u_f - E(|u|2)E(ZTJf)wf_dy
_ fx Eu(Ewl): PP - [E(ER) @ f Rdu.

This implies that if
(E(uP)2@ = u(E(wP))?,
then (T*T — TT*(f), f) = 0, for all f € L*(/). Thus T*T = TT".

(ii) Let T be normal. By (i), we have
| By - EE WY o =
X
for all f € L*(v"). Now, let A € A, with 0 < v'(A) < co. By replacing f with x4, we have

fA [Eu(E(lwP))?)P - [E(E(uP))?@)Pdy = 0

and so

fA IE@)PE(wl) — |E@)PEul)dy = 0.

Since A € A is arbitrary and u < v’ (absolutely continuous), then |E(u)PE(jw|?) = |E(w)*E(Ju[*) with respect
tou. O

In the next proposition we obtain some necessary and sufficient conditions for hyponormality of WCT
operators.

Proposition 2.13. Let the WCT operator My, EM,, be densely defined on L*>(X). Then we have the followings:
() If u(E(jw]?)? = @(E(|uf?))2 with respect to u, then T = My,EM,, is hyponormal.
(ii) If T = MyEM,, is hyponormal, then E(Jw|?)|E(u)|* > E(jul?)|E(w)|* with respect to the measure .
Proof. By a similar method of 2.12 we can get the proof. [

If we set w = 1, then we have the next remark.

Remark 2.14. Let EM,, be a densely defined operator on L*(X). Then EMu is norma if and only if u € L°(A) if and
only if EM,, is hyponormal.
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3. Hyperexpansive WCT operators
In this section we provide some conditions under which WCT operator M,EM,, on L*(Z) is k-isometry,

k-expansive, k-hyperexpansive and completely hyperexpansive. For an operator T on the Hilbert space H
we set

Oru(f) = Z (—1)i( ’Z )IIT"(f)IIZ, feDT), nx>1.

0<i<n

By means of this definition an operator T on H is said to be:

(i) k-isometry (k > 1) if Orx(f) = 0, for f € D(T¥),

(ii) k-expansive (k > 1) if Orx(f) < 0, for f € D(TF),

(iii) k-hyperexpansive (k > 1) if Or,,(f) <0, for f € D(T")and n =1,2,..., k.

(iv) completely hyperexpansive if O, (f) <0, for f € D(T") and n > 1.

For more details one can see [6, 7, 11]. It is easily seen that for each f € L*(¥),

MW EML(f)ll2 = IIEMo(f)ll2,

where v = u(E(lw]?))z.

Let Ty = MywEM, and T, = EM,. By the above information we have, T is k-isomerty if and only if
T is k-isometry, T is k-expansive if and only if T is k-expansive, T; is k-hyperexpansive if and only if T,
is k-hyperexpansive and T; is completely hyperexpansive if and only if T, is completely hyperexpansive.

Thus without loss of generality we can consider the operator EM, instead of M,,EM, in our discussion.
Now we present our main results. The next lemma is a direct consequence of Theorem 2.3.

Lemma 3.1. For every n € IN the operator (EM,)" on L*(L) is densely-defined if and only if the operator EM, is
densely defined on L*(X).

In the Theorem 3.2 we give some necessary and sufficient conditions for k-isometry and k-expansive WCT
operators EM,.

Theorem 3.2. Let D(EM,) be dense in L?(u). Then we have the followings.
(i) If the operator EM, is k-isometry (k = 1), then AY(IE(v)|*) = 0, a.e.

(ii) If (1 + E(P)AL(E@)?)) = 0, a.e., and |[E(vf)I* = E(j0P)E(|f), a.e., for all f € D(EM,), then the operator
EM, is k-isometry.

(iii) If the operator EM,, is k-expansive, then AY(IE(v)]*) < 0, a.e.

(iv) If (1 + E(j0)AL(E(0)1?)) < 0, a.e., and |[E(vf)I* = E(l0)E(If?), a.e., for each f € D(EM,), then the operator
EM, is k-expansive, in which

ANEQ)P) = Z(—l)f( ) )|E(v>|2f, ANE@)P) = 2(—1>f( p )IE(v)IZ(”).

0<i<k 1<i<k



X. Liu, Y. Estaremi / Filomat 35:2 (2021), 367-379 375

Proof. Suppose that the operator EM, is k-isometry. So for all f € D((EM,)¥) we have

0 = Ori(f)
= Z(—l)l’( h )II(EMv)i(f)IIZ
0<i<k
if 1 i-
= fQ |f|2dy+1§£k(—1)( ; ) fo [E@)PV|E(of)Pdy.

Hence for all A-measurable functions f € D((EM,))

_ 2 N 2(i-1) 2| £12
o= [istans Y0 ) [ @R ORI Fan

1<i<k

= f (Z (—1>f( H )|E<v)|2fJ P
O\ osizk

Since (EM,)* is densely defined, then we get that AE@)?) =0, ae.
(ii) Let 1 + E(Ivlz)A}((lE(v)lz) = 0 and |[E(f)? = E(vP)E(f?), a.e., for all f € D((EM,)*). Then for each
f € D((EM,)Y),

CIOEDY (—1>f( h )n(EMv)f(f)nz

oO<i<k
il n i—
= fQ Iflzdu+1;k(—1)( i ) fQ @)V IEf)Pdy
_ 2 BTy ” 2\\2(i=1) 2 2
fQ Py + fQ {ék( 1)( Z )<E<|v| ) ]E(m E(fP)dp

- fQ (1 + EQoP)A(E@) )] P
=0.

This implies that the operator EM, is k-isometry.
(iii), (iv). By the same method that is used in (i) and (ii), easily we get (iii) and (iv).
|

Here we recall that if the linear transformation T = EM, is densely defined on L?(), then T = EM, is closed
and T* = ME. Also, if D(EM,) is dense in L*(X) and v is almost every where finite valued, then the operator
EM, is normal if and only if v € L°(A) [3]. Hence we have the Remark 3.3 for normal WCT operators.

Remark 3.3. Suppose that the operator EM, is normal and D(EM,) is dense in L*(u), for a fixed k > 1. If
IE(f)P? = E(If1?), a.e., on S(v) for all f € D(EM,)¥), then:

(i) The operator EM, is k-isometry (k > 1) if and only if Ax(jv]*) = 0, a.e,;

(ii) The operator EM, is k-expansive if and only if Ax(|v*) < 0, a.e.
Proof. Since EM, is normal, then |[E(v)]> = E(Jv|*) = [v]*, a.e. Thus by Theorem 3.2 we have (i) and (ii). O
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Here we give some properties of 2-expansive WCT operators and as a corollary for 2-expansive multiplica-
tion operators.

Proposition 3.4. If D(EM,) is dense in L*(u) and EM, is 2-expansive, then:
(i) EM,, leaves its domain invariant:

(i) |[E(@)* > |[E(@)P* D ae., u, forall k > 1.

Proof. (i). Since EM, is 2-expansive, we get that for each f € D(EM,),

IEMLY(F)IP = fQ IE)PIEGof) Py

25 2
<2 fg IE(o )Py fQ Py
< 00,

so EMy(f) € D(EM,).

(ii) Since EM, leaves its domain invariant, then D(EM,) € D*(EM,). So by lemma 3.2 (iii) of [7] we get
that [(EMo) (H)I? > [I(EM,YL(F)I?, for all f € D(EM,) and k > 1. Also, we have

f IECo)R*DIE(o f)Pdy > f IE (o) P*DIE(o )Py,
Q Q

Hence

[ GE@r — IE@P A EE P > 0,
Q
for all f € D(EM,). This leads to |[E(v)/* > [E(0)**V ae., p. O

Corollary 3.5. If D(M,) is dense in L>(u) and M, is 2-expansive, then we have:
(i) M, leaves its domain invariant:

(ii) v > *® D g yforall k> 1.

Recall that a real-valued map ¢ on N is said to be completely alternating if )<<, (=1)’ ( TZ )gb(m +1) <0
for all m > 0 and n > 1. The next remark is a direct consequence of Lemma 3.1 and Theorem 3.2.

Remark 3.6. If D(EM,) is dense in L*(u) and k > 1 is fixed, then:
(i) If the operator EM, is k-hyperexpansive (k > 1), then AS(|E(v)]*) <0 forn=1,2,...,k;

(i) If (1 + E(Jo))AL(E(@)?)) < 0 and |E(vf)|* = E([0?)E(|f?) for all f € D(EM,)" and n = 1,2,...,k, then the
operator EM,, is k-hyperexpansive (k > 1);

(iii) If the operator EM,, is completely hyperexpansive, then

(a) the sequence {|E(v)(t)I?), is a completely alternating sequence for almost every t € Q),



X. Liu, Y. Estaremi / Filomat 35:2 (2021), 367-379 377

(b) AYQ(E@)P?) <0 forn > 1.

(iv) If 1+ E(lo)AL(E()[?)) < 0and |[E(vf)* = E([0P)E(f1?) for all f € D(EM,)") and n > 1, then the operator
EM, is completely hyperexpansive.

By Remark 3.6 and some properties of normal WCT operators we get the next remark for k-hyperexpansive
and completely hyperexpansive normal WCT operators.

Remark 3.7. Let the operator EM,, be normal, D(EM,) be dense in L?(u) and k > 1 be fixed. If |[E(f)I* = E(|f|*) on
S() for all f € D((EM,)"), then

(i) EM, is k-hyperexpansive (k > 1) if and only if A,([0]*) < 0 for f € D(T") and n = 1,2, ..., k.

(ii) EM, is completely hyperexpansive if and only if the sequence {|u(t)*}>,, is a completely alternating sequence
for almost every t € Q),

If all functions v% for i = 1, ..., n are finite valued, then we set

Bon®) = ) <—1>f( ! )|v|2f<t>.

0<i<n

Also, if A = L, then E = I. So we have next two corollaries.
Corollary 3.8. If D(M,) is dense in L*(u) for a fixed n > 1, then:

(i) M, is k-expansive if and only if Ay, (x) < 0 a.e. .

(ii) M, is k-isometry if and only A, ,(x) = 0 a.e. p.
Corollary 3.9. Let D(M,) be dense in L*(u) and k > 1 be fixed. Then

(i) My is k-hyperexpansive (k > 1) if and only if A, ,(f) < O0ace., pforn=1,2,..,k

(ii) My is completely hyperexpansive if and only if the sequence {[u(t)[*}2, is a completely alternating sequence
for almost every t € Q.

Finally we give some examples.

Example 3.10. Let Q = [-1,1], du = 1dxand A =< {(—a,a) : 0 < a < 1} > (Sigma algebra generated by symmetric
intervals). Then

EA(f)(H) = f(t) +2f(—f), feq,
where EAA(f) is defined. If u(t) = ¢, then E”(v)(t) = cosh(t) and we have the followings:
1) E\M, is densely defined and closed on LP(Q).
2) 6(E"M,) = R(cosh(t)).

3) E"\M,, is not 2-expansive, since

1 = 2|E@)]*(t) + |E@)[*(t) = 1 — 2 cosh?(t) + cosh*(f)
= (cosh?(t) — 1)*> > 0.
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Example 3.11. Let Q = N, G = 2N and let u({t}) = pq'™!, foreacht € Q =, 0 < p < landg = 1-p.
Elementary calculations show that 11 is a probability measure on G. Let ‘A be the o-algebra generated by the partition
B ={Qy = {3n:n>1},Q5) of Q. So, for every f € D(E™) we have
E(f) = a1xo, + a2xc:
and direct computations show that
Yzt fGm)pg™ !
Y1 P!

_ Yoot f0pg" ™" = Lo fG)pg® !

Olz(f) - n—1 3n—1 :
L1 P9 = L1 P4

So, if u and w are real functions on Q. Then we have the followings:

ai(f) =

and

1) Ifoq((lulq)g)oq(lwlp) < oo and az((lulq)%)m(lwlp) < oo, then the operator My,EM,, is a densely defined and
closed operator on LF(Q2).

2) o(MwEMy) = {a1(E(uw)), az(E(uw))}.
Example 3.12. Let QO = [0,1] X [0,1], du = dtdt’, L the Lebesgue subsets of Q) and let A = {A x[0,1] :

A'is a Lebesgue set in [0,1]}. Then, for each f in L*(Z), (Ef)(t,t') = _[)1 f(t,s)ds, which is independent of the second
coordinate. Hence for v(t,t') = t" we get that v is A-measurable and EM, is k-expansive and k-isometry if

Z(_l)i( ’l{ )x2mi <0, Z (_1)1‘( 7; )thi =0,

0<i<k 0<i<k

respectively. This example is valid in the general case as follows:
Let (q, X1, p1) and (o, Lo, o) be two o-finite measure spaces and QO = Q1 X Qp, £ = Lq X Ly and p = py X .
Put A={A Xy : A € ¥1). Then A is a sub-c-algebra of £. Then for all f in domain E™* we have

EAP) = EX 1) = [ o) = ae
on Q. 2
Also, if (QO, L, p) is a finite measure space and k : QO X Q — Cis a £ ® L-measurable function such that
5 Ik(., ) f(s)ldp(s) € LX(Z)
forall f € L2(X). Then the operator T : L*(L) — L*(Z) defined by
10 = [ ko950, f € L)

is called kernel operator on L*(X)). We show that T is a weighted conditional type operator.[5] Since L*(£)x {1} = L*(X)
and vf is a ¥ ® L-measurable function, when f € L*(X). Then by taking v := k and f'(t,s) = f(s), we get that

EA@f)(®) = EXof )(t,9)
- f o(t, ) E)du(t)
Q

- fQ olt, ¥ FE)du(t)
= Tf().
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Hence T = EM,, i.e, T is a weighted conditional type operator. This means all assertions of this paper are valid for a
class of integral type operators.
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