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Abstract. Let p > 1 and let p be a non-negative function defined in R*. A function f € H(ID) belongs to
the space B,(p) (see [4]) if

1-— 2
IfIl ) = FOF + fD 1 - 1P @)f %M&)m.

In this paper, motivated by the works of Békollé and Bao and Go6giis, under some conditions on the weight

function p, we investigate the closures Cg(8 N B,(p)) of the spaces 8 N B,(p) in the Bloch space. Moreover
we prove that interpolating Blaschke products in Cg(8 N B,(p)) are multipliers of B,(p) N BMOA.

1. Introduction

We denote the unit disk {z € C : |z| < 1} by D and its boundary {z € C : |z| = 1} by dD. Let H(ID) be the
space of all analytic functions in ID.

Let H? (see [11]) denote the space of those analytic functions f € H(ID) such that

1 27 )
£, = sup My(r, f) = sup 5 |f(re)PdO < .
0<r<1 0<r<1 47t Jo

norm:

Let BMOA denote the space of those analytic functions f in the Hardy space H” whose boundary
functions have bounded mean oscillation on JD. BMOA ([17, 19]) is a Banach space under the following

I fllamoa = 1F(O)F + sup If oo = f@II}

Hr’

where ¢,(z) = = ,4,z€ Dandp > 1.

Recall that the Bloch space ([2, 34]) is the class of functions f € H(ID) satisfying

Ifllz = 1fO) + Su]]};(l ~1ZP)If (@) < co.
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Let p > 1 and let p be a non-negative function defined in R*. A function f € H(ID) belongs to the space
B,(p) if
(1)

_ _ ’ P p 0o
W%@4NW+LW»MWVHHT@§M@<I

where dA(z) is the usual normalized Lebesgue measure on ID. This space is introduced by Arcozzi, Rochberg
and Sawyer in [4]. They considered Carleson measures for B,(p) spaces under the condition that the weight
function p is p-admissible, or admissible, that is, p satisfies the following conditions:

(i) p(z)isregular, i.e., there exist € > 0, C > 0 such that p(z) < Cp(w) when z and w are within hyperbolic
distance €. Equivalently, there are 6 < 1, C’ > 0 so that p(z) < C’'p(w) whenever

|Z_w <5<1.
1-zw

(ii) The weight p,(z) = (1 — [z])P~?p(z) satisfies the Békollé-Bonami B, condition([7, 8]): There is a C(p, p)
so that for all 2 € ID we have

1/(q-1) p
dA =144 < C(p, dA .
(fsw) Pre) (Z)) (fsw) Prle) (Z)) < ey (fsm) (Z))

Where1l/p+1/q=1,and

arg(az)
21

1—a|
<
2

S@={zeD:1-|z|<1-a|, }, aeD.

In the case p(t) = t°, 0 < s < oo, the space B,(p) gives the usual Besov type space By(s). In particular,
if s = 0, this gives the classical Besov space B,. We refer to [5], [9], [10] and [12] for B,(s) spaces and [30],
[31] and [32] for By(s) = Ds spaces. The space B,(p) has been extensively studied. For example, under some
conditions on p, N. Arcozzi, R. Kerman and E. Sawyer [4] give many results on B,(p) spaces using Carleson
measures. When p = 2, By(p) = D,, weighted Dirichlet spaces. Using maximal operators, R. Kerman and
E. Sawyer [21] characterized the Carleson measures and multipliers of D, spaces. For more informations
on D, spaces, we refer to [1] and the paper referinthere.

Let us recall that a weight p is of upper (resp.lower) type y (0 < y < o0) ([20]), if
p(st) < Cs’p(t), s=1 (resp.s<1) and 0 <t < o0.

We say that p is of upper type less than y if it is of upper type 6 for some 6 < y and similarly for lower
type greater than 6. From [20], we see that an increasing function p is of finite upper type if and only if
p(2t) < Cp(t) for some positive constant C and all ¢. It is not hard to verify that p satisfies (i) and (ii), if p is
of upper type less than 1 and lower type greater than 0.

In [2], Anderson, Clunie and Pommerenke raised the question of determining the closure of H* in
the Bloch norm. Until now, the problem is still unsolved. Jones [3, Theorem 9] gave an unpublished
characterization of the closure of BMOA in Bloch space. Zhao [33] studied the closures of some Mobius
invariant spaces in the Bloch space. Lou and Chen [22] generalize [33] later. For 1 < p < co, Monreal Galdn
and Nicolau in [24] characterized the closure in the Bloch norm of the space H” N 8. Galanopoulos, Monreal
Galan and Pau [16] generalize [24] to 0 < p < oo later. Recently, Bao and Go6giis [6] and Galanopoulos
and Girela [15] have investigated the closures in 8 of 8 N D, for certain spaces of Dirichlet Type D,. For
more results on closures of analytic function spaces in the Bloch space, we refer to [28] and [29]. In this
paper, we study the closures of the B,(p) spaces, generalizing the main results in [6] and [15]. Meanwhile,
interpolating Blaschke products in Cg(8 N B,(p)) as multipliers of B,(p) N BMOA are also investigated.

Throughout this paper, let p : [0, 00) — [0, o) be a right continuous and nondecreasing function with
p(0) = 0 and p(t) > 0if t > 0. The symbol A ~ B means that A < B S A. We say that A < B if there exists a
constant C such that A < CB.
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Remark 1. Using [20, Lemma 4], the fact that p is increasing, and the above mentioned fact that p is of finite upper
if and only if p(2t) < Cp(t) (t > 0), we deduce the following:
If p is of finite upper type, then p is of upper type less than p if and only if

pt) [~ ds
t—p~ft PO) -

Remark 2. Let 0 < a < 1and p > 1. If p is of finite upper type a, we can deduce that B,(p) € HP. Indeed, take b
witha < b < 1, using Remark 1, we deduce that

(1= Ry 2p (1 - 12P) dA(2)

(1 -2y 2pl(l_ ))( - 2P) dA@)

(
(1= [z~ 2( P 1+b)(l - |z|2)" dA(z)

(1l )ﬂ( f p(s) Hb)(l—lzlz)bdA(z)

(1 - 2PY2 (1 - 12P) dAG).

.

Thus, B,(p) € By(b). Then the inclusion By(p) € HP follows from the well known fact that B,(b) € HP because
0<b<1.

2. Equivalent Characterizations of closures of B,(p) spaces in Bloch space

Theorem 1. Let p be of finite lower type greater than O and upper type less than 1. Suppose that 1 < p < co. Then
the following conditions are equivalent.

(1) f € Ca(B,(p) N B).
(2) Foranye >0,

p(1—1zP) -
fmf) (1 - [z?)? aA(z) < e,

where
Q(f)={zeD: (1 -EP)f (2)] > €}

p(1 —|z%) -
fw) (A= @ <

P

(3) Fore >0ands>1,

where

[pe(f) = {z eD: fD I (@)P(1 = [w]*)P~2(1 = |, (w)?)*dA(w) > e}.

Proof. (2) = (1). Following [33], without loss of generality, we may assume that f(0) = 0. By Proposition
4.27 in [34], we have that

f2) = L f ! ,(w)(l_le)HadA(w), zeD,
D

(@+1) (1 — zw)2+e
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where a > 0. Set f(z) = fi(z) + f2(z), where

e @)1 — o)+
fi@) = (@+1) Jop @ - zw)>e dA(w)
and
B /(@)1 - )1+
L@ = j;D o WA=z dA(w).
Clearly,
: If @)I(1 = Jw)*e
A@)] < fQ o —zap dA(w)
and

If @)I(1 = [w)™*

() < — dA(w).
£ fD o 4@

Let F = fi — fi(0). Then F(0) = 0 and

lIf = Flls = sup(1 = lzP)I £ 2)]

zeD
’ 1-— 2\1+a
< sup(l- kD) |f"(@w)I( _|§U| ) dAw)
2eD D\Q.(f) [1 - zwp+e
1- 2\«
< esup(l-[zP) f A= R 4 w).
2D p |1 - zw*+e

648

Using [34, Lemma 3.10] with t = @ and ¢ = 1, we see that ||f — F||g < €. It remains to prove that F € B,(p).

Using Fubini’s theorem, we have

fD PP~ 12PP2p(1 ~ [2P)A()

IA

A

T fD F@I - ) p(1 -

fD 1P~ 2PV 20(1 - |2P)AG)

l21*)dA(2)

N

T N | (@)I(1 ~ |w?)"+ }
[ a-epriea |z|)[ | D o aac

p(1 - IzP)

fmf) ol e U]D 1=z 3(1 - |z|2)dA(z)] dA(w)

1%\

_ 2\a P(l - |Zl2) ]
Il | PN [ [ ) e,

Since p is of finite lower type greater than 0 and upper type less than 1, there exist y and 6 with0 <y < 6 < 1,

such that

and

p(st) S s¥p(t), s<1

p(st) < s‘sp(t), s>1,

(4)

(B)
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where 0 < t < co0. Using this and [34, Lemma 3.10], we obtain

p(1 =1z
fD 1 —zaroa -y @

PR

_ p(1-TwP)
p(1 — wl) f TR ||2)dA(z)

(<(11:||ch;||22>) + (((11:||zzlz||22)> )6

2
< p(l=[wl) =z = 12P) dA(z)
p(1 — [wl?)
(1 _ |w|2)a+2 :

Combining this with (2), we have

1— 2R
f IF'(z)P(1 - |Z|2)P—2p(1 _ |Z|2)dA(Z) < f p( [z])
D

o0 mdA(Z) < 00,

Hence, F € B,(p). This finishes the proof.
(1) = (3). It is well known that ||f||s is equivalent to

1/p
|I|f|||s=|f(0)|+(sup f If’(W)I”(l—lez)”‘z(l—|<pz(W)|2)sdA(W)) ’
zeD JD

where p > 1 and s > 1. Let f € Cg(By(p) N B). Then for any € > 0, there exists g € B,(p) N B such that
lf = glllz < 5z. For any z € ID, we have

fD I @)P (L~ P21~ 2 ()2 dAw)

Cf If'(@) = ¢ @) (1 = w21 = lp=(w)?) dA(w) + Cf 9’ @) (1 = [PV ~2(1 = o (w)P) dA(w).
D D

Thus, I'p(f) € T, 2 (9). Note that

(1 - 1P - lwP)

_ 2 _
e T ©
Using Fubini’s theorem, we have
p(1—1zP)
———dA
prAf) (1 -lzP)? ®
2rcy 2\5—2 , (1 - |w|2)S
=T e (g)( — 12" p(1 - [ )[ f g’ @)P (1 = wp)~ mdﬁl(w)] dA(z)
1-— 2\s—2 1-— 2
< [ rra-rpy [ [ R )dA(z)] dA(w).

Combining (A) with (B), we deduce that

(1 —1zPy2p(1 - |z p(1 —[wl?)
fD T (e

Thus,

p(1 - 2P) , . 2
fmf) mdA(Z) s L 9" @)lP (X = [wl")"*p(1 = [w|)dA(w) < co.

2
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(3) = (2). Let E(z,1/2) = {w € D : |p.(w)| < 1/2} be a pseudo-hyperbolic disk of center z € ID and radius
1/2. Recall that
1—|wl=|1-zwl =1-lz|, weE(z,1/2)

and |E(z,1/2)| ~ (1 — |z])? (see [34, Page 69]). Using the subharmonicity of |f’|P, we obtain

LEWWWG—WWHﬂﬂ%WWWMM

4%

[ ir@ra-wpr2a -lerraw)
EGz1/2)

(1= E=DPIf )P
Therefore, Q¢(f) € I',,(f). The proof is complete. [J

1%

3. Interpolating Blaschke product in C5(B,(p) N B) as multipliers

An analytic function in the unit disc ID is called an inner function if it is bounded and has radial limits
of absolute value 1 at almost every point of the boundary JD. It is well known that every inner function
has a factorization e B(z)S(z), where y € IR, B(z) is a Blaschke product and S(z) is a singular inner function.
A Blaschke product B with sequence of zeros {ax};?, is called interpolating if there exists a positive constant
o0 such that

[Tie@i =6, k=12

j#k
We also say that {ac};? | is an interpolating sequence or an uniformly separated sequence. The following
notions was introduced by Dyakonov [14]:

Suppose X and Y are two classes of analytic functions on ID, and X C Y. Let 0 be an inner function, 6 is
said to be (X, Y)-improving, if every function f € X satisfying f0 € Y must actually satisfy f0 € X. For
more information related to improving multipliers, we refer to [27]. Motivated by the works of Dyakonov
and Peldez, we have the following result.

Theorem 2. Let p be of finite lower type greater than 0 and upper type less than 1. Suppose that 1 < p < oo and B(z)
is an interpolating Blaschke product with zeros {ar};? |. Then following are equivalent:

(1) B € Cg(By(p) N B).
(2) Yo p(1 = lagl?) < 0.
(3) Bis (By(p) N BMOA, BMOA)-improving.
(4) Bis (By(p) N BMOA, B)-improving.
Before we get into the proof, we need some lemmas.
Lemma 1. ([25, Lemma 2.5]) Let s > —1,r,t >0,and t <s+2 <r. Then

1- 2\s 1- 2\2+s—r
f %dzﬁ(w) < %, z,C e D.
p 11 =wzl"|1 — w(]| 11—zt

Lemma 2. Let p be of finite lower type greater than 0 and upper type less than 1. Suppose that f € H(ID) and a € D,
then

1—lpa(2)P
fW%mMiT7JM@
D 1z

stﬁWﬂﬂ#W%ﬂﬂ%wﬁﬂw-
D
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Proof. Let € > 0 be sufficiently small. From the proof of Lemma 2.1 of [9], we see that

|w|2)(1+e p+o—€

f@) - f(O)I”<( f et = dA(w))(l—Izlz)_e(”_l),

where 0 — € > —1. Using Fubini’s theorem, we have

1 pu(a)P
INGE fop L) e )aay
D 11—z

(1 _ |w| )(1+e)p+o € P (1 - |(pa(Z)|2)
f ( f If' @) T dA(w)) R

p 1_|§0a(z)|2
= fD |f (@) (L = oy e [ fD (1_|Z|2()1+e(p_1>|1_)Z—UZPMdA(z) dA(w).

Using conditions (A) and (B), combining (C) with Lemma 1, we deduce

p(1-lp.2)P) "
j]; (1 _ |Z|2)1+€(p—1)|1 _ wzl2+a (Z)
p(1-lga(2)P)
1 ’ p(1-lpa@)?)
=p (1 e (w)l )L (1- |Z|2)1+6(p—1)|1 _ wz|2+adA(Z)

1 |§0n(Z 1-lp )P\
Tlpa@P

2 1~lpa(w
|(Pa( )i f(l |Z|2)1+e(p 1)|1 Tz |2+UdA(z)
= (1 — lpa(w)P) (1 = o) 7om0D),

wherey +e(p—1) <6 +€e(p — 1) < 1. Thus,

1-lpa)P
f 1f(2) —f(ow’—p( Y . )dA<z>
D 1-|z|

< f I @)R( =~ PP p(1 = lpa(@)PIAW).
D

The proof is complete. [

Lemma 3. ([23]) Let {ar};? | be a sequence in ID. Then the measure dy,, = Yo (1 - |ak[*)6,, is a Carleson measure,
ie.

sup )" (1 = lpu(a)l?) < oo,
weD 3

if and only if {ax}}? | is a finite union of interpolating sequences.

Lemma 4. Let p be of finite lower type greater than 0 and upper type less than 1. Suppose that 1 < p < oo, B(z) is an
interpolating Blaschke product with zeros {ax};? | and f € By(p). Y2 f(@a)lPp = |axl?) < oo, then fB € By(p).
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Proof. Suppose that f € B,(p) and B(z) is an interpolating Blaschke product with zeros {a}:,. Since
fD I(FBY P = Y 2p(1 - |2P)AG)
< [ IF@PIBEPQ - By pa - ERAG) + [ IFEIPIE @A~ ERY 2001 - ERMAG)
< fD If @A =127 2p(1 ~ [2P)dA(2) + fD If@PIB @)F (1 - 12P)2p(1 - 21*)dA(z)

It is enough to prove

fD F@PIB @~ 2PV 2p(1 - [ZPAG) < co.

Notice the fact that
(1-1zP)IB' @) <1
and
— lal?
B’
1B/ ()| < Z T
we have

fD F@PIB P - P 2p(1 - ZD)AAG)

< f FEPIB @I~ 12P) " p(1 ~ ZP)AR)
D
e X @l )
< Z(l—mkn R L)
2 f(z) = flan)lP 2
“la) [ Lo )AG)
= M +N
Since 5 )
o1~ [2P) o1~ )
f T mzP(— DO = T ap)

we deduce that

o]

P
v kz‘(l_mk'Z) D|1—%J;(|Zgl—|z|2)p 1~}
=1
S Y If@Fpl - laP) < eo.
k=1

Making the change of variables z = ¢,, (w), we obtain

- f@) - Fan)P
- Z(l ) | T —mera - e

. ~ p(1 = Ipa, ()P)
Y [, reva= ropmortSr i,

p(1 - zP)dA(z)
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Using Fubini’s theorem and Lemma 2, we have

p(1 = lpa (w)P)
N = Z [ 170 ot = o puor P22 A
< ZLI(fo%k)'(w)lpp(l — o, (@)P)(1 = )P~ dA(w)
k=1
< Y 17 @ Ry 2 - ) - @)PMA)
k=1
Since {ax};7, is an interpolating sequences, using Lemma 3, we have N < ||f IIB (o that is,

f F@PIB P - PP 2p(1 - ZP)AAG)

Z F @ p(1 =l + I£1F,

The proof is complete. [

We also need the following lemma.
Lemma 5. ([13, Theorem 1]) If f € BMOA and O is an inner function, then the following conditions are equivalent:

(1) f6 € BMOA;

(2) sup, p If@)P(1 - 16()P) < oo;

(3) SUP,cqyp, o If(@)| < o0, for every e, 0 <e <1
(4) SUp,cqyg, ¢ If(@) < o0, for somee, 0 < e < 1.

Proof of Theorem 2.

Proof. (1) = (2). Let B be an interpolating Blaschke product with zeros {arl;2, and B € Cg(8 N By(p)). From
[18, Page 681], we know that there exist a 6 > 0, such that

6(1-0) 5

(1= 2P)IB (@) > € E@a, )-

Thus,

[oe] 1 _

U E(ay, Z) - {z eD:(1-]zPBz) > w}

k=1
Since {E(ak, g)}:;l are pairwise disjoint, using the fact that

B, = (- PP, 2 €, )

we obtain

1 - |z|2

2 p(t-af) Zf (1—||2d()

k=1
<) P
= D PEEEETICE z) < 00,
freD B @) (1= 12P)?
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(2) = (3). Suppose that f € B,(p) " BMOA and fB € BMOA. We only need to prove that fB € B,(p).
Using Lemma 5, we obtain

Y 1f@)Pp(1 = lad?) < sup |f@)l Y p(1 = la?) < oo.
k=1 T k=1

By Lemma 4, we have fB € B,(p).

(3) = (4). Let f € By(p) " BMOA € BMOA and fB € 8. From [27, Corollary 1], we see that every
interpolating Blaschke product B is (BMOA, B)-improving. Hence, we have fB € BMOA. Notice that B is
(Bp(p) NBMOA, BMOA)-improving, we have fB € B,(p) N BMOA. Thus, B is (B,(p) N BMOA, 8)-improving.

(4) = (1). Suppose that Bis (B,(p) N BMOA, B)-improving. Note that1 € B,())NBMOA and B € H* C 8.
Thus, B € B,(p) " BMOA C B,(p) N B € Cg(B,(p) N B). The proof is complete. [

Acknowledgement. The authors thank the referee for his (or her) helpful comments and suggestions
that led to the improvement of this paper.
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