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?Department of Mathematics, Institute of Science, Banaras Hindu University, Varanasi-221005, India

Abstract. In this paper, Legendre Wavelet approximation of functions f having first derivative f* and
second derivative f” of Lipa class, 0 < a < 1, have been determined. These wavelet estimators are sharper,

better and best possible in Wavelet Analysis. It is observed that the Legendre Wavelet estimator of f whose
f" € Lipa is sharper than the estimator of f having f’ € Lipa class.

1. Introduction

The approximation of functions belonging to class Lipa, 0 < a < 1 by n'’ partial sums of its Fourier series
has been estimated by several researchers like Raghuvanshi[1], kushwaha[2]. In Modern Analysis, Wavelet
analysis is a new branch which has several applications in signal processing, engineering technology and
differential equations. In Wavelet Analysis, the wavelet approximations are new tools to estimate the
nature of the function and behaviour of convergence of their wavelet series. The wavelet approximation of
a function f by its expansion using Haar father wavelet and Haar mother wavelet have been determined
by several analyst like Devore[5], Debnath[3], Meyer[8], Lal and Kumar[6]. But till now, no work seems to
have been done to obtain wavelet approximations of a function f such that its first derivative f” and second
derivative f”” belonging to Lipschitz class of order «,0 < @ < 1 by Legendre Wavelet method. In an attempt
to make an advance study in this direction, in this paper, three new Legendre Wavelet approximations of

these functions have been estimated. In best of our knowledge, these estimators are new, better and sharper
in Wavelet Analysis.

2. Preliminaries and Definition

In this section, we first review the basic definition and properties of Legendre Wavelets and then

introduce the Lipa class. Finally we apply the properties of Lipa class to calculate the Legendre Wavelet
approximation.
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2.1. Legendre Wavelet

A function 1 € L2(R) is said to be ‘basic wavelet’ or ‘mother wavelet’ if it satisfies the ‘admissibility

condition’
B2
OSCz,b:fllP(w)l dw < o0

|wl

In case of mother wavelate 1, the translation and dilation parameter are
denoted by b and a respectively. We have the following family of continuous wavelets as:

WAﬂ=wf¢G§3)a¢0-

If we restrict the parameters a and b to discrete values asa = a; k b =nboag™*, ag > 1, by >0 respectively, n,

k belonging to positive integer. We have the following family of discrete wavelet:

Ui (t) = lal2 P(akt — nbo)

Here 1y, forms an orthonormal basis.

Legendre Wavelet 1, ,,(t) = ¢(k, 1, m, t) have four argument; # =2n-1n=1,2,3, .., 2671k can be assume
any positive integer, m is order of Legendre Polynomial and t is normalized time. They are defined on
interval [0,1) as follows:

1 Ak ke o~y =1 Aa+1
+ 5 22L,2t - ), <t<
1Pn,m(t) = mry e m( Tl) 2k 2k
0 , otherwise.
Yousefi[4]

wheren =1,2,...,2xand m =0,1,2, ..M.
In above definition,the polynomials L,, are Legendre Polynomials of degree m over the interval [-1,1] which
are defined as follows:

Lo(t) =1,Li() = ¢,
(m+ 1)Ly (t) = @m + VtLy, (1) — mLy—1(t), m=1,2,3,..

The set {L,(t) : m = 1,2,3, ...} in the Hilbert space 1’[-1,1]is a complete orthogonal set. Orthogonality of
Legendre polynomial on the interval [-1,1] implies that

2

Lm(t)Ln(t)dt = 2m+1 Sl
0 , otherwise.

1

<M®LN»=I

-1

form,n=20,1,2....
Furthermore,the set of wavelets ¢, ,, makes an orthonormal basis in 12[0,1),i.e

1
f %,m(t)‘l’n’m’ (t)dt = 671,71’ 6m,m’
0

in which 6 denotes Kronecker delta function defined by

5 = 1, n=n’
e 0, otherwise
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2.2. Legendre Expansion and Approximation

The function f € L?[0, 1) may be expanded in terms of Legendre wavelet series as follows:

f(t) = Z Z Cn,mlpn,m(t)/' where Cam = (f/ l,l}n,m>~

n=1 m=0

If this infinite series is truncated then it can be written as:

21 M

(Sxranf) O =YY cumtbun(®) = CTyp(t),

n=1 m=0

where C and /(t) are 28"1(M + 1) vectors given as

C= [Cl,Or 1,1, ---C1,M---€2,0,C2,1---Cok-1 g, ...Czk—l/M]

and
W) = [P1,0, V11, 1 M W20, P21 W01 g, e ]
We define,

1
1

Ifl5 = == | If(t)fdt
27 (f

and the Legendre Wavelet approximation (Ezk—I,M f) of f by Sy_1 pm(f) as under norm ||.||; is defined as:

EZ’H,M(f) = minllf - SzH,M(f)Hz.

383

If Epi1 py(f) = 0 as M — oo, k — oo then Eji1 ,(f) is called the best approximation of f of order (21, M).

(Zygmund[9], pp.114)

2.3. Function of Lipa class
A function f € Lipa, if

lf () = f(BOI = O(x — t*); 0 < a < 1,¥x,t €[0,1)

(Titchmarsh[7])

2.4. Examples

1. Let R be the set of all real number, define f : [0,1] = R by
f(x) = x2¥x € [0,1]

If(x) — f(B)] = |x? — 2] < |x — |3 V¥x, t € [0,1]
Then f € Lip,[0,1].

2. Define, f(x) =x*Vx€[0,1); 0<a<1

If(x) = f()l = x* =] < [x =] = f € Lip,[0,1).
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3. If f € Lipa; where a > 1, then f is constant function
fora >1,

(G + 1) = f(0)l = O(IH)

[F e =0)_ oy

Therefore,
fe+h—flx) _
g—— 7 =
t
f'(x)=0Yx€e[0,1] = f is constant.

0

lim;_,

3. Theorems

In this paper we prove the following theorems.
Theorem 3.1 If a function f is defined on[0,1)with bounded first derivativei.e 0 < |f’(x)| < M; < coVx € [0, 1)
and its infinite Legendre wavelet series is

flx) = Z Z ComWnm(X); where Cppm =< f, Wnm > (1)
n=1 m=0
21 M
and (241, M)" partial sum (Syc1 i f) (¥) = £ X Cumtnm(¥)
n=1m=0

then Legendre Wavelet approximation Epi-1 »( f ) of f by Spi1 )y under the norm ||.||, satiesfies

Ezkfl,M(f) minllf - Szkfl,M(f)Hz

1
O|—1|, M=0,1,2,3, ...
(V2M+1 2k)

Theorem 3.2 If a function f € 12[0,1], its first derivative frelipa;0<a<l, e

If"(c+ 1) = f/ ()] = O(#"); Y, t € [0,1)

then the Legendre wavelet approximations of f satisfy:

[eS) 2k—1
(i) For f() =Y caotno@), ESL () = minllf =) cuotpuo()ll
n=1 n=1
1 1
= 05 (14 )

21 M

(id) For f() =YY comtun(@), ES () = minlf =YY contpun@lh

n=1 m=0 n=1 m=0

0 ;(Hi) S M3l
2k+1\2M + 1 20k

Theorem 3.3 If a function f whose second derivative " € Lipa; i.e

lf7(x+£) = £/() = O(H*);0 < a < 1,¥x, £ € [0,1)
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then the Legendre wavelet approximations of f satisfy:

=) k-1

(i) For f(x) =) oo, ES. () = minllf =) cuotrno®lla

n=1 n=1

1 1 1
= 05 (1 g+ 39)):

o 1 k-1
(id) For f() =YY cumun(), ES, (F) = minlf - chnmwnmmnz
n=1 m=0 n=1 m=0

1 1
0 ( 22(k-1) (1 + Da(k-1) ))

2k 1
(iii) For f(x) = chnmwnm (), B y(f) = minlf - Xchmwnm(x)uz
n=1 m=0 n=1 m=0

4. Proofs

4.1. Proof of the theorem (3.1)

The Legendre Wavelet Series of f € L?[0,1) is

2k
f6 =YY umtpun()
n=1 m=0
k-1
Sor-1 p1(f) Z Z Crt,m Wi, ()
n=1 m=0

f() = Soe m(f)

Mz

3
1l

[ k=1 [
okl o
Z Cn,ml/)n,m

n=1 m=M+1

o 21
+ Z JC71m¢nm(x) chnm¢nm

0 m=M+1 n=1 m=0

0 ;(1+i) ; M>2.
M - 1)%2(2k+1) Dak

385



E;k—lfM(f)

Next,

Cn,m

2M1(2m + 1)
o+t 1
Ilf ( ok )ﬁ (Lins1(t) = L1 (1)) dt]
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= NIf = Sy m(HI3
1
= f If(x) —szk,llM(f)Fdx
2k-1 )
= f Z Z Cnml,bnm dx
n=1 m=M+1
1(2¢ oo
= f Z Z nmll)nm
n=1 m=M+1
+ Z‘ Z Z Z‘ Cn,mcn’m’l,bn,ml,bn’m’] dx
1<n#n’ <2k-1 M+1<m#m’ <co
2k-1 oo
-y Y e f v2,, ()
n=1 m=M+1
+ 2 YYYY e f G O ()
1<n#n’ <2k-1 M+1<m#m’ <oco
2k-1 )
= Z Z cﬁ/mllgbn,mlli, other term vanish due to orthonormality of 1, .
n=1 m=M+1
2k-1 o
= 2 ), G
n=1 m=M+1
IREEE

21 o) f T (FOL@ - ) dx

2k

1 k A~
A () [ o 2
-1

1 1l n+t
et i AN d Lm m— dt
2k+1(2m+1)) Ilf( 2k ) (Ens1 = L)

o) o]

386
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1
1 Nt
wm| = || "N— L, L.—1)|dt, >1
[ensd (23k+1(2m+1)) fl f( o )( #1 = Ln-a)| b, - m
1
1 2 n+t
< |\ dt Lys1 — Ly |* dt
() | (5 )(f' bl )
by cauchy schwarz inequality
1 : 2 1
< |- -
= (23k+1(2m+1)) ‘\/_ 2m+1+2m—1]
- | 1 2| 2v2M,
- 2%k+1(2m + 1) \om -1
2M;
S %—
2% 2m - 1)

Using equation 5 and equation 4.1,

k-1 0 4M2 1
Bl < 2, ), (T](m)

<
n=1 m=M+1
2k-1 2 0
M 1
k —1)2
[nzzl‘ 23 ]m§+1 (2771 1)

@1mz? 1 e dm
= 4 1 +f —_—
23k CM +1)2 " iy Qm+ 1)
- () )
Tl 2 J\oaM+1  2M +1
()
2% \2M +1

Hence,

B M
Epe1p(f) = (m)

1
O|————1|, M=0,1,2,3, ...
(V2M+1 Zk)

Thus Theorem (3.1)is proved.

4.2. Proof of Theorem (3.2)

(i) f(x) = i Cro¥mo(x)
en(®) = cuoPno(x) - f(x) Yx €[5, 1)

387
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i+l

f 8 e2 (x)dx
=1

2k
Atl

J., @t = s

i+l

fnlz ( nol/’no 2¢,0Pn,0(x) f(x) + fz(x)) dx

& ol = 2600 f o + f 7 P

2k 2k
Atl

k
o~ zci,o + f j fA(x)dx

- izl ’ 2 n—-1 1
fo (f( x +h)) dh—c, o x= > +h, OshsF

. _ 2
fok (f(nz—kl)+hf’(n2k1 +9h)) dh—c) ;0<0<1

By mean value theorem

() 2 (552 [ o (55 - anfan
f R (S + Gh))z dh— 2,
s (2 w2 (B52) [T (52 o

‘fozﬁl 2 (f/ (ﬁz—k 1 N Qh))z dh — [Zkz1 ; f(x)dx]z

) () [ (2

[t oo [
2 fi kl)fozkl hf(

NG 9h>>2 .

(zk; [ (55 a2 [ )dh]

fzkll hz(f/(ﬁ? +6h)) dh — 2k 1([0 hf'(ﬁz—kl +@h)dh)

hL-I (say) (6)

)dh

]

Qh) dh

2
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,% 2
L < f h2 ' )) dh
0
- h2(' )= () (52 |
[ >
2
sf’*[( con)-r () (25)
2k
, (7= , 1
- 2flr (% +9h) 7 (s (5
1
k-1
< f 12[(0 (6h)") + M3 + 2(6h)* My | dh
< f h2 M2h2“+M2+2M1h“M2)dh
R2e+3 M2+ K8 pa+3 FT
2 2
_ 2
(M12a+3+ 3 M1M2a+3)0
M 11 M2 LMy 1
T 2q 4+ 32@a+3)k-1) 3 23(k-1) a +3 2Ma+3)k-1)
1 1 2
_ %1 , -
L] = 2“[ hf( = +9h)dh
0
% 2
> okl [ f thdh]
0
4 2B(k-1)
Then,
2_M§(1 M§(1)2Mle(1)
“e”HZ - 20+3 2(2a+3)(k—1))+ﬁ 23(k-1) a+3 \2@+3)k-1)
< M% M% 2M 1M,
= | 2@a+3)(k-1) " 23(k-1) " 2(a+3)(k-1)
2k7]
EQT () = Y lleal?
n=1

MI2ET MRS o M2k
= 2Qa+3)(k-1) + 23(k-1) 2(a+3)(k-1)

_ M M 2Mi M,
= | 2@e20n T 26D T 5@

_ M; M, \?
- (2(a+1)(k—1) + 2(k—1))
M+ M) 1 1 :
- 22(k-1) (za(k—l) + )




Hence, EW

1 1
2t =0(z5 {1+ 5

Z Z Cn m‘#n m(x)

(i) flx) =

n=1m=0
Following the proof on Theorem (3.1) and equation 4, we have;

Cnm

[l

I1f(x) =

_ (23k+12m+1) f(f'(
(23k+1 2m+1)) fl(f’( kt) fl(%))(Lmﬂ—Lm_l)dt

23k+1(2m +1)

23k+1(2m +1)

+

23k+1(2m +1)

23k+1(2m +1)

23k+1(2m +1)

Sy m(HI

|

(o) [,
) I
[een)
()
(WM)
(e
(emn)
(o)
(=

23k+1 ) ( Dka

IA

IN
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n+t

ok )_f/(zﬁ)"'f( ))(Lm+1 Ly—1)dt

23k+1(2m+1)) (Zﬁ)f m+1 — Lin—1)dt

n +t fl
) ’ Py 'l(LmH = L)l dt

fl m+1 — ml)|dt

2k

23k+1(2m+1) 7k af |(Lm+1 =L l)ldt

M f |(Lm+1_ m—1 |dt

1
(Zka My f (L1 — Li-1)] dt
1 2
(2 ke ) 1(t) +L, 1(t)2Lm+1(t)Lm 1(t)| dt
1 2 %
(2 +Ml) (2m+3 2m—1)
1 2
(— + Ml)
2% 2m—1
+ 1) 1+
2k-1 )
2
Z Z |Cn,m|
n=1 m=M+1
2
8(1 + My) (i . 1)
23k+1 2m - 1)2 2ka
L1121
8(M; + 1) (—a + 1) S
; 23k+1 \ Dk m;_ﬂ (27’}’[ _ 1)
1 g 1 * dm
S
8(M; +1) 7t gk * YRS + TGP

1
2

|

390
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8(M; +1)? [ 1 2 1 1
= T om (2@ +1) ((2M+1)2 " (2M+1))
8(M; + 1)? 2002
= 22k+2 (2@ ) (2M+1)
Ezk-l,Mf = ||f(x)—52k-1,M(f)||2
1

|

4(M, +1)( 1 )(
— = +1||—

2k+1 zka (2M+ 1)5
o1+ L)) m21
2K+ A2M + 1 20k

Thus theorem (3.2) is completely estiblished

4.3. Proof of Theorem (3.3)

1) f(x) Z Cn Oan 0(x
n+1)
2k 7 9k

en(x) —Cnol,bno(x) f(x) Vxe[
n—1 ﬁ+1)

en(x) = Cnotno — f(x) Vx € [nT' ETh

A+l

lenlE = |7 Pe-c,
5
_ fo( (” )) 2, ﬁ;1+h,0§hs%
- ) s b ) = [ (B e
o () () (52 [T (Bt o
; f(ﬁz‘kl)fokl (o on)an -,
Consider,
o = gt () b (S o [T (5 o)
1 a-1\* 1 1 -1\ 1 Fa a-1
Cro = 21<__1(f( ok )) * 12360 (f,( 2k )) +4_12k_1 []0‘ hzf"( 2k +9h)dh)
o g () ) [ (B on)o
. lf/(ﬁzkl)(fozkllhzf"(” - +6h)dh]

391
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1
———(F==])] + - +0n)| dh
12 260 [ T o 4 '\

/ﬁ_l 2 3// - 1k—1 ﬁ 2 ¢ n-1
+ f(zk )fo f( +9h)dh—zz (fo hf(—zk

e I

= 11 +12+13—14—I5 (say)

()

1 1 2

12 23(k-1)
M 1
3 28k

fz R = [(0(6m)*)* + M2 +2.(6n)* My dn
0
f =0 [ V22 + M2 + 2M3h* My dh

0 4

M3 1 M; 1 2M5My
+ — +
4(20{ + 5) 2(k-1)(2a+5) 20 25(k-1) 4(0{ + 5)2(k—1)(a+5)

/\

Zkl

zk izl Hh)' dh

zk
M, f I’l3 (M3I’la + M4)
0

MoM; 1 MMy
(o + 3)26-Dla+d) " 4 2ak—D)

f I f”( 4 Qh)dh
0
1 Ao Y
22 [ f T h dh)
0

2

1
_2k—1
4

M: o1
36 25(-1)
1

S [ 5 oo

2k

1 71,
M fo P Madh

MoM, 1
3 D4k-3

392
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Then,
2 2 2
OB = St 0 st (55)* @ rsar
e 323k-1 © 4(2a +5) | 26-D@a+5) | (4)25k-D) \5 9] " (4)(a + 5)2k-D(a+5)
M>oMs3 + M>oM,y (1 _ 1)
(a +3)26-D+d) * 2@k-3) (2 3
M; + M; N M; MM, M>M3 MM,
23k—1 22ka+5k—2a—5 25k—3 2ka+5k—a—5 2ka+4k—a—4 24k—3
2k—1
EDT () = ) lleal?
n=1
Aﬁ M3 M; MMy MoyMs MMy
22k 22ka+4k—2a—4 24k-2 (2)2ka+4k—a—4 Dka+3k-a-3 23k-2
2
1 1 1
< (Mz + M3 + M4)2 (z_zzk + —22ka+4§_2a_4 + —24}(2_2)
Therefore,

E® (f) = <M2+M3+M4>(

1 1 1
21,0 ok )

Zk + 2ka+2k—a—2 + 22k—1

1 1 1
= (M2+M3+M4)(2k—_1(1+m+?))
1 1 1
= (5 (1+ g + 31))

o 1
(i1) f(x) =X Zocn,ml;bn,m(x)

n=1m=
en(x) = CuoPno — f(x) Vx € [”2—;1 Bl

i+l

oF
le, IR = f & (0)x

VlT;(l
A+
* 5 2 2

= |7 Pw-2,-2,
ok
Zﬁ A-1 W

- fo (F(55= +) -2, )

consider,

Chp = < f(x)/ l#n,l >

A+l

fnjk FOY,1(x)dx

2

f . f(x)\/g £y — f)dx

2/

-1 3 (-1 .
fo f( = +h) E22(2( = +h)—n)dh

Il
$—
b
-
—
=
S
=
—_
+
=
N —
N W
N
Sl
~~
N
2
=
|
—_
N—
2
=



Then,

lea(AIZ = fo }111—4(,”(’%2;1 +9h))2dh—2k‘1 [fo hzf”( — +9h)dh]

|I1]

161

|5
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[ (50 2 (5 o) B2 ey

V325

1

ot () [ (g oo

V' f i hzf”( +9h)dh
0

- 21;3" (f’(ﬁz_kl))z"‘(3)23(k_1) (fozkl h3f"( 2— 4 eh)dh]z

+ (3)2“[ f hzf”( - +6h)dh) + f’(ﬁzkl
0

) fo h3f”( +6h)dh

) [ (e

1 A
— (3)22(k—1) f2k thn( — + Gh f h2 u — + 9[’1) dh
0

IN

IN

\%

2

1 2

_ 3(k-1) = 3 cr E
3)2 [fo 1 f ( = +9h)dh]

1

(3)226D) ( fo e f(”z;kl + eh)dh) ( fo al f”( 2_1 Gh)dh]

11 - Iz — 13 + 14 (Sﬂy)

1
R, (-1 2
fo r ( 2k +6h)

M2 1 M2 1 2M5M,
4(2a + 5) 20~ 1)(2a+5) 20 25(-1) 4(oz + 5)2(-1)(a+5)

f hzf”( - +6h)dh
) 2"

Mﬁ 1
"9 25(-1)

+

dh

2
2k1

2
(3)23(}(—1)

211 —
f h3f"( +6h)dh
0

3M2 1

16 25k-1)

394
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1 1
~ %*1 " i — 2k1 " nn—1
Ll < @) 1>( fo B f ( +9h)’dh)( fo 12 f ( = )‘dh]
< (3)22(k—1) M3 + My M3 My
- (a+4)2(k‘1)(a+4) (4)(24(k—1)) (a+3)2(k 1)(a+3) (3)(23(k—1))
Then,
lea(AIE = —— My M5 ) 1 (M MY MG M
R 20-DQa+5) | 420 +5)  (a+4)(a+3) | 25k-D| 20 9 16 4
1 2MsM, N MszMy N 3MsM,
20=D@+5) \4(a +5) (a+4) 4(a+3)
M3 N M 2M3 My
- 2(k—1)(2a+5) 25(k—1) 2(k—1)(a+5)
2k—1
ED? (D = Y llen(HIB
n=1
(MR MM oMMt
- 2(k-1)(2a+5) 25(k—1) 2 (k—1)(ar+5)
T 24(k-1) | D2a(k-1) 4 Da(k-1)
2 2
< (M3 + My) ( 1 1)
24(k-1) 2a(k-1)
M3 + M,y 1
2k—1M(f T T2k (2a(k—1) +1)

1 1
= 05 (1 376w

(i) f x) = Z Z ConPn, m (%)
Following the proof on Theorem (3.2)(ii),

n+1

1 : ” Liyso(2kx — 1) — L, (2kx — 1) ‘
Crm < (25k+1(2m+1)) f frx )[ m+3 2%dx

n+1

1 2 [ Ln@% = 7) = Lya@x =) |
() J, 7o

1 n+1
1 Ny
(25k+1(2m + 1)) f

Lm kx — - m— -7
(2 = ) = Lya@x =) ] i,
2m —1

£ - f7 ( )‘ [Lm+2(2kx — 1) = L,(2kx — 1)

2m+ 3

i+l

1 P b f” (n - 1) Lyps2(2%% = 71) — Ly (2kx — 1)
2561 2m + 1)) Ju o 2m+3
2

_ Lm(zkx - ﬁ) - Lm—l(zkx - ﬁ) dex
2m -1
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1 A+
1V 2 f L2 = 1) = L@ = )
25k+1(2m+1) ka =) 2m + 3
o

1
Ly (2% — 1) — Lyyo(2"x - ﬁ)] o + ( 1 ) M,

2m—1 25k+1(2m + 1)
F [Lina@x = 1) = L@ = ) L% = ) = Lyo(2'x = 1) ok gy
-1 2m+ 3 2m—1

ok

) 1 V2 (MLusa® = Lu(®) L) = Lua(t)
- (m) 2MI[ 2m +3 2m -1 ]dH

1 : Ly = Ln(®)  Ln() = Luna(®)
(25k+1(2m+1)) M2L| 2m+3  2m-1 ]dt

1 2 [ Vi2 ]+ M, 2 [ V12 }
2 2m+ 1) 2% [@m - ) @m—-3)t | 2% @m + 1)} 2% [ @m - 1)@2m - 3)}
V122 + M) [ 1
—2(2%+1)

5k+1

272 (2m — 3)?
& 12+ M 1 2
2 _ 2
1S m(AIE = ;:1 §M T 3)4(2ka+1)

k-1

L(1 iy y 1
_ 2
= 122+ My) Z 25 (zwl) 2, @m-3)
- m=M+1

1 V1 dm
= 122+My)’ ( 1) — f e —i
( + ) 24k+2 \ Dka + _(Zm — 1)4 + =M1 2m — 3)4

12(2 + My)?

IN

( 1 )2 1 1
+1 +
24k+2 \ Qka M -1)* * M - 1)

IA

1 V[ 2
2
122 + M2) k2 (2ka + 1) m]

ED D = If = Swip(Pll

Vi2e + M) (5 +1)[i]

2ka (@M -1)3

0] —1 (1+ 1) M > 2.
(@M —1)22@k+D \" 29k

5. Conclusions

1.()) Ep1 pq(f) = O( %1 zk) —0asM — o0,k — oo.

(i) E(21k)1 O(f = (2k T (1 + 2a|k 1 ))

(i) E2, ,(f) = (W L (1 + 2}lk)) S 0asM — oo,k — co.

(iV) E(z:?()lo f) = (2k T (1 + 2(a+1)k 7t o 1)) — 0ask — oo.
(2?11 f) (22(k1) (1+2“’< 1>))—>Oask—>oo,

— 0ask — oo.



(vi)

S. Lal, N. Patel / Filomat 35:2 (2021), 381-397 397

©) — 1 1
E2k11(f)—o(m(1+2M))—)0M—>oo k — oo.

Hence, these are best possible estimators in wavelet analysis.
2. Estimator of a function f with f” € Lipa are

(i)
(ii)

EY o(f) = O (5t (1+ 35m))-

E(szfl/M(f) (2k+1 V2M+1 (1 2‘1*)) )

and estimator of a function f with f” € Lipa are

(i)
(ii)

E(zgk)lo(f): (2"1(1+m+2“))

Ey () = Ozt (1+ 50))-

(111) EZ" 1 1(f) = O(m (1 + %))

The estimators of a function f with f” € Lipa are better and sharper than the estimator of a function f with
f’ € Lipa.

3. The estimators of a function having more derivatives are sharper and better than the estimators of
function having less derivatives.
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