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On Geometric Space and its Applications in Topological H,-Groups
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Abstract. We generalize the concept of topological hypergroup to topological H,-group and define some
topologies on H,-groups by using the concept of geometric space, which was defined by Freni. By applying
these topologies, we have always a topological H,-group without need any more conditions. Moreover,
we state some conditions on a topological H,-group that make it complete. Our aim is to generalize the

concept of topological hypergroup to topological H,-group via considering the characteristics of the induced
geometric space.

1. Introduction and Preliminaries

The concept of hypergroup was first introduced in 1934, by Marty [19]. Then this subject was investigated
by many other researchers; for example, see [3, 4, 6, 9, 10, 18, 20-22, 26]. The notion of an H,-structure is a
generalization of algebraic hyperstructures, which was defined by Vougiouklis at the Fourth AHA congress
(1990) [27]. He played an important role in extending this concept [28-30]. Davvaz, Spartalis, Dramalidis,
Leoreanu-Fotea, S. Hoskova, and others, later joined him in developing this concept in many directions.
Finally, Davvaz and Vougiouklis collected all the results until 2018 in [8]. Recall from [8] that a hypergroupoid
(H, o) is a nonempty set H with a map o : H x H — P*(H) called (binary) hyperoperation, where $*(H) is the
set of all nonempty subsets of H. The image of the pair (x, y) is denoted by x o y. Let A,B € #*(H) and let
x € H. Then the operation o is defined

AOB:UQOb, Aox=Ao{x}, and xoB={x}oB.

acA
beB

Consider the hyperoperation “o” in H:

e ltis called associative if (xoy)oz = xo(yoz)forallx, y,z € H. This means that U, eyoy 402 = Upeyoz X0
o It is called weak associativeif x o (yoz)((xoy)oz # D forallx,y,z € H.

o ltis called (strong) commutativeif xo y = yox forallx,y € H.

o ltis called weak commutativeif xoyNyox # @ forall x,y € H.

e A hypergroupoid (H, o) has the reproduction axiom ifao H = Hoa = H foralla € H.
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e A hypergroupoid (H, o) is finite if it has only finite elements.

“"_

e A hypergroupoid (H, o) is called an H,-semigroup if the hyperoperation “o” is weak associative.
e A hypergroupoid (H, o) is called a quasihypergroup if it has the reproduction axiom.

A semihypergroup (H, o) is called a hypergroup if it is a quasihypergroup. An H,-semigroup (H, o) is
called an H,-group if it has the reproduction axiom. An element e in hypergroupoid (H, o) is called identity
ifxeeoxnNxoeforall x e H Anelementa’ € H is called an inverse of a € H if there exists an identity e € H
such that e € a o a’ Na’ o a. A hypergroup is called regular if it has at least one identity and each element
has at least one inverse. Each semihypergroup is an H,-semigroup. If (H, o) is a hypergroup such that
| xoy|=1forall x,y € H, then (H, o) is a group. A nonempty subset K of a semihypergroup (H, o) is called
a subsemihypergroup if it is a semihypergroup. In other words, a nonempty subset K of a semihypergroup
(H, o) is a subsemihypergroup if K o K € K. A nonempty subset K of a hypergroup (H,-group resp.) (H, o)
is a subhypergroup (Hy-subgroup resp.) if (K, o) has the reproduction axiom, thatis, 2 c K = Koa = K for all
aeKk.

Until now, limited papers have noticed the concept of topological hyperstructures; for example, see
[2, 13-15, 17, 24]. Heidari, Davvaz, and Modarres [13] introduced the notion of topological hypergroup.
Singha, Das, and Davvaz [25] defined the concept of topological complete hypergroups and investigated
some of their properties. In this paper, we generalize the concept of topological hypergroup to topological
Hy-group and introduce some topologies on H,-groups by the concept of geometric space, which was
defined by Freni [11]. Recall from [11] that, a geometric space is a pair (S, B) such that S is a nonempty set
in which its elements are called points and B is a nonempty family of subsets of S, which its elements are
called blocks. If C is a subset of S, then it is called a B-part of S if BN C # @ implies B C C for every B € 8.
For a subset X C S, the intersection of all 8-parts of S containing X is denoted by I'(X). For each subsets X
and Y of a geometric space (S, 8), the following properties are true:

(P1) X CI'(X),

P2) XCY=>T(X) CI(Y),

(P3) I'(I'(X)) = I'(X),

(P4) I'(X) = Uyex I'(x), where I'(x) = T({x}).

For all subsets X of S, Freni [11] described an ascending chain of subsets (I';(X)),, called cone of X, which

has the following conditions: I'y(X) = X andI',;+1(X) = I,(X) U (U{B € B| BNT,(X) # 0}) for every integer
n > 0. Using the notion of cone of X, we can obtain the closure of X, as shown in the next result.

Proposition 1.1. ([11]) Let (S, B) be a geometric space. For every n € IN and for every subsets X, Y of S, the following
properties are true:

1. XCY=T,(X)CTuY).

[(X) = UrexDu(x) where T';y(x) = Ty ({x}).

Ly(Tn(X)) = D (X).

rn(X) = Une]Nrn(X)'

If the family B is a covering of S (i.e., S = UpegB), then T',,1(X) = U{B € B| BN T, (X) # 0}.

O W N

Corollary 1.2. ([11]) Let (S, B) be a geometric space and let B be an element of B. Then
1. I'(x) = I'(y) for each x, y € B.
2. I'(B) =TI'(x) forall x € B.

Corollary 1.3. ([11]) Let (S, B) be a geometric space and let X be a subset of S. If there exists n € IN such that
I'h1(X) € Tu(X), then Ti(X) = T'i(X) for every integer k > n. Moreover I'(X) = I',(X).
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2. Geometric Spaces

It is interesting to find the relation between the concept of basis of a topology and blocks of a geometric
space. In fact, we are willing to know that, when the blocks of a geometric space form a basis for a topology.
By the definition of geometric space, the family #(S) of all B-parts of a geometric space S has following
properties:

1. 0,5 € F5(5).

2. F5(S) is closed under the intersection.
3. F5(S) is closed under the union.

Corollary 2.1. Let (S, B) be a geometric space; then the following properties hold:
1. The family of B-parts of S is a topology on S. The open subsets of this topology are B-parts.
2. The family of the complement of B-parts of S is a topology on S. The closed subsets of this topology are B-parts.

Proof. 1. Since 0, S € Fg(S) and F(S) is closed under union and (finite) intersection, Fg(S) is a topology on
S. Therefore, the open subsets of this topology are B-parts.

2. Since F(S) is closed under intersection and (finite) union, the family of the complement of B-parts
of S is closed under union and (finite) intersection. Therefore, the family of the complement of B-parts of S
is a topology on S and the closed subsets of this topology are B-parts. [

Definition 2.2. Let (S, 8B) be a geometric space. The open topology corresponding to B is T (S) = Fg(S) and
the closed topology corresponding to Bis T 4(S) = {S \B | Be TB(S)i.

The open sets of topology 7 4(S) are the closed sets of topology 7 ;(S), and vice versa. By Corollary 2.1,
I'(X) is the closure of X in topology 7 5(S). Throughout of the paper, whenever the type of these topologies
is not important or the properties are common for them, we call it by corresponding topology and notify it by
73(5).

Example 2.3. 1. If (5, B) is a geometric space and 8 is the family of singletons, then Fg(S) = £(S), where
P(S) is the set of all subsets of S. Thus 7/(S) and 7 4(S) are the discrete topology.

2. If (S, 7) is a topological space, then (S, 7) is a geometric space and 7(S) = {0, S}. Therefore, 77(S) is
the trivial topology.

3. Let S ={a,b,c,d}, let By = {{a}, {b}, {a,c}, {c,d}}, let B, = {{a}, {c,d}}, and let B; = {{a}, {a, c}}. Then

74,(5) = F3,(S) = {0,{b}, {a, c,d}, S};

T ,(S) = F3,(S) = {0, {a}, {b}, {a, b}, {c,d}, {a, ¢, d}, {b, c, d}, S};
)

0, b}, {a

T 5,(S) = F,(S) = {0,{b}, {d}, {a, c}, {a, b, c}, {a, c, d}, S};
T 5,(5) = 1{0,{b}, {a,c,d}, Si;

T 5,(5) = {0, {a}, {b}, {a, b}, {c, d}, {a, ¢, d}, {b, c,d}, S};

T 5,(S) =10,{b}, {d},{b,d}, {a, b, c}, {a, c, d}, S}.

Lemma 2.4. Let (S, B) be a geometric space and let B1, By € B such that By N By # 0. Every B-part contains By,
and also contains B.

Proof. Let C C S be a B-part containing By; then® # B,NB; € B, NC,s0B, CC. [
Proposition 2.5. Let (S, B1) and (S, By) be geometric spaces and let B, € By. Then Tg,(S) € T,(S).

Proof. By Lemma 2.4, Fg,(S) C ¥3,(S), thus 7g,(S) € 7,(S). O
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The n-tuple (By, By, . .., B,,) of blocks of geometric space (S, 8B) is called a polygonal if B; N B;1 # 0 for each
1 <i < n. By the concept of polygonal, Freni [11], defined the relation = as follows:

X =Yy <= x =y or there exists a polygonal (By, By, ..., B,) such that x € By and y € B,,.
The relation = is an equivalence and coincides with the transitive closure of the following relation:
X ~ 1y <= x =y or there exists B € 8 such that {x, y} C B.

Hence ~ isequal to | J,,5; ~", where ~"= ~ o ~ o...0 ~. Freni [11] proved that the ~-class of x in S identified
————

n times
by [x], coincides with I'(x) (see the following proposition).

Proposition 2.6. ([11]) Let (S, B) be a geometric space. Then for each integer n > 1 and for each x,y € S,

1. y~"x & yel,(x),
2. [x] = T'(x).

Corollary 2.7. ([11]) Let (S, B) be a geometric space. Then for each integer n > 1,

1. ~"is transitive &= T'(x) =T(x)forallx €S,
2. ~ istransitive <= T'(x) =T1(x) forall x €S.

Proposition 2.8. ([11]) Let (S, B) be a geometric space. Then for all blocks A, B € B and for each integer n > 1, the
following conditions are equivalent:

1. IfANB # 0 and x € B, then there exists C € B such that (AU {x}) € C.
2. If ANB # 0 and x € I',(B), then there exists C € B such that (A U {x}) € C.
3. If ANT,(B) # 0 and x € T',(B), then there exists C € B such that (A U {x}) € C.

If one of the equivalent conditions of the previous proposition is satisfied and 8 is a covering of S,
then the geometric space (S, 8) was called strongly transitive by Freni [11]. If (S, B) is a strongly transitive
geometric space, then the relation ~ on S is transitive, that is, ~== (see [11]).

Definition 2.9. An element x of the geometric space (S, B) is called single if {x} is a B-part. It means that x
is a single if I'(x) = {x}.

By the definition of I'(x), it is clear that x is a single element of geometric space (S, 8) if and only if
{x}nB=0forall Be B\ {x}.

In the corresponding topologies of a geometric space, a subset U is open (closed resp.) if and only if U
is a B-part. In general, we have the following definition.

Definition 2.10. A geometric space (S, 8) with topology 7 on 5 is called t-open (t-closed resp.) if every block
B € Bis an open (closed resp.) subset of (S, 7).

A geometric space (S, B) is 7 J(S)-open and 7 4(S)-closed.
Proposition 2.11. Let (S, B) be a geometric space with topology T on S and let U C S. Then we have the following
properties:

1. If (S, B) is a t-open geometric space and U is open, then I'(U) is open.
2. If (S, B) is a t-closed geometric space such that B is finite and U is closed, then T'(U) is closed.

Proof. 1. Since I'1(U) = U U (U{B € B | BN U # 0}) is a union of open subsets of S, it is open. By induction,
I'1(X) is open, Hence I'(U) is open.

2. Since I'1(U) = UU (U{B e B| BN U # 0}) is a finite union of closed subsets of S, it is closed; like the
open case, I'(U) is closed. [
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The first part of Proposition 2.11, means that the natural map I' : S — Fg(S) is an open map. In the
special case, when 8 is a covering of S, we have the following corollary.

Corollary 2.12. Let (S, B) be a geometric space with topology T on S, such that S = | Jgeg Band U C S.

1. If (S, B) is a T-open geometric space, then I'(U) is open.
2. If (S, B) is a t-closed geometric space such that B is finite, then T'(U) is closed.

Recall from the topological theory (see [23, 31]) that, if (X, 7) is a topological space, a basis (open basis) for
7, is a collection B C 7 such that every open set is a union of subfamily of B. In other words, B is a basis
for a topological space (X, 7) if and only if

1. X = Ugey B,
2. for each By, B, € B with x € By N B, there is some B; € B such that x € B3 € B; N B,.

Closed sets can equally describe the topology of a space. Thus there is a dual notion of a basis for the
closed sets of a topological space. A closed basis or a basis for the closed sets of topological space (X, 7) is any
family of closed sets in X such that every closed set is an intersection of the subfamily. In other words, & is
a closed basis for a topological space (X, 7) if and only if

1' mFEﬁF = 0/
2. for each Fq, F, € §, the union F; U F; is the intersection of some subfamily of & (i.e., for any x not in
F; or F;, there is F3 € § containing F; U F; and not containing x).

It is easy to check that & is a closed basis of X if and only if the family of complements of members of ¥
is an open basis of X.

A subbasis of topological space (X, 7) is a subcollection B of T that generates the topology 7. This means
that 7 is the smallest topology containing B. In other words, the collection of open sets consisting of all
finite intersections of elements of B, together with the set X, forms a basis for 7. This means that every
proper open set in T can be written as a union of finite intersections of elements of B.

Equally, a closed subbasis of topological space (X, 7) is defined as a subcollection § of closed subsets X,
such that every closed set of X can be written as a union of elements of .

Definition 2.13. Let (S, 8) be a geometric space. A block B € 8 is complete if B is a B-part. A geometric
space is complete if every block of it is complete.

By the definition of T, the following corollary is immediately obtained.
Corollary 2.14. A geometric space (S, B) is complete, if and only if I'(B) = B for each block B € 8.
Proposition 2.15. The geometric space (S, B) is complete if and only if B is pairwise disjoint.

Proof. If B is pairwise disjoint, then clearly the geometric space (S, 8) is complete. Conversely let (S, B) be
complete, and there exist B;, B; € 8 such that B; # B; and B; N B; # (). By Corollary 1.2, I'(B;) = I'(B;), so by
(P1), we have B; U B; C I'(B;), thus B; # I'(B;), which contradicts with completeness of the geometric space
(58). O

Theorem 2.16. If (S, B) is a complete geometric space such that S = | Jg.g B, then B is an open basis of topology
T 4(S), and a closed subbasis of topology T ;(S). Moreover (S, B) is transitive.

Proof. Let X C S be open (closed resp.); then I'(X) = X. By (P4) and Corollary 1.2, we have

x=Jrw=|Jr®= ] B

xeX BeB BeB
BNX#0 BNX#0

Thus X is the union of elements of B, which means that 8 is an open basis of topology 7 4(S) and a closed
subbasis of topology 7 4(S).
By Proposition 1.1(5), I'1(X) = U Beg B = I'(X), so ~==, which means that the geometric space is
BNX#0

transitive. [
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In general, if (S, B) is a T-open geometric space such that S = | g B, then 8 is an open basis of topology
7. Conversely if (S, 7) is a topological space and B is a basis of 7, then (S, B) is a T-open geometric space.

By the definition of open corresponding topology of a geometric space, every open set is a B-part, or in
general we have the following definition.

Definition 2.17. A geometric space (S, 8) with a topology 7 on S is called t-complete if every open set of S
is a B-part. In other words, the geometric space (S, 8) with a topology 7 on S is T-complete if I'(U) = U for
every U € 7.

Immediately, we have the following corollary.

Corollary 2.18. Let (S, B) be a geometric space and let T be a topology on S. If (S, B) is t-complete, then the natural
map I : S — Fg(S) is an open map.

Clearly, the 7 5(5)-complete geometric space (S, 8), is complete.
If (S, B) is a T-complete geometric space and B is a basis of 7, then by Corollary 2.14, (S, ®B) is a complete
geometric space, and so by Proposition 2.15, B is a family of pairwise disjoint subsets of S.

Proposition 2.19. If a geometric space (S, B) is t-open and T-complete for a topology T on S, then it is complete.

Proof. Let B € B. Since (S, B) is T-open, then B € 1, so by t-completeness, I'(B) = B. Hence Corollary 2.14
yields that (S, B) is complete. [

Let (S;, B;) be a geometric space with topology 7; on S; fori = 1,2. Then (S1 X Sz, 81 X B,) is a geometric
space, where 81 X B, = {B1 X By | B1 € 81, B, € B,}. Let X C 51 X S,. Proposition 1.1 implies

rx) = Jrw=J Twx)= () i) xTix).

xeX (X1,X2)€X (X1,X2)€X
Thus F(X) = U(xl,xz)EX F(xl) X F(Xz). IfX= X1 X Xp, then FI(X) = F,-(X1 X Xz) = Fi(Xl) X F,-(Xz) for each i € IN.
Clearly if (S;, B)) is (strongly) transitive (t;-open, 7;-closed, 7;-complete, or complete resp.) fori = 1,2, then
(51 X Sp, B1 X By) is (strongly) transitive <(T1 X Tp)-open, (71 X T2)-closed, (71 X T2)-complete, or complete
resp.). By induction, we have the following proposition.
Proposition 2.20. Let (S;, B;) be geometric spaces with topology t; on S; fori =1,2,...,n. Then ([TiL, Si, [T, Bi)
is a geometric space and we have the following properties:

1 IFX C I, S, then Ty(X) = [, . xyex Te(xi) for each t € N and thus T(X) = [y, vyex T(X0).

2. If (Si, B)) is (strongly) transitive for i = 1,2,...,n, then (ITL, S, T1L, Bi) is (strongly) transitive.

3. If (Si, Bi) is ti-open (ti-closed resp.) fori=1,2,...,n, then (IT7; Si, [1it, Bi) is (I1, Ti)-open ((TTL; i)-
closed resp.).

4. If (Si, Bi) is ti-complete (complete resp.) for i = 1,2,...,n, then ([1i; Si, [1= Bi) is (I1iz; 7i)-complete
(complete resp.).

Let (S, 7) be a topological space. Then, the family U consisting of all sets
Su={VeP(S)IvVvcu}l, Uer,

is a base for a topology on #*(S), which is denoted by 7*; see [15]. For more information and some example
see [1, 5, 16].

Definition 2.21. Let (S, B) be a geometric space. The induced geometric space on P*(S) is (£*(S), B*), where

B ={B"|Be B}, where B'={V P (S)|V CB}.
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Proposition 2.22. Let (S, B) be a geometric space with topology T on S and let (P*(S), B*) be the induced geometric
space with topology t* on P*(S). then

1. (S, B) is complete <= (P*(S), B*) is complete.
2. (5,8B)ist-open = (P(S),B") is T*-open.
3. (S, B) is T-complete = (P*(S), B*) is T*-complete.

Proof. 1. Let (S, B) be complete; then by Proposition 2.15, 8 is pairwise disjoint. Let 8" not be pairwise
disjoint, that is, there are B}, B; € B+ such that B N B} # 0. Then there is V € #*(S) such that V € B] N B;.
Therefore V C By N B, = 0, which contradicts with completeness of (S, 8), Hence by Proposition 2.15,
(P*(S), B*) is complete.

Conversely, if {x} € B; N B, # Ofor By, B, € B, then {x} € B] N B}, which contradicts with completeness of
(P*(S), B"). Hence Proposition 2.15 completes the proof.

2. Let (S, B) be a t-open geometric space and let B* € B*. Since (S, B) is t-open, we have B* € t*. Thus
(P*(S), B) is T*-open.

3. Let (S, 8B) be a t-complete geometric space and let Si; = {V € $*(S) | V € U} be an element of the
basis of t*. Since every open set is a union of subfamily of the basis, by (P4), it is sufficient to prove that
I'(Su) = Su. By the definition, I'1(Syy) = SuyUU{B* € B | SunB* # 0}, but SyNB* = {V e P*(S) | V CUNB}.
Therefore B* C I'1(Sy) if and only if U N B # 0 if and only if B C I'1(U) € I'(U), but I'(U) = U since (S, B) is
t-complete. Hence B* C I'1(Sy) if and only if B € U. Indeed B C U yields that B € Sy, so B* C Sy;. Thus
I'1(Su) = Sy, and by Corollary 1.3, I'(Sy) = Sy. O

Recall that, a topological space X is called compact if any open cover of X has a finite subcover.

Proposition 2.23. Let (S, 1) be a topological space and let (S, B) be a T-complete geometric space such that | Fg(S) |<
oo. Then the topological space (S, T) is compact.

Proof. Since (S, B) is -complete, then T € Fg(S). Therefore | T |< o0, and hence S is compact. [

Proposition 2.24. Let (S, T) be a compact topological space and let (S, B) be a T-open geometric space such that B is
a cover of S. Then | Fg(S) |< co.

Proof. Since (S, B) is T-open, then S = (Jpeg B is an open cover for S, so there is a finite subcover C C B,
such that S = | Jpee B- Since S = Jpee B, then F¢(S) = {Ugep B | M € P(C)}. Indeed, P(C) is finite since C is
finite. By Proposition 2.5, #5(5) C F¢(S) and it completes the proof. [

Definition 2.25. A map f : (51, B1) — (52, B2) between the geometric spaces, is called a good morphism if

x~y=f(x)~ f(y) forallx,yeS.
Theorem 2.26. Let f : (S1,B1) — (S2, Ba) be a map between the geometric spaces. If f is a good morphism, then

1l.xry= f(x)= f(y) forallx,y € 51,
2. f:(51,78,(51)) = (S2, T8,(S2)) is continuous.

Proof. 1. Let x,y € S; with x = y. Then there exist n € N and (z3,2,...,2,) € S" suchthatx ~z; ~zp ~ -+ ~
zn ~ y. By the hypothesis f(x) ~ f(z1) ~ f(z2) ~ -+ ~ f(zu) ~ f(y), we haveﬁc) ~ f(y).

2. By the first part, we have f(I'(X)) € I'(f(X)). It means that f X) f(X) in the corresponding closed
topology. Therefore f is continuous.

LetX e ‘7"1";2(52); then X = I'(X). By part (1) for each x € X and every y € f~!(x), we have

fAW) ST(f(y) =T cI(X) =X,

so f1(X) e 7 3,(51), and hence f is continuous. [
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Theorem 2.27. Let (S;, B;) be a geometric space with topology T;on S; fori = 1,2, and let f : (S1, B1) — (S2, Bo) bea
good morphism. If (S1, B1) is T1-open such that Sy = Upeg, B and (S, By) is to-complete, then f : (S1,11) — (S2,72)
is continuous.

Proof. Let U C 7, and let x € U. For each y € f~1(x), there exists B € B such that y € B (since B is a cover
for S1). By Corollaries 1.2 and 2.12, I'(y) = I'(B) is open and we have

fOW) ST(f(y)) =T(x) cTMU) =L,

in which the latest equality holds because of T,-completeness of S;. Thus f~!(U) is open, and hence f is
continuous. [

3. Hypergroups and H,-Groups

In this section, we define some topologies on H,-groups by employing the concept of geometric space
and then generalize the concept of topological hypergroup to topological H,-group. Firstly, we remind
some relative concepts of hypergroups and H,-groups in algebra; see, for more information, [7, 8].

Let (Hj, o) and (H,, ) be two hypergroups (H,-groups resp.). A map f : H; — H, is called a homomor-
phism or a good (strong) homomorphism if

flxoy) = f(x)e f(y) forallx,yeH;.

The map f is called weak homomorphism or H,-homomorphism if

flxoy)yNnf(x)e f(y)#0 forallx,y € Hy.

Also f is called an inclusion homomorphism if

f(xoy) C f(x)e f(y) forallx,ye Hi.

Moreover, f is an isomorphism if it is a one-to-one and onto good homomorphism. If f is an isomorphism,
then H; and H are said to be isomorphic, which is denoted by H; = H,.

Let f : (Hy,0) — (Hy, o) be a good homomorphism between semihypergroups. The relation f™! o f is an
equivalence relation p on Hj, that is,

apb < f(a) = f(b).

The relation p is called the kernel of f.
The homomorphism f is one-to-one if and only if its kernel is the diagonal set. Immediately, we have
the next proposition.

Proposition 3.1. Let (Hj, o) and (H,, ) be two hypergroups and let f : Hi — H, be a good homomorphism. Then
f is one-to-one if and only if T n, (Hy) is the discrete topology.

Fer(f)

For all n > 1, the relation §, is defined on a semihypergroup H, as follows:
n
appb = A(x1,...,x,) € H" :{a, b} C Hxi,
i=1

and 8 = U,s1 Bn, where 1 = {(x,x) | x € H} is the diagonal relation on H. Clearly, the relation g is reflexive
and symmetric. The transitive closure of § is denoted by .
The relation " is the smallest equivalence relation on H such that the quotient (ﬁ—Pf,O) is a semigroup,
where
BFx)op(y)=p(z), xyecHandzexoy.
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The relation p* is called the fundamental equivalence relation on H and is called the fundamental semigroup. If
H is a hypergroup, then = * and ﬁﬂ is a group called fundamental group.
The relation «,, is defined as follows:

ar ={(x,x) | x € H},

and for every integer n > 1,

n n
xapy & zi,...,z4)€H",0€S, :x€ Hzi,y € Hzo(i),
i=1 i=1

where S, is the symmetric group of all permutations of the set {1,2,...,n}.

Obviously, for n > 1, the relations @, are symmetric, and the relation a = (J,5; @, is reflexive and
symmetric. Let " be the transitive closure of «.

The quotient £ is a commutative semigroup. Furthermore, if H is a hypergroup, then £ is a commutative
group.

The fundamental equivalence relation on Hy-group (H, o), denoted by g, is the smallest equivalence relation
on H such that the quotient éi is a group. If H(H) denotes the set of all finite products of elements of H
(i.e., HH) = U,en Hn(H), where H,,(H) is a hyperproduct of n elements of H in which the parentheses are
put in all possible ways), then the relation § on H whose transitive closure is the fundamental relation g, is
defined as follows:

xBy & there exists B € H(H) such that {x, y} C B.

In other words,
af'b & Azy,...2441 € Hwithz; =4, 2441 =band By, ..., B, € H(H) such that {z;,zi1} €B; (i=1,...,n).

Suppose that p*(a) is the equivalence class containing a2 € H. Then the product on ﬁﬂ is defined as follows:

B@)©p'(b) = P(c) forallce fa)op(b).

An element X of H,-group (H, o) is called single if its fundamental class is singleton, that is, *(x) = {x}.
The set of all single elements of H is denoted by Sy.

Clearly if f : (Hj, 0) — (Hy, ®) is a good homomorphism between two hypergroups or H,-groups, then
f preserves the relation f.

Example 3.2. 1. According to [11], if (H, o) is a hypergroup, then (H,#*(H)) is a geometric space whose
points are the elements of H and whose blocks are the hyperproducts of elements of H. Thus, if B € $*(H),
then there exists an n-tuple (z1, 2, ...,2,) € H" such that B = z; 0 zp o - - - 0 z,,. By reproducibility of H, for
every x € H, a pair (a, b) of elements of H exists such that x € a o b, and hence the family #*(H) is a covering
of H. Moreover, by Proposition 3.1.1 of [12], the geometric space (H, P*(H)) is strongly transitive. In this
case, the relation ~ coincides with the fundamental relation g, therefore § is transitive.

2. According to [11], if (H, o) is a hypergroup, then (H, P,(H)) is a strongly transitive geometric space,
where P;(H) is the family of subsets of H, such that

1. B(z) ={z} forallz € H,
2. B(z1,22, ..., 2zn) = U121 2oy | 0 € Su}, if n > 2, for all n-tuple (z1, 2o, . .., 2,) € H".

where S, is the symmetric group of all permutations of the set {1, 2, ...,n}. Moreover, the relation ~ coincides
with the relation a.

3. If (G, 0) is a group, then it is a hypergroup, so (G, H(G)) is a geometric space whose blocks are
singletons. Hence the topology 7 c)(G) is discrete.

4. If (H, o) is an Hy-group, then (H, H(H)) is a geometric space whose points are the elements of H and
whose blocks are the finite products of elements of H. Thus, if B € H(H), then there exist an integer n > 1
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and n-tuple (z1,2,...,2,) € H" such that B = z; 0z, o - - - 0 z,,. By reproducibility of H, for every x € H, a pair
(a,b) of elements of H exists such that x € a o b, and hence the family H(H) is a covering of H. Moreover,
the relation ~ coincides with the relation . By Corollary 3.1 of [8], if Sy # 0, then § = . In this case, the
geometric space (H, H(H)) is strongly transitive.

Since hypergroups are a special class of H,-groups, so in the following theorem, we try to prove some
properties for H,-groups in general.

According to Example 3.2, any H,-group induces at least one geometric space, it is natural willing to
identify the relation between good homomorphisms of hypergroups and good morphisms of geometric
spaces; see the following theorem.

Theorem 3.3. Let (H1,0) and (Hy, ) be two H,-groups, and let f : Hi — Hy be a good homomorphism. Then
f is a good morphism from the geometric space (H1, H(H1)) to the geometric space (Ho, H(Hy)), and therefore f :
(Hy, Ty (H1)) = (H2, T,y (H2)) is continuous. If f is an isomorphism on Hy-groups, then f is a homeomorphism
on the corresponding topological spaces.

Proof. If f : (Hy,0) — (Hp, ®) is a good homomorphism on H,-groups, then f preserves the relation g, so it
preserves the relation ~ on geometric spaces. Hence f is a good morphism and so by Theorem 2.26, f is
continuous. If f is isomorphism, then there is a good homomorphism g : H, — Hj, such thatgo fand fog
are identity on H; and H,, respectively, which completes the proof. [

Proposition 3.4. Let H be an H,-group and let q : H — ﬁﬂ be a natural map; then q is a quotient map.

Proof. By Theorem 2.26, g is continuous because of preserving ~ and g is natural, so it is surjective. It is
remained to show that, it is an open (closed resp.) map. Let X be an open (closed resp.) subset of H in open
(closed resp.) corresponding topology. Then by Corollary 2.1, X = I'(X). Therefore g(I'(X)) = I'(9(X)), and
hence g is open (closed resp.). O

Recall that a paratopological group is a pair (G, T) consisting of a group G and a topology 7 on G making
the group operation continuous. A paratopological group G with continuous inversion is called a topological
group. The continuity of the inversion is one of the important research topics in the theory of paratopological
groups.

Now we recall the following definition from [13]. Let (H, o) be a hypergroup and let (H, 7) be a topological
space. Then, the system (H, o, 7) is called a topological hypergroup if the following conditions hold:

1. The mapping (x,y) = x o y, from H X H to £*(H) is continuous.
2. The mapping (x,y) = i, from H X H to #*(H) is continuous, where ’—y( ={zeH|xezoy}

It is considered the product topology on H X H and the topology 7" on £*(H). When only the first condition
holds, it is called a paratopological hypergroup.
Like the above, we can define the concept of topological H,-group.

Definition 3.5. Let (H, o) be an H,-group and let (H, 7) be a topological space. Then, the system (H, o, 7) is
called a topological H,-group if the following conditions hold:

1. The mapping (x,y) = x o y, from H X H to #*(H) is continuous.
2. The mapping (x, y) — i, from H X H to $*(H) is continuous, where i ={zeH|xezoy}

We consider the product topology on H X H and the topology 7 on #*(H). When only the first condition
holds, it is called a paratopological H,-group.

Lemma 3.6. Let (H, o) be an H,-group and let Sy # 0. Then the hyperoperation o : H x H — P*(H), which maps
(x,y) to x o y, is continuous in the topological space (H, T ﬂ(H)(H)). Hence (H, O,TH(H)(H)) is a paratopological
H,-group.
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Proof. If we show that o : (H, H (H)) X (H, H (H)) - (P*(H), (H (H))*) preserves the relation ~, then by
Theorem 2.26, it is continuous in the topological space (H, T ) (H)). Let (x1, 1) ~ (x2, y2) such that x; # x,
and y; # yp; then x; ~ xp and y; ~ y». Therefore I'(x;) = I'(x2) and I'(y1) = I'(y). Since ﬁﬂ is a group by the

operation f*(x1) © 8*(y1) = p*(z1), where z; € *(x1) © f*(y1), p* coincides with the relation ~. In the other
hand, I'(x1) © I'(y1) = I'(z1), thus we have

[(z1) =T(x1) ©I(y1) = T(x2) ©I(y2) = T(22),

where z, € x; o y,. Indeed x; o y; € H(H) is a block of geometric space (H, (H(H)) for i = 1,2, so by
Corollary 1.2, I'(x; o y;) = I'(z;) for i = 1,2. Hence I'(x1 o y1) = I'(x2 © y»). Since x; o y; € H(H) fori =1,2
are blocks, then by (P1), x1 o y;1 N xp o ¥, # B or there exists a polygonal (By, ...B,) of (H, H (H)) such that
x10Yy1NB1 # 0 and x, 0o y» N B, # 0. Then the induced blocks (x; o y;)* € (H(H))" for i = 1,2 have a nonempty
intersection or for the induced polygonal (B3, ... B;) of (P"(H), (H (H))*), we have (x; o y1)* N B} # 0 and
(x2 0 y2)* N B, # 0. Therefore I'((x1 o y1)*) = I'((x2 © ¥2)*) and thus by Corollary 1.2, I'(xq o y1) = I'(x2 o y2)
(since x; o y; € (x; o y;)* for i = 1,2) in the geometric space (P*(H), (T((H))*).

Since (H(H))" is a cover for H(H), by Theorem 2.16, (P* (H), (W(H))*) is a transitive geometric space, so
Xpoyir~x201. [

In the following lemma, we consider the continuity of inversion of H,-group.

Lemma 3.7. Let (H,0) be an H,-group and let Sy # 0; then the map f : H X H — P*(H) that maps (x,y) to
i = {z € H| x € z o y} is continuous in the topological space (H, Tﬂ(H)(H)).

Proof. By Theorem 2.26, it is enough to show that f preserves the relation ~. Let (x1, ¥1) ~ (x2, y2) such that
x1 # Xz and y1 # yo; then x; ~ x2 and y; ~ y». Indeed, for each z; € % and z, € %, we have x1 € z; o y; and
X3 € z3 © ip. Then by Corollary 1.2, we have

I(z1 oy1) =I'(x1) = I'(x2) = T'(z2 0 2).

Since ﬁﬂ is a group by the operation (z1) © f"(y1) = (x1), where x1 € $(z1) o B*(11), and p* coincides with
the relation ~. In the other hand, I'(z1) © I'(y1) = I'(x1), and since I'(y1) = I'(y2), we have

[(z1) ©T(y2) = T(z1) ©T(y1) = [(w1) = T(x2) = I'(z2) © I (y2)-
By the properties of group I%’ we have
['(z1) ©I(y2) = I'(z2) ©T(y2) = I'(z1) = ['(22).

Like the proof of Lemma 3.6, I'(z1) = I'(zp) in the geometric space (P* (H), (HH ))*), and strongly transitivity
of geometric space (?’*(H), (W(H))*) yields z1 ~zp. O

The two above lemmas yield the following theorem.
Theorem 3.8. Let (H, o) be an Hy,-group; then (H, o, T(H(H)(H)) is a topological H,-group.

Like the above theorem, to find the condition that the system (H, o, 1) is a topological H,-group for
an arbitrary topology 7 on H, we need some concepts and their properties; see, for more information,
[7,8,13,17].

Let (H, o) be a hypergroupoid and let 7 be a topology on H. Then o is t-closed when for every x,y € H,
x o yis a closed subset of (H, 7) (see [17]). Similarly, we can define 7-open.
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Remark 3.9. The concept of t-open (7-closed resp.) in H,-groups coincides with the concept of 7-open
(t-closed resp.) in geometric spaces. In fact, the H,-group (H, o) with topology 7 on H is t-open (t-closed
resp.), if and only if the corresponding geometric space is t-open (7-closed resp.).

Definition 3.10. ([7, 8]) Let (H, o) be an H,-semigroup. Then a nonempty subset A of H is called a complete
part of H if for each nonzero natural number n and for all hyperproduct B € H,,(H),

ANB+0=BCA.

The intersection of the complete parts of H containing A is called the complete closure of A in H, which is
denoted by C(A).

The concept of complete part and complete closure in H,-groups coincides with the concept of B-part
and closure in geometric spaces, respectively. Also C(A) coincides with I'(A).

Definition 3.11. ([7]) A semihypergroup H is complete, if it satisfies one of the following conditions:

1. Forall (x,y) € H> and for alla € x o y,C(a) = x o v.
2. Forall (x,y) € H*,C(xoy) = xo .
3. For all (m,n) € N2, m,n > 2, for all (x1,x2,...,x,) € H", and for all W1, Y2, ym) € H", TTiz; xi N

H;‘il yi#0= Il x = H;n=1 Yj-

A hypergroup is complete if it is a complete semihypergroup.

Like the concept of complete hypergroup, we can define the concept of complete H,-groups. In fact, an
Hy-group (H, o) is complete if every finite product of elements of H is a complete part, that is, C(B) = B for
all B € H(H).

Recall from [13], that a hypergroup (H, o) with a topology 7 on H is called a t-complete part if every U € t
is a complete part.

Remark 3.12. It is clear that, the concept of complete (7-complete resp.) H,-group coincides with the
concept of complete (t-complete resp.) geometric space.

Theorem 3.13. Let (H, o) be an H,-group and let (H, T) be a topological space. If H is t-complete and t-open, then
(H, o, T) is a topological complete H,-group.

Proof. Like the proof of Lemma 3.6, o : H X H — #*(H) is a good morphism. Then by Remarks 3.9 and 3.12,
Propositions 2.20 and 2.22, and Theorem 2.27, it is continuous.

Similar to the proof of Lemma 3.7, the map f : H x H — $*(H) that maps (x, y) to i ={zeH|xezoy}
is a good morphism. Thus by Remarks 3.9 and 3.12, Propositions 2.20 and 2.22, and Theorem 2.27, f is
continuous.

By Proposition 2.19, (H, o) is complete. [J

Singha, Das, and Davvaz [25] proved that every topological complete hypergroup is a topological
regular hypergroup. Hence by the above theorem, every t-open and 7-complete hypergroup is a topological
complete hypergroup with respect to topology 7.

Example 3.14. 1. Consider the hypergroup (IR, o), where R is the set of real numbers and for each x, y € R,

rou = (oo, x] ifx=y.
y= max{x, y} ifx #y.

Therefore (IR, B) is a geometric space, where B = {{x} | x € R} U {(=o0,x] | x € R}. Then Fg(R) = P(R) and
7 8(R) is the discrete topology.
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Now consider the upper limit topology 7,, on R (which is the topology generated by {(a,b] | a,b € R, a <

b}).
Thus I'((a, b]) = (a,b] and I'(a) = {a}, and hence (R, o) is 7,,-complete. Also

tou = (=00, x] € Typ ifx=y.
y= max{x, y} € T, (since {x} = (x,x]) ifx#y.

Therefore (R, o) is 7,,-open. By Theorem 3.13, (IR, o, 7,,) is a topological complete hypergroup.

2. Let (H,*) be the total hypergroup (i.e., for all x,y € H, x + y = H) with an arbitrary topology 7.
Then (H, B) is the corresponding geometric space, where 8 = {H}, Fg(H) = {0, H}, and I'(H) = H. Since
H is clopen, then (H,*) is t-open, 7-closed, and t-complete. Hence 7g(H) is the trivial topology. So by
Theorem 3.13 (H, *, 7) is a topological complete hypergroup.

3. Consider the hypergroup (Z, x), where Z is the set of all integers and for each m,n € Z,

27Z. ifm+neZ.
m*n = .
(2Z)° otherwise.

The corresponding geometric space is (Z, B), where 8 = {2Z, (aZ)"}. Moreover 8 is disjoint, so by Propo-
sition 2.15, (Z, B) is complete. Also Fg(Z) = {0,2Z,(aZ)",Z} and by Theorem 3.8, (Z, *,Tg(Z)) is a
topological hypergroup.

4. Consider the topological group (Z, +, ), where 7 is the inherited topology from the standard topology
onR. Letn € Z and let Z,, = {6, T, ... ,m} be the set of all congruence classes of integers modulo n. Also
(Z,9) is a hypergroup, where a e b = a + b for all 4,b € Z. The corresponding geometric space is (Z, B),
where 8 = Z,,, which is disjoint, so (Z, B) is complete. Also

n—1
7"3(2)={U§Z‘Uﬁ i=0or EQLI,forAQZn}.
i=0 acA

Let 1z = {Uyeyx | U € t}. Since Z,, € Fg(Z) and U C Z, for each U € 1z, then (Z, o) is 1z-complete. If
a€”Z,, then |, (zz - %,a + %) € 1504 € tz. Thus B C 77, and hence (Z, B) is t1z-open. By Theorem 3.13,
(Z,,17) is a topological complete hypergroup.

Singha, Das, and Davvaz [25] (Examples 2.7 and 2.12-2.14) proved that these are topological complete
hypergroups.

Proposition 3.15. Let (S, ) be a topological space and let B be the family of open (closed resp.) subsets of it. Then
(S, B) is a complete geometric space.

Proof. Clearly (S, 8B) is a geometric space. Since the element of 8 is a (the complement of) element of 7, so 7
is equal to 7(S) (T 4(S) resp.). Hence I'(B) = B foreach Be 8. [J

In the relation between the geometric spaces and hypergroups, it remains to show that a geometric
space is a hypergroup.

Theorem 3.16. If (S, B) is a geometric space, then (S, o) is a hyper group, where o : SXS — P(S) is the hyperoperation
defined by x o y = I'({x, y}). Moreover, (S, o) is commutative. Hence the relation « is equal to the relation p.

Proof. Clearly o is a well-defined map. Since by (P4), I'({x, y}) = I'(x) UT'(y), it is obvious that o is associative.
The reproduction axiom holds, since x € I'({x,a}) = x o a for each x,a € S. Hence (S, o) is a hypergroup and
xoy=I({x,y) =T'({y,x}) = yoxforallx, y €S, yields that (5, o) is commutative. O
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In this paper, we have proved the following diagram.

Hypergroup (H, o) Bj::(IH) Geometric Space (S, B) RN Topological Space (S, 1)
=T @ | =S | o(u =T | Bl subsets o )
Topological Hypergroup Commutative Hypergroup Complete Geometric Space
(H,o,7) (H, 0) (CR2))

In the following, we present some properties of topological H,-group (H, 0,7, (H(H)(H)) and in general
case, for a topology 7 on H.

Proposition 3.17. Let (H, o) be an H,-group and let K be a subset of H. Then x o I'(K) = I'(x o K) for each x € H.

Proof. By (P1), we have x o I'(K) C I'(x o K). To prove that I'(x o K) C x oI'(K), let t € ['(x o K). If t € x 0 K,
then it is done. Let t ¢ x o K; then by the reproduction axiom, there exists y € H such that t € x o y. Since
texoynI(xoK),then x oy CTI(xoK),so there exists z € K such that x o y = x 0 z. Thus

IFxoy)=T(xoz) =T oI(y) =TIk oIl =I(y) =I(z) = ycI(z) CI'(K).
|

By the conditions of Proposition 3.17, in the closed corresponding topology, we have x oK = x o K, while
Singha, Das, and Davvaz [25] proved it when (H, o, 7) is a compact Hausdorff topological hypergroup.

Since in any topological space H and a subset K of it, Int(K) = H \ (H \ K), where Int(K) denotes the interior
of the subset K, in the closed corresponding topology, we have

xoInt(Ky=xo(H\(H\K)=(xoH)\(xoH\K)=H\ (H\ x oK) = Int(x o K).

Since, the open (closed resp.) subsets of open corresponding topology are the closed (open resp.) subsets
of the closed corresponding topology, these properties are true for (H). Hence we have the following

proposition.

0
T(H (H)

Proposition 3.18. Let (H,0) be an Hy-group and let U be an open (closed resp.) subset of topological space
(H, TH(H)(H)). Then a o U and U o a are open (closed resp.) subsets of H for every a € H.

Proposition 3.19. Let (H, o) be an Hy-group and let A and B be open (closed resp.) subsets of topological space
(H, T(]-{(H)(H)). Then A o B is an open (closed resp.) subset of H.

Proof. By Proposition 3.18, A o b is open (closed resp.). Then Ao B = | J,cg A o bis open. When A o b is closed
in one of the corresponding topologies, by the argument before the Proposition 3.18, it is open in the other
one, then the proof is complete in the closed case. [

Proposition 3.20. Let (H, o) be an Hy-group. If A and B are two nonempty subsets of H, then in the topological
space (H, T4y (H)), it follows that

1. AcBC AoB.
2. IntA o IntB C Int(A o B).

Proof. 1. Since the map o : H x H — $*(H) is continuous, then AoB=0(A,B)CAoB.

2. Let x € IntAoIntB; then x € aob for some a € IntA and b € IntB. Since a and b are interior
points of A and B, respectively, there exist U,V € T4/ (H) such thata € U C Aand b € V C B. Then
x€aob C UoV C Ao B, and therefore x € Int(A o B), since U o V is open (by proposition 3.19). Thus,
IntAoIntB CInt(AoB). O
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The latest three propositions were proved in [25], when (H, o, T) is a topological complete hypergroup
and U is a complete part and an open subset.

For an arbitrary topology T on H, we have the following proposition.

Proposition 3.21. Let (H, o) be an H,-group with topology © on H such that (H, o) is t-complete and t-open, and
let U and V be open subsets of H. Then

1. ao Uand U o a are open subsets of H for every a € H.
2. Uo Visopen.

Proof. 1. Since H is t-complete, then I'(U) = U, then by Proposition 3.17, a o U = I'(a o U) is open by
Corollary 2.12, since H is T7-open. Similarly U o a is open.
2. By the first part, U o a is open, and then Uo V = | J,oy U cais open. [

Proposition 3.22. Let (H, o, 7) be a topological H,-group and let A and B be compact subsets of H. Then, A o B is
compact.

Proof. Since A and B are compact subsets of H, it follows that A X B is a compact subset of H x H with respect
to the product topology induced from the topology 7. Now, the continuity of the map o : H x H — $*(H)
completes the proof. 0O

4. Conclusion

In geometric space (S, B), by the properties of the family of B-parts, two topologies were defined on S,
which denoted by 72(S) and 7 4(S). Then it was proved that 8 is an open (closed resp.) basis of topology
T 5(S) (T 4(S) resp.), where S = Upeg B. Afterwards, the good morphism f : (S1, 81) — (S2, B2) was defined
between geometric spaces that preserves the memberships of blocks of B;. The properties which f is
continuous in topological spaces (S;, 8;) for i = 1,2, was stated.

It was illustrated that at least one geometric space is induced from each H,-group; A good homomor-
phism f : Hy — H, between H,-groups is a good morphism between corresponding geometric spaces
and is continuous, where topology on S; is the corresponding topology on B; for i = 1,2; Moreover, an
isomorphism between H,-groups yields a homeomorphism between corresponding topological spaces.

Afterwards, topological H,-group was defined as a generalized topological hypergroup. By concept of
geometric space, it was shown that each H,-group is a topological H,-group with respect to the correspond-
ing topology. In general, an H,-group is a topological H,-group with respect to an arbitrary topology T if it
is 7-open and t-complete.

It is illustrated that each geometric space induces at least one commutative hypergroup. Finally, some
propositions presented, some properties of topological H,-group, and they were compared by the results
of previous relevant studies.

Similar to this study, in future, the concept of topological space can be defined for other algebraic
structures such as hyperring, H,-ring and etc. By the concept of induced geometric spaces of them and the
results of this paper, it is possible to determine the conditions that these spaces be topological.
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