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Abstract. The object of the present paper is to study weakly B symmetric manifolds (WBS),. At first some
geometric properties of (WBS),(n > 2) have been studied. Finally, we consider (WBS), spacetimes. They
turn out to be both perfect and imperfect fluids Robertson-Walker space-times : an equation of state is

provided in the first case, and in the second the nature of the bulk viscosity pressure is pointed out. Also,
we construct an example of a (WBS),.

1. Introduction

Let (M", g), (n = dimM) be a pseudo Riemannian manifold, i.e., a manifold M with the pseudo Rieman-
nian metric g, and let V be the pseudo Riemannian connection of (M", g). A pseudo Riemannian manifold is
called locally symmetric [6] if VR = 0, where R is the Riemannian curvature tensor of (M", g). This condition
of local symmetry is equivalent to the fact that at every point P € M, the local geodesic symmetry F(P) is an
isometry [41] . The class of symmetric manifolds is a very natural generalization of the class of manifolds
of constant curvature.

A non-flat pseudo-Riemannian manifold (M", g)(n > 2) is called weakly symmetric [50] if the curvature
tensor R of type (0,4) satisfies the condition

+E(Z)R(Y, X, U, V) + G(U)R(Y, Z, X, V) + J(V)R(Y, Z, U, X), 1)
where R(Y, Z, U, V) = g(R(Y, Z)U, V), R is the curvature tensor of type (1,3) and A, D, E, G and | are 1-forms

respectively which are non-zero simultaneously. Such a manifold is denoted by (WS),. It was proved in
[16] that the 1-forms must be related as follows
D=Eand G=].
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That is, the weakly symmetric manifold is characterized by the condition

(VxR)Y, Z, U, V) = A(X)R(Y, Z, U, V) + D(Y)R(X, Z, U, V)
+D(Z)R(Y, X, U, V) + GU)R(Y, Z, X, V) + G(V)R(Y, Z, U, X). )

The 1-forms A, D and G are called the associated 1-forms. If in (2) the 1-form A is replaced by 2A; D and G
are replaced by A, then the manifold (M", g) reduces to a pseudo symmetric manifold in the sense of Chaki
[10].

Againif A = D = G = 0, the manifold defined by (2) reduces to a symmetric manifold in the sense of
Cartan. The existence of a (WS),, was proved by Prvanovi¢ [44] and a concrete example is given by De and
Bandyopadhyay ([16],[17]).

Weakly symmetric manifolds have been studied by several authors ( [4], [20], [21], [34], [35], [36], [42],
[43]) and many others.

In 1993, Tamassy and Binh [51] introduced weakly Ricci symmetric manifolds. It may be mentioned
that a pseudo Ricci symmetric manifold is a particular case of a weakly Ricci symmetric manifold. In 2012,
Mantica and Molinari ([33],[34]) introduced weakly Z symmetric manifolds which is denoted by (WXZS),,.
It is a generalization of the notion of weakly Ricci symmetric manifolds[51]. A (0,2) symmetric tensor is a
generalized Z tensor if

ZXY) =5(X,Y) + pg(X, Y), 3)

where ¢ is an arbitrary scalar function and S denotes the Ricci tensor of type (0,2). The scalar Z is obtained
by contracting (3) over X, Y as follows:

Z=r+no. 4)
In a subsequent paper [45] De et al. introduced a (0,2) symmetric tensor B as follows:
B(X,Y)=aS(X,Y) + brg(X, Y), (5)

where a and b are non-zero arbitrary scalar functions and r is the scalar curvature. The authors [45] have
studied pseudo B symmetric manifolds with applications to relativity. The pseudo B-symmetric manifold
is the generalized notion of pseudo Z-symmetric manifolds. The scalar B is obtained by contracting (5) over
X, Y as follows:

B = (a+nbyr. (6)

Pseudo Z symmetric, weakly Z symmetric and recurrent Z forms on pseudo-Riemannian manifolds
have been studied in ([34], [35] and [36]) respectively.

Inspired by these works we introduce a new type of manifold called weakly B-symmetric manifolds. A
manifold is called weakly B-symmetric and denoted by (WBS),,, if the B tensor of type (0,2) is non-zero and
satisfies the condition

(VxB)(Y, Z) = A(X)B(Y, Z) + D(Y)B(X, Z) + E(Z)B(X, Y), (7)

where A, D, E are 1-form which not simultaneously zero. Such an n-dimensional manifold will be called
weakly B-symmetric manifold and denoted by (WBS),,.

A non-flat pseudo-Riemannian manifold (M", g)(n > 2) is defined to be a quasi Einstein manifold [9] if
its Ricci tensor S of type (0,2) is not identically zero and satisfies the following condition:

S(X,Y) = ag(X,Y) + pn(X)n(Y),

where a, § are scalars and 7 is a non-zero 1-form for all vector fields X. The quasi Einstein manifold is
denoted by (QE),.
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On the other hand, in a pseudo-Riemannian manifold quasi Einstein manifolds arose during the study
of exact solutions of the Einstein’s field equations as well as during considerations of quasi-umbilical hy-
persurfaces of semi-Euclidean spaces.

A. Gray [29] introduced a class of Riemannian manifold determined by covariant derivative of the Ricci
tensor. The class consisting of all Riemannian manifolds whose Ricci tensor S is a Codazzi tensor, i.e,

(VxS)(Y, Z) = (VyS)(X, 2). 8)
The class B consisting of all Riemannian manifolds whose Ricci tensor is cyclic parallel, i.e.,
(VxS)(Y, Z) + (VyS)(Z, X) + (V2S)(X, Y) = 0. ©)

A pseudo-Riemannian manifold is said to satisfy Codazzi type of Ricci tensor if the Ricci tensor is non
zero and satisfies the condition (8).

The present paper is organized as follows:
After introduction, in Section 2, some curvature properties of (WBS), have been studied. Among others it
is proved that a (WBS), is a quasi-Einstein manifold. Moreover, in a (WBS),, with divergence free conformal
curvature tensor, the B tensor is of Codazzi type provided the scalars a, b, r are constants. Next we prove that
a (WBS),, admits cyclic parallel B tensor if and only if the sum of the associated 1-forms vanishes. Finally,
in Section 4, we consider (WBS), space-times. It is shown that if the conformal curvature is divergence
free, then the space-time is both a perfect and imperfect fluid Robertson-Walker space-time : an equation
of state is provided in the first case, and in the second the nature of the bulk viscosity pressure is pointed
out. Finally, we construct an example of a (WBS),.
2. Some curvature properties of (WBS),

Let S and r denote the Ricci tensor of type (0,2) and the scalar curvature respectively and L denote the
symmetric endomorphism of the tangent space at each point corresponding to the Ricci tensor S, that is,

g(LX,Y) =5(X,Y), (10)
for any vector field X, Y.
Now we state the following Lemma which will be used later:
Walker’s Lemma [53]: If a;;, by are numbers satisfying
(0
and
aijb + apb; + agb; = 0, (12)
fori,j,k=1,2,..,n, then either all ;; =0 or, all b; are zero.
Let us consider a (WBS),,. Then from (7) we have
(VxB)(Y, Z) = A(X)B(Y, Z) + D(Y)B(X, Z) + E(Z)B(X, Y). (13)
Interchanging Y, Z in (13) we have

(VxB)(Z,Y) = AX)B(Z,Y) + D(Z)B(X, Y) + E(Y)B(X, Z). (14)
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Since B is symmetric, subtracting (14) from (13) we obtain
[D(Y) - E(Y)IB(X, Z) = [D(Z) — E(Z2)]B(X, Y). (15)

We define w(X) = D(X) — E(X) = g(X, p), for all vector field X, where g is a vector field associated with the
1-form w. Therefore the above equation reduces to

w(Y)B(X, Z) = w(Z)B(X, Y). (16)
Putting Z = § in (16), we get

0B, p) = w(P)B(X, ). (17)
Again putting X = Y = ¢; in (16), where {¢;} is a pseudo orthonormal basis, we have

B(Z,p) = w(2)B, (18)
where B is defined by (6). Thus (17) and (18) yields

w(P)B(X, Z) = Bw(Z)w(X). (19)

If w(p) # 0 it follows that

= w(X) w(Y)
B(X,Y) = B——L —~, (20)
yw(p) Yo(p)
in case of w(p) > 0, and
- X)) w®Y)
B(X,Y)=B , (21)
V=w(p) - (p)
if w(p) < 0. From (5) we have thus
S(XY) =agX,Y) + Bn(X)n(Y), (22)
where a = —71%’ B = %, nX) = \(7(7)% if w(p) > 0 and n(X) = \7_(—%_)) if w(p) < 0. Therefore we can state the

following:
Proposition 2.1. A (WBS),, manifold is quasi-Einstein provided w(p) # 0

Again contracting (16) over X and Z, we get
w(LY) = g{a + (n = Dbla(Y). (23)
This can be rewritten as
S(Y,p) = Zla-+ (n — Dblg(¥,p). (24)

Thus Z{a + (n — 1)b} is an eigenvalue of the Ricci tensor S corresponding to the eigenvector p.
Thus we conclude the following:

Proposition 2.2. Ina (WBS),, -{a + (n—1)b} is an eigenvalue of the Ricci tensor S corresponding to the eigenvector
p defined by w(X) = g(X, p) for all vector field X.
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Moreover for a (WBS),, we have

(VxB)(Z,Y) = A(X)B(Z,Y) + D(Z)B(X,Y) + E(Y)B(X, Z), (25)
where
B(XY)=aS(X,Y) + brg(X, Y). (26)

We define F(X) = A(X) — D(X) = g(X, p1), for all vector field X, where p; is a vector field associated with the
1-form F. Therefore

(VzB)(X,Y) = (VxB)(Z,Y) = F(Z)B(X,Y) — F(X)B(Z, Y). (27)
Also it is known that
(VzB)(X,Y) = (Za)S(X, Y) + a(VzS)(X,Y) + Z(br)g(X, Y). (28)

Assume that divC = 0, where C denotes the Weyl conformal curvature tensor and ‘div’ denotes divergence.
Hence we have [54]

(VxS)(Y, U) = (VuS)(Y, X) = [g(Y, )dr(X) = g(X, YV)dr(U)]. (29)

2(n—-1)
Using (28), (29) in (27) we have
F(Z)B(X,Y) — F(X)B(Z,Y)
= (Za)S(X,Y) — (Xa)S(Y, Z) + Z(br)g(X, Y)X(br)g(Y, Z),

=3t =y 9 VA0 = g(X, V)r(2)], (30)
It follows that
F(Z)B(X,Y) - F(X)B(Z,Y) =0, (31)
provided 4, b and r are constants. Making use of (31) in (27) we have
(VzB)(X,Y) = (VxB)(Z,Y). (32)

Thus we can state the following;:

Proposition 2.3. If in a (WBS),, the conformal curvature tensor is divergence free, then the B tensor is of Codazzi
type provided the scalars a, b, r are constants.

A pseudo-Riemannian manifold is said to satisfy cylic parallel Ricci tensor [29] if its Ricci tensor S of
type (0,2) is non zero and satisfies the condition

(VxS)(Y, Z) + (VyS)(X, Z2) + (Vz5)(X, Y) = 0. (33)

Analogous to the definition in (33) we define cyclic B-tensor as follows: An n-dimensional pseudo-
Riemannian manifold is said to be satisfy cylic parallel B tensor if the following condition holds:

(VxB)(Y, Z) + (VYB)(X, Z) + (VzB)(X, Y) = 0. (34)
Now from (7) we obtain
(VxB)(Y, Z) + (VYB)(X, Z) + (VzB)(X, Y)
= H(X)B(Y,Z) + HYY)B(X, Z) + H(Z)B(X, Y), (35)
where H(X) = A(X) + D(X) + E(X). Using (34) in (35) yields
H(X)B(Y,Z)+ H(Y)B(X,Z) + H(Z)B(X,Y) = 0.

Then by Walke’s Lemma we can see that either H(X) = 0 or B(Y;Z) = 0 for all X, Y, Z. But B is non zero
in (WBS),,. Thus H(X) = 0, that is, A(X) + D(X) + E(X) = 0. The converse is obvious. Thus we have the
following:

Proposition 2.4. A (WBS),, admits cyclic parallel B tensor if and only if the sum of the associated 1-forms vanishes.
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3. (WBS),, n > 3 with divergence free Weyl tensor

In this section we assume that the (WBS), has divergence free Weyl tensor, that is, divC = 0, where C
denotes the Weyl conformal curvature tensor and ‘div’ denotes divergence. Hence we have [54]

(VxS)(Y, U) = (VudS)(Y, X) =

2 =1) [g(Y, U)dr(X) — g(X, Y)dr(U)]. 36)

Since (WBS), is a quasi-Einstein manifold, using (22) in (36) we have

da(X)g(Y, U) + dpX)n(Y)n(U) + BI(Vxm)(V)n(U) + n(Y)(Vxm)(U)]
—da(U)g(Y, X) = dp()n(Y)n(X) = BI(Vun)(Y)n(X) + n(Y)(Vum(X)]

1
= 5= [g(Y, U)dr(X) — g(X, U)dr(U)]. -

We define a unit vector field p by g(X, p) = n(X) for all vector field X. Taking a frame field and contracting
over X and Y we get

(1 = mda(ll) + B(EIN(LD + B, m(LD
+B(UD(ON) + dp(LT) = —3dr(LD) @8)

where 6n = Y., (V,1)(e).
Putting X = Y = p in (38) implies

da(p)n(U) = dp(p)n(Ut) = B(V,on)(U) + da(U) - dp(U)

= S o) + dr) 39)

Substituting (39) in (38) we get
(2 = m)da(U) + da(p)n(U) + pn(U)(6n)

1 _2-n)
3 Ty = 50— dr). (40)

Putting U = p in (40) we obtain

(1 - mda(p) - B(dn) = ~dr(p). @

Using (41) in (40) we have

(2~ (L) + 2 = mdalp2)n(L) + o drp2n(L)
- 2((2n__”1)) dr(U). (42)
Let us consider r = a, then from (22) we have
da(U) =dr(U) and dB(U) = —(n — D)da(U). (43)
Using (43) in (42) we obtain
da(U) = —da(p)n(U). (44)

Putting Y = p in (37) and using (44) we have

(Vun(X) = (Vxm)(U) = 0. (45)
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Therefore the 1-form 7 defined in (22) is closed and hence dn(X, Y) = 0. It follows that

9(Vxp,Y) = g(Vyp, X), (46)
for all X and Y, which implies that p is irrotational. Now putting Y = p in (46) we get

9(Vxp, p) = g(Vpp, X). (47)
Since g(Vxp, p) = 0, from (47) it follows that

9(Vpp, X) =0, (48)
for all X. Hence

Vop =0. (49)

This means the integral curves of the vector field p are geodesic.
Therefore we can state the following:

Theorem 3.1. In a (WBS), with divergence free conformal curvature tensor, the integral curves of the vector field p
are geodesic and irrotational, provided r = a.

Using (44) in (39) we obtain

pVemU) = —(n—-Dda(p)n(l) — (n - 1)da(U)
1
=30 4N + da(u) (50)
Again using (44) and r = a in (50) we have
(Vom(U) = 0. (51)
Now we consider the scalar function
1 dr(p)
f= ey g (52)
Using ¥ = a and (43) we have
B 2nr  dr(p) 1
Vxf=- -1 dr(X) + mdzr(p, X). (53)

From (44) we also have

dr(U) = =dr(p)n(U). (54)
On the other hand
Fr(,X) = —d*r(p, Y)n(X) — dr(p)(Vyn)(X)
—dr(p)n(Vyp)n(X), (55)
that is,
d*r(Y, X) = —d*r(p, Y)n(X) — dr(p)(Vyn)(X). (56)

Since (Vxn)(Y) = (Vyn)(X) and d*r(Y, X) = d*r(X, Y).
Putting X = p in (56) we have

d*r(Y, p) = =d*r(p, p)n(Y). (57)
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Thus using (53) in (57) we obtain

d
Vi f = _£$dr(){) - mazr(p, PNX), (58)
which implies that
Vaf = Kn(X), &)

where K = ﬁ[—dzr(p, p) — 2%dr(p)dr(X)]. Using (59), it is easy to see that &(X) = 2(n1—1) d;(f)r](X) = fn(X)

is closed. In fact, do(X,Y) = 0.
Using (44), (45), (54) in (37) we have

=dr(p)n(X)g(Y, U) — 2nadr(p)n(X)n(Y)n(U)
+BLVxm(Y)n(U) + n(Y)(Vxn)(U)]
+dr(p)n(U)g(Y, X) + 2nadr(p)n(X)n(Y)n(U)
=Bl(Vun)(Y)n(X) + n(V)(Vun)(X)]

- Z(nl— Ty =9 Wdr(p)n(X) + g(X, Vdr(p)(LD)]. (60)

Putting U = p in (60) and using (49) we obtain

Vxm() = fgX,Y)+aX)n(Y)
r(p)

8 [9(X, Y) + n(X)n(Y)]. (61)

From (61) we can write
(Vxn)(Y) = Ag(X, ) + y(X)n(Y), (62)
where A = f - drép ), Y(X) = o(X) - drép )n(X). Obviously y(X) is closed. Therefore the vector field p defined

by g(X, p) = n(X) is a unit concircular vector field ([40]).
Hence we can state the following:

Theorem 3.2. In a (WBS), with divergence free conformal curvature tensor and satisfying an additional condition
r = a, the vector field p defined by g(X, p) = n(X) is a unit concircular vector field.

4. Physical applications: (WBS), spacetimes

A 4-dimensional Lorentzian manifold admitting a global timelike vector field is called time orientable
Lorentzian manifold, physically known as spacetime. A spacetime is the stage of present modeling of the
physical world: a torsion-less, time oriented Lorentzian manifold. For details of spacetime, we cite ([5],[18],
[22]-[25],[27], [28],[39],[46], [55]).

It is to be noted that the basic geometric features of (WBS), are also being mentioned in the Lorentzian
manifold which is necessarily a pseudo Riemannian manifold. Hence Proposition 2.1, Theorem 3.1 and
Theorem 3.2 are also true for (WBS)4 spacetimes.

In cosmology, the observation that the space is isotropic and homogeneous on an astronomically im-
mense scale chooses the Robertson-Walker (RW) metric. In 1995, Alids, Romero and Sidnchez [1] generalized
the notion of RW metric and called it a generalized Robertson-Walker (GRW) metric. A Lorentzian manifold
M of dimension n > 3 endowed with the Lorentzian metric g defined by

ds? = guhdxadxb = —(dt)z + (p(t)zgl*m(_x))dxldxm,
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where t is the time and g; (X)dx!dx™ is the metric tensor of a Riemannian manifold, is a GRW spacetime.
In other words, a GRW spacetime is the warped product —I X ¢p?M*, where I is an open interval of the real
line, ¢ is a smooth warping function or scale factor such that ¢ > 0 and M" is an (n — 1)— dimensional
Riemannian manifold. In particular, if M* is a 3— dimensional Riemannian space of constant curvature, then
the warped product —I x ¢*>M" is said to be a RW spacetime. A four dimensional conformally flat almost
pseudo Ricci symmetric spacetime (Ry., = (s + Pa)Rpe + apRyc + acRy,) is a Robertson-Walker spacetime
[19]. Throughout the paper, we denote the comma “, ” as the covariant differentiation. A Robertson-Walker
spacetime complies the cosmological principle, that is, the spacetime is spatially isotropic and spatially
homogeneous, although the GRW spacetime is not necessarily spatially homogeneous [7]. In [5] Brozos-
Vizquez, Garcia-Rio and Vizquez-Lorenzo bridged the gap between RW spacetime and GRW spacetime
by providing the following: “A GRW spacetime is conformally flat if and only if it is a RW
spacetime.” For more details of GRW spacetimes, we call [2],[33],[38] and their references.
Lorentzian manifolds with a Ricci tensor of the form

R,‘]‘ = agij + ﬁr]ﬂ?] (63)

where «a, f are scalars and 7; is a unit time like vector, are often named perfect fluid space-times. It is
well known that any Robertson-Walker space-time is a perfect fluid space-time [41] and for n = 4, a GRW
space-time is a perfect fluid if and only if it is a Robertson-Walker space-time.

Form (63) of the Ricci tensor is implied by Einstein’s equation if the energy-matter content of space-time
is a perfect fluid with velocity vector field p. The scalars @ and f8 are linearly related to the pressure p and
the energy density y measured in the locally comoving inertial frame. They are not independent because
of the Bianchi identity V"R;,, = %V,-R, which translates into

V™ (Bt = %vj[(n —2)a -l (64)

Geometers identify special form (63) of the Ricci tensor as the defining property of quasi-Einstein manifolds

(with any metric signature). Pseudo-Riemannian quasi-Einstein spaces arose in the study of exact solutions

of Einstein’s equations. Robertson-Walker space-times are quasi-Einstein ([47] and references therein).
Considering the above facts from Proposition 2.1, we can state the following:

Theorem 4.1. A (WBS)4 spacetime is the perfect fluid spacetime.

Recently, Bang Yen-Chen proved the following deep result (see [7] and [8]): A Lorentzian manifold of
dimension n > 4 is a GRW space-time if and only if it admits a time-like vector, X/X; < 0, such that

Vector fields satisfying equation (65) are called concircular: nice properties of such time-like vector
tields were pointed out in [32]. Concircular vector fields have an important role in general relativity, e.g.
trajectories of time-like concircular fields in the de Sitter model determine the world lines of receding or
colliding galaxies satisfying the Weyl hypothesis ( see [49]).

Mantica et al. ([33] and [37]) considered Lorentzian manifolds (of dimension n > 3) with Ricci tensor
of the form R;; = ag;j + pn;in;, where a and f are scalar fields and 7; is a unit time like vector. They proved
that if the condition divC = 0 is satisfied, then the manifold is a generalized Robertson-Walker space-time
whose sub-manifold is a Riemannian Einstein space. In Theorem 3.2, we prove that if a (WBS), satisfies
divC = 0 with r = a, then p defined by g(X, p) = n(X) is a proper concircular vector field. Also we prove
that a (WBS), is a quasi-Einstein manifold.

Hence we state the following:

Theorem 4.2. A (WBS)4 spacetime with divergence free conformal curvature tensor with the condition r = a is a
perfect fluid generalized Robertson-Walker spacetime.
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In Theorem 3.1 we prove that a (WBS), satisfying the condition divC = 0, the integral curves of the
vector field p are geodesic and irrotational, provided r = a. The Roy Choudhury equation [11] for the fluid
in (WBS)4 spacetime can be written as

Vinj = wij + tij + flgij + ninjl, (66)

where w;; is the vorticity tensor and 7;; is the shear tensor respectively. Since the vector field 7; is a unit
concircular vector (see Theorem 4.2), we get

Vinj = flgij + ninjl- (67)
Comparing (66) and (67) we get
wij + Tij = 0. (68)

Since p is irrotational, hence the vorticity of the fluid vanishes. Therefore w;; = 0 and consequently (68)
implies that 7;; = 0. Thus we can state the following:

Theorem 4.3. If a (WBS)4 spacetime satisfies divC = 0 with the additional condition r = «, then the spacetime has
vanishing vorticity and vanishing shear.

Also in [37] the authors proved that under the same condition mentioned above the vector 7; is a
concircular vector and it is rescalable to a unit time like ViX; = pgj. Hence ViX; + VX, = 2pgj which
implies that the vector field p is a conformal Killing vector field. It has been proved by Sharma [48] that
if a spacetime with divergence free conformal curvature tensor admits conformal Killing vector field, then
the spacetime is either conformally flat or of Petrov type N. In view of the above result we can state the
following:

Theorem 4.4. A (WBS), spacetime satisfying divergence free conformal curvature tensor and satisfying an additional
condition r = « is either conformally flat or of Petrov type N.

The condition r = a allows us to define an equation of state for the perfect fluid . If we consider Einstein’s
field equations without cosmological constant i.e.

R
Rij = = gij = ¥Tij, (69)

being x = the Einstein gravitational constant, an energy momentum tensor T;; (see [13] and [41])
describing the matter content of the space-time is defined. Then , if the condition (63) is specified, being
u = 1 a time-like unit vector field, and recalling that § = na — r, Einstein’s equations give

8nG
o

r
kTij = (na — ryuu; + (a - E)gij'

This matches with the expression of a perfect fluid energy momentum tensor (see [13], [41], [52]) T;; =
(4 + p)ujuj + pgij, where xu = (n — 1)a — 5 is the energy density and xp = a — 5 is the isotropic pressure
and u; the fluid flow velocity. Usually in a perfect fluid p and p are related by an equation of state of the
form p = p(u, ©) being O the absolute temperature. In the situation in which the state reduces to the form

p = p(u) the fluid is named isentropic . In our case the condition r = a gives xu = @, kp = 5 so that

p = 5. In order to ensure u > 0 we should have r > 0 so that the pressure is positive. In n = 4 dimensions
the condition divC = 0 implies that the space is conformally flat and the space-time reduces to an ordinary

Robertson-Walker space-time. The equation of state is p = % We have the following:

Theorem 4.5. A (WBS), space-time with divergence free conformal curvature tensor represents an isentropic perfect

. . . _ ‘u
fluid Robertson-Walker space-time with p = .



C. A. Mantica et al. / Filomat 35:3 (2021), 895-909 905

We recall that a four dimensional RW spacetime may be characterized by the metric

ds® = —dt* + a*()[dx* + o> (){d6* + sin® Od¢?}], (70)
being o(x) = &‘f}() where k = % is the normalized spatial curvature; a(t) is named the scale factor of the

Universe. Following [3] it is possible to get the behaviour of the scale factor in terms of hypergeometric
functions. As a first consider the Friedmann equations, namely

i 3p+pu
i e
S +3CY =xu, 71)

being R* the spatial curvature, and a dot means a derivation with respect to the time in the co-moving
frame. If a state equation p = (y — 1)u is supposed, then it is inferred

3y -2
aii + _)/2 @a?* +

3y-2
5= 0. (72)

In our case itis y = £. A first integral of (72) is provided by
. a9 3,
@y = ()72 -k, (73)

with ag > 0. Now we introduce the auxiliary variable w = k(‘%)w‘2 so that (73) becomes

. 2 1-A
= — 1- 74
w A 1)a0kAw V(1 —w), (74)
where A = %(;—)_'2). Equation (74) may be integrated to
t—ty = 2AA_ 1a0k‘AwAF(%;A;A +1;w), (75)

where F is the hypergeometric function which converges for |[w| < 1 and it is not defined if A = 1 —n,
n=123,.. . Butin our case A = %—; so that (75) is a well defined solution. It gives the cosmic time as a

function of w = k(“2)¥~2 so that the behaviour of the scale factor is defined only implicitly.

At this point it should be noted that the perfect fluid energy momentum tensor is not the only one
compatible with the form (63) of the Ricci tensor . A more general one is givenby T;; = (u+p +IDuu;+ (p +
IT)g;; ( see for example [30]), and represents an imperfect fluid ( without heat transfer and shear viscosity)
, being IT a dissipative term called bulk viscous pressure. In such a case we have xu = (n — 1)a — 5 and

@ and x(p + I1) = % so that

xk(p +II) = a — §. Again in our case the condition r = a gives xu = 5

2
p+Il= ﬁ Theorem 4.5 could refined as follows:
Theorem 4.6. A (WBS), space-time with harmonic conformal curvature tensor represents an imperfect fluid

Robertson- Walker space-time with p + 1 = & , being T1 the bulk viscous pressure.

The geometric form (63) of quasi-Einstein space cannot distinguish between perfect fluids and imperfect
fluids with bulk viscous pressure ( but without heat transfer and shear viscosity), so that ITis not determined
by geometry. Thus it can be only determined by thermodynamics . This is usually done by writing the
divergence of the entropy 4-current (see [30]) and then imposing that this quantity is not negative according
to the second law of thermodynamics. In this way constitutive ( or transport ) equations are imposed for
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the dissipative quantities. In simplest approach , called the Eckart theory, for the bulk viscosity pressure,
it is IT = —CV;u; being C the bulk viscosity. For a generalized Robertson-Walker space-time (see [31]) it is
Vu' = 3H, being H the Hubble’s parameter in standard cosmology: we have thus IT = —3CH. The algebraic
nature of the Eckart constitutive equations leads to severe problems because they violate relativistic causal-
ity. In a more refined approach, called the Israel-Stewart theory, the constitutive equations satisfy causality:
for the bulk viscosity pressure it is (in the Maxwell-Cattaneo truncated form ([30]) ol 1+ 11 = =V, being
T is a relaxational time restoring causality and IT = u*V,I1. For a generalized Robertson-Walker space-time
itis thus 7oIT+IT = =3CH. In particularly simple cases (79, C constants, IT depending only on time) this last
equation ensures that the bulk viscosity pressure evolves towards a limit value.

More recently a new model for the bulk viscosity was proposed by Disconzi et al. in [15] (see also
[12]and [14]). It is nearly as simple as Eckart viscosity but does not have the causality problems of that
model. Moreover it is much simpler than the Israel-Stewart theory and it is possible to conjecture that
the model is causal for all physical systems of interest, like the Israel-Stewart one, as stated in [15]. More
explicitly in this model it is IT = —CV;C/, where C; is the dynamic velocity, defined by C; = Fu;j and F is
called the index of the fluid and depends on the nature of the fluid. In particular Disconzi’s model uses
F= %, where 1 is the rest mass density, satisfying V j(nuf ) = 0 (conservation along the flow lines). We have
thus IT = —C(F + 3HF) and 77 = —=3Hn so that I = —%[p +p+ 6H(u +p)] . Now from Theorem 4.6 we have

p+IT= % ; the time evolution equation for the energy density i +3H(u + p +I1) = 0[30] gives 1 = -2 Hy so
that with a bit of algebra we get %1‘[ -II(1+ 6%1) = g;—:f Unlike the Eckart and the Israel-Stewart models, in
this case the time evolution of the bulk viscosity pressure depends on the equation of state of the imperfect
fluid given in Theorem 4.6. Finally it should be noted that in this model the entropy production results to

be non-negative for a wide range of possible cases [15].

5. Example of a (WBS),

In this section we construct an example of a weakly B-symmetric pseudo Riemannian manifold.
We consider a pseudo Riemannian manifold (M*, g) endowed with the Lorentzian metric g given by

ds? = gijdxidxf = —(dx')* + e [(@x?)* + ([@x°)? + (dx*)?], (76)

where i, j=1,2,3,4.
The only non-vanishing components of the Christoffel symbols, the curvature tensor and the Ricci tensor
are

1 .4
o2 3 _pd
e, I, =T =T =

1 _711 _11 _
FZZ_F33_F44_2

Er
1 Xl 2x1
Ri1221 = R1331 = Ryaa1 = € ,R2332 = Roaap = Raga3 = —1¢

1 .
S11=—=, Spp=S33=Sy=—-¢".
11 57 o2 33 44 46
It can be easily shown that the scalar curvature r of the resulting manifold (M?, g) is —}I which is non-
vanishing and constant.
We shall now show that this M* is a (WBS)4 spacetime i.e., it satisfies the defining relation (7).
Let us take the non-zero arbitrary scalar functions a and b as follows:

1 1
a=4e", b=4e.

Then only the non vanishing component for B tensor and its covarient derivatives are given by

1 1 1 1
Bll = _2€2x + (i‘x 7 B22 = B33 = B44 = _€3X — ezx
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1 1 1 1
Biig = —4€™ +¢°, Byi=Ba1 =Buy = -2 — .

We choose the 1-forms as follows:
267 41

T for i=1
Ai(x) =4 &, for i=2
e"l, for i=3,4
—2331+1’ for i=1
Di(x) =1 &, for i=2
xl, for i=3,4
_Ex11+1’ for i=1
Ei(x) = #, for i=2
xx?,  for i=34

at any point x € M. In our (M?*, g), (7) reduces with these 1-forms to the following equations:
yPp 9 & €q

Bi1,1 = A1B11 + D1By1 + E1Biy (77)

By, = A1Bxn + D2Bia + E2Bip (78)

Bss1 = A1Bss + D3Bis + E3Bis (79)
and

Bus1 = A1Bas + DyBis + E4Bi1s (80)

It can be easily verified that the equations (77), (78), (79) and (80) are true.
So, the manifold under consideration is a weakly B-symmetric pseudo Riemannian spacetime, that is,
(WBS)s.

6. Conclusion

Quasi Einstein manifolds arose during the study of exact solutions of the Einstein field equations. It
is proved that a (WBS)4 spacetime is a quasi-Einstein spactime. So a (WBS), spacetime can be taken as a
model of the perfect fluid spacetime in general relativity. Also it is shown that a (WBS), spacetime with
divergence free conformal curvature tensor under certain condition is a perfect fluid generalized Robertson-
Walker spacetime and the nature of the spacetime is of vanishing vorticity and vanishing shear. Moreover
a (WBS), spacetime satisfying divergence free conformal curvature tensor under certain condition is either
conformally flat or of Petrov type N. Again we prove that a (WBS), space-time with divergence free con-
formal curvature tensor represents a isentropic perfect fluid Robertson-Walker spacetime and represents
an imperfect fluid Robertson-Walker spacetime.



C. A. Mantica et al. / Filomat 35:3 (2021), 895-909 908

References

(1
[2]
(3]

[4]
(5]
[6]
[7]
(8]
[9]
[10]
[11]
[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]

[20]
[21]

[22]

[23]
[24]

[25]

[26]
[27]

[28]

[29]
[30]

[31]
[32]
[33]

[34]
[35]

[36]
[37]
[38]

[39]
[40]

L. Alfas, A. Romero and M. Sinchez, Uniqueness of complete spacelike hypersurfaces of constant mean curvature in generalized
Robertson-Walker spacetimes, Gen. Relativ. Gravit. 27(1) (1995), 71-84.

K. Arslan, R. Deszcz, R. Ezentas, M. Hotlos and C. Murathan, On generalized Robertson-Walker spacetimes satisfying some
curvature condition, Turk. ]J. Math. 38 (2014), 353-373.

M. ]. D. Assad and J. A. Sales de Lima, General and unified solutions for perfect fluid homogeneous and isotropic cosmological
models, Gen. Rel. Grav., 20 (1988), 527-538.

T. Q. Binh, On weakly symmetric Riemannian spaces, Publ. Math. Debrecen 42 (1993), 103-107.

M. Brozos-Vizquez, E. Garcia-Rio and R. Vidzquez-Lorenzo, Some remarks on locally conformally flat static spacetimes, J. Math.
Phys. 46 (2005), 022501.

E. Cartan, Sur une classes remarquable d’espaces de Riemannian, Bull. Soc. Math. France 54 (1926), 214-264.

B.-Y. Chen, A simple characterization of generalized Robertson-Walker manifolds, Gen. Relativ. Gravitation 46, 1833 (2014).
B.-Y. Chen, Differential geometry of Warped product manifolds and submanifolds, World Sci., 2017.

M. C. Chaki, and R. K. Maity, On quasi Einstein manifolds, Publ. Math. Debrecen, 57 (2000), 297-306.

M. C. Chaki, On pseudo symmetric manifolds, Ann. St. Univ. “Al I Cuza” Iasi, 33(1987), 53-58.

A. K. Roychaudhuri, S. Banerji and A. Banerjee, General relativity, astrophysics and cos mology, Springer-Verlag, 1992.

M. Czubak and M. M. Disconzi, On the well-posedness of relativistic viscous fluids with non-zero vorticity, J. Math. Phys. 57,
(2016), 042501.arXiv:1407.6963.

F. De Felice and C. J. S. Clarke, Relativity on curved manifolds, (Cambridge Monographs on Mathematical Physics) Cambridge
University Press, Cambridge (1990).

M. M. Disconzi, On the well-posedness of relativistic viscous fluids, Nonlinearity 27 (2014), 1915.

M. M. Disconzi, T. W. Kephart and R. J. Sherrer, New approach to cosmological bulk viscosity, Phys Rev D 91 (2015) 043532.
arXiv:1409.4918v2[gr-qc] 6 Feb 2015.

U. C. De and S. Bandyopadhyay, On weakly symmetric spaces, Publ. Math. Debrecen, 54 (1999), 377-381.

U. C. De and S. Bandyopadhyay, On weakly symmetric spaces, Acta Math. Hungarica, 83 (2000), 205-212.

A. De and P. Majhi, Weakly Ricci symmetric spacetimes, Int. J. Geom. Meth. Mod. Phys., 14 (2018), 185007 (10 pages).

A. De, C. Ozgiir and U. C. De, On conformally flat almost pseudo-Ricci symmetric spacetimes, Int. J. Theor. Phys., 51 (9) (2012),
2878-2887.

U. C. De and P. Pal, On some classes of almost pseudo Ricci symmetric manifolds, Publ. Math. Debrecen, 83(2013), 207-225.

U. C. De and J. Sengupta, On a weakly symmetric Riemannian manifold admitting a special type of semi-symmetric metric
connection, Novi Sad. J. Math., 29 (1999), 89-95.

U. C. De and Y. J. Suh, Some characterizations of Lorentzian manifolds, Int. J. Geom. Meth. Mod. Phys., 16 (2019), 1950016 (18
pages).

I. Eriksson and J. M. M. Senovilla, Note on (conformally) semi-symmetric spacetimes, Class. Quantum Grav. 27, 027001(2010).
F. Fu, Y. Han and P. Zhao, Geometric and physical characteristics of mixed super quasi-Einstein manifolds, Int. ]. Geom. Meth.
Mod. Phys. 16, (2019), 1950104.

E. Fu, X. Yang and P.Zhao, Geometrical and physical characteristics of some class of conformal mappings, J]. Geom. Phys., 62,
(2012), 1467-1479.

B. S. Guilfoyle and B. C. Nolan, Yang’s gravitational theory, Gen. Relativ. Gravit. 30 (3), (1998), 473-495.

S. Guler and S. Altay Demirbag, On Ricci symmetric generalized quasi-Einstein spacetimes, Miskolc Math. Notes 16 (2),(2015),
853-868.

S. Guler and S. Altay Demirbag, A study of generalized quasi-Einstein spacetimes with applications in general relativity, Int. J.
Theor. Phys. 55,(2016), 548-562.

A. Gray, Einstein-like manifolds which are not Einstein, Geom. Dedicata 7(1978), 259-280.

R. Maartens, Causal thermodynamics in relativity, Lectures given at the Hanno Rund workshop on Relativity and Thermody-
namics, Natal Univ. South Africa, June 1996.arXiv:astro-ph/9609119v1 18 Sep 1996.

C. A. Mantica and L. G. Molinari, Twisted Lorentzian manifolds: a characterization with torse-forming time-like unit vectors,
Gen. Relativ. Gravit. 49:51 (2017).

C. A. Mantica and L. G. Molinari, On Weyl and Ricci tensors of generalized Robertson-Walker space-times, J. of Math. Phys.,
57(2016), 102502.

C. A. Mantica and L. G. Molinari, Generalized Robertson-Walker space-times, a Survey, Int. J. Geom. Meth. Mod. Phys., 14(2017),
n3, 1730001.

C. A. Mantica and L. G. Molinari, Weakly Z Symmetric manifolds, Acta Math. Hungarica, 135(1-2) (2012), 80-96.

C. A. Mantica and Y. J. Suh, Pseudo Z symmetric Riemannian manifolds with harmonic curvature tensors, Int. J. Geom. Meth.
Mod. Phys. 9(1) (2012), 1250004(21 pages).

C. A.Mantica and Y. J. Suh, Recurrent Z forms on Riemannian and Kaehler manifolds, Int. J. Geom. Meth. Mod. Phys. 9(7) (2012),
1250059(26 pages).

C. A. Mantica, L. G. Molinari and U. C. De, A condition for a perfect fluid space-time to be a generalized Robertson-Walker
space-time, J. Math. Phys., 57(2016), 049901.

C. A. Mantica, Y. J. Suh and U. C. De, A note on generalized Robertson-Walker spacetimes, Int. ]. Geom. Meth. Mod. Phys.
13,(2016), 1650079(9 pages).

S. Mallick, Y. J. Suh and U. C. De, A spacetime with pseudo-projective curvature tensor, ]. Math. Phys. 57,(2016), 062501.

J. Mikes and L. Rachunek, Torse-forming vector fields in T-symmetric Riemannian spaces, in Steps in Differential Geometry,



[41]
[42]
[43]

[44]
[45]

[46]
[47]
[48]

[49]
[50]

[51]
[52]
[53]
[54]
[55]

C. A. Mantica et al. / Filomat 35:3 (2021), 895-909 909

Proceedings of the Colloquium on Differential Geometry, Debrecen, July 25-30, 2000 (Debrecen, Hungary), edited by L. Kozma,
P. T. Nagy, and L. Tamassy, pp. 219-229.

B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic Press, New York-London, 1983.

F. Ozen and S. Altay, Weakly and pseudo-symmetric Riemannian spaces, Indian J. Pure appl. Math. 33(10), (2002), 1477-1488.

F. Ozen and S. Altay, On weakly and pseudo-concircular symmetric structures on a Riemannian manifold, Acta Univ. Palack.
Olomuc., Fac. Rerum. natur. Math. 47 (2008), 129-138.

M. Prvanovié, On weakly symmetric Riemannian manifolds, Publ. Math. Debrecen, 46(1995), 19-25.

Y. J. Suh, C. A. Mantica, U. C. De and P. Pal, Pseudo-B-symmetric manifolds, Int. J. Geom. Meth. Mod. Phys.
(2017)doi.org/10.1142/S0219887817501195.

S. Shenawy and B. UInal, The W5~ curvature tensor on warped product manifolds and applications, Int. J. Geom. Meth. Mod.
Phys. 13,(2016), 1650099 (14 pages).

H. Sthepani, D. Kramer, M. MacCallum, C. Hoenselaers and E. Hertl, Exact solutions of Einsteins Field Equations, Cambridge
Monographs on Mathematical Physics, Cambridge University Press 2nd ed. (2003).

R. Sharma, Proper conformal symmetries of spacetimes with divergence free Weyl conformal curvature tensor, J. of Math. Phys.
43(1993), 3582-3587.

H. Takeno, Concircular scalar field in spherically symmetric space-times I, Tensor (N.S.) 20 n2 (1967), 167-176.

L. Tamdssy and T. Q. Binh, On weakly symmetric and weakly projectively symmetric Riemannian manifolds, Colloq. Math. Soc.
Janos Bolyai, 56(1989), 663-670.

L. Tamdssy and T. Q. Binh, On weak symmetries of Einstein and Sasakian manifolds, Tensor,(N. S. ), 53(1993), 140-148.

R. M. Wald, General Relativity, The University of Chicago Press, Chicago IL (1984).

A. G. Walker, On Ruse’s space of recurrent curvature, Proc. of London Math. Soc. , 52(1950), 36-54.

K. Yano and M. Kon, Structures on manifolds, World scientific, Singapore, 1984, 418-421.

F. O. Zengin, m-projectively flat spacetimes, Math. Reports 14 (64),(2012), 363-370.



