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Abstract. Let X be a Hausdorff topological space, Q(X, R) be the space of all quasicontinuous functions on
X with values in R and 7 be the topology of uniform convergence on compacta. If X is hemicompact, then
(Q(X,R), Tuc) is metrizable and thus many cardinal invariants, including weight, density and cellularity
coincide on (Q(X, R), Tyc). We find further conditions on X under which these cardinal invariants coincide
on (Q(X,R), tyc) as well as characterizations of some cardinal invariants of (Q(X, R), Tyc). It is known that
the weight of continuous functions (C(RR, R), Tyc) is Ny. We will show that the weight of (Q(R, R), Tyc) is 2°.

1. Introduction

Quasicontinuous functions were introduced by Kempisty in 1932 in [18]. However as far as we know
the first mention of the condition of quasicontinuity can be found in the paper of R. Baire [1] in the study
of continuity points of separately continuous functions from IR? into R. Quasicontinuous functions were
studied in many papers, see for example [3], [8, 13, 14], [19], [24] and others. They are important in many
areas of mathematics. Quasicontinuous functions are selections of minimal usco and minimal cusco maps
[7,9-12]. They found applications in the study of topological groups [4, 21, 23], in the study of dynamical
systems [5], in the study of extensions of densely defined continuous functions [17], etc. The quasicontinuity
is also used in the study of CHART groups [22].

In our paper we will study cardinal invariants of the space of quasicontinuous functions equipped
with the topology of uniform convergence on compacta. Notice that the properties of the first countability,
metrizability and complete metrizability of this space were studied in [15] and Arzela-Ascoli type theorems
for the space of quasicontinuous functions were proved in [13, 14].

Let X be a Hausdorff topological space, Q(X, IR) be the space of all quasicontinuous functions on X with
values in IR and 7y;c be the topology of uniform convergence on compacta. We will study cardinal invariants
of (QX,R), tuc). Q(X,R) is not a subgroup of R¥, which makes the work with the space Q(X,R) more
difficult. However Q(X, IR) shares some properties with topological groups, for example the coincidence of
a character and 7-character, or weight and n-weight, etc. If X is hemicompact, then by [15] (Q(X, R), Tuc)
is metrizable, thus all cardinal invariants c,d, nw, s, e, L, mw, w coincide on (Q(X, R), Tyc). We find further
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conditions on X under which these cardinal invariants coincide on (Q(X, R), t(;c) as well as characterizations
of some cardinal invariants of (Q(X, R), Tic). We also show that the cardinality of Q(IR, R) is 2° and that the
weight of (Q(R, R), Tyc) is 2°.

2. Preliminaries

Let X and Y be topological spaces. A function f : X — Y is quasicontinuous [24] at x € X if for every
openset V C Y, f(x) € V and every open set U C X, x € U there is a nonempty open set W C U such that
f(W) c V. If fis quasicontinuous at every point of X, we say that f is quasicontinuous.

We say that a subset of X is quasi-open (or semi-open) [24] if it is contained in the closure of its interior.
Then a function f : X — Y is quasicontinuous if and only if (V) is quasi-open for every openset V C Y.

We denote by IN the set of positive integers and by IR the space of real numbers with the usual metric.
The symbol A will stand for the closure of the set A in a topological space.

Let X be a Hausdorff topological space. Denote by F(X, R) the set of all functions from X to R, by Q(X, IR)
the set of all quasicontinuous functions in F(X,R) and by C(X, R) the space of all continuous functions in
F(X,R).

By K(X) we mean the family of all nonempty compact subsets of X.

Denote by tyc the topology of uniform convergence on compact sets on F(X,R). This topology is
induced by the uniformity Uy;c which has a base consisting of sets of the form

WK, &) =1{(f,g9): YVxeK |[f(x)—gx)| <e},

where K € K(X) and ¢ > 0. The general ty;c-basic neighborhood of f € F(X, R) will be denoted by W(f, K, ¢),
where
W(f,K e)={g: Vx €K |f(x) - g(x)| < €}

Denote by 7, the topology of pointwise convergence on F(X,RR). This topology is induced by the
uniformity U, which has a base consisting of sets of the form

WA, e)=1{(f,9): YxeA |f(x)—gx)| <&},

where A is a finite set and ¢ > 0. The general 7,-basic neighborhood of f € F(X,R) will be denoted by
W(f, A, €), where
W(f,Ae)=1{g: YxeA |[f(x)—gx)| < e}

Of course F(X,R) = R¥ and the topology 7, of the pointwise convergence on F(X, R) is just the product
topology on RX.

3. Cardinal Invariants of (Q(X, R), Tyc)

First we will remind definitions of cardinal invariants of a topological space Z [6]. We define the weight
of Z:
w(Z) = Ng + min{|B| : B is abasein Z},

the density of Z:
d(Z) = Ro + min{|D| : D is a dense set in Z},

the cellularity of Z:
c(Z) = No + sup{|U| : U is a pairwise disjoint family of nonempty open sets in Z},

the network weight of Z:
nw(Z) = Ny + min{|N|: N is a network in Z}.
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They are in general related by the inequalities
c(Z) <d(Z) < nw(Z) < w(Z).

When Z is metrizable
c(Z) = d(Z) = nw(Z) = w(Z).

The character of a point z in Z is defined as:
XxX(Z,z) =Xy + min{|0| : Ois abase at z},
and the character of Z is defined as:
X(Z) =sup{x(Z,z): z€ Z}.

To define the m-character of Z, we first need a notion of a local m-base. If z € Z, a collection V of
nonempty open subsets of Z is called a local nt-base at z provided that for each open neighborhood U of z,
there exists a V € V which is contained in U.

The m-character of a point z in Z is defined as:

1,(Z,z) = min{|V| : V is a local nt-base at z},
and the m-character of Z is defined as:
,(Z) = N + sup{ny(Z,z) : z € Z}.
The k-cofinality of a topological space Z is defined to be
kecof(Z) = min{|f| : B is a cofinal family in K(Z)}.

A topological space Z is hemicompact if kcof(Z) = No; i.e. there is a countable family {K, : n € N} in
K(Z) such that for every K € K(Z) there is n € IN with K C K,,.

In what follows let X be a Hausdorff nontrivial topological space, i.e.,, X is at least countable. We
will consider the cardinal invariants of the space (Q(X,R), tyc). Because of simplicity we will omit the
specification of the topology Tuc.

First we prove that the character and the ri-character of Q(X, R) coincide.

Theorem 3.1. Let X be a topological space. Then x(Q(X,R)) = 1, (Q(X, R)) = kcof(X).

Proof. Firstwe prove thatkcof(X) < 1, (Q(X, R)). Let f be the zero function on X. Then f is a quasicontinuous
function. Let {W(f;, A, €r) : Ar € K(X), &+ > 0,t € T} be a local mt-base of f in Q(X, R) with |T| < 7, (Q(X, R).
We claim that {A; : t € T} is a cofinal family in K(X). Let A € K(X). There must exist t € T with

W(f:, As, &) € W(f, A D).

We show that A C A;. Suppose there isa € A\ A;. Let U be an open set such thata € U and U N A; = 0.
Let g : X = R be defined as follows:

(2) = 1, zeﬁ;
g# = fi(z), otherwise.

Then g is a quasicontinuous function and g(s) = fi(s) for every s ¢ U; thus also for every s € A;. Then
g € W(fi, Ay, €1), but g € W(f, A, 1), a contradiction. Thus

keof(X) < 1, (Q(X, R)) < x(Q(X, R).

To prove that Y(Q(X,R) < kcof(X), let f € Q(X,R) and let § be a cofinal subfamily of K(X) with
IBl = keof(X). It is easy to verify that the family {W(f,K,1/n) : K€ ,n € N}isalocal baseat f. [
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Corollary 3.2. ([15]) Let X be a topological space. The following are equivalent:

1. X is hemicompact,
2. Q(X,R) is first countable.

For a Tychonoff space Z we define the uniform weight of Z [6]:
u(Z) = 8o + min{m : there is a uniformity on Z of weight < mj}.
It is known (see [6]) that w(Z) = c(Z) - u(Z), w(Z) = e(Z)-u(Z), where e(Z) is extent of Z defined as follows:
e(Z) = No + sup{|E| : Eis a closed discrete set in Z}.
Theorem 3.3. Let X be a topological space. Then u(Q(X, R)) = kco f(X).

Proof. Let  be a cofinal family in K(X) such that kcof(X) = |Bl. It is easy to verify that the family {W(K, 1/n) :
K € B,n € N} is a base of the uniformity Uyc. Thus u(Q(X, R)) < kcof(X). For every Tychonoff space Z we
have x(Z) < u(Z). Since by Theorem 3.1 kcof(X) = x(Q(X, R)), we have u(Q(X,R)) = kcof(X). O

Corollary 3.4. ([15]) Let X be a topological space. The following are equivalent.

1. X is hemicompact,
2. Q(X, R) is metrizable,
3. Q(X,R) is first countable.

The following result will show that also the weight and the m-weight of Q(X, IR) coincide.

To define the rt-weight of a topological space Z, we first need a notion of a n-base. A collection V of
nonempty open subsets of Z is called a n-base [20] provided that for each open set U in Z, there exists a
V € V which is contained in U.

Define the t-weight of Z by:

ntw(Z) = No + min{|B| : B is a m —base in Z}.

Corollary 3.5. For every space X, nw(Q(X,R)) = w(Q(X, R)). In fact,
nw(Q(X, R)) = keof(X) - d(Q(X, R) and w(Q(X, R)) = kcof(X) - c(Q(X, R)) = kcof(X) - e(Q(X, R)).

Proof. It is known (see [6]) that for a Tychonoff space Z, w(Z) = ¢(Z) - u(Z) and w(Z) = e(Z) - u(Z). Thus by
Theorem 3.3 w(Q(X,R)) = kcof(X) - c(Q(X,R)) and w(Q(X, R)) = kcof(X) - e(Q(X, R)). Since nmw(Q(X,R) >
x(Q(X, R)) = x(Q(X, R) = kcof(X) and nw(Q(X, R)) = d(Q(X, R) we have

nw(Q(X, R)) = keof(X) - d(Q(X, R)) = w(Q(X, R).
|
Theorem 3.6. For a locally compact space X, w(Q(X, R)) = nw(Q(X, R)).

Proof. To prove that w(Q(X, R)) = nw(Q(X, R)) by Corollary 3.5 it suffices to show that kco f(X) < nw(Q(X, R)).
Because Xis locally compact, ithas a base B of relatively compact sets such that |B| = w(X). Then the family of
all finite unions of members of {B : B € B} is cofinal in K(X) and has cardinality w(X). Sokcof(X) < w(X). Itis
known that w(X) = nw(C(X, R)) [20]. Since nw(C(X, R)) < nw(Q(X, R)), we have kcof(X) < nw(Q(X,R)). O

Using the same idea as in the proof of Theorem 3.6 we can show that for a locally compact space X we
also have the equality w(C(X, R)) = nw(C(X, R)), which seems not to be known in the literature.

In the following lemma we will use the notion of the discrete cellularity introduced in [2]. To define the
discrete cellularity of a topological space Z we need a notion of a discrete family of subsets of Z. We say
that a family U of subsets of a topological space Z is discrete if each point z € Z has a neighborhood that
meets at most one set of the family U.

The discrete cellularity of Z is defined as:

de(Z) = 8o + sup{|U| : U is a discrete family of nonempty open sets in Z}.
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Remark 3.7. For every topological space Z, dc(Z) < c¢(Z) and dc(Z) < e(Z) [2].
Lemma 3.8. Let X be a topological space which contains an infinite compact set. Then dc(Q(X, R)) > c.

Proof. Let K be an infinite compact set in X. There is a pairwise disjoint sequence {U,, : n € IN} of open sets
such that U, N K # 0 for every n € IN. Let 2N denote the set of all functions from IN to {0,1}. For every
¢ € 2N denote by N, the set of all n € IN where ¢(n) = 1and let f,, : X — R be a function defined as follows:

o) = 1, ifxe u”ENV’ U,;
0, otherwise.
Then f, is a quasicontinuous function.

For every ¢ € 2N define B, = W(fy,K,1/4). Let g € Q(X,R). Then W(g, K, 1/4) intersect at most one set
of {By, : ¢ € 2N}. So {B,, : ¢ € 2N} is a discrete family of open subset of (Q(X, R), Tuc). O

For a topological space Z we define the Lindelof degree of Z:
L(Z) = 8y + min{x : every open cover of Z has a subcover of cardinality at most «}
and the spread of Z:
s(Z) = No + supi|E| : E is a discrete set in Z}.

If X is hemicompact, i.e. kcof(X) = Ny, then by Corollary 3.4 Q(X, R) is metrizable, thus all cardinal
invariants c,d, nw, s, e, L, nw, w coincide on Q(X,R). The following theorem gives other conditions on X
under which the cardinal invariants coincide on Q(X, R).

Theorem 3.9. Let X be a topological space which contains an infinite compact set and let kcof(X) < ¢. Then we have

¢(Q(X, R)) = d(Q(X, R)) = e(Q(X, R)) = L(Q(X, R)) =
s(Q(X, R)) = nw(Q(X, R)) = mw(Q(X, R)) = w(Q(X,R)) = c.

Proof. By Corollary 3.5, kcof(X).e(Q(X,R)) = w(Q(X,R)) = kcof(X).c(Q(X,R)). By Lemma 3.8 we have
e(Q(X,R)) = w(Q(X,R)) = c(Q(X,R)). Since other cardinal invariants are between c,w and e, we are
done. [

Corollary 3.10. Let X be a discrete topological space. Then c(Q(X, R)) = 8y and w(Q(X, R)) = kcof(X) = |X].

Proof. 1f X is a discrete topological space, then the topology tuc coincides with the topology 7, on Q(X, R) =
C(X,R) = R¥ and 7, on R¥ is the product topology. Thus by [6] c(Q(X,R)) = 8. Since w(Q(X,R)) =
keof(X) - c(Q(X, R)) = [X]. O

Proposition 3.11. Let X be a discrete topological space such that |X| = ¢. Then d(Q(X, R)) = No.

Proof. 1f X is a discrete topological space, then the topology tuc coincides with the topology 7, on Q(X, R) =
C(X,R) = RX. Thus by [6] d(Q(X,R)) = Noy. [

Theorem 3.12. Let X be a Tychonoff topological space. The following are equivalent:

L w(Q(X,R)) = Ny,
2. X is countable and every compact set in X is finite.

Proof. (1) = (2) If w(Q(X,R)) = Ny, then dc(Q(X, R)) = Ny, thus by Lemma 3.8 every compact set in X must
be finite. Then the topology 7ic coincides with the topology 7, on Q(X, R). Thus also w(C(X,R)) = R in
the topology 7,,. By Corollary 4.5.4 in [20] X must be countable.

(2) = (1) If every compact set in X is finite, the topology tuc = 7, on Q(X,R). Since Q(X,R) c R¥,
w(Q(X,R)) < w(R¥X). X is countable, thus w(RX) = Ny. O
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Lemma 3.13. Let X be a first countable space. If dc(Q(X, R)) = Ny, then X is discrete.

Proof. If dc(Q(X,R)) = Ny, then by Lemma 3.8 every compact set in X must be finite. Suppose there is a
non-isolated point x € X. Then we can find a sequence {x, : n € IN} of different points which converges to
x. The set K = {x} U {x, : n € N} is an infinite compact set in X, a contradiction. [

Theorem 3.14. Let X be a first countable space. The following are equivalent:

1. de(Q(X, R)) = No,
2. c(Q(X,R)) = N,
3. X is discrete.

Proof. (1) = (3) By Lemma 3.13. (3) = (2) by Corollary 3.10. (2) = (1) by Remark 3.7. [

Theorem 3.15. Let X be a topological space.The following are equivalent:

L de(Q(X, R)) = Ny,
2. QX R)) = Ry,
3. Every compact set in X is finite.

Proof. (1) = (3) is clear from Lemma 3.8. (3) = (2) If every compact set in X is finite, then the topology
Tyc coincides with the topology 7, on Q(X, R). By [16] Q(X, R) is dense in R* equipped with the product
topology. Thus ¢(Q(X, R)) = ¢(RX) = 8. (2) = (1) By Remark 3.7. 0O

Theorem 3.16. Let X be a first countable topological space. The following are equivalent:

1. w(Q(X, R)) = Ry,

2. nw(Q(X,R)) = No,

3. LIQ(X,R)) = Ry,

4. X is countable and discrete.

Proof. (4) = (1) By Corollary 3.10 w(Q(X, R)) = No, so we are done. The implications (1) = (2) and (2) = (3)
are trivial. We prove (3) = (4). If L(Q(X, R)) = 8y, then also dc(Q(X, R)) = Ny, thus by Lemma 3.13, X must
be discrete. Then Q(X,R) = C(X, R) and the topology Tyc coincides with the topology 7, on Q(X,R). By
3.(b), page 68 in [20] X must be countable. [

4. Comparison of Cardinal Invariants of Q(R, R) and C(R, R)

Example 4.1. Let R be equipped with the usual Euclidean metric d. Denote by C the Cantor set. The Cantor
set is a closed and nowhere dense set in R with |C| = ¢. Let 2€ denote the set of all functions from C to {0, 1}.
For every ¢ € 2¢ by C, we denote the set of all x € C where ¢(x) = 1. For every ¢ € 2€ let f; : R - Rbe a
function defined as follows:

sin(1/d(x,C)), if x¢C;
fo)=4 1, if x € Cy;
0, if xeC\Cy,

where d(x, C) = inf{d(x, c) : c € C}. Then f, is a quasicontinuous function for every ¢ € 2€. From this follows
that |Q(R, R)| > 2°. Thus |Q(R, R)| = 2°.

For every ¢ € 2€ define By, = W(fy,C,1/4). Then {By, : ¢ € 2} is a pairwise disjoint family of open sets
in (Q(R, R), tyc). Thus c(Q(R, R)) = 2°.

Remark 4.2. Notice also that the set {f, : ¢ € 2} from the previous Example is a closed discrete set. Let
g € QR,R)\ {fs : ¢ € 2°). Suppose that fy, € W(g,C,1/4) for some i € 2. Since there may be at most
one 1 € 2€ such that f;, € W(g,C, 1/4), the set W(g,C,1/4) \ {f,} is an open neighborhood of g such that
{fo: 9 €29n(W(g, C 1\ {fyh) =0.
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Now we can compare the cardinal invariants of (Q(R, R), tyc) and (C(R, R), tyc). Since R is hemicom-
pact, both (Q(R, R), tyic) and (C(IR, R), Tyic) are metrizable. Thus all cardinal invariants ¢, d, nw, s, e, L, nw, w
coincide on these spaces. By Proposition 1.2 (3) in [2] also dc(Q(R,R)) = c(Q(R,R)) and dc(C(IR,R)) =
c(C(R, R)).

By the previous example we have

de(Q(R, R)) = ¢(Q(R, R)) = d(Q(R, R)) = ¢(Q(R, R)) = L(Q(R, R)) =
s(Q(R, R)) = nw(Q(R, R)) = mw(Q(R, R)) = w(Q(R, R)) = 2°,

and |Q(R, R)| = 2°.
By [20] and [2] we have

de(C(R,R)) = ¢(C(R,R)) = d(C(R, R)) = e(C(R, R)) = L(C(R, R)) =
S(C(R, R)) = nw(C(R, R)) = nw(C(R, R)) = w(C(R, R)) = Ny,

and |C(R, R)| = ¢.

Acknowledgements

The authors would like to thank the referee for his comments.

References

[1] R. Baire, Sur les functions des variables reelles, Ann. Mat. Pura Appl. 3 (1899) 1-122.

[2] T.Banakh, A. Ravsky, Verbal covering properties of topological spaces, Topology Appl. 201 (2016) 181-205.

[3] J.M. Borwein, Minimal cuscos and subgradients of Lipschitz functions, In: Fixed point theory and applications (Marseille, 1989),
Pitman Res. Notes Math. Ser. 252, Longman Sci. Tech., Harlow 1991, 57-81.

[4] A.Bouziad, Every Cech-analytic Baire semitopological group is a topological group, Proc. Amer. Math. Soc. 124 (1996) 953-959.

[5] A. Crannell, M. Frantz, M. LeMasurier, Closed relations and equivalence classes of quasicontinuous functions, Real Anal.
Exchange 31 (2006/2007) 409-424.

[6] R.Engelking, General Topology, Heldermann Verlag, Berlin, 1989.

[7]1 L.Hola, D. Holy, Minimal usco maps, densely continuous forms and upper semicontinuous functions, Rocky Mount. Math. J.
39 (2009) 545-562.

[8] 1. Hol4, D. Holy, Pointwise convergence of quasicontinuous mappings and Baire spaces, Rocky Mount. Math. J. 41 (2011)
1883-1894.

[9] L.Hols, D. Holy, New characterization of minimal CUSCO maps, Rocky Mount. Math. J. 44 (2014) 1851-1866.

[10] T.. Hol4, D. Holy, Relation betwen minimal USCO and minimal CUSCO maps, Portug. Math. 70 (2013) 211-224.
[11] T.. Hol4, D. Holy, Minimal usco and minimal cusco maps, Khayyam J. Math. 1 (2015) 125-150.
[12] L.Hold4, D. Holy, Minimal usco and minimal cusco maps and compactness, J. Math. Anal. Appl. 439 (2016) 737-744.
[13] L. Hol4, D. Holy, Quasicontinuous subcontinuous functions and compactness, Mediterr. J. Math. 13 (2016) 4509-4518.
[14] T.Hol4, D. Holy, Quasicontinuous functions and compactness, Mediterr. J. Math. 14 (2017) Art. No. 219.
[15] L. Hol4, D. Holy, Metrizability of the space of quasicontinuous functions, Topology Appl. 246 (2018) 137-143.

L

[16] L. Hol4, D. Holy, Quasicontinuous functions and the topology of pointwise convergence, Topology Appl. 282 (2020) Art. No.

107301.

[17] L. Hols, Spaces of densely continuous forms, USCO and minimal USCO maps, Set-Valued Anal. 11 (2003) 133-151.

[18] S. Kempisty, Sur les fonctions quasi-continues, Fund. Math. 19 (1932) 184-197.

[19] S. Marcus, Sur les fonctions quasi-continues au sense Kempisty, Colloq. Math. 8 (1961) 45-53.

[20] R.A.McCoy, I. Ntantu, Topological Properties of Spaces of Continuous Functions, Lecture Notes in Mathematics 1315, Springer-
Verlag, Berlin, 1988.

[21] W.B. Moors, Any semitopological group that is homeomorphic to a product of Cech-complete spaces is a topological group,
Set-Valued Var. Anal. 21 (2013) 627-633.

[22] W.B. Moors, Fragmentable mappings and CHART groups, Fund. Math. 234 (2016) 191-200

[23] W.B. Moors, Semitopological groups, Bouziad spaces and topological groups, Topology Appl. 160 (2013) 2038-2048.

[24] T. Neubrunn, Quasi-continuity, Real Anal. Exchange 14 (1988) 259-306.



