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Abstract. The construction of continuous shearlet transform has been extended to higher dimensions.
It was generalized to a group that is topologically isomorphic to a group of semidirect product of locally
compact groups. In this paper, by a unified theoretical linear algebra approach to the representation theory,
a class of continuous shearlet transforms obtained from the generalized quasi-regular representation is
presented. In order to develop such representation, we utilize a homogeneous space with a relatively
invariant Radon measure as tool from computational and abstract harmonic analysis.

1. Introduction

Over the last decade shearlet system has achieved significant popularity, see [4, 13]. These innovative
systems are made modeling for any kinds of applications such as signal processing, compressed sensing
and machine learning. Application of shearlet in compressive sensing problems have been studied in [7]. In
addition, the mathematical theory of shearlet systems have outstanding roles and applications in computer
science and communication engineering. This theory is based on the shear matrix, translation and dilation
of a given signal. Kutyniok et al. proved that the shearlet transform can be derived from a square-integrable
representationπ : S→ U(L2(R2) of certain group S, see [12]. The analyzing 2-dimensional data set have been
completely well studied and extended for higher dimensions. For instance, in [6] Dahlke et al. extended
shearlet theory to n-dimensional signals and introduced the multivariate continuous shearlet transform
and investigated its properties. This paper aim to investigate some other aspects of generalization of
continuous shearlet transforms related to homogeneous spaces.These kinds of shearlet transforms can be
contained in a class of continuous shearlet transforms obtained from a continuous unitary representation
of a locally compact group on L2(X), where X is a homogeneous space that group acts on it. More precisely,
we consider a unified approach to the theoretical aspects of the generalized quasi- regular representation
over the product of these spaces. We then proceed to obtain the generalized quasi- regular representation
for a large non-Abelian classes of groups, in particular for semidirect product groups, as well as a class
called shearlet groups. To obtain purpose, we need to prove some results of homogeneous space.

The outline of the rest of this paper is as follows: Section 2 is devoted to fix notations and recall
a brief summary of representation theory which we need in the sequel. In Section 3, a necessary and
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sufficient condition to obtain generalized representation is provided and this kind of representations are
characterized. In the last section, we propose some examples to show that in this way we can obtain the
n-dimensional continuous shearlet transforms which have been introduced in [6] and make a few examples
of continuous shearlet transforms that cannot be gotten by the procedure has been discussed in [6, 12].

2. Preliminaries and Notations

To provide a first insight into our results, we start by recalling mathematical framework of homogeneous
space.

Through the world of harmonic analysis and after locally compact groups, we have objects like G-spaces,
and in special case transitive G-spaces which are well known as follows.

Let G be a locally compact group and X be a locally compact Hausdorff space. A left action of G on X is
a continuous mapping (x, s)→ xs from G × X into X which satisfies the following statements.

(i) For all x ∈ G, the mapping s→ xs, s ∈ X, is a homeomorphism on X.

(ii) For all x, y ∈ G and s ∈ X, (xy)s = x(ys).

A space X equipped with an action of G is called a G- space. X is said to be transitive G-space if for all t, s ∈ X
there exists some x ∈ G for which xs = t. Proposition 2.44 of [8] guarantees that most of transitive G-spaces
can be considered as a quotient space G/H for some closed subgroup H of G. Although G/H is not group
when H is not normal, but crucial part of the classical harmonic analysis on G carries over homogeneous
spaces. It is well known Cc(G/H) consists of all P f functions, where f is a continuous function on G with
compact support and

p f (xH) =
∫

H f (xξ)dξ.

The theory of classical harmonic analysis on coset space G/H is investigated in [8, 9, 14]. We will now
present collection of tools for analysis on homogeneous space that are essential in the theory of quasi-
regular representations.

Suppose thatµ is a Radon measure on G/H, for each x ∈ G the transitiveµx ofµ is defined byµx(E) = µ(xE)
for each Borel subset E of G/H. The measure µ is said to be G-invariant if µx = µ for all x ∈ G and is said
to be strongly quasi-invariant if there is a continuous function λ : G × G/H → (0,∞) which satisfies
dµx(yH) = λ(x, yH)dµ(yH), for x, y ∈ G. If the function λ(x, .) reduces to a constant, µ is called relatively
invariant under G. It is well known that any homogeneous space G/H possesses a strongly quasi invariant
measure and all of them are constructed by a rho-function ρ. We recall that a rho-function for the pair (G,H)
is defined to be a continuous function ρ : G→ (0,∞) which satisfies

ρ(xh) =
∆H(h)
∆G(h)

ρ(x) (x ∈ G, h ∈ H), (1)

where ∆G,∆H are the modular functions on G and H, respectively (see [8, 11]). For any pair (G,H) and each
rho-function ρ, there is a strongly quasi invariant measure µ in G/H such that dµx(yH) = λ(x, yH)dµ(yH),
for each x, y ∈ G, in which

λ(x, yH) =
ρ(xy)
ρ(y)

. (2)

The homogeneous space G/H has a G- invariant measure if and only if the constant function ρ(x) = 1, x ∈ G,
is rho-function for the pair (G,H), or equivalently ∆G|H = ∆H(cf. [8], Subsection 2.6).

The class of locally compact semidirect product groups, as a large class of non-Abelian groups, has
significant roles in theories connecting mathematical physics and mathematical theory of coherent states
analysis [2, 5, 14]. To introduce 3-fold semidirect product block shearlet group, we need to review some
of the standard facts on semidirect product groups and summarize some results on them. Let H,K and
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L be three locally compact groups with identity elements eH, eK and eL, respectively. Moreover, assume
τ : H → Aut(K) and θ : H nτ K → Aut(L) be continuous homomorphisms which, (h, k) → τh(k) from H × K
to K and ((h, k), l)→ θ(h,k)(l) from H ×K× L to L. The semidirect product (H nτ K)nθ L is the locally compact
topological group with the underlying set (H × K) × L which is equipped by the product topology and the
group operation is defined by

(h, k, l)(h
′

, k
′

, l
′

) = (hh
′

, kτh(k
′

), lθ(h,k)(l
′

)),

(h, k, l)−1 = (h−1, τh−1 (k−1), θ(h,k)−1 (l−1)).

With the assumption as above, any locally compact group in the form of (H nτ K) nθ L denoted by S(θ,τ),
is called an abstract shearlet group associated to homomorphisms θ and τ. In what follows, we use the
abstract shearlet group with the abbreviation S for it. The left Haar measure of semidirect product group S
is

dµ(h, k, l) = δθ(h, k)δτ(h)dµH(h)dµK(k)dµL(l),

in which, dµH(h), dµK(k) and dµL(l) are the left Haar measures of the locally compact groups H,K and L
where the positive continuous homomorphisms δτ : H→ (0,∞) and δθ : H nτ K→ (0,∞) are given by

dµK(k) = δτ(h)dµK(τh(k)), dµL(l) = δθ(h, k)dµL(θ(h,k)(l)).

We refer the reader to [3] and the comprehensive list of references therein.

3. The Construction of Generalized Quasi-Regular Representations

Through this paper, let H and K be closed subgroups of the locally compact group G such that K ⊂ H.
Then the left coset space

G/H = {1H; 1 ∈ G},

is a transitive G− space and the left coset space

H/K = {hK; h ∈ H},

is a transitive H− space. Due to transition spaces G/H and H/K, G/H ×H/K is a transitive G×H -space. To
achieve our result, we need the next lemma.

Lemma 3.1. With notation as above, if G is a σ-compact group, then the spaces (G × H)/(H × K) and G/H × H/K
are homeomorphic.

Proof. Let H0 = {1 ∈ G : 1s = s} and K0 = {h ∈ H : ht = t} where s ∈ G/H and t ∈ H/K are fixed. It is easy to
check that

H0 × K0 = {(1, h) ∈ G ×H : (1s, ht) = (s, t)}.

Define φ : G ×H→ G/H ×H/K by

φ(1, h) = (1H, hK), 1 ∈ G, h ∈ H.

Obviously φ is a continuous surjection of G ×H onto G/H ×H/K that is the multiplication of left cosets of
H in G and K in H, respectively. Hence φ induces a continuous bijection

Φ : (G ×H)/(H0 × K0)→ G/H ×H/K,

such that Φoq = φ, where q : G × H → (G × H)/(H0 × K0) is the quotient map. Now we apply [8,
Proposition 2.44] i.e. if G is a σ-compact, then Φ is a homeomorphism. If we choose a different base point
(s′, t′) = (10s, h0t) the only effect is to replace H0 ×K0 with H′0 ×K′0 where H′0 = 10H01

−1
0 ,K

′

0 = h0K0h−1
0 and the

map (1, h)→ (1011
−1
0 , h0hh−1

0 ) induces a homeomorphism between (G×H)/(H0 ×K0) and (G×H)/(H′0 ×K′0).
Hence we consider arbitrary closed subgroups H0 and K0 of locally compact group G and complete the
proof as above.
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0Note that a transitive G-space is known as a homogeneous space [8].

Remark 3.2. In [8], it has been justified that if G is σ-compact, then

L2(G/H) ⊗ L2(H/K) � L2(G/H ×H/K) � L2
(
(G ×H)/(H × K)

)
.

Let functions ρG : G → (0,∞) and ρH : H → (0,∞) be rho-functions for pairs (G,H) and (H,K),
respectively. In the next proposition we show that (G × H)/(H × K) has a strongly quasi invariant Radon
measure which arise from ρGρH.

Proposition 3.3. Given rho-functions ρH and ρK for the pairs (G,H) and (H,K) respectively, there is a strongly
quasi invariant Radon measure µ on (G ×H)/(H × K) such that

dµ(11,h1)

dµ

(
(12, h2)(H × K)

)
=
ρG(1112)
ρG(12)

ρH(h1h2)
ρH(h2)

(11, 12 ∈ G, h1, h2 ∈ H).

Proof. Let ρG and ρH be the rho-functions defined in (1) for pairs (G,H) and (H,K), respectively. Then
ρ(1, h) = ρG(1)ρH(h) is a rho-function for (G×H)/(H×K). It follows from this and (2) that λ = λG ×λH. Since
G is a σ compact group

dµ(11,h1)

(
(12, h2)H × K

)
= λ((11, h1), (12, h2)H × K)dµ

(
(12, h2)H × K

)
,

which implies that µ is strongly quasi invariant measure.

Using the action of a group G on itself, one can define a representation π : G→ U(L2(G)), the left regular
representation, as follows:

π(x)( f ) = Lx f (x ∈ G, f ∈ L2(G)).

For a closed subgroup H of G, if G/H has a G- invariant Radon measure µ which arises from the con-
stant function ρ(x) = 1, x ∈ G, then there exists a representation π : G → U(L2(G/H)), the quasi-regular
representation, such that

π(x)ϕ(yH) = ϕ(x−1yH),

where ϕ ∈ L2(G/H)(cf.[8, subsection 6.1]). In the case H is the trivial subgroup {e}, the quasi-regular
representation coincides with the left regular representation. Now, our aim is to define a generalized
representation Π of G × H. Since forming tensor product is the most important tool to produce new
representation, it is quite natural to ask how these two processes are related. Let Γ : G × H → C − {0} be
defined by Γ(1, h) = Γ(1)Γ(h), we will denote Γ of G and Γ of H by ΓG and ΓH, respectively. In the general
case, via each 1 ∈ G and h ∈ H, define Π(1, h) : L2(G/H) ⊗ L2(H/K) −→ L2(G/H) ⊗ L2(H/K)

Π(1, h)ϕ ⊗ ψ(xH, yK) = Γ(1, h)ϕ ⊗ ψ(1−1xH, h−1yK),

for all xH ∈ G/H, yK ∈ H/K. To prove Π of G × H is a unitary representation, we show that ΠG(1) =
ΓG(1)ϕ(1−1xH) of G and ΠH(h) = ΓH(h)ψ(h−1yK) of H are unitary representations. For each ϕ ∈ Cc(G/H) ,
take f ∈ C+

c (G) so that |ϕ|2 = P f . Then

‖ ΠG(1)ϕ ‖22 =

∫
G/H
|ΠG(1)ϕ (xH)|2 dµ(xH)

=

∫
G/H
|ΓG(1)|2 P f (1−1xH) dµ(xH)

=

∫
G

f (1−1x) |ΓG(1)|2 ρG(x) dx

=

∫
G

f (x) |ΓG(1)|2 ρG(1x) dx.
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Due to ‖ ϕ ‖22=
∫

G f (x)ρG(x) dx, ΠG(1) will be unitary if and only if∫
G

f (x) ( |ΓG(1)|2ρG(1x) − ρG(x) ) dx = 0,

for all f ∈ C+
c (G). This leads to |ΓG(1)|2ρG(1x) = ρG(x) for all x ∈ G. So ΠG(1) will be unitary if and only if

ρG(x)
ρG(1x)

= |ΓG(1)|2 only depends on 1. Similarly, ΠH(h) will be unitary if and only if
ρH(y)
ρH(hy)

= |ΓH(h)|2 only

depends on h. It follows that we can define such a unitary representation Π if and only if
ρ(x, y)
ρ(1x, hy)

= |Γ(1, h)|2

only depends on (1, h). The argument above can be summarized as follows.

Theorem 3.4. There exists such a representation Π of G×H if and only if measure µ of (G×H)/(H×K) is relatively
invariant. In other words, The existence of a homomorphism rho-function for the pair (G ×H,H × K) is a necessary
and sufficient condition to have a representation Π with

Π(1, h)ϕ ⊗ ψ(xH, yK) = Γ(1, h)ϕ ⊗ ψ(1−1xH, h−1yK), (3)

for some constants Γ(1, h) ∈ C.

The representation Π : G × H → L2(G/H) ⊗ L2(H/K) which satisfies (3) is called a generalized quasi-
regular representation of G × H. More precisely, in [8] the generalized quasi-regular representations has

been specified with a continuous homomorphism Γ : G ×H → (C − {0}, ·) for which |Γ(1, h)| =

√
ρ(e, e)
ρ(1, h)

. In

fact, let µ be a relatively invariant measure on (G ×H)/(H × K) which arises from the rho-function ρ. Then
the left regular representation of G ×H is the continuous unitary representation Π of G ×H with

[Π(1, h)ϕ ⊗ ψ](xH, yK) =

√
ρ(e, e)
ρ(1, h)

ϕ ⊗ ψ(1−1xH, h−1yK), (4)

for xH ∈ G/H, yK ∈ H/K andϕ ∈ L2(G/H), ψ ∈ L2(H/K).General theoretical results can be found in [9, 11, 15].
Let H be a closed subgroup of G and χ be a unitary representation of H. We mean by IndG

Hχ the unitary
representation of G which is induced by χ. We also recall that a character of group G is a continuous
homomorphism from group G to the unit circle T, see [8]. Through the next theorem we illustrate that a
generalized quasi-regular representation of G × H is tensor product of a character of G × H and induced
representations IndG

H1 and IndH
K 1, where 1 is the trivial representation.

Theorem 3.5. Let µ be a relatively invariant Radon measure on (G ×H)/(H × K) which arises from rho-function ρ.
Then a generalized quasi-regular representation of G ×H can be uniquely determined by a character of G ×H. More
precisely, all generalized quasi-regular representations of G × H can be written in the form σ ⊗ (ΠG × ΠH) which
σ : G ×H→ T is a character of G ×H and ΠG , ΠH are the induced representations IndG

H1 , IndH
K 1 respectively.

Proof. Let Π : G ×H→ U(L2(G/H) ⊗ L2(H/K)) be a generalized quasi-regular representation of G ×H. Base
on [15, Theorem 3.2], there exists a continuous homomorphism Γ : G × H → (C − 0) such that for each
(1, h) ∈ G ×H,

|Γ(1, h)| =

√
ρ(eG, eH)
ρ(1, h)

=

√
ρG(eG)ρH(eH)
ρG(1)ρH(h)

= |ΓG(1)||ΓH(h)|,

and

Π(1, h)(ϕ ⊗ ψ)(x, y) = Γ(1, h)ϕ(1−1xH)ψ(h−1yK),
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where ϕ ∈ L2(G/H) and ψ ∈ L2(H/K).We can write Γ = σ|Γ| in which σ : (G×H)→ T is a character of G×H.
If ΠG is the induced representation IndG

H1 of G and ΠH is the induced representation IndH
K 1 of H, then

ΠG(1)ϕ(xH) = |ΓG(1)|ϕ(1−1xH),
ΠH(h)ψ(yK) = |ΓH(h)|ψ(h−1yK),

where 1 ∈ G, h ∈ H, ϕ ∈ L2(G/H) and ψ ∈ L2(H/K) [8, subsection 6.1] . Let Πσ : G × H → C ⊗ C be
the representation defined by σ, i.e. Πσ(1, h) = σ(1, h), (1, h) ∈ G × H. We denote this representation
by σ. Assume that unitary Ins : L2(G/H) ⊗ L2(H/K) → (C ⊗ C) ⊗

(
L2(G/H) ⊗ L2(H/K)

)
is defined by

Ins(ϕ ⊗ ψ) = 1 ⊗ 1︸︷︷︸
I

⊗(ϕ ⊗ ψ), where ϕ ∈ L2(G/H) and ψ ∈ L2(H/K), then we get

(
Ins ◦Π(1, h)

)
(ϕ ⊗ ψ)

(
(α1 ⊗ xH) ⊗ (α2 ⊗ yK)

)
=

(
I ⊗Π(1, h)(ϕ ⊗ ψ)

)(
(α1 ⊗ xH) ⊗ (α2 ⊗ yK)

)
= (α1 ⊗ α2) ⊗Π(1, h)(ϕ ⊗ ψ)(xH ⊗ yK)

= (α1,⊗α2) ⊗ Γ(1, h)ϕ(1−1xH)ψ(h−1yK)

= (α1 ⊗ α2) ⊗ σ(1, h)|ΓG(1)||ΓH(h)|ϕ(1−1xH)ψ(h−1yK)
= σ(1, h)(α1 ⊗ α2) ⊗ΠG(1)ϕ(xH)ΠH(h)ψ(yK)

=
(
σ(1, h) ⊗ (ΠG ×ΠH)(1, h)

)(
I ⊗ (ϕ ⊗ ψ)

)
(α1 ⊗ α2) ⊗ (xH, yK)

=
(
(σ ⊗ (ΠG ×ΠH))(1, h) ◦ Ins

)
(ϕ ⊗ ψ)

(
(α1 ⊗ xH) ⊗ (α2 ⊗ yK)

)
,

for all α1, α2 ∈ C and for xH ∈ G/H, yK ∈ H/K. Therefore Ins ◦ Π(1, h) = σ ⊗ (ΠG × ΠH)(1, h) ◦ Ins, for all
(1, h) ∈ G × H. Hence Π � σ ⊗ (ΠG × ΠH). For the reverse direction, let σ be a character of G × H. Then

Γ : G × H → C − {0}, is a continuous homomorphism, where Γ(1, h) = σ(1, h)

√
ρ(eG, eH)
ρ(1, h)

, (1, h) ∈ G × H.

Π : G ×H→ U(L2(G/H) ⊗ L2(H/K)) is a representation of G ×H, where

Π(1, h)(ϕ ⊗ ψ)(xH, yK) = σ(1, h)

√
ρ(eG, eH)
ρ(1, h)

ϕ(1−1xH)ψ(h−1yK).

Trivially,

|Γ(1, h)| =
√

ρ(eG,eH)
ρ(1,h) ,

for all (1, h) ∈ G ×H, and by the first part of the proof we have

Π � σ ⊗ (ΠG ×ΠH).

4. Application and Examples

Through this section, we assume that H,K and L are locally compact groups with given left Haar
measures µH, µK and µL, respectively, and τ : H → Aut(K), θ : H nτ K → Aut(L) are continuous homomor-
phisms. Let Gτ = HnτK be the semi-direct product of H and K with respect to τ. Let abstract shearlet group
S = Gτ nθ L be the semi-direct product of Gτ and L with respect to θ.
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The functions ρτ : Gτ → (0,∞) and ρθ : S→ (0,∞) given by

ρτ(h, k) =
∆H(h)
∆Gτ (h)

= δ−1
τ (h), (h, k) ∈ Gτ,

ρθ(h, k, l) =
∆Gτ (h, k)
∆S(h, k)

= δ−1
θ (h, k), (h, k, l) ∈ S,

(5)

are rho-functions for pairs (S,Gτ) and (Gτ,H), respectively. The induced strongly quasi-invariant measure µ
via the rho-function ρ = ρτρθ, is a relatively invariant measure on the homogeneous space (S×Gτ)/(Gτ×H).
Furthermore, we can offer a continuous shearlet transform via the representation Π as follows: Π : S × Gτ → L2(S/Gτ) ⊗ L2(Gτ/H)

Π(s, 1)
(
(ψ ⊗ ϕ)(x, y)

)
= δ

1
2
θ (h, k)δ

1
2
τ (h)ψ(s−1xGτ))ϕ(1−1yH),

for all (s, 1) ∈ (S × Gτ) where s = (h, k, l) and 1 = (h,k). Since L2(S/Gτ) and L2(Gτ/H) are isometri-
cally isomorphic to L2(L) and L2(K), respectively, as well as s−1x = (h−1h1, τh−1 (k−1k1), θ(h,k)−1 (l−1l1)), 1−1y =

(h−1h1), τh−1 (k−1k1) for all x = (h1, k1, l1), y = (h1,k1), we can redefine the representation Π : S × Gτ →

U(L2(L) ⊗ L2(K)) by

Π(s, 1)
(
(ψ ⊗ ϕ)(l1,k1)

)
= δ

1
2
θ (h, k)δ

1
2
τ (h)ψ(θ(h,k)−1 (l−1l1))ϕ(τh−1 (k−1k1)),

where l1 ∈ L and k1 ∈ K. The continuous shearlet transform which is obtained via this representation is the
same as the shearlet transform that has been defined in [3, 6, 12].

Example 4.1. The most important example of abstract shearlet group is the shearlet group S = (R∗nτR)nθR2

which is introduced in [12]. Let homomorphism τ : R∗ → Aut(R) and θ : (R∗ nτ R)→ Aut(R2) be given by
τa(b) =

√
|a|b and θ(a,b)(t) = SbAat, where

Sb =

(
1 b
◦ 1

)
, Aa =

(
a ◦

◦
√
|a|

)
,

are respectively, shear and anisotropic dilation matrices for (a, b) ∈ (R∗nτR), t ∈ R2. Note that Gτ = (R∗nτR)
is known as the Affine group. By (5), the pairs (S,Gτ) and (Gτ,H) admit a homomorphism rho-functions
ρθ(a, b, t) = δ−1

θ (a, b) and ρτ(a,b) = δ−1
τ (a), where s = (a, b, t) ∈ S, 1 = (a,b) ∈ Gτ, respectively. Therefore we

can offer a continuous transform via the representation Π : S × Gτ → U(L2(S/Gτ) ⊗ L2(Gτ/H)) defined by

[Π(s, 1)(ϕ ⊗ ψ)](xGτ, yH) = δ
1
2
θ (a, b)δ

1
2
τ (a)ϕ(s−1xGτ)ψ(1−1yH),

for s = (a, b, t) ∈ S, 1 = (a,b) ∈ Gτ, ϕ ∈ L2(S/Gτ) and ψ ∈ L2(Gτ/H). By [8, Proposition 2.21], δθ(a, b) = |a|
−3
2

and δτ(a) = |a|
−1
2 . Now we can redefine the representation Π as follows:

Π : S × Gτ → U(L2(R2) ⊗ L2(R))

[Π(s, 1)(ϕ ⊗ ψ)](t1,b1) = δ
1
2
θ (a, b)δ

1
2
τ (a)ϕ(θ(a,b)−1 (t1 − t))ψ(τa−1 (b1 − b))

= |a|
−3
4 |a|−

1
4ϕ(A−1

a S−1
b (t1 − t))ψ(

b1 − b
√
|a|

),

for almost all t1 ∈ R2 and b1 ∈ R.
Note that in examples 4.1 and 4.2, The continuous shearlet transforms which are obtained via generalized

quasi-regular representation are the same as the shearlet transform that have been defined in [6, 12]

Example 4.2. Higher dimensional shearlets are very useful tools for analyzing signals with higher dimen-
sional domain, especially three dimensional domain such as seismic waves. We utilize the approach take
in [6] for the locally compact group S = (R∗ nτRn−1)nθRn in which, τ and θ are given by τa(b) = |a|1−

1
n b and

θ(a,b)(t) = SbAat, where anisotoropic dilation matrix
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Aa =

(
a ◦n−1

◦
T
n−1 s1n|a|

1
n In−1

)
, a ∈ R∗,

and the shear matrix

Sb =

(
1 b
◦

T
n−1 In−1

)
, b ∈ Rn−1,

in which In denote the n × n identity and 0n the vector with n entries. Since δθ(a, b) = |detAa|
−1 and

δτ(a) = |a|(1−
1
n )(1−n), by using a procedure as in the preceding example, one can compute the representation

Π as

Π : S × Gτ → U(L2(Rn) ⊗ L2(Rn−1))

[Π(s, 1)(ϕ ⊗ ψ)](t1,b1) = δ
1
2
θ (a, b)δ

1
2
τ (a)ϕ(θ(a,b)−1 (t1 − t))ψ(τa−1 (b1 − b))

= |a|
1

2n−1
|a|(1−

1
n )( 1−n

2 )ϕ(A−1
a S−1

b (t1 − t))ψ(
b1 − b
√
|a|

),

for almost all t1 ∈ Rn, b1 ∈ Rn−1, where ϕ ∈ L2(Rn) and ψ ∈ L2(Rn−1).

Example 4.3. The similitude group of plane defined by

Sim2(R) = (R+ nτ SO2(R))︸             ︷︷             ︸
Gτ

nθ R
2,

for any s = (a,M, t) ∈ Sim2(R) is a kind of abstract shearlet group. This group is the group theoretical
framework of two dimensional continuous wavelet transform. By the positive continuous homomorphisms
τa(M) = M andθ(a,M) = aMt, we can define a unitary representation Π : Sim2(R)×Gτ → U(L2(R2)⊗L2(SO2(R))
as follows:

Π(s, 1)(ϕ ⊗ ψ)(y,B) =
1
a
ϕ(

1
a

M−1(y − t))ψ(BA−1),

for 1 = (b,A) ∈ Gτ,B ∈ SO2(R) and y ∈ R2.

Example 4.4. We consider the vector space

R4 � R3
×R,

as the space of pairs (q, t) describing events in a four-dimensional space time. Here q stands for the spatial
coordinate of the event and t for the time of the event. There are three types of symmetries of this space
time:

1. Special Galilei transformations:

R3
×R→ R3

×R (q, t)→ (q + νt, t), ν ∈ R3.

2. Rotations

R3
×R→ R3

×R (q, t)→ (At, t), A ∈ SO3.

3. Space translation

R3
×R→ R3

×R (q, t)→ (q + ν, t), ν ∈ R3.

and time translations

R3
×R→ R3

×R (q, t)→ (q, t + b), b ∈ R.
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All these maps are affine maps on R4. The subgroup Γ ⊆ A f f4(R) generated by the maps in (1), (2) and (3)
is called the Galilei group [10]. Roughly speaking Γis isomorphic to the group

G = (SO3(R) nτ R3)︸             ︷︷             ︸
Gτ

nλ R
4,

where Gτ acts on R4 by (A, ν) · (q, t) = (Aq + νt, t) and SO3(R) acts on R3 by A · ν = Aν, these deduce that
δλ = δτ = 1. Furthermore, the quasi-regular representation Π : G × Gτ → U(L2(R4) ⊗ L2(R3)) reduce to:

Π(A, ν, (q, t))(ϕ ⊗ ψ)((p, δ), ν) = ϕ(A−1(p − q − (δ − t)ν)ψ(B−1(ω − ν)).

In the next example, we offer group G with two closed subgroups H and L that none of them is normal
in G,G = HL, and H ∩ L = 〈e〉, we also consider H = KM,K ∩M = 〈e〉, that two closed subgroups K and M
are not normal in H.

Example 4.5. Let N be an odd number with N ≥ 5. Suppose that G = BN, the alternating group of degree
N,B = BN−1, and L = 〈β〉 where β ∈ BN is the N-cycle (1 2 · · · N) ∈ BN. Then G is a simple group and
none of the closed subgroups H and L is normal in G. Therefore, G = HL and H ∩ L = 〈e〉 (cf. [1]). So for all
γ ∈ G, there exists a unique α ∈ H that γ = βtα, in which i = γ(N). Furthermore,

γH = βγ(N)H (γ ∈ G). (6)

Let Π : G → U(L2(G/H)) be the quasi-regular representation. Also, let ψ ∈ L2(G/H) and 1 ∈ G. Then there
exists some α ∈ H and 1 ≤ i ≤ N for which 1 = βtα. By using (6), for all 1 ≤ n ≤ N, we obtain

Π(1)ψ(βnH) = ψ(α−1βn−iH)

= ψ(βα
−1βn−i

H)

=

ψ(βα
−1(N+n−i)H) n ≤ i,

ψ(βα
−1(n−i)H) i < n.

It is easy to see that L2(G/H) is isometrically isomorphic to L2(L) and hence we can rewrite the quasi-regular
representation Π : G→ U(L2(L)) as follows:

Π(βiα) f (βn) =

 f (βα
−1(N+n−i)) n ≤ i,

f (βα
−1(n−i)) i < n,

for all 1 ≤ i, i ≤ N and α ∈ H.
Now take K = BN−2 the alternating group of degree N − 2, and M = 〈β0〉, where β0 ∈ BN−1 is the (N − 1)-

cycle (1 2 · · · N − 1) ∈ BN−1. Then H = KM is a simple group constructed of the closed subgroups K
and M such that K ∩M = 〈e〉.

As it has been done before, the quasi-regular representation Π : H→ U(L2(H/K)) can be defined by

Π(h)ϕ(βn
0H) =

ϕ(β
α−1

0 (N−1+n−i)
0 K) n ≤ i,

ϕ(β
α−1

0 (n−i)
0 K) i < n,

for all 1 ≤ i,n ≤ N − 1 and α0 ∈ K. We redefine the representation Π of H as Π : H→ U(L2(M)) by

Π(βi
0α0) f (βn

0) =

 f (β
α−1

0 (N+n−i)
0 ) n ≤ i,

f (β
α−1

0 (n−i)
0 ) i < n,

for all 1 ≤ i,n ≤ N − 1. Now we can compute the generalized quasi-regular representation Π of G ×H and
define a continuous shearlet transform by using a square integrable sub representation of Π.
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