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On Strong Convergence Theorems for a Viscosity-Type Extragradient
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Abstract. In this paper, we introduce a general viscosity-type extragradient method for solving the fixed
point problem of an asymptotically nonexpansive mapping and the variational inclusion problem with two
accretive operators. We obtain a strong convergence theorem in the setting of Banach spaces. In terms of
this theorem, we establish the strong convergence result for solving the fixed point problem (FPP) of an
asymptotically nonexpansive mapping and the variational inequality problem (VIP) for an inverse-strongly
monotone mapping in the framework of Hilbert spaces. Finally, this result is applied to deal with the VIP
and FPP in an illustrating example.

1. Introduction

Let H be a Hilbert space with norm || - || and inner product (-, -). Given a nonempty closed convex subset
C C H. Let Pc be the metric projection of H onto C. Consider the classical variational inequality problem
(VIP) of finding a point z € C such that (Az,x —z) > 0, Vx € C, where A : C — H is an operator. The set of
solutions of the VIP is denoted by VI(C, A). It is known well that the variational inequality theory has been
widely applicable for diverse disciplines in pure and applied sciences, for example, differential equations,
time-optimal control, optimization, mathematical programming, mechanics, economics and other applied
science fields; see, e.g., [2-7, 21, 24, 25]. In the past few decades, many methods have been suggested and
improved for solving the VIP. Among these methods, Korpelevich’s extragradient method is one of the
most popular ones. In 1976, Korpelevich [15] introduced the extragradient method for solving saddle point
problems. Subsequently, this method was successfully extended to the development of solving variational
inequalities in both Euclidean and Hilbert spaces. More precisely, Korpelevich’s extragradient method is
specified as follows: for any given ug € C, {14} is the sequence generated by

g = Pe(uy — AAuwy), W)
s = Pc(up — AAvy) Yk >0, .
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with constant A € (0, 1). It is worth pointing out that the convergence of the sequence {u} only requires
that the operator A is monotone and Lipschitz continuous. Meantime, the sequence {u;} has only weak
convergence. In recent years, Korpelevich’s extragradient method has received great attention given by
many authors, who improved and modified it in various ways; see e.g., [8, 11, 12, 17, 20, 26] and references
therein.

Recently, many authors investigated the problem of finding

z € Fix(S) N (A + B)™!0, (1.2)

where A : C — H is an inverse-strongly monotone mapping, B : D(B) ¢ C — 2 is a maximal monotone
operator, and S : C — C is a nonexpansive mapping; see, [9, 13, 14, 19, 22, 23] and the references therein.
In 2011, Manaka and Takahashi [18] introduced the following iterative process: for any given xy € C, {xx} is
the sequence generated by

X1 = axe + (1= a)SJ} (v — AhAxy) Yk >0, (1.3)

where {ax} € (0,1)and {1} C (0, ). They proved the weak convergence of {x,} to a point of Fix(S)N(A+B)~!0
under some appropriate assumptions.

Recently, Takahashi et al. [28] invented a Mann-type Halpern iterative scheme for finding a common
solution of the FPP of a nonexpansive mapping S : C — C and the VI for an a-inverse-strongly monotone
mapping A : C — H and a maximal monotone operator B : D(B) ¢ C — H, i.e, for any given x; = x € C,
{xx} is the sequence generated by

s = B + (1= ) Sarx + (1= )]} (v — AeAxy)) Yk =1, (1.4)

where {1} € (0,2a) and {ax}, {Bi} € (0, 1) are such that (i) limyeax =0, Ypoqar =o00; (i) 0<a <A <b<
2a, limg_,eo(Ax — Ags1) = 0; and (iii) 0 < ¢ < fx < d < 1. They proved that {x;} converges strongly to a point
of Fix(S) N (A + B)~10.

Meantime, let F : C — H be amonotone and L-Lipschitzian mapping, A : C — H be an a-inverse strongly
monotone mapping, B be a maximal monotone mapping with D(B) = Cand S : C — C be a nonexpansive
mapping such that Q := Fix(S) N (A+B)"'0NVI(C, F) # 0. Ceng et al. [9] introduce the following Mann-type
hybrid extragradient algorithm: for any given xo = u € C, {xi} is the sequence generated by

Yr = Pe(x — prFxy),

be = J§ (I = AeA)Pc(xi — pxFyi),

zr = (1 — o — Qp)xg + (kak + &kak/ (1.5)
Cr ={z € C: |z — zll < llxx — zll}, ’
Qr={zeC:{(xx—z,x—x;) >0},

Xkl = Pckaku Yk >0,

where ]ﬁk = (I + AB)7Y, () € (0, 1), {Ak} € (0,2a] and {a}, (&} € (0, 1] such that oy + dx < 1. They proved
strong convergence of {x;} to the point Pqu under some appropriate conditions.

Let C be a nonempty closed convex set in a real Banach space E with the dual E*. Given a self-mapping
T on C. We use the notation Fix(T) to stand for the set of fixed points of T. Recall that T is said to be
asymptotically nonexpansive if 3{6,} s.t. limy_. 6x = 0 and 1T u — T*o|| < (14 0p)|lu — || Yu,v € C, k> 0.In
particular, if O, = 0 Vk > 1, then T is said to be nonexpansive. A mapping f : C — Cis called a contraction
if Ip € [0,1) s.t. ||f(u) — f(©)Il < pllu —v|| Yu, v € C. Recall that the normalized duality mapping | from E into
the family of nonempty (by Hahn-Banach’s theorem) weak* compact subsets of E* satisfies J(tu) = tJ(u)
and J(—u) = —J(u) forallT > 0and u € E.

The modulus of convexity of E is the function ¢ : (0,2] — [0, 1] defined by

0p(€) = inf{l - . ; A, w0 €E, [lull = ol =1, llu—-vll = €}




L.C. Ceng, C.S. Fong / Filomat 35:3 (2021), 1033-1043 1035
The modulus of smoothness of E is the function pg : R; := [0, 00) — R, defined by

[lu + 7o|| + ||u — To||
2

pe(T) = sup| —1:u,veE, ||lul| =]/l =1}

A Banach space E is said to be uniformly convex if og(€) > 0 Ve € (0,2]. It is said to be uniformly smooth
if lim. o+ pe(7)/7T = 0. Also, it is said to be g-uniformly smooth with g > 1 if dc > 0 s.t. pe(t) < ct7 Vt > 0.
If E is g-uniformly smooth, then g < 2 and E is also uniformly smooth and if E is uniformly convex, then
E is also reflexive and strictly convex. It is known that Hilbert space H is 2-uniformly smooth. Further,
sequence space ¢, and Lebesgue space L, are min{p, 2}-uniformly smooth for every p > 1. Let g > 1. The
generalized duality mapping J, : E — 2F is defined by

Jo@) = {p € E": (x, ) = I, lloll = [Ixll""),

where (., -) denotes the generalized duality pairing between E and E*. In particular, if g = 2, then [, := |
is called the normalized duality mapping of E. It is known that J,(x) = Ix|I7=2J(x) ¥x # 0 and that Jq is
the subdifferential of the functional %ll -||7. If E is uniformly smooth, the generalized duality mapping
J; is one-to-one and single-valued. Furthermore, ], satisfies J, = Iy 1, where J» is the generalized duality
mapping of E* with % + % = 1. From Xu [30], no Banach space is g-uniformly smooth for q > 2.

Let f : E — E be a p-contraction and S : E — E be a nonexpansive operator. Let A : E — E be an
a-inverse-strongly accretive mapping of order g and B : E — 2F be an m-accretive operator. Very recently, to
solve the FPP of S and the VI of finding z € E s.t. 0 € (A + B)z. Sunthrayuth and Cholamjiak [27] suggested a
modified viscosity-type extragradient method in the setting of uniformly convex and g-uniformly smooth
Banach space E with g-uniform smoothness coefficient %, i.e., for any given xo € E, {x;} is the sequence
generated by

Yk =5 (o — AeAx),
zi = J§ (0 = AeAyi + ey — x0)),
Xie1 = kf(Xk) + Prxk + ykSzie Yk >0,

where J§ = (I+ AB)~!, {aud, {Bi, {yid, {red € (0,1) and {Ax} € (0, 0) are such that: (i) ax + Bi + & = 1; (ii)
limge ap = 0, Yoy ag = oo; (iii) {Be} € [a,b] € (0,1); and (iv) 0 < A < Ax < A/re < p < (ag/x)VTD,
0 < 7 < 1, < 1. They proved strong convergence of {x;} to a point of Fix(S) N (A + B)™'0, which solves a
certain hierarchical variational inequality (HVI).

Inspired and motivated by the above research works, we introduce a general viscosity-type extragradient
algorithm in the setting of uniformly convex and g-uniformly smooth Banach space E, which admits a
weakly continuous duality mapping. It is proven that the sequence constructed by the suggested algorithm
converges strongly to a point of Fix(T) N (A + B)™'0 under some suitable assumptions imposed on the
parameters. In terms of this theorem, we establish the strong convergence result for solving the fixed point
problem (FPP) of an asymptotically nonexpansive mapping and the variational inequality problem (VIP)
for an inverse-strongly monotone mapping in the framework of Hilbert spaces. Finally, this resultis applied

to deal with the VIP and FPP in an illustrating example. Our results improve and extend the corresponding
results in [9, 13, 14, 23, 27].

2. Preliminaries

Lemma 2.1. [23] Let g > 1 and E be a real normed space with the generalized duality mapping J,. Then

e+ yllT < Il + q<y, ja(x + ) Vx,y € E, jo(x +y) € Jo(x + ).

The following lemma can be obtained from the result in [30].



L.C. Ceng, C.S. Fong / Filomat 35:3 (2021), 1033-1043 1036

Lemma 2.2. Let g > 1 and r > 0 be two fixed real numbers and let E be uniformly convex. Then there
exist strictly increasing, continuous and convex functions g, : R, — R, with g(0) = 0 and /(0) = 0 such
that

(a) [lae + (1 — Yol < allull? + (1 = p)loll? - (1 = gl = oll) with p € [0, 1];

(b) h(llue = vll) < llull? = qu, jg()) + (g = Diloll?
for all u,v € B, and j,;(v) € J;(v), where B, := {y € E : [[yl| < r}.

Lemma 2.3. [23] Let g > 1 and r > 0 be two fixed real numbers and let E be uniformly convex. Then
there exists a strictly increasing, continuous and convex function g : R, — R, with g(0) = 0 such that
IAu+ po+vw|f < Allull? + plloll? +vilwll?— Aug(llu —oll) for all u,v,w € B,and A, p, v € [0, 1] with A+ u+v = 1.

Proposition 2.1 [30] Let g € (1, 2] a fixed real number and let E be g-uniformly smooth. Then |lx + y|| <
|21 + gy, ], (x)) + x,||lyll! Yx,y € E, where k, is the g-uniform smoothness coefficient of E.
q4\Y:Jq qlly y q q

Let D be a subset of C and let IT be a mapping of C into D. Then II is said to be sunny if IT[I1(x) +
t(x — I1(x))] = I1(x), whenever I1(x) + t(x — II(x)) € C for x € C and ¢ > 0. A mapping I1 of C into itself
is called a retraction if I1? = I1. If a mapping IT of C into itself is a retraction, then Il(z) = z for each
z € R(IT), where R(IT) is the range of I'. A subset D of C is called a sunny nonexpansive retract of C if there
exists a sunny nonexpansive retraction from C onto D. Let E be smooth, D be a nonempty subset of C and
I1 be a retraction of C onto D. Then the following are equivalent: (i) Il is sunny and nonexpansive; (ii)
L) - TR < (x =y, J(TT() = TI(y)) Y, y € C; (i) (x - [1(), J(y — TI@)) < 0 Yx € G,y € D.

Let B : C — 2F be a set-valued operator with Bx # 0 Vx € C. Letq > 1. An operator B is said to be
accretive if for each x,y € C, j;(x —y) € J;(x —y) s.t. (u—0v,j,(x—y)) 20 Yu € Bx,v € By. An accretive
operator B is said to be a-inverse-strongly accretive of order g if for each x,y € C, dj,(x — y) € J;(x — y) s.t.
(u -0, j,(x—-y) = allu—o||" Yu € Bx,v € By for some a > 0. If E = H a Hilbert space, then B is called
a-inverse-strongly monotone. An accretive operator B is said to be m-accretive if (I + AB)C = E forall A > 0.
For an accretive operator B, we define the mapping ]f :(I+AB)C — Cby ]ﬁ = (I + AB)™! for each A > 0.
Such | ﬁ is called the resolvent of B for A > 0.

Lemma 2.4 [16]Let B : C — 2F be an m-accretive operator. Then the following statements hold:

(i) the resolvent identity: J5x = JE(5x + (1 - B)Bx) YA, u>0, x € E;

(ii) if J% is a resolvent of B for A > 0, then J® is a firmly nonexpansive mapping with Fix(J¥) = B0,
where B10={x e C:0 € Bx};

(iii) if E = H a Hilbert space, B is maximal monotone.

Let A : C — E be an a-inverse-strongly accretive mapping of order g and B : C — 2F be an m-accretive
operator. In the sequel, we will use the notation T := ]/13 (I-AA)=(I+AB)"'(I-AA) YA > 0.

Proposition 2.2 [23] The following statements hold:
(i) Fix(Ty) = (A + B)"'0 VA > 0;
i) ly—=Tayll £ 2lly = Tyyll for0 < A <rand y € C.

Lemma 2.5 [23] Let q € (1,2] and E be g-uniformly smooth. Suppose that A : C — E is an a-inverse-
strongly accretive mapping of order q. Then, for any given A > 0,

(I = AA)u — (I - AA)|? < |ju — |7 — 2M(ag — Kqu_l)IlAu - Av||T Yu,veC,

1
where x,; > 0 is the g-uniform smoothness coefficient of E. In particular, if 0 < A < (i—j)ﬁj, then I — AA is
nonexpansive.

Lemma 2.6 [1] Let E be smooth, A : C — E be accretive and I'l¢c be a sunny nonexpansive retraction from
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E onto C. Then VI(C, A) = Fix(Ilc(I — AA)) YA > 0, where VI(C, A) is the solution set of the VIP of finding
zeCst (Az,J(z—y)) <0VzeC.

Lemma 2.7 [10] Let E be a Banach space which admits a weakly continuous duality mapping, C be a
nonempty closed convex subset of E, and T : C — C be an asymptotically nonexpansive mapping with
a fixed point. Then I — T is demiclosed at zero, i.e., if the sequence {x,} C C satisfies x, — x € C and
(I-T)x, — 0, then (I - T)x = 0, where [ is the identity mapping of E.

Lemma 2.8 [29] Let {a,} be a sequence in [0, o) such that a,+1 < (1 = s,)a, + s,v, VY1 > 0, where {s,} and
{vu} satisfy the conditions: (i) {s,} C [0,1], X;2gss = oo; (ii) limsup,_, vy < 0 or Y., g lsyvul < co. Then
lim, e a, = 0.

3. Main results

Throughout this section, we assume that E is a g-uniformly smooth and uniformly convex Banach space
with g € (1, 2], which admits a weakly continuous duality mapping. Let C be a nonempty convex closed set
inE, f : C = Cbe a 6-contraction with constant 6 € [0,1) and T : C — C be an asymptotically nonexpansive
mapping with a sequence {6,}. Let A : C — E and B : C — 2F be an a-inverse-strongly accretive mapping
of order g and an m-accretive operator, respectively. Assume that Q := Fix(T) N (A + B)™10 # 0.

Algorithm 3.1. General viscosity-type extragradient method for the VI and FPP.

Initial Step. Give xj € C arbitrarily.

Iteration Steps. Given the current iterate x,, compute x,,.1 as follows:

Step 1. Calculate v, = g,x, + (1 — o,,)]ﬁn (I - A, A)x,;

Step 2. Calculate z,, = ]B (0 = AnAYy + 10(Yn — X0));

Step 3. Calculate x,41 = auf(xn) + PuXn + VuT"zy, where {r,}, {an}, {Bn), {yn) € (0,1) with a, + B + vy =
1, {04} € [0,1) and {A,} € (0, ).

Setn :=n+1and go to Step 1.

Theorem 3.1. Let {x,} be the sequence generated by Algorithm 3.1. Suppose that the following conditions hold:
9 = 0and Y2 pga, = 00; (C2)0<a<pP,<b<land0 <o, <d<1;(C3)

Qap
O0<r<r,<land0<A<A,< f— <up< (f{‘—j)q%l;(c_ﬂc)T”xn—T"”xn — 0. Thenx, > x* € Q& x, —x01 — 0,
where x* € Q is only a solution to the HVI: (I — f)x*,J(x* —p)) <0Vp € Q.

(Cl) llmnﬂoo a, = O, lil’nnﬁm

Proof. First of all, we put u, := ]f (I = AA)x, Yn 2 0. Then vy, = oux, + (1 — 0y)u, ¥n > 0. Since

limy, e 9’ 0, we may assume, without loss of generality, that 9,, < 1= 6 )% i > 0. Also, since 1 < g<2,we

get (1+0,)7 <1+20,+ 62 Vn > 0. Itis now easy to see that the neces51ty of the theorem is valid. We show
only the sufficiency of the theorem. To the aim, we assume lim,_, ||, — Xn+1]l = 0 and divide the proof of
the sufficiency into several steps.

Step 1. We claim that {x,}, {y.}, {z.}, {f(x4)} and {T"z,} are bounded. Indeed, take an element p € Q
arbitrarily. Then Tp = p and p = ]ﬁn (I - AMA)p = ]fn((l —1)p + 1a(p — r—:Ap)) (due to Proposition 2.2 (i)).
Using Lemmas 2.4 (ii) and 2.5, we have

it = plI? <l = pll? = Au(aq = 14T A, = Apll, 3.1)

which hence leads to ||u, —pl| < |lx,—pl|. This immediately implies that ||y, —pll < oullx, —pll+ (1 —0ou)llu,—pll <
|lx, — pll. Using Lemmas 2.4 (ii) and 2.5 again, from (3.1) and the convexity of || - ||7 with g € (1, 2], we deduce
that

lza =PIl < I = 1) + 7Y — 2 Ay)) = (1 = 1) + ralp - 2 Ap)IF

s(1—muxn—p||q+rn[||yn—p||ﬂ—ﬂ—;wq K” Ay, — AplF] (3.2)
< Iy = pnﬂ—Anmq—"“ Ay, — Apll,
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which immediately yields ||z, — pl| < [Ix, — pll. Thus, we get

I —pll - < anllf(xn) = pll + Ballxy = pll + yull Tz, = pll

< [@nd + Bu + yu + Onlllcs — pll +2anllf(P) -7l
<[- an(l—b)]”xn pll + Dtn(;—b) . ||f1(li)6—lﬂ||

< max{|lx, — pll, 2||f(P) pll}.

This implies that ||x, — pll < {llxo —pll, 2”(1 f » H} ¥n > 0. Therefore, {x,} is bounded, and so are the sequences
{u,), {yn f(xn) } and {T"z,}.
Step 2. We claim that AMy > 0s.t. T,y < [1- @]Pn +0,+60,(1+60,)My VYn >0,wherel, = [|x,—x"||,
On = qa{(f — Dx7, ]q Xps1 — X)) and x* = I f(x*) with I1g being the sunny nonexpansive retraction of E
onto Q. Indeed, using Lemmas 2.1 and 2.3, from (3.1) and (3.2) we obtain that

lzw =< (1= 7l = W+ 70l = 211+ (L= ) = 1
— 22 (aq - 1Ay, - AxlH]
< Iy — x°|J7 — rn(l T An(aq — 1AL I Ax, — Axt|)7
—An(aq—"‘l Ay, — AxIl,

K Al

and hence

1 — x*[17

< ”an(f(xn) - f(X*)) + ﬁn(xn -x")+ YH(TnZn =T+ qan«f - Dx, ]q(xn+1 -x"))
< anénxn - x*“q + ﬁn“xn - JC*”q + yn(l + 6‘rl)q“Zn - X*”q - ,Bnyngl(”xn - Tnzn”)

+ qan((f - I)x*/]q(xml - x*))
< [0+ B+ yu+ 0, = X1 = (1 + 6,711 = o) Au(ag - KA

X lAx, — AX|l9 + A, (aq—“‘i,’; NAyY, — Ax'[19) (3.3)

- ,3;17/ngl(||xn =T z|) + qan«f Nx* /]q(xm-l -x"))
<1 - 20y, — x|17 + 6, (1 + 0)Mo = yu(L+ 0, ru(1 = 0)An(aq - 1 AT

X |Ax, — Ax*||7 + An(ag — q T )”A]/n Ax||7}
- ﬁn?ngl(”xn - TnZn”) + qan«f I)X ]q(er—l - X*»r

where sup, . [lx, — x*[|1 < My for some My > 0. For each n > 0, we put

n = |, — x| e, = 2022,
On = q%((f I)x ]q Xn+1 — x*)>/
M = V(1 + 0,)7 rn(l — ) Au(ag — 1AL HIIAx, — Axf

Al = 2 " AYn = AT+ Bryngr (e = T"2ull)-

So it follows from (3.3) that
Il <Q-e)ln =1+ 0, +6,(1+6,)My Yn =0, (3.4)

which hence attains
T <-€),+0,+6,01+6,)My; V¥n=D0. (3.5)

Step 3. We claim that x, —u, — 0, y, —x, = 0and z, —x, — 0, where u,, := ]ﬁn (I=AnA)x,. Indeed, using
Proposition 2.1 and the assumption x,, — x,+1 — 0, we obtain I';, — I'i1 < gllxy — XpaalllXn1 — |91 + Kqllon —
Xu41llT = 0,1 — oo. Thus, limsup, _,  (I'; —T;41) £ 0. From (3.4) weget0 <1, < T, —T';41 +0,+0,(1+0,)Mp.
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Since 0, — 0, 6, — 0 and limsup,_,  (I';y = T'11) < 0, we have 17, — 0 (n — o0). This immediately implies

that
a—%—ma+pﬁwa—mmw—xﬂfmm%—AfW
+A(ag = 2214y, — A1) +a(l — @, = Dgr (I, = T2
<Y1+ 6,)74r(1 = a)An(ag = kyAf DllAx, — Ax|p
KAl

+An(aq = =ZAYn = AN + Bryngi(In = T"zull) =192 — 0 (1 — 00).

Note that g; is a strictly increasing, continuous and convex function with g;(0) = 0. So it follows that

lim [|Ax, - Ax*|| =0, lim ||Ay, —Ax*|=0 and lim [jx, — T"z,|| = 0. (3.6)
Since | ﬁn is firmly nonexpansive, by Lemmas 2.2 (b) and 2.5 we get

yn =217 < Gulltn =217+ (1= 0T} (tn = AnAxa) = J§ (6" = A, A1
< ol =27 + (1= 0) g (e = AnAxn) = (2 = Ay Ax)||7
+(q = Dlltn = x*N1" = ha(llxn — An(Axy — AXY) = unl])]

< by = 19 = =2yl — A(Axy = A = 1),

which together with (3.2), implies that

[IXp41 = X717 < an”f(xn) - x|+ ﬁn”xn - x'|7 + Vn(l + 0,) )z, — x*|17
< anllf(xn) = X7 + Bullxn = XN+ yul(X = vl = X7 + 7llyn — x7117]
+ 002 + On)lizn — X717
< anllf () = x°N7 + (B + y)llxn — x°17
— Ll by (e, = Au(Axy = AXY) = tyl)) + 62 + O,y — x|
< allf () = 2719 + Il = 2717 = 0=l — A, (A — Ax) = )
+0,(2 + 6,)Mp.

So it follows that
Qb (1, — 1, (A, — AY') = 1)

< rn - 1—‘n+1 + Dfn”f(xn) - x*”ﬂ + 9,,(2 + Gn)MO-

Since h; is a strictly increasing, continuous and convex function with /11(0) = 0, from (3.6) we get lim,, . ||x,—
uy|| = 0. Noticing y, = o,x, + (1 — 0,)u,, we have

nlgrolo ”}/n — Xl = ;}g{}o(l —op)llun — x4l = 0. (3.7)

Using Lemmas 2.2 (b) and 2.5 again, we have

”Zn - x*”l] < <(xn - /\nAyn + rn(yn - xn)) - (x* - /\nAx*)/ ]q(zn - x*»
< %[Il(xn = MAYn + 10(Yn — x0)) — (" = L AX)T + (9 — Dz — x|
- h(”xn + rn(]/n - xn) - /\n(A]/n - Ax*) - Zn”)]/

which hence yields ||z, — x*||7 < |lx, — x*|T = h(llxn + 7 (yn — xn) — An(Ay, — AX*) — z,]]). So it follows that

X1 — X717

< anllf () = X7+ Bullxn = XN + yu(1 + 01) |z — X7

< anllf () = X°N7 + Bullxn = 2717 + ulllxn — x7I7
= h(llx, + rn(yn - Xy) — /\n(Ayn = AX") = zu|)] + 0,(2 + Oy, — x7||1

< Ofn”f(xn) = x|+ |lxy, = x*|7 = Vnh(”xn + Tn(]/n - xn) - An(A]/n - Axy{) - Zn”)
+ 0,(2 + 6,,)My,
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which immediately attains

(1 - a, = bh(llx, + rn(]/n - Xp) — /\n(A]/n — AX") = z,l)
< Ty =T + aull f(xn) — (17 + 0,(2 + 6,)M.

Since h is a strictly increasing, continuous and convex function with 1(0) = 0, from (3.6) and (3.7) we have
lim ||x, — z,|| = 0. (3.8)
n—00
Step 4. We claim that x, — Tx, — 0 and x, — Tax, — 0 where T, := ]f(l — AA). Indeed, since
T'x, — T"*'x, — 0, we obtain from (3.8) and the uniform continuity of T that

IT"z, — Tn+1zn|| <|Tzy = T"xpl| + I T x5 — Tn+1xn|| + ||Tn+1xn - T”+1Zn||
< (1 + 0n)llzw = xull + ITx, — Tzyll) + [1T"x, — T’Hlxn” -0 (n— o).

That is, lim,_e. [|T"z, — T"*1z,|| = 0. We now observe that
lzw = T"zull < llzn = Xull + 10 = Xnrall + @l f () = T"zall + Bullxn — T"zal.
So, from (3.6), (3.8), &, — 0 and x,, — x,,.1 — 0, it follows that
lim ||z, — T"z,|| = 0. (3.9)
n—oo
Also, note that ||z, — Tz,|| < ||z, — T"zul| + ||IT"z,, — T 'z,|| + [|T"'2,, — Tz,||. From (3.9), T"z, — T"*'z, — 0 and

the uniform continuity of T, we have
lim ||z, — Tz,|| = 0. (3.10)
n—o0o

Meantime, noticing that ||x, — Tx,|| < ||x, — zull + l|zw — Tzull + [Tz, — Tx,l|, we deduce from (3.8), (3.10) and
the uniform continuity of T that
lim ||x, — Tx,|| = 0. (3.11)
n—oo

In addition, for each n > 0, we put Ty, := ]f (I-A,A). Then from x,, — u,, — 0, we have
lim |lx, — Ty, xall = 0. (3.12)
n—oo

Since 0 < A < A, ¥n > 0, by Proposition 2.2 (ii), we have
Iy = Taxull < 2llxy = Ta,xull = 0 (n — o0).

That is,
lim ||x,, — Tax,|| = 0. (3.13)
n—00

Step 5. We claim that x,, — x* where x* = Ilo f(x*). Indeed, we first show that

lim Sup((f - I)x*, ](xn+1 - x*)> <0,

n—oo

where x* = ITq f(x*). As a matter of fact, it is known that 3{x,,} C {x,} s.t.

lim sup((f — D)2, J(ra — 27)) = Hm((f = D", J(xn, = x7))- (3.14)
Taking into account the boundedness of {x,} c C, we might suppose that x,, — ¥ € C. Note that T, is
nonexpansive and that T is asymptotically nonexpansive. Since (I —T1)x, — 0 (due to (3.13)), using Lemma
2.7 we conclude that ¥ € Fix(T,) = (A + B)~'0. Also, using (3.11) we obtain x,, — Tx,, — 0 for {x,,} C {x,}. So,
by Lemma 2.7 we get ¥ € Fix(T). Consequently, & € Q = Fix(T) N (A + B)™'0. Note that E admits the weakly
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sequentially continuous duality mapping J(-). Taking into account the norm-to-norm uniform continuity
of J(-) on bounded subsets of E, we deduce from (3.14), x, — x,+1 — 0 and x,, — ¥ that

lim sup((f — D", J(na1 — ¥)) = limsup((f = Dx", J(x, — x))

n—oo . . n_mi _ . 3.15
= (f D S, — ) = (F = DY J(E =) 0. (19
Finally, we show that x, — x". In fact, from Algorithm 3.1 we get
lIxp1 — x*HZ
< anllf () = FOONP + Bullxn = X1 + yul T"z0 = x° | + 200, ((f = Dx*, J(Xns1 — x°))
< (@6 + B+ Yu)llxn = |7 + 0,2 + 6,)llx, — x| + 20, ((f = DX, J(Xpe1 — X)) (3.16)

. y QHOOM] (=D J(a "
<1 = an(@ = O)lllen = X[ + (1 = O)[ L - P o KOS =)

Note that {a,,(1 — )} € [0,1], Yoo @n(1 —06) = oo and
6, @+ 0M; | 2(f ~ D J(51 ~¥)

i — <
e R 1-5 10

(due to (3.15)). Therefore, applying Lemma 2.8 to (3.16), we obtain x,, — x*. This complete the proof. [

Remark 3.2. Compared with the corresponding results in Sunthrayuth and Cholamjiak [27], and Takahashi et al.
[28], our results improve and extend them in the following aspects. The problem of solving the VI for two accretive
operators A, B with the FPP constraint of a nonexpansive mapping S in [27, Theorem 3.3] is extended to develop our
problem of solving the VI for two accretive operators A, B with the FPP constraint of an asymptotically nonexpansive
mapping T. The modified viscosity-type extragradient method in [27, Theorem 3.3] is extended to develop our general
viscosity-type extragradient method. The problem of solving the VI for two monotone operators A, B with the FPP
constraint of a nonexpansive mapping S in [28, Theorem 3.1] is extended to develop our problem of solving the VI for
two accretive operators A, B with the FPP constraint of an asymptotically nonexpansive mapping T. The Mann-type
Halpern iterative scheme in [28, Theorem 3.1] are extended to develop our general viscosity-type extragradient method.

Next we shall utilize the above general viscosity-type extragradient method for solving the fixed point
problem of an asymptotically nonexpansive mapping and the variational inequality problem in the frame-
work of Hilbert spaces. Let C be a nonempty convex closed set in a real Hilbert space H, and P be the metric
projection from H onto C. Let A : C — H be a nonlinear monotone operator. The variational inequality
problem (VIP) is to find x* € C such that

(Ax",x—x")>0 VxeC
The set of solutions of VIP is denoted by VI(C, A). Let ic be an indicator function of C given by
. 0, ifxeC,
T wifx¢c

Denote N¢ the normal cone of C, thatis, Nc(u) = {w € H : (w,v — u) < 0 Vv € C}. Itis also known that i¢ is
proper convex lower semicontinuous function and the subdifferential dic is maximal monotone operator.

The resolvent operator ]iic of ic for A > 0 is defined as ]iic (x) = (I + Adic)~}(x) Vx € H, where
dic(u) ={weH: ic(u)+{w,v—u) <ic(v) Yo € C}
={fweH: (w,v—u)y<0VYovoeC}=Nc(u) VYueC
Hence, we get ‘
u=J7x) & x—ueANc(u) & (x—u,0-u) <0V¥v e C & u=Pcx).

So, it is easy to see that (A + dic)~'0 = VI(C, A). Therefore, putting B = dic in Theorem 3.1, we obtain the
following consequence.
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Corollary 3.3. Let f : C — C be a 6-contraction with constant 6 € [0,1). Assume that T : C — C is an
asymptotically nonexpansive mapping with a sequence {0,} and A : C — H is an a-inverse-strongly monotone
mapping such that Q) := Fix(T) N VI(C, A) # 0. For give xo € C arbitrarily, let the sequence {x,} be generated by

Yn = OpXy + (1 - GH)PC(I - /\nA)xn/
zy = Pc(x, — AnAyn + rn(yn = Xn)),
Xna1 = Anf(Xn) + PuXn + YTz, Vn 20,

where { L ABA lva) € (0,1) with ay + By + yu = 1, {04} € [0,1) and {A,} € (0,00). Suppose that the
followmg condztzons hold: (C1) limy—e vy = 0, limy_e0 2= = 0 and Yoo =0, (C2)0<a<pB, <b<1

Ay
and0<0,<d<1,(C3)0<r<r,<land0 <A <A, <’r\” < u < 2a; (C4) T'x, — T"x, — 0. Then
Xy = X €Q O x, — Xy — 0, where x* eleonlyasolutlontotheHVI (= flx,x=py<0VpeQ.

Finally, the above corollary is applied to solve the VIP and FPP in an illustrating example. Let A, = §,
Op =ty =Py = 2, a, = (n D and y, = 22(211) -z for all n > 0. We first provide an example of a-inverse-
strongly monotone mapping A : C — H and asymptotlcally nonexpansive mapping T : C — C with
Q = Fix(T) N VI(C,A) # 0. Let C = [-1,1] and H = R with the inner product (g, b) = ab and induced norm
I-ll=1-1. Letf:C— C,A:C— Hand T : C — Cbe defined as f(x) = 1x, Ax = x — 3 sinx and Tx = Z sinx
for all x € C. Then f is a 6-contraction with constant 6 = 1. Moreover, A is a-inverse-strongly monotone

with a = % since for all x, y € C, we deduce that ||Ax — Ayl < %le - ylland

1, . . 1
(Ax = Ay, x —y) = |lx — y||2 - E(smx —siny,x—y) = EHX - ]/||2~

Meantime, it is easy to see that T is asymptotically nonexpansive with 6, = (3)" Vn > 1 such that ||[T"*!x, —
T"x,|| = 0 as n — oo. In fact, observe that

2 _ 2
IT" = T"yll < SIT" =T lyll< - < ()"l =yl < (@ + Owllx =y,

and hence
2
IT"* = Tl < ( )" HITx, = Tl = ( )" 1|| sin(Txy) — Slnxnll < 2( )" =0 (n — o).
It is clear that Fix(T) = {0} and lim;_,c 2—: = limy 00 % = 0. Therefore, QO = Fix(T) N VI(C, A) = {0} # 0.

Take a given x( € C arbitrarily. In this case, the iterative scheme in Corollary 3.3 can be rewritten as:

Yn = %xn + %PC(xn - %Axn)/
Zy = PC(xn - 1Ayn ;(yn - xn))/
Xp+1 = m ;xn + 1X,, + (2221%) - %)T“zn Vn > 0.
Then, by Corollary 3.3, we know that {x,} converges to 0 € Q = Fix(T) N VI(C, A) if and only if x, — x,41 — 0

asn — o9,
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