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Abstract. Basic reproduction number for deterministic SEIPHAR model and its stochastic counterpart
for the spread of SARS-CoV-2 virus are analyzed and compared. For deterministic version of the model,
conditions for stability of the disease-free equilibrium are derived and, in addition, conditions for existence
of bifurcation state related to endemic equilibrium are established. For stochastic model, conditions for
extinction and persistence in mean of the disease are derived. Complete sensitivity analysis of thresholds
between the extinction and mean-persistence are performed for both the deterministic and the stochastic
version of the model. Influence of variation in parameter values is illustrated for epidemics in Wuhan in
early 2020.

1. Introduction

Coronavirus infections in populations of humans are not new because there were several epidemics
during the last two decades including Severe Acute Respiratory Syndrome Coronavirus (SARS-CoV) in
China in 2002 and the Middle East Respiratory Syndrome Coronavirus (MERS-CoV) in Saudi Arabia in
2012. In November 2019, the first confirmed case of Severe Acute Respiratory Syndrome Coronavirus 2
(SARS-CoV-2) was reported after which SARS-CoV-2 infection had spread very rapidly throughout the
world. The disease that cause SARS-CoV-2 virus is commonly known as Covid-19. The symptoms of
COVID-19 disease can be very diverse, ranging from mild to serious, including fatal outcomes. Because of
that, a pandemic of Covid-19 has been declared a global emergency by the World Health Organization [1].

Research papers shows that the main mode of transmission of SARS-CoV-2 virus is close contact with a
infected person during which the virus is transmitted through the respiratory organs (see [2]). Generally,
individuals infected with SARS-CoV-2 virus showing symptoms of the disease will spread the disease to
those in close contact. However, many infected individuals are asymptomatic and can serve as carriers
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and unknowingly transmit the virus (see [2]). According to [3], pre-symptomatic (1 — 2 days before the
appearance of symptoms) and symptomatic individuals have a greater importance in the spreading of
the infection than the asymptomatic carriers. For more information on asymptomatic carriers and the
estimations of their proportion within the infected population we refer to [4] and [5]. Superspreader status
of an infected individual includes one or more of the following factors: high viral load due the immunity
issues, underlying diseases, existing infectious co-factors and/or elevated social activity.

From an epidemiological point of view, mathematical modeling of infectious diseases has a significant
role. Number of epidemic models for modeling the spread of SARS-CoV-2 virus, with various character-
istics, have been described and investigated. Many classical deterministic SIR, SEIR and refined version
of SEIR compartmental epidemiological models are set up and analyze. For different refinements of the
SEIR model we refer to [6], [7], [8] and [9]. Besides, influence of environmental uncertainty (e.g. such
as temperature, precipitation, absolute humidity, ...) and the behavior of infectious agents (e.g. viruses)
in such environment, suggests introduction of the stochastic noise into deterministic biological models to
expose the environmental variability effect. There are many ways of introducing environmental variability
into epidemiological models. First approach assumed that random noise is introduced into the differential
systems proportional to the distances of compartments from their steady state (see [10], for instance). In
the second approach assumption that environmental fluctuations mainly affect model parameters results
in modeling model parameters with an appropriate diffusion process. For example, in [11] authors as-
sumed that death rate i can be modeled with an Ornstain-Uhlenbeck process. Third approach assume that
environmental fluctuations mainly affect model parameters such as birth rate, death rate or transmission
rate, which indicate to introduce noise into the model by perturbation of the certain model parameter by
the additive noise. For example, in [12], [13]], [14] and [15], perturbation of the transmission rate § by the
additive noise gives

B — B+ adB(t),

where B(t) is the standard Brownian motion and o intensity of the noise. Besides the white noise, epidemic
models may be disturbed by telegraph noise which can lead the system to switch from one environmen-
tal regime to another (see [16], for instance). On the other hand, epidemic models may be affected by
sudden and severe environmental perturbations, such as tsunami, volcanoes, avian influenza, SARS, toxic
pollutants, etc. These environmental shocks would lead to jumps in population size. To describe these
phenomena, many researchers use stochastic differential equations driven by jump processes (see e.g. [17]
and [18]).

This paper is structured as follows. In Section 2, stochastic SARS-CoV-2 epidemic model is described.
In Section 3, the deterministic counterpart of the stochastic SARS-CoV-2 epidemic model is introduced,
its basic reproductive number is calculated and existence and stability of an endemic equilibrium point is
examined. In Section 4, the sufficient conditions for extinction and persistence of the disease are establish.
In addition to the results proven in [19], we have introduced a threshold parameter RS, the counterpart of
the basic reproduction number, which can be used to utilize in identifying the stochastic extinction and
persistence for the stochastic epidemic model. In Section 5, reproduction numbers for deterministic and
corresponding stochastic epidemic models for the spread of SARS-CoV-2 virus are compared. Besides, we
performed the sensitivity analysis of the deterministic basic reproduction number and the corresponding
threshold within the stochastic model.

2. Stochastic SARS-CoV-2 epidemic model

In this paper we observe the SEIPHAR epidemic model for modeling the spread of the new corona virus
SARS-CoV-2, introduced in the recent paper [19]. They assumed that the human population is divided into
seven mutually exclusive compartments:

e S - susceptible individuals,

e [ -individuals exposed to the virus SARS-CoV-2, but not yet infectious to others (they may become
infectious after a certain incubation period),
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I - symptomatic infectious individuals,
e P -superspreaders,

e A - asymptomatic infectious individuals,

H - hospitalized individuals,
® R -recovered individuals.
The total population size at time ¢ is given by
N(t) = S(t) + E(t) + I(t) + P(t) + A(t) + H(t) + R(t), t=>0.

System of stochastic differential equations (SDEs) is of the following form:

sy = (M- (5 () +1H@) + %P(t) + ) S(t)) dt
~ 55ty (I(8) + IH() S(t) 4B\ (1) ~ 55 P(DS(E) dBa®),
dE(t) = (5 (1) + IH®) St) + 5 P(OS(E) = (x + wE()) dt
+ k5 (I(t) + TH(H) S(t) dBi () + % P(H)S(t) dBat),
di(t) = (kprE(t) — (ya + Ky + 6)I()) dt, 1)

dP(B) = (ipaE(t) = (ya + Koy + 6,)P(1)) dt,

dH(t) = (ya(l(H) + P(£) = (y, + )H(D)) dt,

dA(H) = (k(1—p1— p)E(H) — (i + WA() dt,

dR(t) = (Vi(A() + k() + Kk P(8)) + v, H(t) — uR(t)) dt,

where ki, k; are constants such that k;, < k; < 1, while By = (By(f), £ =0) and B, = (By(f), t = 0) are
independent Brownian motions with intensities 01 > 0 and 0, > 0 driving the stochastic nature of the

transmission coefficients f and ', respectively. Description and values of the model parameters are given
in Table (T).

Symbol Description Value Units

A Estimated daily number of newborns in Wuhan in 2019 310 [20] per day

B Transmission coefficient due to infected individuals 2.55[6] perday

l Relative transmissibility from hospitalized individuals 1.56 6] dimensionless
B Transmission coefficient due to superspreaders 7.65[6] perday

K Rate at which exposed individuals become infectious 0.25[6] per day

P1 Proportion of transitions from exposed do infected class 0.58 [6] dimensionless
P2 Proportion of transitions from exposed to superspreaders 0.001 [6] dimensionless
Ya Hospitalization rate 0.94[6] perday

Vr Recovery rate for hospitalized patients 0.5[6] perday

Vi Recovery rate for non-hospitalized patients 0.27 [6] per day

k1 Weight for recovery raze due to infected class 0.85[a] dimensionless
ka Weight for recovery raze due to superspreaders 0.95[a] dimensionless
O Disease induced death rate for infected class 1/23 [21] per day

Op Disease induced death rate for superspreaders 1/23 [21] per day

On Disease induced death rate for hospitalized class 1/23 [21] per day

u Natural death rate 0.00714 [20] per day

Table 1: Parameters values, either based on the epidemics in Wuhan in the period January 4 - March 9, 2020,
or rationally assumed (ki, k2).
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Existence and uniqueness of a positive global solution of system of stochastic differential equations
is proven in [19].

Remark 2.1. According to [19]], note that the set
I = {(S(t), E(t), I(#), P(t), H(#), A(t), R(#)) :
S(t) > 0,E(t) > 0,I(t) > 0, P(t) > 0, H(t) > 0, A(t) > 0,R(f) > O, N(t) < A/}
is a positively invariant set of the system (1)) for every t > 0, i.e. if the system starts from I'*, it never leaves I'*.

3. Analysis of the deterministic model

The deterministic counterpart of the system of stochastic differential equations is the system of
ordinary differential equations (ODE) of the following form:

st = (A— (s aw +HE) + %P(t) + 1) S(®)) dt

dE(t) = (3 (1) + IH®) St) + T POSEH) - (x + wE()) dt

ity = (xp1E(t) = (ya + kiyi + 0)I(t)) dt,

dP(t) = (xpaE() = (o +kayi + 6,)P(1)) dt, @

dH(t) = (ya(I(t) + P(1)) — (yr + 0n)H(D)) dt,
dA(t) (k(1 = p1 = p2)E(t) — (i + WA(H)) dt,
dR(t) (Vi(A() + kuI(t) + kaP(t) + yrH(t) — uR(D)) dt,

where description of the model parameters are given in the Table (I).

3.1. The basic reproduction number

The basic reproduction number Ry is a threshold value that is epidemiologically significant and deter-
mines the potential of an infectious disease to enter a population. In fact, the basic reproduction number
Ry is defined as the expected number of secondary cases generated by one infected individual during its
lifespan as infectious in a fully susceptible population. To obtain the basic reproduction number Ry of the
system (2), we apply the next generation matrix approach introduced by van den Driessche and Watmough
[22]. The system has a disease-free equilibrium given by

A
eo(p,o, 0,0,0,0,0)
The infected compartments of the model consist of (E(t),I(t), P(t), H(t)) classes. Following the next

generation matrix method, the matrix F of the transmission terms and the matrix V of the transition terms,
calculated at ¢; are

0 B p IB k+u 0 0 0
0 0 0 O | xp1 wi 0 0
F=lo 00 o V= -xkp2 0 w, O
00 0 O 0 ~Va ~Va @y
with
wi=Va+kiyi+0i, wp=yitkyi+06, wp=y,+0, (3)

Calculating the dominant eigenvalue of the next generation matrix F- V™!, we obtain the basic reproductive
number as follows: ,
RD = < OnlBoray + B'prwi) + EByalpray + pawi)
O " x+u Wp;iwy

From the next-generation method, if R’ < 1, then the disease-free equilibrium point is locally asymptotically
stable and if R} > 1, then it is unstable. It is well known that extinction of the epidemics appears under
conditions for asymptotic stability of the disease-free equilibrium, while persistence occurs when Rf > 1.
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3.2. Existence and stability of an endemic equilibrium point
We are now exploring the existence and stability of endemic equilibrium. Let

e* = (S*,E*,I*, P*,H*,A*,R*)
be any endemic equilibrium of system. Let us denote the force of COVID-19 infection

(1)
N*(t)

) P
0 PN

H

Fx(t) = +1 4
) =p by @
To find conditions for the existence of an equilibrium for which COVID-19 is endemic in the population
(i.e., at least one of E, I, P, H, A is non-zero), the equations in (2) are solved in terms of the force of infection

at steady-state. Setting the right-hand sides of the model to zero (at steady-state) gives

* _ A * _ AF* * _ AF*Kpl
P+ P+ —(F* + p)(k + ww;”
. AF*xp; . AF*xy(paw; + pray) . AF*x(1—-p1—p2)
(F* + pu)(x + p)w,” (F* + u)(x + pwpwiw,” (F* + u)(x + o,

R* = F*KA[)/aVrou(lep + P2wj) + Yiwn0a(kiprwp + kapowi) + yi(l — p1 - pz)whwiwp]
where 0, = y; + u and wy, w;, w, are given in (B). Plugging the above expression into @), we obtain the
nonzero equilibrium of the system (2) satisfying the linear equation, in terms of F*, as follows:

VF* = uoan

where
1= (k+ W(RY — Dwywiw,,

V= Gak(p2m2&)i + plmla)p) + aaa)hwiwp(K(l —-p1—p2)+ y),

my = ya(yr + 1) + wp(u +kiyi), ma =ya(yr + ) + wn(u + kayi) .

Clearly, v > 0, while n > 0 only if R} > 1. Hence we can say that the system (@) has a unique positive
endemic equilibrium point whenever RY > 1 and no positive equilibrium point whenever RY < 1.

Theorem 3.1. The model [2) has an endemic equilibrium e* with all positive components provided RY > 1.

Therefore, the endemic equilibrium exists if and only if R} > 1, i.e., if and only if the disease-free
equilibrium point is unstable. Next, we show that the endemic equilibrium point £* is locally asymptotically
stable for R) > 1. In fact, at R} = 1 our model undergoes transcritical bifurcation, with g/ = B/ as a critical
bifurcation parameter, defined by

(K + wpwpw; = I Ky(prwi + prwy) — Prprwpwy

ﬁ = ﬁc = P27 ’ )
whenever
K+ wpwW;w
B<po=""t i (6)

K lya(prwp + paw;) + prawpw,

Theorem 3.2. The model ) undergoes transcritical bifurcation, with B’ = B}, defined by (), as a critical bifurcation
parameter, whenever transmission coefficient due the reqular infected individuals B satisfies (6). Moreover, the endemic
equilibrium &* of the system @) is locally asymptotically stable if R > 1.
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Proof. Let x = (x1, X, X3, X4, X5, X6, X7). = (S,E,I,P,H, A, R)T. Thus, the model (2) can be rewritten in the form

as follows:

dx1
dt
dxz
dt
dJC3
dt
dX5
dr
dX7
dat

dx

E—f(x)/ with - f(x) = (i(x), ..., fr(x)),

X X X
A-py B~ 1B —tm

5% +ﬁ’% +lﬁ]§ — 0
dX4
at

dX(, _

oo

Kp1X2 — wiX3 = KpP2Xy — WpXy

YaX3 + VaXg — WpXs k(1 - p1— Pz)xz — 04Xp

k])/,‘Xg, + kz)/,‘X4 + VrXs + YiXe — UXz

@)

where X = x1 +--- + 7,0, = kK + 1, 0, = y; + g and wy, w;, W, are given in (B). The Jacobian J* of the system
(7) at the DFE ¢ is given as

—u 0 -8 B -Ip 0 0
0 —0, BB B 0 0
0 Kp1 —w; 0 0 0 0
J = 0 KP2 0 -w, O 0 0
0 0 Ya Yo —wp O 0
0 x(1-p1—p2) O 0 0 -0, O
0 0 kiyi keyi v v -

The characteristic equation of J* corresponding to the eigenvalue A is det(J* — Aly) = 0. From the

characteristics equation, three eigenvalues of J* are real and negative, thatis, Ay = A2 = —p and A3

—0, = —y; — p. The other four eigenvalues can be obtained from the following equation

where

a, =
a =

a =

a =

QW) = A+ A3+ apA? + asA +ay =0,

a)ha),-a)pae(l - Rg))

Oe(Whw; + wpwy + wiwp) + WpiwWy

=1Brya(p1 + p2) — kwp(fp1 + ' p2) — k(Bp1rwp + f paw)
oe(wy + Wi + wp) + Wpw; + Wpwy + wiwy — K(BP1 + B'p2)
O + Wy + Wi + wp

Next, consider the case when R} = 1 and choose f’ as a bifurcation parameter. Solving R = 1by p’, we
obtain (6). Considering assumption (6) f. is positive. Since with ’ = ., we have from (@) that a4, = 0 and
a1 > 0, ma; —az > 0, so that A = 0 is a root of the polynomial Q(1) and Routh-Hurwitz stability criterion
implies that all of its other three roots have strictly negative real part. Therefore, the transformed system
(7), with g’ = B., has a hyperbolic equilibrium point i.e. the Jacobian J* evaluated for g = f., denoted
by ]]*| P has a simple eigenvalue with zero real part and all other eigenvalues have negative real part.

Hence, the Centre manifold theory [23, Theorem 4.1] can be used to analyze the dynamics of the model (7)

near f§’ = f3,.
The Jacobian J*

|ﬁ=/>’£

T
(v1,v2,v3,04,05,06,07)" , where

01 = —040,WpWiWp, U2 = U0aWhWiWp, U3 = KUP10,WpWp, V4 = KUP20,WhWi,

has a right eigenvector (corresponding to the zero eigenvalue) given by v
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Us = KYa0a(pP1wp + powi), Ve = Ki(1 — p1 — p2)wpwiwy, vy =K

Q = yay,04(p10wp + paw;i) + yiwh(ﬁa(kzpzwi +hkiprwp) + (1 —p1 — PZ)wiwp)

and a left eigenvector (corresponding to the zero eigenvalue) given by u = (u3, up, u3, us, us, ug, uy), where
up = ug = uy = 0, Uy = Kprwpwi, Uz = Prpa(lys + wp),

uy = o,wpw; — Prp1(lya + wp), us = 1 frprw;

Hence, we have

7 >
a = Zk,i,jzl ”kvivjwﬁf(g())'

20,0, pa’ Wi wlwy

B'=pc

A
X [K Q + K0api(ya + wp)(p2wi + p1) + pwpwiwy(k(l = p1 — p2) + aa)] <0

»
b = le,izl le’()iwgl;g,(eo)'ﬁ,:ﬁ,z yaa(sza)hwi)z >0

Thus, using Theorem 4.1 in [23], a transcritical bifurcation occurs at R} = 1 and unique endemic equilibrium
is locally asymptotically stable for Rf > 1. O

The results in Theorem 3.2)is numerically illustrated by simulating the model (2) using the following set
of parameter values

{ p1 =058, p»=0.001; y,=094; y; =027, y,=05; 6;=0, =0, = %; — ©)

k1 =0.85; k, =095, u=0.00714; x« =0.25.

The result obtained is depicted in Fig. |1} by plotting the force of COVID-19 infection F* as a function of the
basic reproduction number Rg’ €1[0,2].

0.006

= Stable DFE
0.004
=== Unstable DFE

Stable EEP
0.002

Force of infection F*

0.5 1.0 1.5 2.0
Basic reproduction number R}

Figure 1: Transcritical bifurcation for the force of infection F* against basic reproduction number Rf of the
model (2), using the parameter values in (9)

Taking ! = 0.97, so that B, = 0.802476 and to satisfy the condition () we take p = 0.8, giving that the value
of a critical bifurcation parameter is . = 3.9353. Thus, the force of COVID-19 infection F* as a function of
superspreaders transmission coefficient 8’ € [3.6,4.3] is displayed in Fig.

4. Analysis of the stochastic model

Suppose that independent Brownian motions By = {Bi(t), t > 0} and B, = {B(t), t > 0}, that govern the
SDE system (1)), are defined on the complete probability space (QQ, ¥, F, P) with filtration F = {F, t > 0},
where ¥; = TtB“ U Tth, where TtBi , 1 =1,2, are ¢g-algebras derived from natural filtrations of Brownian
motions B; and B, and they contain all P-null sets.
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L 2.x1076

i=3

]

B 1.5x1070 = Stable DFE
e

= 1 x10°5 = Unstable DFE
4

° Stable EEP
8 sx107

<

(o]

w

3.6 3.8 4.0 4.2
Superspreaders transmission coefficient 3’

Figure 2: Transcritical bifurcation for the force of infection F* against superspreaders transmission coeffi-
cient p’ of the model (2), using the parameter values in (@) and I = 0.97, B = 0.8.

Let us define
B+p)4

1 2 2
K+‘Ll+§((71+02)

RS

0 (10)

AT
2

4.1. Extinction
Theorem 4.1. For any initial value (S(0), E(0), 1(0), P(0), A(0), H(0), R(0)) € I'* such that the solution of the system
(@ isinT* zf one of the following conditions is satisfied

1. 0% < B% max (1,1}, 02 < B % and R3S < 1, where RS is defined with (10),

ﬁz 162
A

2. 2o <1,
then the disease goes to extinction with probability one i.e.,

E®)+It)+P(t)+H()+A(lt) -0 P-as.ast— oo,
while

lim sup 5(t) = % P—-as.

t—oo

Proof.
1. The proof of the first part of the theorem is derived following the idea from [24]. Let us assume that
02 < ﬁ -max 1,1}, 0% < ﬁ’4y and R < 1. Applying the It6 formula (see e.g. [25]) to log E(t) we obtain

d (log E(t))

25 (N(t) (I(t) + IH(D) S(t) + N(t)P(t)S(t) (< + WE(t)) dt
% (02 (1(t) + IH(H) + 02P2(t)) it
s (01 (1) + IH(8) dB1(£) + 02P(H)dBa(1)) (11)
< (Bh+pA-(c+p)-i(ot+ a2) ﬁ—j)dt + 01 (1 +1)dBy(f) + 02dBy (1)
=1 R'dt + 01 (1 +1)dBi(t) + 02dBs(t),
where we have used the fact that functions fi(x) = px — 302x? (where x = %{;Zim)) and fo(y) =
B’y — 503y (where y = g((:))f]((tt))) are increasing on [0 ] and [0 ] and boundedness of the solution.

Integratmg the last expression from 0 to t and d1v1d1ng by t y1e1d the following result
log E(t) — log E(0
og E(f) — log E( ) < f R'df + M (f) Mz(t)
0

t t t (12)
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where

t

Mi(t) =01 | (L+D)dBi(s), Ma(t) =02 | dBa(s).
j j

0

are continuous local martingales with values 0 at time f = 0 and

M, M My, M
lim sup (M, M) < oo, lim sup (M, Mo < oo
t—o0 t—o0
Therefore,
t M(t
Mi()—>0 and ﬂ—m IP—-a.s. as t — oo. (13)

Taking the superior limit on the both sides of expression we obtain

liﬂ?pw R*=(5+ﬁ1)%_(1{+”+%<0%+a§)£—5) (14)
(e Lo+ ) B) G- 1) <.

IA

which implies
tlim E(t) =0, as.

To verify that I(t), P(t), H(t), A(t), R(t) — 0, P-a.s. as t — oo we solve equations 3 — 7 from the system

(1) explicitly:
1) = e Onkrsd)ig0) 4 iepy [E(H)],
P(t) = e (erkrt0)ip() + iepoE(H)],
H) = e OmiH©) +y,[1t) + P()], (15)
A = e UmIAWQ) + 1 (1 - p1 — p2) [E(D)],

R(t) = e MR(0)+ yill(t) + P(t) + A(H)] + v.[H(H)].

Since E(t) — 0, P-a.s. ast — oo, from previous solutions it follows that I(f) — 0, P(t) — O and A(t) — 0,
IP- a.s. as t — oo. Furthermore, it follows that H(t) — 0 and R(t) — 0, IP-a.s. as { — oo.
Recall that

N(t) = S(t) + E(t) + I(t) + P(t) + H(t) + A(t) + R(}),
and since E(t) + I(t) + P(t) + H(t) + A(t) + R(t) — 0, it follows that

limsup S(¢) = limsup N(t) = %, P-as,

t—o0 t—oo

where we applied the results of Theorem 1 in [19].
2. The proof of the second part of the theorem can be found in [19].

This completes the proof.
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4.2. Persistence in mean

The virus remains persistent in population if at least one of the classes of symptomatic infectious,
asymptomatic infectious, hospitalized infectious or super-spreader is not empty. From the mathematical
point of view, in accordance with [19], we say that system (1) is persistent in mean if

tlgg % f(l(s) + P(s) + A(s) + H(s)) ds > 0, P-as.. (16)
0

Let us introduce the notation
t

[x(®)] = % fx(s) ds.
0
Theorem 4.2. Let initial value (S(0), E(0), 1(0), P(0), A(0), H(0), R(0)) € T'*, such that the solution of the system
is in I'*. Assume that one of the following conditions is satisfied
1. Rj > 1, where RS is defined with (10),
2. u,B, B and I satisfy the relation
p

ﬁ/
A > (m (I(t) + IH(t)) + NGO

P(H) +u|S(t), Vt=0,

infg E(#)/N(t) > c where c is a small fixed constant and

Vr+Vat0p + Vr+Vat0p +1_P1_P2
(Va + kayi + 6:)(yr + 0p) P2 (Va + k2yi + 6p)(yr + 0p) Vit

2, 2
o] +0; <ck (p1

then the solution (S(t), E(t), I(t), P(t), A(t), H(t), R(t)) of the system (1) is persistent in mean.
More precisely, if

1. condition Rg > 1, is satisfied, than the solution (S(t), E(t), I(t), P(t), A(t), H(t), R(t)) has the property

liminf [[E®dt = C(R§—-1)>0, as.

lim inf } INOY Col (RS -1) >0, as.

liminfd [P > Coms (RS-1)>0, as.

lim inf { H®d > C(2s + W;’f;ﬁép) 2 (RS 1) >0, as.

liminf! [ A@ydr > cXror) (gs 1) > 0, as.

lim inf 1 ‘R(ydt > Cy ((yikl + ;“fﬁ’h) s (yikz + ;’jéh) )/u+l1:2€/2i+§p + '<(1—;1+—sz)%)

(RS-1)>0, as.

1(52 4 52) A2
1<+y+2(01+02)y2

ﬁ B l)/u
(y(,+k1y,-+6,- + Yatkayi+6y 1+ Vr+0p

2. u,B, B and I satisfy the relation

A > (i (I(t) + IH()) + F

where C =

is a positive constant;

N(b) NOH #) S(t), Vt=0,
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infi>0 E(t)/N(t) = c where c is a small fixed constant and

r+a+6 ,+ +6 1-p1 -
a%aqu(pl Vet Vr+Ya L Ll=p Pz)

Gat kit 000 +0) " P2 at kit 0)0n+8) | yit
then the solution (S(t), E(t), I(t), P(t), A(t), H(t), R(t)) has the property

liminflI(t) + P(t) + H(t) + A(t)] >

c|xpr 7/7+7/u+6p . Vr"'ya"'é +K(1_P1_P2)_(O%+o§) >0
(Yo +kryi +6i)(yr + 6,,) (Va +kayi + 6p)(yr + 0p) yit+u c

Proof.

1. The proof of the first part of the theorem is derived following the idea from [26]. Applying the It6
formula to the function - log E(t) we obtain

d(~log E(t))

E%t) (s N (I(t) + IH(1)) S(®) — N(t)P(t)S(t) + (kK + H)E(t))
+W (02 (1)) + IH(1)* + 3P2(1)) dt
— s (01 (1) + LH(H) dBy (1) + OzP(t)de(t))

(x+ pt + spris0? (1) + TH(H)® — 25 (1(8) + H(B)

+ BEQHE+POH+A®D+R(H) (I(t) + [H()

N(DE()
S2(t) 2 B (E(t)+I(t)+P(t)+H(t)+A(f)+R(t))

+T 2P2(t) — L5 P(t) + e P(t)) dt

t

E2ONZE 92

T (01 (I + IH(H) dBy(1) + 02P(DdBa (1)
(x+pu+1(o?+02) ﬁ— —BA - L+ BUE) + HD) + B'P(t)) dt
+01 (1 + l) dB1(f) + szBz(f),

IA

IA

where we have used the fact that functions fi(x) = —fx + 2N§(i) 2x2 (where x = m&# nd fo(y) =
S2(t)

’ 2.2 B B /3 A
By + ALY (where y = E(t)) are decreasing on [0 ] and |0 [ 2] and increasing on 7 y] and

[ﬁ—’ A]. Let us define a Lyapunov function U : T* = R as follows:

03’ U
lVa ’ 17/11
(1+55%5) p(1+:75) pl
U(t) = —log E(t) + I + TP + H().
() g E(t) a+k1yi+6i() ya+k2yi+6,,() S ()
Then
dUt) = d(-logE() + - (%) f '(“”b*,f”‘)d d
= BB+ S d0) (P(1) + 25 d(H()
, b,
< (K+ g+ (a +0 ) yra ﬁ (yﬁk]ﬁ%m + ;/a+kf;/i+e>,,)(1 - )E(t)) dt
+01 (1 +1) dBl(i') + O'dez(i’)
— 2 B B lya
= —(k+p+ 1o +02) 8) (RS ~ 1) dit + (WM D T ) (1+ 2 Bt
+01 (1 + l) dB1 (t) + Odez(t),
where

B+p) 5

RS
1 2 2
i+ i+ 3 (0% +02)

AT
a2
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And thus

2 / Iy,
du(t) s - (K + H + % (O-% + U%) %) (RS - 1)dt + (Vﬂ"’kfyi"'lsi + }’n+k‘f}’i+ér’ ) (1 + J’v'zéh ) E(t) dt
+01 (1 + 1) dB1(t) + 02dBs(t).

Integrating the both sides of the last expression from 0 to t and dividing by t we obtain

u)-u() » , b
t = % (G% + G%) A_Z) (R(SJ - 1) + /“+kfg/,v+5,v + ,,+kf i+0, (1 /, f_o, ) fo E(t) dt
t t
+1 [for @+ D dBi() + 1 [ o2dBa(h).

Since N(t) = S(t) + E(t) + I(t) + P(t) + H(t) + A(t) + R(t) < % it follows that

Iy , Iy
B(1+:75) p(1+75%) Bl A
- _ d rTO0p _ > _ .
u() log E(t) + RO, I(t) + R S P(t) + o H(t) > —log E(t) = —log _}l (18)

Taking the inferior limit on both sides of (I7) and using (I8) and (I3), we get

s_q
hminf%ftE(t)dtz (e 3 (0 + 03) ) (RS )>o, as. (19)
0

t—oo B 4 lya )
()/ﬂ+k1)/,+6,‘ + ya+k2}/,‘+ép ) (1 + }’,Jré;,

since the condition RS > 1 holds.
On the other hand, by integrating both sides of the third equation of system (T)) from 0 to t and dividing
by t we obtain

010 -1 fO kp1E(@t)dt — 1 fo (Vo + kryi +0) 1(H) d (20)

Taking the inferior limit on both sides of (20) and using (19), we get

KP1(1<+y+ 1(a? +0§) A2 )(RS— )
lya

B
Oty b + m)(” ey

o t
hmclmnf%fo I(t)dt >

) >0, as. (21)

Similarly we can prove the persistence in the mean of the populations P(t) and A(t). Integrating both
sides of the fourth equation of system (I) from 0 to ¢ and dividing by ¢ we obtain

POPO = 1 [MipaE(tydt = 1 [ (ya + kayi +6,) (D . (22)
Taking the inferior limit on both sides of (22) and using (19), we get

sz(wwz(aﬁaz)f*)(w 1)
Iya

. _ B LB )
(V’l+k2)/’+ol’)( Ya +k1 Vi+o; + ya+tkayi+op 1+ yr+oy

.. £
hmonf% Jy Pty dt > ) >0, as. (23)

Integrating both sides of the sixth equation of system (I)) from 0 to t and dividing by t we obtain

AOAO = 4 [T (1= p1 = po) Bt = L [[ (i + ) A . =

Taking the inferior limit on both sides of (24) and using (19), we get

w(1=pr=p2) i+ 3 (3403) 55 )(R-1)
lya

. B B
(Vﬁ'}l)( Ya+kyy;+0; + Yatkoyi+op )(1+ yroy )

.. £
hmonf% A at > >0, as. (25)
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We can prove that, when the populations I and P are persistent in the mean a.s., then the population
H will also be persistent in the mean a.s. Indeed, by integrating both sides of the fifth equation of
system (1)) from 0 to t and dividing by t we obtain

HOHO = 1 [Ty, (1) + P(1)) dt — L [} (y + 6) H(E) dt. (26)
Taking the inferior limit on both sides of and using and (23), we get

yalierus 1o +3) 55 )(R-1)

B ﬁ )
V’+b}z)( Vark+5; + atheyieoy 5 +op

)/a+k1)/,'+6,' '}’a+k2'}’,‘+(§p

. . 1 t Kp1 Kp2
timinf 4 [ H®) e > ( ¥ ) : >0 6 27)

Persistence in the mean a.s. of the populations I, P, H and A would imply persistence in the mean a.s.
of the population R. Indeed, by integrating both sides of the seventh equation of system (1)) from 0 to
t and dividing by t we obtain

RORO = 1 [ (y; (A() + k(1) + kaP() + 7, H(D) dt — L [} uR() dt. (28)
Taking the inferior limit on both sides of and using 1)), (23), 27) and 25), we get

. . t VaVr K aVr K x(1=p1—p: i
hmgonf%foR(t)dt > Ci(()/ik1+ Lol )—pl ‘+(yik2+ YV) p__, i ”)y)

Yr+0n ) Vatkiyi+o; Virton ) Vatkayit+o, Yitu
S
(RO - 1) >0, a.s.

A2

1(-2, 2
K+y+2(01+a2)y2

where C = . This completes the proof of the first part of the theorem.

B 4 by
(Vn+k1)/f+bi + Yathkayitop ) (l Vr+0n
2. The proof of the second part of the theorem can be found in [19].

Remark 4.3. Regarding Theorems @I) and @2), we know that: if 02 < p ” max{1,1}, o3 < p'+ % and R3 <1, the
disease I(t) will go to extinction a.s; while if RS > 1, the disease I(t) will be perszstent in mean with probability one.
That is, for the small values of noises 01 and o, RS can be used as a threshold parameter to determines when the
infection will vanish or persist in a new host population. Actually, this is the same epidemiological meaning as the
basic reproduction number Ro has in deterministic epidemic models. Hence, we can call R} the stochastic threshold

for the SDE model (1)) and interpret it as a counterpart of the deterministic basic reproduction number.

5. Sensitivity analysis of basic reproduction number of deterministic model and its stochastic model
counterpart

0
and|T|are compared regarding the values of the respective normalized forward sensitivity indices. Normal-

ized forward sensitivity index measures a relative change in the basic reproduction numbers Rl ie{D,S),
with respect to the change in parameter value and gives the overall information regarding the robustness
of the model to these changes. Furthermore, it is used to discover parameters that have a high impact
on the basic reproduction numbers and that should be targeted by specific epidemiological intervention
strategies.

More precisely, normalized forward sensitivity index is the ratio of the relative change in the basic
reproduction numbers R} to the relative change in the parameter 0, assuming that R} is differentiable with
respect to parameter:

Deterministic basic reproduction number R} and the stochastic model related threshold R for models

i dRL g
Y =07 ie(D,Ss) (29)
9 i’ 7 7
do Ri
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where R is treated as a function of the parameter 0.

Since both reproduction numbers RY and R; are rational functions of model parameters, the normalized
forward sensitivity index exists for all model parameters appearing in the explicit formula defining these
basic reproduction numbers. In order to calculate the value of sensitivity indices we use parameter values
(on the per-person-per-day scale) that are either based on the China demographic data and epidemiological
data from Wuhan in February 2020 (see [20], [6] and [21]) or rationally assumed (marked with [a]), see
Tables[land 2|

Symbol Description Value Units
o1 Intensity of Brownian motion B; due to infected class 0.0005 [a] dimensionless
07 Intensity of Brownian motion B, due to superspreaders  0.001 [a] dimensionless

Table 2: Assumed values of intensities o1 and o5.

The values of the sensitivity index for parameter values from Tables [l|and [2|are given in Table

Parameter RE - value of sensitivity index Rg - value of sensitivity index

A p— —1.0000
B 0.9986 0.2500
I 0.7289 S
p 0.0014 0.7500
K 0.0001 ~1.5928 - 10~
P 0.9974 -
P2 0.0026 S—
Va 0.0459 S
Ve ~0.6706 S—
Vi ~0.1892 S
ki ~0.1887 -
ky ~0.0005 -
5; ~0.0358 S—
5y ~0.0001 S
S -0.0583 S
u ~0.0001 1.0000
o1 - ~0.4000
0 p— ~1.6000

Table 3: Sensitivity of R) and R} for parameter values given in Tables|1{and

Values of the deterministic basic reproduction number and the corresponding stochastic threshold for
parameter values given in Tables[I|and [2|are

Rf = 4.5206,
RS = 1.0298.

However, a moderate decrease of the intensity o, = 0.0001 of the Brownian motion related to the dynamics
of superspreaders results in a huge rise in the value of basic reproduction number:

RS =4.9511,

indicating the importance of stochasticity, superspreaders and superspreading events in the dynamics of
the epidemics. For more discussion on the role of stochasticity in reducing the basic reproduction number
related to a specific infectious disease model we refer to [27] and [11].
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From Table 3| we conclude that the deterministic basic reproduction number R is the most sensitive to
change in values of parameters §, p1, [, yi and y,. The impact of the 10% increase in one parameter value,

keeping all other parameters fixed, to the value of R{ for these five parameters is given by values in Table
7

Parameter Value of R}  Relative change in Ry (%)

B 49720 +9.98
1 49715 +9.97
I 4.8501 +7.29
Vi 4.4366 ~1.86
Ve 4.2429 ~6.14

Table 4: Change of ROD under the 10% increase in values of parameters g, p1, [, y; and y,.

Note that the signs of the sensitivity indices for parameters with the strongest impact on R} are expected.

For example, the increase of transmission coefficient § due to infected individuals for just 10% results in
the increase of the value of R for 9.98%. Furthermore, 10% increase of the recovery rate for hospitalized
patients y, results in the decrease of ROD for 6.14%, which could be interpreted in terms of the contribution of
recovered individuals to the population immunity. The behavior of reproduction number R} with respect
to parameter values with high sensitivity index is shown in Figure[5]

(@) RY(B, D)

D>
1000 10 ~ 100

© RGB, ) (d) R§B,vr)

Figure 3: RY as a function of parameters with high sensitivity index.
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Furthermore, from TableEIwe see that the threshold Rj related to the stochastic model is very sensitive
to change of all of its parameters, except parameter x. Here we point out the structure of the sensitivity
index with respect to transmission rates  and f’

B B
Y= Y, =—,
Y A R
since
S S
Y5+Yﬁ, =1,

regardless of the value of parameters  and ’. As expected, sensitivity indices regarding noise intensities oq
and 0, are analytically the same, reflecting the fact that the value of Ry is invariant under the replacement of
values of 61 and 0. This observation is of pure theoretical nature, since the nature of intensities o¢ (infected
class) and 0, (superspreaders) implies that 01 < 02. The behavior of the basic reproduction number R} as a
function of parameters o1 and 0, as well as parameters § and f, is shown in Figure 4]

(@) R3(B,8) (b) Rj(01,02)

Figure 4: Rj as a function of parameters

The impact of the 10% increase in one parameter value, keeping all other parameters fixed, to the value
of RS is given in Table[f]

Parameter Value of RS Relative change in RY (%)

B 0.8627 +7.51
B 0.8226 +2.51
o1 0.7927 -4.03
02 0.6701 —-14.38

Table 5: Change of Rg under the 10% increase in values of parameters f’, 8, 01 and o5.

Note that, unlike RY, RS depends on the number of births A and the natural death rate y. The value of
sensitivity index regarding these two parameters is approximately (—1) and (+1), respectively, meaning that
the increase in the number of births during epidemics results in the decrease of RS, while the increase in the

natural death rate during the epidemic results in the decrease in Rj, which is quite expected observation.
The behavior of threshold RS with respect to parameter values with high sensitivity index is shown in

Figure
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(@) R3(B,B) (b) R3(B, 01)

10000 100 ~ 0.0

© R3B,N) () R§(6, 1)

Figure 5: RS as a function of parameters with high sensitivity index.

Since both basic reproduction numbers RY and RS depend on quite different set of parameters (the

parameters present in both are only g, f, ¥ and ), their comparison is quite limited. However, a significant
conclusion is that the introduction of the noise into the deterministic model [2] via perturbation

ﬁ - ‘B + dBl(t), ﬁl o ﬂl + de(f.‘), t>0,

where B; and B, are independent Brownian motions, results in the decrease of the impact of transmission
coefficient § due to infected class and significant increase of the impact of transmission coefficient ' due
to superspreaders on the course of the epidemic. Furthermore, threshold R} shows high sensitivity even
on the small changes in intensities 01 and o> of the noises - a moderate increase in either noise results in
the decrease of R3. Note that just a moderate decrease of the intensity o, related to superspreaders results
in a significant enlargement of RS, which gives the superspreaders an important role in the dynamic of the
stochastic model. For analysis of sensitivity of a different stochastic compartmental model for COVID-19
to the noise level we refer to [28]. These arguments can be seen as a justification for use of stochastic
differential models for describing and forecasting the course of the epidemic.

For similar approaches to sensitivity analysis of basic reproduction number regarding different infectious
diseases we refer to [29] and [30], and for COVID-19 to the recent papers [31] and [32].
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