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Abstract. The main objective of the paper is to prove some unified common fixed point theorems for a
family of mappings under a minimal set of sufficient conditions. Our results subsume and improve a host
of common fixed point theorems for contractive type mappings available in the literature of the metric fixed
point theory. Simultaneously, we provide some new answers in a general framework to the problem posed
by Rhoades (Contemp Math 72, 233-245, 1988) regarding the existence of a contractive definition which is
strong enough to generate a fixed point, but which does not force the mapping to be continuous at the fixed
point. Concrete examples are also given to illustrate the applicability of our proved results.

1. Introduction and preliminaries

One of the fundamental questions in fixed point theory is to seek or identify sufficient conditions which
on imposing on the set X and/or the mapping T, assure a nonempty set of fixed points, i.e., Fix(T) # ¢.
Common fixed point theorems are natural extensions of fixed point theorems. It is more efficient to study
fixed point theorems for a pair or a family of mappings satisfying some conditions rather than fixed point
theorems satisfying an individual mapping. These conditions are generally sufficient conditions and include
continuity or weaker form of continuity, containment of range of the mappings, a noncommuting condition
besides a contractive condition and every substantial common fixed point theorem attempts to minimize
the set of conditions by weakening one or more of these sufficient conditions. In addition to ensuring
existence of a common fixed point, it may be necessary to prove its uniqueness. From a computational
view, a constructive algorithm to calculate the value of a common fixed point is desirable. Such algorithms
often require iterates of the given mappings.

The interdependence of common fixed points and commuting mappings was first observed by Jungck
[24]. His result in the setting of complete metric spaces yields an abstraction of the Banach contraction
principle and partially answers the historical open question (see [6, 21]): For a pair of commuting self
mappings (S, T) on the [0, 1], what additional conditions guarantee that S and T have a common fixed
point?

Jungck’s result motivated researcher to investigate common fixed point theorems for commuting and
noncommuting pairs of mappings satisfying contractive conditions. The constructive technique used by
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Jungck has been further improved and extended by other researchers to establish common fixed point
theorems for three, four and sequence of mappings.

Definition 1.1. Let (X, d) be a metric space with S, T : X — X. A pair of mappings (S, T) is said to be:

(1)

(2)

(3)

4)

(5)
(6)

compatible [25] if lim,—,co d(STxy, TSx,) = 0, whenever {x,} is a sequence in X such that lim,_,. Sx, =
limy, e Tx,, = t for some t in X.

a-compatible [56] if

lim d(STx,, TSx,) = 0, lim d(5Sx,,, TSx,) =0, lim d(STx,, TTx,) =0, lim d(S5x,, TTx,) =0,
n—oo n—oo n—-oo n—oo

whenever {x,} is a sequence in X such that lim,_. Sx, = lim, . Tx, =t for some t in X.

quasi-a-compatible [56] provided every sequence {x,} in X satisfying lim Sx, = lim Tx, = t for some t

in X splits into most four subsequences such that any of these subsequences, say {x,,}, satisfies at least
one of the four conditions lim d(STx,, TSx,) = 0, lim d(SSx,,, TSx,) = 0, lim d(STx,,, TTx,) = 0,

nj—00 nj—00 n;j—00

lim d(SSx,,, TTx,,) = 0.

n;—oo

semi a-compatible [57] if lim d(STx,, TSx,) = 0 or lim d(SSx,, TSx,) =0
n—00 n—oo
or lim d(STx,, TTx,) = 0 or lim d(SSx,, TTx,) = 0, whenever {x,} is a sequence in X satisfying Sx,, Tx, €
n—oo n—oo
SXNTXand lim Sx, = lim Tx, =t for some t in X.
n—oo

n—oo

weakly compatible [26] if, for all x € X, Sx = Tx implies that STx = TSx.

non-trivially weakly compatible if S and T commute on the set of coincidence points, whenever C(S,T) = {x €
X : Sx =Tx} # @, i.e., the set of coincidences is nonempty.

Remark 1.2. It is well-known that the compatibility implies quasi-a-compatibility or semi a-compatibility but the
converse need not be true [57]. However, quasi-a-compatibility and semi a-compatibility are independent to each
other [57]. A systematic study of the relationship between various noncommuting conditions can be found in [20].

Remark 1.3. It may be observed that weakly compatible mappings commute at all the coincidence points, hence
a minimal noncommuting condition for the existence of common fixed point for contractive type mapping pairs.
However, the notion of semi a-compatibility is useful not only in establishing the existence of a coincidence point but
also implies commutativity at coincidence points.

Common fixed point theorems for a sequence of mappings have been studied by several authors. The
best known results along these lines are the following theorems which encompass most of the results
established in the literature of metric fixed point theory.

Theorem 1.4. (Jungck et al. [27]) Let (X, d) be a complete metric space and S,T selfmaps of X with S or T continuous.
Suppose their exist a sequence {A;} of selfmaps of X satisfying

(i)
(i)
(ii)

either A; : X — SX N TX for each i; or
S, T:X - NAX;
each A; is compatible with S and T;

(iii) for any € > O their exist a 6 > 0, 0 being lower semicontinuous, such that

€ < max{d(Sx, Ty), d(Aix, Sx),d(A;y, Ty), [d(Aix, Ty) + (Ajy, Sx)]/2} < e + 6 = d(Aix, Ajy) < €.

Then all the A;, S and T have a unique common fixed point.

Theorem 1.4 is actually a correction of the result of Rhoades et al. [68].
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Theorem 1.5. (Jachymski[22]) Let S and T be selfmaps of a complete metric space (X, d) and either S or T continuous.
Let {A;}:2,, be a sequence of selfmaps of X satisfying
(i) ApX cTX, AiX CcSXforieN;
(ii) pairs of (Ao, S) and (A;, T), i € N, are compatible;
(i) for each i € IN there exists an upper semicontinuous function ¢; : Ry — R, such that ¢;(t) < t forall t > 0
and for any x,y € X,

d(Aox, Aiy) < ¢i(maxid(Sx, Ty), d(Aox, Sx), d(Aiy, Ty), [d(Aox, Ty) + d(Aiy, Sx)1/2}).
Then all the A;, i € N U {0}, S and T have a unique common fixed point.

The following key lemma connects Theorems 1.4 and 1.5.

Lemma 1.6. [22] Let {A;}, i = 1,2,3,..., S and T be selfmappings of a metric space (X,d). For any x,y € X and
i, j € IN define

Mij(x, y) = max{d(Sx, Ty), d(Aix, 5x), d(Ajy, Ty), [d(Ax, Ty) + d(Ajy, Sx)1/2}).
Then the following statements are same:

(I) There exists a lower semi continuous function 6 : Ry — IR, such that, for any € > 0,06(€) > € and for x,y € X
and i,j € N withi # j

€ < Mij(x,y) < 0(€) implies d(Aix, Ajy) < €.

(II) There exists an upper semi continuous function ¢ : Ry — Ry such that ¢ is nondecreasing, ¢(t) < t for all
t>0,and

d(Aix, Ajy) < ¢Mij(x, y)), for x,y € X and i, j € N with i # j.

In 1996, Pant [53] proved the following theorem which is one of the most general fixed point theorem
for a sequence of mappings.

Theorem 1.7. (Pant [53]) Let {A;},i=1,2,3,..., Sand T be selfmappings of a complete metric space (X, d) and any
one of A1, Az, S and T be continuous such that

(i) A1X CcTX, AX C SX;
(ii) pairs of (A1, S) and (Ay, T) are compatible;
(iii) there exists an upper semicontinuous function ¢ : R, — R, such that ¢(t) < t for all t > 0 and for any
x,yeX
d(Arx, Azy) < p(max{d(Sx, Ty), d(A1x, Sx), d(Aiy, Ty), [d(Arx, Ty) + d(Aiy, S0)1/2}));
(lv) d(Alx/ Aly) < max{d(sx/ Ty)r d(Alxr Sx)r d(Alyr T]/)/ [d(Alx/ Ty) + d(Aly/ Sx)]/z})

Then all the A;, S and T have a unique common fixed point.

If Sand T are self-mappings of a metric space (X, ) and if {x,,} is a sequence in X such that Sx,, = Tx,11,1n =
0,1,2, ..., then the set O(xy,S,T) = {Sx, : n =0,1,2,...} is called the (S, T)-orbit at xg and T (or S ) is called
(S, T)-orbitally continuous [12] if lim,, Sx, = zimplies lim,, TSx,, = Tz (or lim, Sx,, = zimplies lim,SSx, = Sz).

The main objective of this paper is to prove common fixed point theorems for a family of mappings
satisfying a minimal set of sufficient conditions. Our results generalize the results of Ciri¢ [12, 13], Fisher
[16-18], Boyd and Wong [7], Agarwal et al. [1], Husain and Sehgal [32], Browder [9], Chang [10], Jungck
[24-26], Jungck et al. [27-29], Jachymski [22, 23], Sessa [70], Sessa et al. [72], Pant [53, 57], Pathak et al.
[60, 61], Pathak and Khan [62], Singh [73], Singh and Singh [74], Singh and Tiwari [75], Hadjic [30], Iseki
[34], Kaneko [35], Khan [38], Khan et al. [39, 40], Kubiak [41], Matkowski [43], Mukherjee [49], Kang and
Kim [37], Meir and Keeler [44], Maiti and Pal [42], Park and Bae [58], Park and Moon [59], Rao and Rao
[63, 64], Ray [65], Reilly [66], Rhoades et al. [68], Sehgal [70], Rus [69], Yeh [76, 77] and many others.
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2. Main Results

In the following theorems we shall denote
Mli(xr y) = max{d(Sx, Ty)/ d(Alx/ Sx)/ d(Aly/ Ty)/ [d(Alx/ Ty) + d(Aly/ Sx)]/Z}

for any x,y € X. Also, let ¢ : R, — R, denote an upper semicontinuous function such that ¢(t) < t for all
t>0.

Theorem 2.1. Let {A;},i=1,2,3,..., 5 and T be selfmappings of a complete metric space (X, d) such that

(i) AiXCc TX, A; X c SX wheni>1;
(it) d(A1x, A2y) < P(Maa(x, y));
(iii) d(A1x, Ajy) < Mai(x, y), whenever My;(x, y) > 0.

Let S be semi a—compatible with A1 and T be semi a—compatible with Ay for some k > 1. If the mappings in one of the
semi a—compatible pairs (A1, S) or (A, T) are orbitally continuous, then all the A;, S and T have a unique common
fixed point.

Proof. Let xo be any point in X. Define sequences {x,} and {y,} in X given by the rule

You = A1Xoyn = TXop41, Yous1 = AdXopi1 = SXops.

This can be done by virtue of (i). if A1x2, = A2Xx2441 OF A2X2441 = A1X2u42 for some value of n € IN U {0},
it becomes easier to establish the existence of the fixed point. So let us assume that A;x2, # AxX2,4+1 and
AoXoys1 # A1Xonso, for every value of n € IN U {0}, then by virtue of (ii), we obtain

(1) d(]/Zn/ y2n+1) < (P(d(]/Zn—l/ ]/211)) < d(]/Zn—l; ]/Zn) and
(2) d(Y2n-1, You) < OA(Y21-2, Y2n-1)) < d(Y2u—2, Y2u-1).

We thus see that {d(y,,, y,+1)} is a strictly decreasing sequence of positive numbers and hence tends to a limit
r 2 0. Suppose r > 0. Then relation (1) on making # — oo and in view of upper semi continuity of ¢ yields
r < ¢(r) < r, a contradiction. Hence r = limy e d(Yn, Yn+1) = 0. We show that {y,} is a Cauchy sequence.
Suppose it is not. Then there exist an € > 0 and a subsequence {y,,} of {y,} such that d(y,,, y»,.,) > 2€. Since
limy o (Y, Yne1) = O, there exist integers m; satisfying n; < m; < ny1 such that d(y,,, ym,) = €. If not, then

AWnis Ynii) < AWy Yriia=1) + AYni =1, Ynisy) < €+ dYniy1, Yisy) < 26
a contradiction. If m; be the smallest integer such that d(yy,, ;) = € then
€ <dWu,Ym) < AWn, Ym-2) + AYmi-2, Y1) + AYmi1, Ym) < € + AYmi-2, Y1) + AYoi-1, Y-
That is, there exists integers m; satisfying n; < m; < n;41 such that d(y,,, y»,) > € and
(3) limy, oo d(Yn,, Ym,) = €.
Without loss of generality we can assume that #; is odd and m; even . Now, by virtue of (1), we have
AWt Ym+1) < PAWYnis Yy + AYnis Yna1)-

Now, on letting n; — oo and in view of (3) and upper semi continuity of ¢, the above relation yields
€ < ¢(e) < €, a contradiction. Hence {y,} is a Cauchy sequence. Since X is complete, there exists a point z in
X such that y, — z. Also

Yon = A1xoy = Txoye1 = z and Yous1 = AoXop1 = SXopin — 2.

We show that Ajxs,+1 — z for each i > 2. If lim, A;xp,41 # z for some i > 2, then there exists a subsequence
{Aixome1} of {Aixons1}, @ number v > 0 and a positive integer M such that for each m > M we have
A(A1xom, Aixome1) 2 1, A(Aixomer,z) = r and

A(A1xom, Aixom1) < Mai(Xom, Xomse1) = A(A1Xom, AiXoms1),
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a contradiction. Hence A;x5,41 — z for each i > 1.

Suppose that T is semi a—compatible with Ay for some k > 1 and T and Ay are orbitally continu-
ous. Then orbital continuity of Ay and T implies that AxTxpn1 — Akz, AkAkXons1 — Az, TArXon1 —
Tz and TTxz,4+1 — Tz. Semi a—compatibility of Ay and T yields limy,_,co d(AxTX20+1, TAxXon+1) = 0 or
lim,,_,oo d(AkTXQn+1, TTX2n+1) =0or limn_m d(TAkx2n+1,AkAkx2n+1) =0or limn_m d(AkAkX2n+1, TTJCzn+1) = 0,
whenever {x,} is a sequence in X satisfying Axx,, Tx, € A X N TX and limy,—,c0 AkX2p4+1 = liMye0 TX2p11 = 2
for some z in X. Hence Ayz = Tz.

Since AxX C SX, there exists a point u in X such that Ayz = Su. We show that Su = Aju. If not, then the
inequality

d(Aru, Agz) < Mig(u, z) = d(Au, Agz)

yields a contradiction. Hence Tz = Ayz = Su = Au.

Semi a—compatibility of A; and S implies that AjAiu = A;Su = SAju = SSu. Similarly, Semi
a—compatibility of Ay and T implies that AxAxz = ATz = TAxz = TTz. If Aju # A1Au using (iii) we
get

d(AlurAlAlu) = d(AlAlurAkZ) < Mlk(Alu/ Z) = d(AlAlurAkZ)/

a contradiction. Hence Aju = AjAju and Aju = AjAju = SAju, ie., Aju is a common fixed point of A,
and S. Similarly, using (iii) we find that Axz(= Aju) is a common fixed point of Ay and T. Moreover, if
Axz # AjAz for some i > 1, using (iii) we get

d(AkZ,AiAkZ) = d(Alu, AI'AkZ) < Mli(u,Akz) = d(Alu,AiAkz),

a contradiction. Hence A;z(= Aju) is a common fixed point of T and A; for i > 1. The proof is similar when
Aj and S are assumed semi @¢—compatible and orbitally continuous. Uniqueness of the common fixed point
follows easily. O

Remark 2.2. Theorem 2.1 is also true if we replace the condition (i), i.e., A1X C TX and A;X C SX when i > 1 by
the following condition: Given xq in X there exist x1 and x, in X such that A1xg = Tx1 and Ajxq = Sx, wheni > 1.

Theorem 2.3. Let {A;},i=1,2,3,..., S and T be selfmappings of a complete metric space (X, d) such that

(i) A1X CcTX, AiX Cc SX wheni>1;
(ii) d(A1x, A2y) < p(Mia(x, v));
(iii) d(A1x, Aiy) < Mai(x, y), whenever My;(x, y) > 0.
Let S be a—compatible with Ay and T be a—compatible with Ay for some k > 1. If the mappings in one of the

a—compatible pairs (A1, S) or (Ax, T) are orbitally continuous, then all the A;, S and T have a unique common fixed
point.

Proof. The proof is similar to the proof of Theorem 2.1. [J

We now give a common fixed point theorem in which the notion of semi a—compatibility is replaced by
an independent notion of quasi a—compatibility.

Theorem 2.4. Let {A;},i=1,2,3,..., S and T be selfmappings of a complete metric space (X, d) such that

(i) A1X CcTX, AiX Cc SX wheni>1;
(ii) d(A1x, A2y) < p(Mia(x, v));
(iii) d(A1x, Ajy) < Mai(x, y), A1x # Ay.
Let S be quasi a—compatible with A1 and T be quasi a—compatible with Ay for some k > 1. If the mappings in

one of the quasi a—compatible pairs (A1, S) or (Ax, T) are orbitally continuous, then all the A;, S and T have a unique
common fixed point.
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Proof. The proof can be written in the same lines of the proof of Theorem 2.1. [

The following corollaries are easy consequences of Theorem 2.1.

Corollary 2.5. Let {A;},i=1,2,3,..., S and T be selfmappings of a complete metric space (X, d) such that

(i) A7 X c TX, A; X Cc SX wheni>1;
(ii) d(A1x, A2y) < p(Mia(x, v));
(iti) d(A1x, Aiy) < Myi(x,y), Arx # Ajy.

Let S be quasi a—compatible with Ay and T be quasi a—compatible with Ay for some k > 1. If the mappings in
one of the quasi a—compatible pairs (A1, S) or (Ax, T) are continuous, then all the A;, S and T have a unique common
fixed point.

Corollary 2.6. Let {A;},i=1,2,3,..., S and T be selfmappings of a complete metric space (X, d) such that

(i) AvXc TX, A; X c SX wheni>1;
(ii) d(A1x, A2y) < p(Mia(x, y));
(iii) d(Arx, Asy) < M6 y), Arx # Ay,

Let S be quasi R—commuting with Ay and T be quasi R—commuting with Ay for some k > 1. If the mappings in
one of the quasi R—commuting pairs (A1, S) or (Ag, T) are orbitally continuous, then all the A;, S and T have a unique
common fixed point.

Putting k = 1,2 in Theorem 2.1, we get the following result for four mappings.

Theorem 2.7. Let A1, A, S and T be selfmappings of a complete metric space (X, d) such that for all x, y € X,

(i) A1 X Cc TX, Ay X C SX;
(ii) d(A1x, A2y) < Pp(max{d(Sx, Ty), d(Aix, Sx),d(Axy, Ty), [d(Aix, Ty) + d(Axy, Sx)1/2}).

Let S be semi a—compatible with Ay and T be semi a—compatible with A,. If the mappings in one of the semi
a—compatible pairs (A1, S) or (Az, T) are orbitally continuous, then A1, Ay, S and T have a unique common fixed
point.

Taking A, = Aj and T = S in Theorem (2.7), we get the following fixed point theorem for a pair of
mappings:
Theorem 2.8. Let Ay and S be selfmappings of a complete metric space (X, d) such that for all x,y € X,

(i) A1X c SX;
(ii) d(A1x, Ary) < p(max{d(Sx, Sy), d(A1x, Sx), d(Ary, Sy), [d(Arx, Sy) + d(Ary, Sx)1/2)).

Let S be semi a—compatible with Ay and (A1, S) be orbitally continuous. Then Ay and S have a unique common fixed
point.

By putting in Theorem 2.7, S = T = I, the identity mapping on X, we get a distinct category of common
fixed point theorems where we do not require the mappings to satisfy any commuting or noncommuting
conditions.

Theorem 2.9. Let Ay and A, be selfmappings of a complete metric space (X, d) such that for all x,y € X,
d(A1x, Azy) < Pp(max{d(x, y), d(Arx, x), d(Azy, y), [d(Arx, y) + d(Azy, 0)]/2}).

Also, let ¢ : Ry — Ry be an upper semicontinuous function such that ¢(t) < t forall t > 0. Then Ay and A, have a
unique common fixed point.

Putting Ay = Ay and S = T = [, the identity mapping on X in Theorem (2.9), we get the following result:
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Corollary 2.10. [Agarwal et al [1]] Let A; be a selfmapping of a complete metric space (X, d) such that forall x, y € X,
d(A1x, Ary) < p(max{d(x, y), d(Arx, x), d(Ary, ), [d(Arx, y) + d(Ary, 0)]1/2)).

Also, let ¢ : Ry — Ry be an upper semicontinuous function such that ¢(t) < t for all t > 0. Then A has a unique
fixed point.

Corollary 2.11 (Boyd and Wong [7]). Let A; be a selfmapping of a complete metric space (X, d) such that for all
x,ye€X

d(A1x, Ary) < ¢ld(x, y)}.

Also, let ¢ : Ry — Ry be an upper semicontinuous function such that ¢(t) < t for all t > 0. Then A has a unique
fixed point.

In the next theorem we obtain a generalization of Theorem 2.1 by dropping the assumption on orbital
continuity and semi a—compatibility of the mappings and completeness of the space an replacing the later
two by nontrivial weak compatibility and completeness of the range of one of the mappings.

Theorem 2.12. Let {A;},i=1,2,3,..., S and T be selfmappings of a metric space (X, d) such that

(i) Ai1XCc TX, A; X c SX wheni>1;
(i) d(A1x, A2y) < p(Mi2(x, v));
(iii) d(A1x, Aiy) < Mai(x, y), whenever Myi(x, y) > 0.

Let S be nontrivially weakly compatible with Ay and T be nontrivially weakly compatible with A; for some i > 1. If
the range of one of the mappings be a complete subspace of X, then all the A;, S and T have a unique common fixed
point.

Proof. Let xj be any point in X. Define sequences {x,} and {y,} in X given by the rule

You = A1Xon = TXop41, Youe1 = AoXoni1 = SXops.

Then proceeding exactly as in Theorem (2.1) it follows that {y,} is a Cauchy sequence and {y, = A1xo, =
Txon+1} and {yon1 = AoXons1 = Sxons2} are also Cauchy sequences. Suppose that the range of T is a complete
subspace of X. Then, since {y2, = Tx2,+1} is a Cauchy sequence in TX, there exists some u € X such that
Txone1 — Tu. Thus A1x2, = Txo41 — Tu and Arxz,41 = Sxo,42 — Tu. We now show that A,u = Tu. If not,
using (ii), for large values of n we get

d(AlJCzn, Azu) < ¢(M12(X2n, M)) = ¢(d(A2u, Tu))

On making n — oo this yields d(Tu, Ayu) < ¢p(d(Au, Tu)) < d(Tu, Apu), a contradiction. Hence Ayu = Tu.
Since A, X C SX, there exists some w € X such that Tu = A,u = sw. We claim that Ayw = Sw. If Ayw # Sw, we
have d(Aiw, Ayu) < (Miz(w, u)) = d(Ajw, Asu), a contradiction. Hence Ajw = Ayu = Tu = Sw. f Ajw # Aju,
for some i > 2, by (iii) we get d(A1w, Aju) < Mip(w, u) = d(A1w, Aju), a contradiction. Hence for each i > 1
we get Ajw = Aju = Tu = Sw. Now nontrivial weak compatibility of A;, S and A;, T and the contractive
conditions imply that A;w is a common fixed point of Ay, Ax, S and T. Moreover, if Ayw # A;A;w for some
i>1, wegetd(Aiw, AjAiw) < Mip(w, Ayw) = d(Ajw, AjA1w), a contradiction. Hence Ajw is a common fixed
point of all A;, S and T. The proof is similar when the range of S is assumed a complete subspace of X. This
completes the proof of the theorem. O

Putting k = 1,2 in Theorem 2.12, we get the following result for four mappings.

Theorem 2.13. Let Ay, Ay, S and T be selfmappings of a complete metric space (X, d) such that for all x,y € X,

(i) A1X cTX, AzX C SX,
(ii) d(A1x, A2y) < Pp(max{d(Sx, Ty), d(Aix, Sx),d(Azxy, Ty), [d(Aix, Ty) + d(Azy, Sx)1/2}).
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Let S be nontrivially weakly compatible with A1 and T be nontrivially weakly compatible with A,. If the range of one
of the mappings be a complete subspace of X, then A1, Ay, S and T have a unique common fixed point.

Taking A, = Aj and T = S in Theorem 2.13, we get the following fixed point theorem for a pair of
mappings:

Theorem 2.14. Let Ay and S be selfmappings of a complete metric space (X, d) such that for all x,y € X,

(i) A1X C SX;
(ii) d(Arx, Ary) < d(max{d(Sx, Sy), d(A1x, Sx), d(Ary, Sy), [d(Arx, Sy) + d(A1y, Sx)1/2}).

Let S be nontrivially weakly compatible with A;. If SX is a complete subspace of X, then Ay and S have a unique
common fixed point.

The following result is a consequence of Theorem 2.12, since nontrivially weakly compatible mappings
are semi a—compatible.

Theorem 2.15. Let {A;},i=1,2,3,..., S and T be selfmappings of a complete metric space (X, d) such that

(i) A1X cTX, Ai X c SX wheni>1;
(ii) d(A1x, A2y) < p(Mia(x, v));
(iii) d(A1x, Ajy) < Mii(x, y), whenever Myi(x, y) > 0.

Let S be semi a—compatible with Ay and T be semi a—compatible with Ay for some k > 1. If the range of one of the
mappings be a complete subspace of X, then all the A;, S and T have a unique common fixed point.

3. Examples
The following examples illustrate Theorems 2.3 and 2.12.

Example 3.1. Let X = [2,20] with usual metric d. Define mappings A;,S,T:X - X,i=1,2,3,..., by
A =2, Aix =31ifx > 2,

Apx =2ifx =20rx>5Ax=6if2 <x <5,

52=2 Sx=6ifx>2

T2 =2, Tx =12if2 <x <5, Tx=x-3ifx>5,

and for i > 2,

Ax=2ifx<2+3%0r>5  Ax=6if2+1<x<5.

Then {A;}, S and T satisfy all the conditions of Theorems 2.3 and 2.12 and have a unique common fixed point
x = 2. It is also easy to observe that A; and S are orbitally continuous and a—compatible mappings. But
neither A; nor S is continuous, not even at their common fixed point x = 2. It may also be verified that T and
A; are a—compatible when i > 2. However, one can easily verified that T and A; are quasi a—compatible.

Example 3.2. Let X = [2, oo) with usual metric d. Define mappings A;, S, T:X —- X,i=1,2,3,..., by
Aix = Apyx =2 forall x,

Sx=2ifx>2,
T2 =2xifx >3 Tx=2ifx <3,
and fori > 2,

Ax=2@+1)ifx>3+1, Ax=2ifx<3+1

Then {A;}, S and T satisfy all the conditions of Theorems 2.1 and 2.3 and have a unique common fixed point
x = 2. Itis also easy to observe that A; and S are orbitally continuous and a—compatible mappings. It may
also be verified that T and A; are a—compatible when i > 2. However, T and A; are quasi a—compatible
when i > 2.

The following example [57] illustrates Theorem 2.8.
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Example 3.3. Let X = [0, 10] be equipped with the usual metric on X. Define mappings A1,S : X — X by

Ax=(6-x)/2ifx <2, Aix=3if2<x <5, Aix=2ifx>5,
Sx=xifx<2, Sx=10if2 <x <5, Sx=(x+1)/3ifx>5.

Then A1 and S satisfy all the conditions of Theorem 2.8 and have a unique common fixed point x = 2. It can be seen in
this example that limy,_,c d(A1A1x,, SA1x,) = 0, whenever {x,} is a sequence in X satisfying A1x,, Sx, € A1XNSX
and limy, o A1X, = limy e Sx,, = t for some t in X. It can also be verified that Ay and S satisfy the contractive
condition d(Aix, A1y) < ¢(d(Sx, Sy)) for all x,y € X whenever ¢(t) = t/2. Moreover, it is also easy to observe that
A1 and S are orbitally continuous mappings. It may be seen in this example that A1 and S are neither compatible, nor
Ai1—compatible, nor S—compatible nor compatible of type (P).

Remark 3.4. In Theorem 2.8, the notion of nontrivial weak compatibility can not be replaced by weak compatibility.
The following example illustrates this fact:

Example 3.5. Let X = [2,20] be equipped with the usual metric on X. Define mappings A1,S : X — X by

Aix=6if2<x<5 Aix=(x+5)/5ifx>5,
Sx=12if2<x <5, Sx=(x+1)/3ifx>5.

Then Ay and S satisfy all the conditions of Theorem 2.8 but do not have a common fixed point. It can be seen in this
example that Ay and S are trivially weakly compatible.

Remark 3.6. In Theorem 2.8 we cannot replace the notion of semi a-compatibility by weak compatibility. This can
be seen from Example 3.5 above.

4. Discussions

Our proved theorems apply to a wider class of mappings than the results of compatible and continuous
maps since our theorems apply to semi a—compatible or nontrivially weakly compatible and orbitally
continuous maps also. Moreover, as compared to the analogous results, the present theorems have been
proved under considerably weaker assumptions. A few observations regarding the above proved theorems
are in order.

(i) Theorem 2.1 assumes S to be semi a—compatible with A; and T to be compatible with A; where i > 1.
In comparison to this, Theorem 5.1 of Jachymski [22] assumes T to be compatible with A; for each
i > 1 while Rhoades et al. [68] (see also Jungck et al. [27]) assume each A; to be compatible with both
Sand T. In Example 3.1, T and A, are not compatible.

(if) In Theorem 2.1 for each i > 2 the mappings A1, A; satisfy the plain contractive condition d(A1x, A;y) <
Mii(x,y) . On the other hand, Theorem 5.1 of Jachymski [23] requires A;, A;, i > 2, to satisfy the
contractive condition d(Ai1x, Ajy) < ¢i(Mii(x,y)) where ¢; : R+ — R, is an upper semicontinuous
function such that ¢;(t) < t for each t > 0. This condition is not satisfied in Example 3.2 for any
i > 2 since the required function ¢; would not be upper semicontinuous at ¢ = 4 + (2/i). Similarly the
theorem of Rhoades et al. [68] (see also Jungck et al. [27]) requires each A;, A; to satisfy a Meir-Keeler
type (e, 6) contractive condition and 6 is required to be lower semicontinuous. However, in Example
3.2 above, A1 and A; fail to satisfy the (€, 6) condition at € = 4 + (2/i) when i > 2.

(iif) Theorem 2.1 assumes the mappings in one of the semi a—compatible pairs (A1, S) or (Ax, T), where
k > 1 be orbitally continuous. In comparison to this, Theorem 5.1 of Jachymski [22, 23] assumes S
or T to be continuous while Rhoades et al. [27] (see also Jungck et al. [27]) also assumes S or T be
continuous . Likewise, the theorems of Fisher [18] and Pant [53] assume one of the mappings to be
continuous. In Example 3.1 none of the mappings are continuous.

Remark 4.1. Our work provides a possibility to extend our proved results in other generalized metric spaces, namely,
b—metric space, b—rectangular metric space, b, (s)— metric spaces[2, 3, 9, 14, 15, 19, 33, 4548, 78].
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Remark 4.2. In all the theorems established in this paper, we have not assumed any mapping to be continuous. In
fact, the mappings assumed by us are not only discontinuous in their domain of definition but also discontinuous
at their common fixed point. Thus, we provide more answers to the problem posed by Rhoades [67] regarding the
existence of a contractive definition which generate a fixed point, but does not force the mapping to be continuous at
the fixed point. The first answer to this problem was given by Pant [52]. The new answers of the Rhoades’s problem
are distinct from [4, 5, 57, 60, 62].

5. Acknowledgment

The authors are thankful to the learned referee for his/her valuable suggestions for improving the content
of the paper.

References

[1] R.P. Agarwal, D. O’'Regan and M. Sambandhan, Random and deterministic fixed point theory for generalized contractive maps,
Applicable Analysis, 83, (2004) 711-725.
[2] S. Aleksi¢, Z. D. Mitrovi¢ and S. Radenovi¢, A fixed point theorem of Jungck in b,(s)—metric spaces, Period Math Hung, 77(2018)
224-231.
[3] I. A.Bakhtin, The contraction mapping principle in quasimetric spaces, Funct. Anal., Unianowsk Gos. Ped. Inst. , 30 (1989), 26-37.
[4] Ravindra K. Bisht and R. P. Pant, A remark on discontinuity at fixed point, J. Math. Anal. Appl. 445 (2017), 1239-1241.
[5] R.K.Bishtand V. Rakocevi¢, Generalized Meir-Keeler type contractions and discontinuity at fixed point, Fixed Point Theory, 19
(2018), 57-64.
[6] W.B. Boyce, Commuting functions with common fixed point, Trans. Amer. Math. Soc. 137 (1969), 77-92.
[7] D.W. Boyd and J. S. Wong, On nonlinear contractions, Proc. Amer. Math. Soc. 20 (1969), 458-464.
[8] A.Branciari, A fixed point theorem of Banach-Caccippoli type on a class of generalized metric spaces, Publ. Math. Debrecen, 57
(2000) 31-37.
[9] E Browder, On the convergence of successive approximations for nonlinear functional equations, Indag. Math. 30 (1968), 27-35.
[10] S.S.Chang, On common fixed point theorem for a family of contracting mappings, Math. Japon. 29 (1984), 527-536.
[11] H. Chatterjea, A note on common fixed points and sequences of mappings, Bull. Calcutta Math. Soc. 72 (1980), 139-142.
[12] L.7J. Ciri¢, Generalized contractions and fixed point theorems, Publ. Inst. Math. 12 (1971), 19-26.
[13] L.7J.Ciri¢, A generalization of Banach’s contraction principle, Proc. Amer. Math. Soc. 45 (2)(1974), 267-273.
[14] S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostrav., 1 (1993), 5-11.
[15] N.V. Dung, V.T.L. Hang, On relaxations of contraction constants and Caristi’s theorem in b-metric spaces, J. Fixed Point Theory
Appl. 18 (2016), 267-284.
[16] B. Fisher, Mappings with a common fixed point, Math. Sem. Notes 7 (1979) 81-84.
[17] B. Fisher, An addendum to “Mappings with a common fixed point, Math. Sem. Notes 8 (1980) 513-514.
[18] B. Fisher, Common fixed point of four mappings, Inst. Math. Acad. Sinica 11 (1983), 103-113.
[19] R. George, S. Radenovi¢, K.P. Reshma, S. Shukla, Rectangular b-metric space and contraction principles, J. Nonlinear Sci. Appl.
8 (2015), 1005-1013.
[20] D. Gopal, Ravindra K Bisht, Metrical Common Fixed Points and Commuting Type Mappings. in: Background and Recent
Developments of Metric Fixed Point Theory, Informa UK Limited, str. (2017) 29-67.
[21] J. P. Huneke, On common fixed points of commuting continuous functions on an interval, Trans. Amer. Math. Soc.139 (1969),
371-381.
[22] JJachymski, Common fixed point theorems for some families of maps, Indian J. Pure Appl. Math. 25(1994), 925-934.
[23] JJachymski, Equivalent conditions and the Meir-Keeler type theorems, . Math. Anal. Appl., 194 (1995), 293-303.
[24] G. Jungck, Commuting mappings and fixed points, Amer. Math. Monthly, 83, (1976), 261-263.
[25] G. Jungck, Compatible mappings and common fixed points, Int. ]. Math. Math. Sci., 9(4) (1986), 771-779.
[26] G.Jungck, Common fixed point for noncontinuous nonself maps on nonmetric spaces, Far East ]. Math. Sci., 4(2) (1986), 199-215.
[27] G. Jungck, K. B. Moon, S. Park and B. E. Rhoades, On generalizations of the Meir- Keeler type contraction maps correction, J.
Math. Anal. Appl. 180 (1993), 221-222.
[28] G.Jungck G., P. P. Murthy and Y. J. Cho, Compatible mappings of type (A) and common fixed points. Math. Japon. 38(2): (1995)
381-390.
[29] G.Jungck and H. K. Pathak, Fixed points via biased maps. Proc. Amer. Math. Soc. 123(7) (1995) 2049-2060.
[30] O.Hadjic, Common fixed point theorems for family of mappings in complete metric spaces, Math. Japon. 29 (1984) 127-134.
[31] G.E.Hardy and T. D. Rogers, A generalization of a fixed point theorem of Reich, Canad. Math. Bull. 16 (1973), 201-206.
[32] S. A.Hussain and V. M. Sehgal, A common fixed point theorem for a family of mappings, Math. Japon. 26 (1981) 287-290.
[33] N. Hussain, Z. D. Mitrovi¢, S. Radenovi¢, A common fixed point theorem of Fisher in b—metric spaces, RACSAM, 113 (2019),
949-956.
[34] K. Iseki, On cmmon fixed points, Bull. Austral. Math. Soc. 10 (1974), 365-370.
[35] H.Kaneko, Single-valued and multi-valued f-contractions, Boll. Un. Mat. Ital. A 4 (1985) 29-33.
[36] S.M. Kang and Y. P. Kim, Common fixed point theorems, Math. Japon., 37 (1992), 1031-1039.



[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]

[46]
[47]
[48]

[49]
[50]
[51]
[52]
[53]
[54]
[55]
[56]

[57]
[58]
[59]
[60]

[61]
[62]

[63]
[64]

[65]

[66]
[67]
[68]

[69]
[70]
[71]
[72]

[73]
[74]
[75]

[76]
[77]
[78]

V. Dalakoti et al. / Filomat 35:3 (2021), 759-769 769

S. M. Kang and B. E. Rhoades, Fixed points for four mappings, Math. Japon. 37 (1992), 1053-1059.

M. S. Khan, Ciri¢’s fixed point theorem, Math. Vesnik 13 (28) (1976), 393-398.

M. S. Khan and M. Imdad, Some common fixed point theorems, Mat. Glasnik 18 (1983), 321-326.

M. S. Khan and B. Fisher, Some fixed point theorems for commuting mappings, Math. Nachr. 106, (1982), 333-326.

T. Kubiak, Common fixed points of pairwise commuting maps, Math. Nachr. 118 (1984), 123-127.

M. Maiti and T. K. Pal, Generalizations of two fixed point theorems, Bull. Calcutta Math. Soc. 70 (1978) 57-61.

J. Matkowski, Fixed point theorems for mappings with a contractive iterate at a point. Proc. Amer. Math. Soc., 62 (1977), 344-348.
A. Meir and E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl. 28 (1969) 326-329.

R. Miculescu, A. Mihail, New fixed point theorems for set-valued contractions in b-metric spaces, J. Fixed Point Theory Appl. 19,
(2017), 2153-2163.

Z.D. Mitrovi¢, S. Radenovi¢, The Banach and Reich contractions in b,(s) metric spaces, J. Fixed Point Theory Appl, 19 (2017),
3087-3095.

Z. D. Mitrovi¢, S. Radenovi¢, A common fixed point theorem of Jungck in rectangular b-metric spaces, Acta Math. Hung. 153
(2017), 401-407.

J. Villa-Morales, A fixed point theorem and some properties of v—generalized metric spaces. J. Fixed Point Theory Appl. 20,(2018)
3. https://doi.org/10.1007/s11784-018-0485-x.

R. N. Mukherjee, Common tixed points of some nonlinear mappings, Indian J. Pure Appl. Math. 12 (1981), 930-933.

N.Y. Ozgﬁr and N. Tas, Some fixed-circle theorems on metric spaces, Bull. Malays. Math. Sci. Soc. 42 (4) (2019), 1433-1449.

N. Tagsand N. Y. Ozgﬁr, A new contribution to discontinuity at fixed point, Fixed Point Theory 20(2) (2019), 715-728.

R. P. Pant, Discontinuity and fixed points, 240 (1999), 284-289.

R.P. Pant, Common fixed points of sequences of mappings, Ganita, 47 (1996), 43-49

R. P. Pant, Common fixed point theorems for contractive maps, . Math. Anal. Appl. 226 (1998), 251-258.

R. P. Pant, P. C. Joshi, and V. Gupta, A Meir-Keeler type fixed point theorem, Indian J. Pure Appl. Math., 32(6), (2001), 779-787.
R. P. Pant and Abhijit Pant, Fixed point theorems under new commuting conditions, J. International Acad. Phys. Sci. 17-1(2013),
1-6.

Abhijit Pant and R. P. Pant, Fixed points and continuity of contractive maps, Filomat, 31(11) (2017), 3501-3506.

S. Park and J. S. Bae, Extensions of a fixed point theorem of Meir and Keeler, Ark. Math. 19 (1981), 223-228.

S. Park and K. P. Moon, On generalized Meir-Keeler type contractive conditions, Proc. Acad. Korea 22 (1983) 31-41.

H. K. Pathak, S. S. Chang, and Y. J. Cho, Fixed point theorems for compatible mappings of type (P). Indian J. Math. 36 (1994), no.
2,151-166.

H. K. Pathak, Y. J. Cho, and S. M. Kang, Remarks on R-weakly commuting mappings and common fixed point theorems, Bull.
Korean Math. Soc. 34 (1997), no. 2, 247-257.

H. K. Pathak and M. A. Khan, A comparison of various types of compatible maps and common fixed points, Indian J. Pure and
Appl. Math. 28, no. 4, (1997) 477-485.

H. N. Rao and K. P. R. Rao, On some fixed point theorems, Indian J. Pure Appl. Math. 16 (1984), 459-462.

H. N.Rao and K. P. R. Rao, Generalizations of fixed point theorems of Meir and Keeler type, Indian J. Pure Appl. Math. 16 (1985),
1249-1262.

B. Ray, Some results on fixed points and their continuity, Colloq. Math. 27 (1973), 41-48.

121-124.

L. L. Reilly, On common fixed points, Rev. Roumaine Math. Pures Appl. 28 (1983), 999-1001.

B. E. Rhoades, Contractive definitions and continuity, Contemporary Mathematics 72(1988), 233-245.

B. E. Rhoades, S. Park and K. B. Moon, On generalizations of Meir-Keeler type contraction maps, J. Math. Anal. Appl. 146 (1990),
482-494.

L. A. Rus, On common fixed points, Studia Unit Babes-Bolyai Math-Mech. 18 (1973), 31-33.

V. M. Sehegal, Some fixed and common fixed point theorems in metric spaces, Canad. Math. Bull. 17 (1974), 257-259.

S. Sessa, On a weak commutativity condition of mappings in fixed point considerations, Publ. Inst. Math. 32 (1982) 149-153.

S. Sessa, R. N. Mukherjee and T. Som, A common fixed point theorem for weakly commuting mappings, Math. Japon. 31 (1986),
235-245.

S. L. Singh, On common fixed points of commuting mappings, Math. Sem. Notes 5 (1977) 131-134.

S. L. Singh and S. P. Singh, A fixed point theorem, Indian J. Pure Appl. Math. 11 (1980), 1584-1586.

S. L. Singh and B. M. L. Tiwari, Common fixed points of mappings in complete metric spaces, Proc. Nat. Acad. Aci. India Sect. A
51 (1981), 41-44.

C. C. Yeh, On common fixed points of continuous mappings, Math. Sem. Notes 6 (1978) 115-126.

C. C. Yeh. On common fixed point theorems of continuous mappings, Indian J. Pure Appl. Math. 10 (1979), 415-420.

D. Zheng, P. Wang, N. Citakovi¢, Meir-Keeler theorem in b-rectangular metric spaces, J. Nonlinear Sci. Appl., 10 (2017), 1786-1790.



