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Abstract. We investigate in this work a singular one-dimensional viscoelastic system with a nonlinear
source term, distributed delay, nonlocal boundary condition, and damping terms. By the theory of potential-
well, the existence of a global solution is established, and by the energy method and the functional of

Lyapunov, we prove the exponential decay result. This work is an extension of Boulaaras” work in ([3] and
[27])-

1. Introduction

The problem of development was addressed about four decades ago. It has been suggested by Canon
and its team. where this problems exist in the scientific fields and the engineering fields and their application
to a wide range in heat transmission theory, biological processes, chemical reaction, medical science, physics
of plasma, conductivity of thermal, dynamics Population, processes of biological, chemical engineering,
temperature of thermal, and theory of control. We refer the readers to ([1], [4] [7], [13], [16]-[18],[19],[23],
[31] and [32]. The bulk of research has in favor of nonlocal mixed problems of classical solutions. At a

later time, the problems were blende with the complementary conditions of parabolic equations and the
hyperbolic equations by [16], [18], [29],[30] and [34].
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This paper investigate the following system:

1 ! 1
Uy — —(XUy)y + f gt = 8)=(xux(x, s))xds + pru;
x 0 X

+f |lua(@)lue(x, t = o)do + ueluy" 2 = o™ ulP~'u, inQ,

1

1 ! 1
o0 — —(x0)s + f Galt = 5) - (v0r(,9)cts + 0y
x 0 x
2

+ f |lua(@)los(x, t = )do + viloe|" > = [ul |0l "o, inQ,
u(x, 0) = 1o(x), 1ui(x,0) = u1(x), x € (0, L),
'U(x, 0) = 'UO(X), Ut(xr O) =0 (X), x € (0/ L)/
ut(x/ ﬁt) = fo(x/ t)/ Ut(xr ﬁt) = go(x/ t)/ te (0/ TZ)
u(L,t) =o(L,t) =0, fOL xu(x, t)dx = fOL xv(x, t)dx = 0,

where Q = (0,L) X (0,T), L < 00, T < 00, g1(.), g2(.) : R* — R*, py, y3 > 0, the second integral represent the
distributed delay and p», 4 : [T1,72] — R are a bounded functions, where 71, 72 € R satisfying 0 < 71 < 1,
and fi(.,.), f2(.,.) : R> — R are functions which will be defined later.

Such problems arise in one-dimensional or longitudinal elasticity when long-term memory viscosity is
taken into account.

Where the motivation was to accomplish this work, a group of works, including;:

In [25], the authors considered the following problem

= )+ gt = 5) x5l = (3, 100, in Q
uy(1,t) =0, fol xu(x,)dx =0, t€(0,T),

u(x,0) = p(x), u(x,0) = ¢P(x), x € (0,1),

where Q = (0,1) x (0, T) with right hand side f is a Lipshitzian function.
They established the existence and uniqueness of the generalized solution.
Later in [24], The authors studied the following problem

e — L) + [} g(t —5)2 (i, 8))eds = uP 2 u,
u(a,t) =0, fa xu(x, t)dx =0,

u(x,0) = p(x), ur(x,0) = P(x).

The result of blow up for large initial data and decay results of sufficiently small initial data enough is
proved.

Actually, by the method of Georgiev-Todorova with negative initial energy, they obtained the properties of
blow-up of local solution. In [33], by applying the direct method, the blow up of solutions with suitable
assumptions on the initial data is proved by the authors (See [11], [21]). In addition, in [22] the authors
can extend the previous result to the case of systems with higher dimensional and obtained some blow-up
results. lately, in [12], They changed the source terms fi(u, v) and f,(u,v) in the system in [22], respectively

1
by [0 jul ™ u, [uf*! [0]""! v and the Bessel operator ;% (x%) instead of Laplace operator A and taking

into account the nonlocal boundary condition

L L
f xu(x, t)dx = f xo(x,t)dx =0,L < o0, p, g>1
0 0
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and with two different functions g(.). In addition, the system is supplemented by a classical and a nonlocal
condition. in [35], the authors studied the same problem in [12] and they obtained the blow up result. in a
limited time even in the presence of a stronger damping u;, where three different cases are considered on
the initial energy sign. Piskin and Ekinci [15] have studied the problem (11) when the Bessel operator have
changed by the Kirchhoff operator with a degenerate damping terms. they established the global existence
and give a decay rate of solution and the blow up in finite time when the conditions of relaxation functions
is given as:

g,(t) < =EMqu(t), t=0,
75(t) < =&(Dga(t), t=0,

and &(t) satisfies

f &(s)ds = 400, VYt > 0.
0

The distributed delay is very important in these problems, and it has been studied in many issues, for
example ([2],[8],[9],[10],[14],[20],[28]). From this absolute, adding the distributed delay limit makes the
problem different from previous studies.

In the current paper, we extend the previous study presented in [27] by added the distributed delay term,
where nonlocal boundary conditions are considered by constructing a Lyapunov functional combined with
the perturbed energy method.

The paper is organized as follows: In second Section, we put the preliminaries that have the problem. In
Section 3, we defined the functional of energy E(t) and the nonincreasing of function is proved. Finally, we
obtained the main result, which find the exponential decay.

2. Preliminaries

We will use the following Banach space L} = LX((0, L)) with the scalar product norm denoted by

1
S
il = [ wtap ) @

and the Hilbert space H = L2((0, L)) equipped with the norm
1

. z
lully = (j; xuzdx)2 . 3)

and we define the Hilbert space K = L2((0, L) X (0, 1) X (71, T2)) equipped with the norm

1 T
Izl g, = fo f I2(0)\ IIzllss dodp. )

V = V1 be the Hilbert space with the scalar product norm denoted by

1
lelly = (lllF; + leeeliF) 2, 5)

and

Vo = {u € V such that u(L) = 0} . (6)
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Lemma 2.1. ( inequality of Poincare ) for all v in Vi we have

L L
fo xvz(x)dxscp fo x(vy(x))dx

and
Vo = {u € V such that v(L) = 0}.
Remark 2.2. We have ||ully, = llux|ly is a norm on V.

Theorem 2.3. (See [1]) Vv € Vyand 2 < p < 4, we have

L
P P
L xlof dx < C"””*”H:LE(O,L)’
where C.(p,L) > 0.

As in [28], we present the new variables

y(x, p,0,1) = vilx, t — gp)
then we obtain

QZt(x, [ t) + Zp(x, 0,0, [’) = O’
z(x,0,0,t) = us(x, t).

{ z(x, p, 0,t) = us(x, t — 0p),

and

oyi(x, p, 0,1) + yo(x, p, 0,1) = 0,
y(x/ 0/ 0, t) = Ut(x, i’).

Then, problem (11) takes the from
1 ' 1
Uy — ;(xux)x + | (- s);(xux(x, 8))xds + pytly
0

" f 1200123, 1, 0, B0 + il "2 = ot P,

1 t 1
Uy — = (XUx)x + f g2(t = 5)=(xvx(x, 5))xds + 30
x 0 x

T2
+ f |[J4(Q)|y(x/ ]-/ Qr t)dQ + Ul‘|vf|m72 = |u|p+1lv|qilvr

0zi(x, p, 0,t) + zp(x, p, 0,1) = 0
Qyt(xr P, 0/ t) + yp(x/ P/ Qr t) = O

where
(x,p,8,t) € (0,L) x(0,1) X (11, T2) X (0, 00).
The system together with the initial data and boundary conditions

(u(x,0),v(x,0)) = (uo(x),vo(x)), in (0,L)

(us(x, 0), v1(x, 0)) = (u1(x), v1(x)), in (O,L)

(ue(x, =), ve(x, =t)) = (fo(x, 1), go(x, 1)), in (0,L) % (0, 12)
u(0,t) = u(L,t) =v(0,t) =ov(L,t) =0,

z(x, p, 0,0) = fox,po), in (0,L)*(0,1) % (0, 72)

y(x, p, 0,0) = go(x, po),

u(L,t) =o(L,t) =0, fOL xu(x, H)dx = fOL xv(x, t)dx = 0.

798

)

(10)

(11)

(12)
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Theorem 2.4. Suppose that p < 3 and

7i(0) >0, (1 - f gi(s)ds) =1>0,i=1,2.
0

Then, for all (1o, v) € V2, (v1,v2) € H? and (fy, go) € K? the problem (1) admits a unique local solution
(u,v,z,y) € C(0, t; Vi X K*) N CH(0, t,; H* x K?),

for t. > 0 so small.

Remark 2.5. p < 3 is important to the embedding of Vo in L2 is Lipchitz.

Remark 2.6. We use the arqument [35] of for the proof of the theorem.

We use the following assumptions:
(G1) gi(t) : Rt - R" is a non-increasing C? function such that

9i(s) 20, gi(s)<0 and

o0 (13)
gi0)>0, 1 —f gi(s)ds=1;>0, i=1,2
0
(G2) there exist a positive differentiable function £() such that
g < —&Bge(h), i=1,2, t20, 1<0o<3. (14)
and &(t) satisfies for some positive constant / < 1
' (t) , °° _
<L &@W<o0, &(s)ds = +00, VYt > 0. (15)
&) 0
Furthermore, where 1 < ¢ < % for all fixed ty > 0, AC, > 0, so that
! T <Gy Vt2to. (16)
£ -
(1 + fto E(s)ds)z(o 1)
(G3)
2 <m<4. (17)
(G4) 2, pa = [11, T2] — R satisfying
f lu2(0)ldo < i
o
f lua(o)ldo < ps. (18)

The function of energy defined by
+1) (* +1) (*
E#) = (P +1) f xutdx + G+1) f xvldx
0 0
L

2 2

¢
+(P 1) (1 - f gl(s)ds)f xuldx + + 1)I<1(z)

(@+1) ' - (@+1)
+T(1—f0g2(s)ds)fo xv(x, )dx + 5 Ka(y)

L
+3 (10m) (0 + 5(92 0000 - f o1 dx, (19)
0
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where
L 1 T2
Ki(z) := fff xQIpz(Q)lzz(x,p,Q,t)d@dpdx
0 0 T1
L 1 T
K(y) = f f f xolus(O)ly*(x, p, 0, tydodpdx (20)
0 0 T1
and

L t
(g o)) = fo fo xq(t = 9) s x, 1) — Palx,9)| dis.

Lemma 2.7. Let (u,v,z,y) be the solution of system (11). Then E(t) satisfies, Vt > 0

L L
—d; f xutdx — dp f xvldx
0 0

L L
—(p+ 1)f X" dx — (g + 1)f x|o"dx
0 0

1 1
v er )(9’1°ux)(t)+ (q; )(géovx)(t)

1 t 1 L
_(szr )gl(t)f xuidx—@gz(t)f xvidx
0 0

0 (21)

IA

E'(t)

+

IA

where

di

(p+ 1)(#1 - fﬁ N qu(@)IdQ) >0,

d>

@+ s - f ’ l1s(o)idg) > . (22)

1

Proof. Multiplying the equation (11); by (p + 1)xu;, and (11); by (7 + 1)xv;, and integration of the result over
(0, L), summing up, we get

L L L
(p+ 1)f xupudx — (p + 1)f (ruy)yuedx + (p + Dy f xufdx
0 0 0
L T
+(p + 1)f xutf lu2(0)z(x, 1, o, t)dodx
0 T1
L
+(p+1) f f g1(t = s)(xux(x, s))xdsudx
0 Jo
L L L
+(q + 1)f xvyvdx — (g + 1)f (xve)vedx + (g + Vs f xvtzdx
0 0 0
L T2
+(q+ 1)f xvtf lua(0)ly(x, 1, 0, t)dodx
0 T
L
+(@g+1) f f go(t = 8)(xvx(x, 5))xdsv,dx
0 Jo
L L
= —(p+ 1)f xlu™dx + (p + 1)f x|olT P uudx
0 0

L L
—(q+ 1)[ xlo"dx + (g + 1)f x|ulP ol vo,dx (23)
0 0
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we use the integration by parts, we find

L 1 L
(p+ 1)]{; Xupupdx = (szr )% [fo xufdx}, (24)
L 1 L
(g+1) f(; XUuvpdx = @ ; )% [ fo xvtzdx] , (25)
L 1 L
-(p+ 1)](; (xcthy)xusdx = (P;L )% [j(; xuﬁdx], (26)
L L
—(g+1) j(; (xvy)yvidx = @% [ fo xvidx] , (27)
L L
v+ 1)f ol ul " uugdx + (g + 1)f xlulP ol ov,dx
0 0
L

- %{ fo x|v|‘7+1|u|”+1dx}, (28)

L 14 ¢ L
f f ga(t = s)(xux(s))xdsur()dx = ——[(gloux)(t)— f g1(s)ds f xuﬁdx]

0 Jo 2 dt 0 0

L

~30 om0 + 300 [ i, 9)

L t 1 d t L
f f Go(t = s)(xvx(s))xdsvp(t)dx = = — [({]z 0 Uy)(t) —f gz(t)dsf xvidx]

o Jo 24t 0 0

L

~3(0000+ 30200 [ el @0

Now, multiplying (11)3 by xz|p2(0)l, and integrating the result over (0, L) X (0,1) X (71, 72), we get

d 1 ,
dt §f f f olu2(0)|xz"dodpdx
0 Jo Jy
L A pn
-7 fo j; f lu2(0)lxzzpdodpdx
[ v
- T2 xlp2(0)l 5=z dodpdx
2Jo Jo Jn Hale dp eap
1 (e ) X
= 3 f f x|#2(0)|((2(x,0,0,t)) - (z(x,1,0,t) )dgdx
0 T1

1 T L 1 L T
= 5 [ watondo [ pubax- 3 [ ol oo 0Pde
T 0 0 1

Similarly, multiplying (11)4 by xylu4(0)|, and integrating the result over (0,L) x (0, 1) X (71, 72), we get

d 1 L 1 T
dt 5]{; fof olpa(o)lxy*dodpdx
T1
1 T2 L ) 1 L T )
= E(f |M4(Q)|d9)f xvtdx—sz (@2 (x,1, 0,t) dodx.
T 0 0 T

(31)

(32)
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we use Young's and Cauchy-Schwartz inequalities, we have

L T T L
2 1 2
- f Xy f lu2(0)lz(x, 1, 0, dodx < 5( f qu(@)ld@) f xujdx
0 1
ff Iyz(g)lxz (x,1,0,t)dodx.

A

(33)

Similarly, we get

- " / ol Lo bty < 3 i Ciusolds) [ " xold
f f lus(o)lxy? (x, 1, 0, t) dodx.
6

multiplying (29),( 31) and ( 33) by (p + 1), (30),( 32) and ( 34) by (g + 1), Finally, by combining ( 24)-( 34) in (
23), weget (19)and (21) O

A

3. Global Existence

In this section we prove the global of any solution of the system (11) , and decays uniformly provided
that E (0) > 0and so small. For prove the results, we present the following notation

¢ L
Ity = ( fgl(s)ds)f xuldx + (g1 o uy)(f)
(1— f 9z(s)ds) f xo2dx + (g2 0 0,)(0)

- f <l ol dx + Ky(2) + Ka(y),
0

(35)
_ (+D ' L (p+1)
J@) = > (1—](; gl(s)ds)j(; xugdx + 5 (91 0 uy)
¢ L
+(q+Tl) (1 —f gz(s)ds)f xvldx + @ er 1)(g2 0 Vy)
0 0
L
- [ awrprnars T ke + L k)
0 2 2
(36)
note that
L L
E®)=]Jt)+ mf xu?dx + Mf xvrdx. (37)
2 0 2 0

Lemma 3.1. Suppose that p,q > 2 and (13)-(18) holds, and for any (ug,vo) € V2, (u1,v1) € H? and (fo, go) € K>
satisfying 1(0) > 0 and

c 2 g c
ﬁl =Z((p—1)llE(0)) <1, ﬁz = E(

q
(q—DbEmg <1,. (38)
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Then, AT > 0 so that
It)y>0, VYtel0,T). (39)

where

EQO) = J (0)+p—f 2dx+—f xo2dx

Proof. AsI(0) > 0, then from the continuity of I(t), 4T,, < T such that I(t) > 0 for all ¢ € [0, T},). We conclude
that there exist a maximum time value noting T}, so that

{I(Ty) =0and I(t) >0, forall 0 < t < Ty,}.

This, with (35)-(36) and (13), we have

+1)
(91 © ux)(t)

J(®)

¢ L
m(1— f g1(s)ds) f xuldx + (P
(1—fg2 s)ds)f xvzdx+

ki + S - [ e ia
_ : L _
= (’jz—n(l—fgl(s)ds)f xuﬁdx+(p21)(gloux)(t)
0 0

(@-1) ' L, @-D
(1~ fo 72(5)ds) fo XU + (g2 0 0:)(F)
+(p—1) (4;1)

1)
(92 © vx)(E)

(p+1)

Ki(z) + Ka(y) +1(1)

2
1 L +1 L
(P; )llf xuidx+ (PZ )lzf xvidx, (40)
0 0

v

hence

L 2 2
foxuzdx<( 1)llj(t)_(p L ()_( )E(O) Yt € [0,T,)

' 2dx < 2 f) < 2 E(t 2 E(0), Yte[0,Ty),
fo’“”‘ 0% o0 S o EO), .

(41)
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By (13), (38) and (41) we get

L
f xlulP o1 dxdx
0

1/ (* L
< —(f x|u|2<p+1)dx+f xlvlz(q”)dx)
2\ Jo 0
L (p+1) L @G+1)
C*( f xuidx) +C*( f xvidx)
0 0

<
< C*( fL xuidx)p(fL xuidx)+C*(fL xvidx) (f xvzdx)
0 0 0
. L " ( ) L
< (ljl ((P Oh (0)) ( f xXu dx)+ (l:_z((q _21)12 '1 zfo XU de

L L
< llf xuidx+lzf xvldx
0 0
¢ L ¢ L
< (1—f gl(s)ds)f xuidx+(1— gz(s)ds)f xvldx
0 0 0 0

+(g1 0 ux)(t) + (g2 0 v )(t) + Ki(2) + Ka(y),

hence

¢ L ¢ L
(1 —f gl(s)ds)f xuldx + (1 —f gz(s)ds)f xvldx
0 0 0 0

L
+(g1 0 ux)(t) + (92 0 v)(t) + K1(2) + Ko (y) - fo xX|ulP* o dx > 0,

this prove that I(f) > 0, ¥Vt € [0, T),). By the same method T}, is extend to T. [

Theorem 3.2. Assume that (13)-(18) and p,q > 2 hold . Then for any (uo, vo) € VZ, (u1,v1) € H* and (fo, go) € K
satisfying (38) the solution of system (11) is a bounded and global.

Proof. We prove that ||ux||i[ + ||vx||%{ + ||ut||%{ + ||vt||é + ||Z||%<,p2 + ”y”ip4 is bounded independently of f. Using
(21), we find

E(0) > E(1), (42)

by using (36), we get

L t L
_ p+1.,19+1 — _ _ 2
f(;xlul [0 dx I(t) (1 jo‘m(s)ds)fo‘ xuidx
¢ L
—(1— f %(s)ds) f xv¥dx — (g1 0 1w)(1)
0 0

—(92 0 v)(t) — Ki(z) — Ka(y), (43)
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by using (42) in (43) , we get

L L
EW0) > E(t)=(pzﬁj(; xufdx+(q+Tl)j; xvfdx
1 t L 1

+@(1—f0 gl(s)ds)](; xuidx+ (p; )(g1oux)(t)

¢ L
+M (1 - f gz(s)ds)f xv,zcdx + @+ (g2 0 vy)(t)

(p+1) (+1)
2

+

Ki(2) + Ka(y) +1()

and using (13), (14) and (38) in (44) , we get

+1) (* +1) (* +1
EW©0) > E()= ) f xutzdx + G+1 f xvtzdx + v )Kl(z)
2 J 2 2
+1 L +1 L +1
+(P )11 xuidx + (q—)lzf xv,%dx + 4 )Kz(y)
2 0 2 0 2
L L L L
> o (f xufdx+f xvtzdx+f xuidx+f xv2dx + Kq(z) + Ka(v) |-
0 0 0 0
So
2 1
sy + Vol + lael iy + oelly + Vzll s, + [0l ,, < HE©) 1 pr:= p
where

1 1 1 1
ywzmm{mg {w; {w; hhw;)b}

Hence, the solution of (11) is bounded and global. [

4. Decay of Solutions

805

(44)

We will show the decay result through an estimation of the derivative of a F(t) which is shown to be
equivalent to E(t). To this end, we find in this section many lemmas given that lead to the result in Theorem

4.8.
We also set

F(t) := E(t) + e1D(t) + exx(t) + e3\W(b),

where ¢4, €2 and €3 are positive constants and

L L
o) = é(t)f xutudx+é(t)f xvyvdx,
0 0

L t
1 = =0 [ [ e 900 - uopsi
L t
=<0 [ o [ e = 5ot o
L 1 T
Y = —Pe 2 2 \dodpd
O = a0 [ [ e + oy edpas

The lemma gives F(t) ~ E(t).

(45)

(46)

(47)

(48)
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Lemma 4.1. For &1, & and €3 small enough, we have
a1F(t) < E(t) < axF(®), (49)
for two positive constants ay and a.

Proof. Applying Young, Poincare-type inequalities and the fact that 0 < £(t) < £(0), we find

IA

L L L
elé(t)f xuudx ﬂé(O)f xutzdx+ﬂCpé(O)f xuidx, (50)
0 2 0 2 0

L
e1&(8) f xv;vdx
0

L t
e (t) fo - fo 91(t - ) (u(t) - u(s)) dsdx

IA

L L
g5 f xotdx + 2LC,£(0) f xv3dx, (51)
2 0 2 0

L

< 26 [ mider 2600 -h)gr w0, 62
0
L t

cesé®) [ o [ att =960 - o) st

L .

< 260 [ weider 2GE00 - B 000 63

and

L 1 Ty

) <50 [ [ [ xelinor + lnston? oo 64

where C, > 0 is a constant of Poincare.
Combining (50)-(54) in (45) , give

L L
Ft) < E(t)+(€1;€2)£(0) fo xutzdx+(£1;€2)£(0) fo xodx

L L
+ECPE(O)f xuidx+iCp£(O)f xvldx
+SCEOL - (g1 0 u)()

+%Cp£(0)(l — L) (g2 0 v)(t)

L 1 T2
+e3£(0) fo fo f x@(luz(@)|22+Iu4(@)ly2)d9dpdx-

For €1, €; and &3 small enough, then there exist a; > 0, where
F(t) < lE(t)
“u .

Similarly, applying Young, Poincare-type inequalities and we use 0 < &(f) < £(0), we find

L ) L . L
e1&(t) f Xupudx > _—615(0) f xufdx - é—1C,,.£(0) f xu2dx, (55)
0 2 0 2 0

L L L
elé(t)f xvodx > _—815(0)f xvrdx — ﬂC,gé(O)f xvtdx, (56)
0 2 0 2 0
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L t
—exs®) [ f g1(t ) (u(t) - u(s)) dsx

> “240) f xidx — 2C,E0)1 — h)g1 o 1) (8, 57)
L f
- - — o(s)) dsd
ee() fo <o fo galt — ) (0(t) — 0(s)) ddlx
—_C L ~
> 260 [ i - 2CEO0 - 1z 000, 69
and
L 1 Ty
—&3W(#) > —e3&(0 2 2Vdodpd 59
e3W(t) > —e3é( )fo fo f x@(luz(@)lz +|y4(@)ly) odpdx (59)

By combining (55)-(59) in (45), we get

F() > E(t)- (8“82)5(0) f Lxuzdx (1”2 £(0) f xodx

__1Cpg(0)f xuldx — icpé(o)f xvpdx
2 0 2 0
_%Cpg(o)(l — ) (g1 0 ux)(t)

_%cpg(o)(l — ) (g2 0 v)(t)

L 1 T2
—£3&(0) fo fo f x@(l#z(@)lzz+|M4(@)Iy2)d9dpdx

For €1, €; and &3 small enough, then there exist a > 0, such that
Ft) > E@®)
z .

This completes of the proof. [

Lemma4.2. Foro > 1and 0 < 0 < 1, we have
1

¢ t e
f g(t - 9) [w(s)Pds < ( f gl‘g(t—s)llw(S)IFds)
0 0
o-1

o— 1+9) o
[fg o-1 (t=s)lw) dS] ,

forany w € H.

Proof. We note that

, , 9 (c-1+0) 2(c-1)
fog(t—s)llw(s)llzds = j(; g t=9)lwellg o (t-9lwEl o ds,
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applying the inequality of Holder’s for
o
p—a,q—m,r>1.
This completes the proof of the lemma. O

Lemma 4.3. Letv € L* ((0, T); H) be so that v, € L*((0, t); H) and g be a continuous function on [0, T] and suppose
that 0 < 0 < 1and p > 1. Then, AC > 0 so that

t
fo g(t = 5) llox(., ) = vx(, 9|} ds
_p-1
< C(Sup IIv(.,s)llﬁfgl9(s)ds)9‘1+9
0

0<s<T

0

X (f gP(t = s) |lox(., 1) — Ux(-,S)H%{ ds)p -1+6 '
0

(p—1+0)

Proof. We use the Lemma (4) with o = =1

, we get

t
f(; g(t - 5) ”Ux(., t) — Ux(', S)”IZ{ ds
p—1
t —_—
< (f g0t = s) [loa(., t) — vu(, S)IIE ds)p 110
0

0
X ( fo | 97t =) llox(., 1) = vx(.,s)lll%,)m : (60)
We have
fo = lenl )~ 0.,y s
< Csup [lox(, 9l f t 770 (s)ds. (61)
0<s<T 0

By combining (60) and (61), this completes of the proof of the lemma. O

Lemma 4.4. Let v € L*((0, T); H) be such that v, € L*((0,T); H) and g be a continuous function on [0, T] and
suppose that p > 1. Then, AC > 0 so that

t
fo g(t = 5) |0, £) = (., 8)|[% ds
p—1
, r—-
< c(t||vx(., O +f0 ||Ux(-,5)||f{ds) p

| —

t
x( f 7°(t = 5) [[o(., t)—vx(.,s)u,z,ds)" . (62)
0
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Proof. Using (60) for 0 =1, gives

¢
f(; g(t —s)llox(., t) — vx(.,s)llé ds
p—1 1

f - t -
( f ||vx<.,t)—vx<.,s>||%,ds) p x( f g (t = 5) lox (., B) = vs(, 9| ds |
0 0

We note that

t t
f [02(., £) = 02, 8)Ilfy ds < 2t lfox(., £l + 2f l[0x(., $)IIF; ds,
0 0

to find (62). Thus this completes of the proof. [J

Lemma 4.5. Assume that p,q > 2, (13)-(18), and (38) hold. Then D(t), defined by (46), satisfies

’ e 1 2 * H3 >
() < (1+26+261) t)f xudx+(1+26+262)5(t)f xvydx

_g(t){ll— p(élz—zélyl) 4(;;((]7 — ()) }fo xidx

L = Cy(6l = 26op3)  C* 2 w2 ko
_5“){ 2 - 463((q— 1)11E(0)) }fo Xoxdx

L L L
+E(t)63( f xlug " dx + f xlvtlmdx)+25(t) xlulP o1 dx
0 0

t
52(1)( f -U<s>ds)<gioux><t>+@( | g%‘“(s)ds) (g5 © 02)()

5( )f f x|y2(g)|z (x,1, 0, t)dodx

+20 f f *us(@ly2(x, 1, o, Hidgdx. (63)

For any 6,61, 02,63 > 0.
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Proof. A differential of (11), we find that

(1)

L L L
E’(t)f xuudx + S(t)f xutdx + é(t)f Xuyudx
0 0

L
+c§’(t)f xvtvdx+£(t)f xvtdx+£(t)f Xvyvdx
= é(t)f xutudx+£t)f xuzdx—é(t)f xuzdx

—E(t)ylf xuutdx—é(t)f xuf Iyz(g)lzz(x 1, 0, t)dodx
+5(t)f xuxfgl(t—s)ux(s)dsdx

+& (t)f xvodx + &( t)f xvtdx E(t)f xvldx

~&(us f Yooy — £(t) f x0 f (@2 (x, 1, o, Hdodx

+£(t)f xvxfgz(t—s)vx(s)dsdx—cf(t)f xlug" 2 uyudx
0 0 0
L L

—&(b) f x|o " oodx + 2&(t) f xlulP o™ dx. (64)
0 0

By Young’s, (13)-(14), Poincare-type inequalities and direct calculations, we get

L t
& [ xux(t)( | m(t—s)ux(s)ds)dx
€ [t &zL(* s - f
D [ 52 [ x{ [ - 9009 - 101+ st

. L
@f xuidx + @(1 +m)(1 - ll)zf xu(t)dx

A0 (1 L) [ o) wntn

12
= co“H RO M
0

t t
D[ L) [ ) o nao ©

similarly, we get

L ¢
j(; X0, (f) (j(; gl(t—s)vx(s)ds)dx

IRY) L
< cf(t)(1 O 7122)(1 L) )f xvidx
0

t 1 t
+%%”aﬂ£%ww%ﬁwmw “

IN

IA
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For 11,1, > 0. We have
&(h)

L 1 (L
é’(t)fo xugudx < 7 |20 ( 2dx+6£ xufdx)

< é(t) (C l(Sf 2dx + = f xutzdx), Vo >0,
and similarly, we get

" £() " L
é’(t)f xvpvdx < —= Cpléf xv,zcdx+—f xv?dx|.
0 2 0 0 Jo

by using Young’s and Poincare’s inequalities and (18), we get

A

L T2
—&() f xu f lu2(0)lZ%(x, 1, 0, t)dodx

(t)(C 51!11[ xu2dX+—f f lu2(0)lZ% (x, 1,Q,t)dgdx)

IN

and

L T
&) f w [ @@ 1, 0, Hidpdx

&(t) -
< (C 62y3f xvzdx+ —f f |£1a( Q)ly (x,1, Q,t)dgdx)

Similarly, we obtain
5 L
(t)f xuudx < —= C 61y1f xuzdx+ — xuzdx

é(t)f xvvdx < @(C 62y3f xvzdx + g xvtdx)
2

by using (17) and (2.1), we get
L L 1 (T
&) f X" 2uudx < E(t)(ég f x|uy|"dx + — xlulmdx)
0 0 03 Jo

L C’(‘
ewfon [ uldx+ i)
0 3

<
L
< 5(t){63 f il dx
0
C*( 2 )m2 fL ) }
+—|——E(0 xusdx}.
s\ ) J ¥
Similarly, we get
L L
cf(t)f xlo " 2oodx - < é(t){égf x|o " dx
0 0

+C*((q 0 (0))”1_2 fOvaidx}.

811

(67)

(68)

(69)

(70)

(71)

(72)

(73)
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Combining (65)-(73) in (64) , we arrive at

() < (1+_+2_61) t)f xuzdx+(1+i+2—62)5(t)f xvt

—7[1 — (14 m)(1 = )% = 6C,l — 26, Copy

C 2 e 2
“Sl=mreo) ] e
1= (14 )1 = B)* = 8,1 = 28:Cypis

c m-2 L )

A (0 B AR
(t) (1+ )(f g7 "(s)ds)(gfoux)(f)
40 (1 . _) ( f 2 “(s)ds) (95 0 0:)(1)

t
+%f f {0 1, 0.) + (@171, 0. o
0 T1 1 2

4

L L L
+5(t)53( f g + f xlvtl"’dx)+2£(t) ol dx,
0 0 0

by choosing 11,11, so that

I 1 n_ —h 1\_1
m= -1 hencez( 1+1+m)A-h) )— > and(1+m)— L
and np = l_lz for there %( 1+ +m)1 —12)2) = _712 and (1 + %) = %

Then (63) is obtained. O

Lemma 4.6. Assume that p,q > 2, (13)-(18) and (38 hold. Then the functional x(t), defined by (47) satisfies the
solution of (11)

L
X < g(t)9[1+c1+c3+2(1—11)2]( fo xu,%dx)

L
+&(1)0 [1 +c+cg+2(1 - l2)2] (f xvidx)
0

¢ L
- (L gl(s)ds) + 0l + Qlyl] (fo xutdx)
t L
+&(t) [6 — (f gz(s)ds) + 0l + szg] (f X5 dx)
0 0
L L
+é(t)9( fo " dx + fo xlvtl’”dx)

+&(t) |6
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m—2
Lot c, C,(L+h)+C(1- ll)m—l((p_ﬁ)ll E(O))
Hog T 29, * 10

f
X&) ( fo g%-‘f(s)ds) (& 0 1D

m-2
C,(1+D)+C(1- 12)'"—1(—_2 E(O))
C 4 @Dk
+ L +20 + oy +

20 20, 40

f
() ( fo gé-%s)ds) (2 0 02D
Cp ’ Cp 7
L EO00); 0 1))~ -0, o 00

L Ty
L&) fo f (011201, 1,0, + Oala(@ly(x, 1, 0,0 Ao,
(74)

forany 6,01,0, > 0.
Proof. Direct calculation give
L t
00 = &0 [ [ =900 - uepisds
0 0
L ¢
e [ [ 0it = 9 - uopise
0 0
- [ xuﬁ( [ m(t—s)(u(t)—u(s»ds)dx
0 0
L t
) [ w00 [ 02t - 90000 - o6
0 0

L t
£ f - f galt = $)(o(t) — v(s))dsdx
0 0

L t
-e0) [ oty [ om0 - 960 - o)

by using
(" _ (0o, %0 oat)
G, reom) = [0 L e pen- L0 s.a0,

and (u,v, z, y) the solution of 11, we find
L t
X't = =& f XUy (f g1t —s)(u(t) - M(S))ds) dx
0 0

L f
(D fo xux( fo gl(t—S)(ux(f)—ux(S))dS)dx
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L t f
- - X d - X - Ux ds |d
&) fo x( fo g1t = ux(s) s)( fo g1t = )x(0) — 1x(6)) s) x
L t
o fo xuf( fo gl(t—S)(u(t)—u(S))dS)dx

—&() fo Lx( f 201", 1, ) fo tm(t—s)(u(t)—u(s))ds)dx

. ;

+&(1) fo Lxlutl’"‘zut ( fo glft—s)(u(t)—u(s))ds)dx

—&(b) fo Lxlvﬂ“la:l"*u( fo gl(t—s)(u(t)—u(s))ds)dx

e [ [ =900 - o)

—&() ( fo t gl(S)dS) fo L xupdx — &(t) ( fo t gz(S)dS) fo ] xv?dx
L

&) fOL xoy ( £ gz(f—S)(v(t)—v(s))ds)dx

+&(1) fo L XUy ( ﬁ 92(f—5)(vx(t)—vxt(s))ds)dx

& [ xL( | gz<i—s>vx<s)ds)( | gz(f—s)(vx(f)—Ux(S))dS)dx

=&t ps fo xvt( fo gz(t—S)(v(t)—v(s))ds)dx

&) fo Lx( f st 1, 0D fo tgz(t—s)(v(f)—v(s))ds)dx

L t

£ fo x|vt|"'-2vt( j; gz<t—s)<v<t)—v<s>>ds)dx
L t

_ +1,19-1 _ _

&) fo o v( fo galt — $)(olt) v(s))ds)dx
L t

—E(t)f0 X0y (f(; gg(t—s)(v(t)—v(s))ds)dx

By Young’s inequality, (13) and (14), we arrive to

L t
_é'(t)f Xy (f gl(t_s)(u(t)—M(S))dS)dx
C t
0 &) [ f uyd + 40 (fo g%“’(s)ds) (g7 © ux)(t)]

t
Bl (D) f xuzdx+—c§(t)( fo gi-%s)ds)(g;foux)(t),

IN

814

(75)

(76)
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L f
£0) fo xux( fo fh(t—S)(ux(t)—ux(S))dS)dx

L t
< 0&(b) fo xuldx + %é(t)( fo g%“’(s)ds)(g‘{oux)(t), (77)

and

Similarly, we get

L t
Ebn fo xut( fo gla—s)(u(t)—u(s»ds)dx

L 1 t
< Glylé(t)fo xutzdx+ECpé(t)(fO gf‘”(s)ds)(g‘l’oux)(t), (78)
and
L t
- —o(s))ds|d
etopn [ xvt( [ ot = 9160 - 60 s) x
L 1 t
< Ohusé(t) fo xvfdx+4—92cpg(t)( fo gg-c(s)ds)(ggovx)(t), (79)
with
L t t
_é(t)jo‘ x(jo‘ gl(t—s)ux(s)ds)(fo gl(t—s)(ux(t)—ux(s))ds)dx
2 t 2d
< 20(1-1 t X
< 2001 - L&) fo i
t
+(2e+$)e<t>( | g%-f’(s)ds)(gfoux)(t), (50
So
L t
m-2 _ _
(1) fo i uf( fo g1t = 9)(u(t) u(s))ds)dx
C* t m—1 t
< cofgg( [ non) [ ae-9lun - mois

L
+6 f xlutl’”dx}
0

C* t
sof gl [ #os)arowm+o [

Similarly, we have

L

xlutl”’dx}, (81)

L t
&) fo x|vt|m-2vt( fo 9z(f—5)(v(t)—v(s))d5)dx

s+ t L
< 5(t){ff—9A2( fo gg-f(s)ds)(g;ovx)(t)w fo xlvtlmdx}, (82)



where

and

and

then

and

thus

and
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A= (=0 E(O))m2,

A= (=1 (E0)

IN

IA

IN

IN

IN

IN

L ¢
—E(t)‘f0 Xy ([) g1 (t = s)(u(t) —u(s))ds)dx

L 0
Gé(t)fo xutzdx—g:g) pE(B)(g] 0 1)),

L ¢
_E(t)j(; X0 (f g5(t = s)(v(t) —v(s))ds)dx

oc(t) fo i~ 20, (g3 0 000

L t
0 fo xvt( f gz(t—S)(v(f)—v(S))dS)dx

t
OIE(H) f xvldx + —é(t) ( fo gg—ff(s)ds) (g5 ° v)(b),

L t
&) f xvx( f gz(t—S)(vx(t)—vx(S))dS)dx

t
O&(t) f xvldx + —g(t ( fo gg—“(s)ds) (g5 o vy)(H),

L f t
&) fo x( fo gz(t—s)vx(s)ds)( fo gza—s)(vx(t)—vx(s»ds)dx

L
20(1 — I)*&(b) f xvidx
0

1 t
oo+ o [ o)t

L f
&) fo x|v|ﬂ+1|u|P-1u( fo grt = $)(u(t) — u(s))ds | dx

C t
1550 ( fo g%—%s)ds) (g7 0 w)(t)

L L
+c195(t)f xuidx + czeé(t)f xvﬁdx,
0 0

816

(83)

(84)

(85)

(86)

(87)

(88)
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similarly, we have

L t
—&(1) fo xful? +1Ivlq_lv( fo g2(t = s)(o(t) = ZJ(S))ﬂlS) dx

C t
0| [ #on)aon0

IA

L L
+c30&(t) f xuidx + c40&(t) f xvﬁdx, (89)
0 0

where

2p-1 2p+1
1= C*((p 0l E(O)) ;=0 ((p I E(O))

2q+1 29-1
2= O((q 1)12E(0)) ' C*((q % (O))

7

Similarly, we have

&) fo Lx( f a2, 10,0 fo tg1<t—s><u<t>—u<s>>ds)dx

IN

L T
01&(t) fo fﬁ xXlp2(0)|2%(x, 1, 0, t)dodx
1 t
+4—Qlu1Cp ( fo gf‘“(S)dS) (97 o ux)(t), (90)

and

) fo Lx( f (1P 1, 0D fo t 2(t ~ 9)(olt) ~ o)

L T2
0:£(1) f f Xpa(o)ly?(x, 1, 0, t)dodx
0 T1

IA

rags [ | 76 0 0 2, o
A combination of (76)-(91) into (75) yields (74). O
Lemma 4.7. Let (u,v,z,y) be the solution of (11). Then, for n3 > 0, the functional \P(t) satisfies,
W) < £ f f f o202 + s adpds
(t)lulf(; xu; 2dx + E(t)y3f X0U; 2 dx (92)

—&(Ons fo f x|uz(@>|z2<x,1,@,t>+|y4(g)|y2(x,1,@,t))d@dx

where nz > 0, and ng = n3(1 = 1) > 0 > 0.
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Proof. By differentiating W(t), and use the equations (11)3, (11)4, we get

L 1 T2
W = & fo fo f xge_gp(lyz(g)lzz+|y4(@)|zz)dgdpdx
L 1 T
260) [ [ [ ez, (v pyo.t) dodpis
0 0 T1

L 1 T2
251 f f [ e sty o, 00 dodpi
L 1 ’[21
= &) f f f x@e“”’(luz(g)lz2+|H4(@)Izz)d0dpdx
0 0 T1

L 1 T2
=&() f f f x@e’gplyg(g)lzzdpdpdx
0 0 T1

L T
=&(t) f f xlyz(g)l[e‘@z2 (x,1,0,t) —2*(x,0,0,1) ]d@dx
0 T1

L 1 T2
—&() f f f xe”%|us(p)ly*dodpdx
0 0 T1

L T2
o [ [ @R 6100 - 00,00 Jdas
0 T1
We use z(x, 0, o, t) = us(x, t), y(x,0,0,t) = ve(x,t) and e7¢ < e7? < 1, for any 0 < p < 1, we obtain

L 1 T
W) < &) fo fo f x@(luz(@)lzz+|y4(@)lzz)d0dpdx

L 1 T2
a0 [ [ [ e (a0l + sl rodps

L T2
—&(t) j; f xf"(luz(@)lzz(xflf@t)+Iu4(@)|y2(x,1,@,t))d@dx

+( f: IHz(Q)IdQ)E(t) j(;L xuldx + (]:2 Iu4(g)ld@)g(t) fOL xvPdx

As —e7? is a increasing function, we have —e™¢ < —e™™, for any ¢ € [11, 72].
Then, setting 173 = ¢™™, and (18), we obtain (92). O

Theorem 4.8. Let (1o, v0) € V3, (u1,v1) € H? and (fo, g0) € LX((0,L) x (0,1) X (11, 72)) be given and satisfying
(41). Assume that r satisfies (9) ,(13)-(18) hold. Then for each to > 0, AK, k > 0 so the solution of (11) satisfies, for
any t > ty

Ke—k Lo &(s)ds , o=1,
E@t) < 1 (93)

K(1+ [ &ods) 0-1,1<0< %

Proof. As g1 and g5 is continuous and ¢,(0) > 0, g2(0) > 0 then for all ¢, > 0, we have

t t
f g1(s)ds = f g1(s)ds = g10 >0, Vt=>ty,
0 “ (94)

t t
f g2(s)ds > f §2(8)ds = gog >0, Yt=>t.
0 to
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By using (21) ,(63) , (74), (92) , (94), and we recall 0 < & (t) < £(0) (hence O < 1) gives

£(0)

F'(t) = E'(t) + e1D(t) + e2x ' (t) + &3V’ (F)

< —[d— (1+l+y_)+ —0-06l-16q) - ]Et ' 24
< 1— &1 2% T2 e (g10 p161) — espr [E(F) ) Xu;ax
1 L
—[dz — & (1 + % + %) + & (!]20 -06-0Il- [.1191 - é3[,l3](§(t) (L xvtdx)
+2e1&(8) f xlulP ol dx
° L
—(p+ 1— e1E(H)05 — ezg(t)e) f sl dx
0
L
(141~ 600 - at0) [ o
0
+1 &0 , +1 0 ,
(552 - 220,00 60w + (52 - 260 600
€ Aq(1 =)™
- [71 (11 5Cyl = 261111C, — %) — 01401+ +2(1 - 11)2)]
L
X&(t) (f xuidx)
0
. As(1 = )™
- [621 (lz 6C I- Zézygcp - %) - 626 (1 +Cy +Cyq + 2(1 - 12)2)]
L
x&(t) (f xv)zcdx)
0
€ 1 wC, G, +IC, +CAq
+[2—ll+52(26 +20+ 20, + 10
xE(D ( f 7 (s)ds) (7 0 1))
1 1mCy  Cp+IC, +CAy
[2_12+62(%+26 20, + 10
t
xE(H ( fo gé-%s)ds) (5 00
1 L T
esm - ergs - exorfeo [ [ slusto? 1,0
1 0 T1
1 L T2
—[53773 ~Elns —5292]5(t) f f xlpa(o)ly* (x, 1, 0,) dodx
2 0 T1
L 1 T2
ceanictt) [ [ [ wo{lua(@? + usol? oo
0 0 T1
Putting

3C {Al(l —I)m A1 - lz)l_m}
03 = — max ,
2 I I
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By choosing 0,61 and 6, so small that

—]\1-m l
= 6Cyl - 2138,C, — Ml 0

453 ?
Iy = 5Cyl — 2u36,C, — 220" 5 >
then

1 1
o< Emm{ll, lz} 01 < mll, 0p < mlz

and then select 0 small enough, such that

el

ks = T—826(1+C1+C3+2(1_Zl)2)>0
k4 = nglz—826(1+C2+C4+2(1_ZZ)2)>0

then

0 < min é1h Sl
482 (1 +c1+c3+ 2(1 — 11)2)’ 482 (1 +Cy+Cq4+ 2(1 - 12)2) ’

820

(95)

(96)

As for 6,61, 02, 03 and 6 are fixed, then we choose €1, €3, €3, 81 and 6, so small that (49) and (95) remain valid

and

k ;:[dl—g1(1+—+—)+€2 g10 — 161 — 1+l)6)_‘53#1]

(
kZ:Z[d2—€1(1+—+—)+62(

%+ 2%, gzo—#392—(1+l)9)—83y3]

k5 - ((P ;‘ 1) _ éZféo) Cpgl(o))

&1 1 wC, G, +I1C, +C A f
{[le+ez(26+26 261+ 10 g 9(s)ds

(q+1)  &&(0)

ks (T - 2220,00)
&1 1 }lgcp Cp + IC,, + C*Az t r—o

{[212+€2(29+29+ 20, + 10 ng (s)ds]p >0

k; = enz—c¢ 1 &01 >0
7 = 373 1261 201
1

kg = &3 — 615 —&60,>0
k9 = p+ 1- élé(t)ég - 825(1’)9 >0
klO = g+ 1- 615(1’)63 - Ezé(t)@ > 0.

Hence, we use the assumption g;(t) < —&(t)g1(t) and g5(t) < —&(t)g2(t) in (14) we have, for some o > 0,

L L L
F@t) < —aé(t)[f xufdx+f xvtdx—f x[u P09V dx + Ky (2)
0 0 0

L L
+j(; xuldx + f xv2dx + (g o uy)(t) + (g5 0 vx)(t) + Kz(y)],

0

(97)



A. Choucha et al. / Filomat 35:3 (2021), 795-826 821

We choose 6, 61 and 6, so small that

1 1
(910 — w161 — (1 +1)0) > S0 (920 — 36 — (1 +1)0) > 3920,

by (96), we get

max{ ! 1 } <0
21+ )T gy 7o

< min eih &1l
8en (1 +c1+Cc3+ 2(1 - 11)2), 8es (1 +Cy+Cy + 2(1 - 12)2) !

0, and 6 <

1 1
i e
and

80 (1 +c1+e3+2(1- 11)2) 71,0
< /

)i [
h 245+ 5
80 (1+c+cy+2(1- L)) < 720
[, Hs°
) 245+ 5

Then 6, 61, 05,6, 61 and 03 are fixed, and we pick €1, €; and &3 so that

80(1+c1+c;+2(1-h)?) 80(1+cy+cy+2(1- DY)
max ] , ] &
1 2

1 . .
< &< TR (mm(dl,dz) + e;min{g10, g2} — €3 max(uy + y3)),

1 R
2+ 5 +m1n(a,$

we will make

ki = |d; —61(1+ =+ 2%)+€2(91,0—{J191 —(1+l)9)—53l~‘1] >0,
ko= |dy = &1 (1+ 55 + 42) + €2 (920 — 302 — 0 = O1) — £33 ] > 0,
ks = & (I — 2016:C, — 6Cyl — L)
—&,0 (1 +o+c3+2(1 - 11)2) >170, (98)
ks 1= & (12 - 2u36,C, — 6C,1 - 2202
—£20 (142 + 4 +2(1 = 1)?) > 0,
ky = e31)3 = €155 — €261 > 0,
ks := e3n3 — 612172 — &0 > 0.

We then pick €1, €5 and €3 so small that (49) and (98) remain valid and

[ ((P er D ngéO)Cpgl(O))

&1 1 wC, G, +I1C, +CAq ff .
i > —_ 2 0
211+62(26+ 0+ 20, + 10 Ogl (s)ds]y >0,

- (s

&1 1 [chp Cp+le+C*A2 ft .
{[le+sz(26+26+ 20, + 10 0 A(s)ds |} > 0.
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We can still obtain (97). Next, since (97) is established, we have the following two cases depending to the
different ranges of o

Case 1.o0=1
According of the select of ¢1, €2, €3, 01, 02, 0, 6, 01 and 0,, we estimate (97) and get, for constant y > 0,
F'(t) < —yEME(), VYt =t (99)

Therefore, with the inequality (49) and (99), we get
F'(t) < —yaq&(HF(), Yt = t. (100)
A simple integration of (100) over (ty, t) leads to

F/(t) < F(t)e 7o 0%y s 4
Hence, (93); is obtained again according of (49).

Case 2. 1<0 <=

We use (2.9), gives

t
7= -1) (f E(S)ds) +g1(t)' ™,
to

and

t
7272 (0 - 1) (f E(S)ds) +g2(t)' 7,
to

for VO < 7 < 1, we have

0o 0o 1
1-7
j()‘ gl (S)ds = L 1 -7 ds,

[(0 -1 (ft: £(s)ds) + gl(to)lfo]g )

and
) gl‘T(s)ds < ) ! ds
0 2 ~Jo 1-7

[(a -1) (ftj E(S)ds) + gz(to)l—o]m

1-1

For 0 < 7 <2-0 <1, we deduce that 1 > 1. And we use fow &(s)ds = +oo, gives

f g%‘T(s)ds <o, Y0<1<2-0,
0
and
f g%‘T(s)ds <o, Y0<1<2-0.
0

Hence 49 for (6 = 7,p = 0) and (39) , we get

o—1

00 S T— T
@Grom)) < G(E(O) f g%‘f(s)ds)“‘l”((g;’ouxxt))o——lﬂ
0
T
< Cil(g7 ov)(t)o 147,
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Similarly,
T

(920 0:)(t) < C((gg 0 v)(B))o — 1+ 7,

for some C; ,C/, > 0. Hence, for all 01 > 1, we obtain

L L L
C”E*"10) ( f xutdx + f xv2dx + f xuldx
0 0 0

E(t) <
L L
+f xvidx—f xlulP o™ dx + Ki(z) +K2(y))
0 0
+Cil ((91 o Mx)(t))ol + Cﬁ’ ((92 © Ux)(t))g1
L L L
< C’'E"7N0) (f xuldx + f xvldx + f xuldx
0 0 0

L L
+ f xvldx — f x|u|p+1|v|‘7+1dx+1<1(z)+K2(y))
0 0

TO1 TO1
FCP (] 0 u) (D)0 — 1+ T +C (g5 0 0)(B) o~ 1+ 7. (101)
We choose T = 1 ando; =20 -1 (therefor o 1), for someI" > 0, we get
2 c—1+1

L L L L
E't) < C[f xu%dx +f xvtzdx+f xuﬁdx+f xv*dx + Ki(2)
0 0 0 0

L
+Ka(y) - fo xXfulP Mol dx + (g7 0 u)(t) + (g5 © vx)(t)] .

(102)
A combination of (49), (97) and (102), we obtain
F() < ~ZEWE"W)
< —%a(l’lF‘”(t)é(t), VE > t. (103)

Integration (103), yields
1

t 1
F(t)sc;(1+ f g(s)ds) =l s,
to

Therefore,

f F(tydt < C, f ! —at.
to to

(1 + ft; é(s)ds) o1—-1

t
Since ! 1 >0and tlim (1 + f cf(s)ds) — +o0, we find
—+00 fo

01 —

f ) F(H)dt < oo. (104)
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Also, we use (16), gives

Cit
tR(f) <

< C,.
1_CU

(1+ j;cf(s)ds) o1 -1
Hence, we get

sup tF(t) < co.

t>ty
Since E(t) is bounded, we use (49), (104) and (105) to get
f F(t)dt + sup(tF(t)) < oo.
to >0

Then, we use (41) and the Lemma 4.4 (for p = 0), gives

-1
t o-1
(rou)(t) < q&wmw%+jﬂmm®%%)“
0
t
X(fo g7 (t = s) [lux(x, t) —ux(x,S)II?{dS)
o-1 1
< G (tF(t)+ f F(s)ds) 7 (@ oux)(t))g
to
1
< Ci((gfou) ()0,

we conclude that
(g‘l’ o ux) () = Ca((g1 0 ux) (1)°,
Similarly, we have

(95 0 vx)(t) = Cs((g2 0 ) ()",

for some Cy4,Cs > 0.
Consequently, combining (97) , (106) and (107) yields

L L L L
F@t) < —C@(t){f xufdx+f xvtzdx+f xu,%dx+f xv3dx
0 0 0 0
L
- f x|ulP ol dx + Ky (z) + Ka(y)
0

+«mowww+«momww}

for some Cg > 0.
On the other hand, sins in [4], we obtain

L L L L
E°(t) < Cyé(t){ f xuldx + f xvldx + f xuldx + f xvidx
0 0 0 0

L
—foWmWM+&@+&m
0

H(g1 o DO + (9200 O) ],

824

(105)

(106)

(107)
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Vt > 0 and some C; > 0. A combination of (49) and the last two inequalities, we find

F'(t) < —Cg&(t)F°(t), Yt =t (108)
for some Cg > 0. Integrating (108) over (t, t) yields

1
' o-1
Ft) < Cy (1 + f é(s)ds) , Yi=>t.
to

Therefore, (93), is obtained by virtue of (49) again. [

Remark 4.9. We give the following example to the relaxation functions that can be used in Theorem 4.8.

qi(t) = — then gi(t) = =E(t)g1(t), where &(t) = Pl
' (1 +t)port’ ! e 1+t
#) = — 2 then 2(H) = —&(t)ga(t), where &(t) = P+l
72 (1 +t)prt’ 72 2 1+t
then
é,(t)_‘ 1 ‘<1\{t>0 f é ds = co
&(t) 1+t~ 77— 0 (5)ds

1‘f0 91(5)d5=ﬁ2ﬁ_2ﬁ1=11>0, (B2>p1>0)

1—f0 gz(s)ds=ﬁ2ﬁ_2ﬁ3=lz>0, (B2 > B3 > 0).
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