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Abstract. In this paper, by the arithmetic-geometric mean inequality, we give a new generalization of

refined Young's inequality. As applications we present some new generalizations of refinements of Young
inequalities for the determinants, traces and p-norms of T -measurable operators.

1. Introduction

We start by reviewing some important facts concerning the classical Young’s inequality and its known
refinements.

The classical Young inequality which states thatif 2,b > 0 and 0 < v < 1, then we have
'™ <va+ (1-v)b.

1)
This inequality, though very simple, has attracted researchers working in operator theory due to its appli-
cations in this field.
Refining this inequality has taken the attention of many researchers in the field, where adding a positive
term to the left side is possible.
One of the first refinement of Young’s inequality is the squared version presented in [8] as follows
@b +13(a = b)* < (va+ (1 - v)b)?, )
where 79 = min{v, 1 — v}.
Later, Kittaneh and Manasrah [12] refined Young’s inequality so that
a'b"™ + ro(vVa — Vb)Y < va + (1 —v)b,

where 7(

)
min{v,1 — v}. The inequalities (2) and (3), happened to be special cases of a more general
refinement stating that:
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Theorem 1.1 ([1]). Ifa,b>0and 0 <v <1, then form =1,2,3,..., we have
@Y+ 1z —b2) < (va+ (1 - v)b)", 4)
where ry = min{v,1 —v}.
Recently, Manasrah and Kittaneh [2] gave a further generalizations and refinements of (2) and (3), as follows
Theorem 1.2. Ifa,b>0and 0 <v <1, thenform=1,2,3,..., we have
% - by < r6"((a +b)" — 2m(ab)%) < (va+ (1 -v)b)" — (@b )" (5)

where ry = min{v,1 —v}.
J. Zhang and ]. Wu [15], obtained the following refinement of inequality (1) as follows:
Theorem 1.3. Let a and b be two positive numbers and 0 < v < 1, we have

(1) f0<v< }1, then

@b +v(vVa — Vb)? + 2v(Vab — Vb)? + 1(Vb — Vab®)? <va + (1 - v)b, (6)
where r = min{4v, 1 — 4v},

(2) if; <v <3, then

a6 +v(Va— Vb2 + (1 — 2v)(Vab — Vb)? + r(Vab — Vab?)? < va + (1 - )b, 7)
where r = min{2 — 4v, 4v — 1},

(3) if 1 <v <32, then

@b + (1= v)(Va - Vb + v = 1)(Vab — Va)? + r(Vab — Va?b)?

<va+(1-v)b, ®
where r = min{3 — 4v, 4v — 2},
(4) if 3 <v <1, then
@b + (1 —v)(Va — Vb2 +2(1 —v)(Vab — Va)? + r(Va — Va?b)? ©)

<va+(1-v)b,
where r = min{4 — 4v,4v — 3}.

For further reading related to generalized refinement of Young’s inequality, the reader is referred to recent
papers [4], [3], [9], [10] and [11].

One goal of this paper is to show the general refinements form governing Theorem 1.3. As applications
we show some new generalized refinements for the determinants, traces and p-norms of t-measurable
operators.
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2. A generalized refinements of Young’s inequality

In this section, we show the main result of this paper. To do this, we need the following theorem
conserning the celebrated weighted arithmetic-geometric mean inequality

Theorem 2.1. Let n be a positive integer. Fork =1,2,...,n, let x; > 0, and let vy > 0 satisfy ZZ:l v = 1. Then, we

have
H xzk < Z VX (10)
k=1

k=1
We need also the following two lemmas.

Lemma 2.2. Let m be a positive integer and let v a positive number, such that 0 < v < 1. Then we have

Y (’;:)kv"a — vk =, (11)
k=1
and
m—1
(m)(m — RV =) = m(1 =), (12)
k=0 k
m m m—1 m
by (k)k =2 (k)(m —k) =m2"", (13)
k=1 k=0

where (1) is the binomial coefficient.
Proof. for any non-negative real numbers x; and x,, we have
m
(i +x)" =) (',’f)x’{x;"‘k, (14)
k=0

by derivation of (14) with respect x; and x, respectively we find that

m m
ma +x)" = Y ( k)kx’i‘lx?‘k, (15)
k=1
and
m—1 m
m(x1 +x)" 1 = Z (k)(m - k)x’{x;”_k_l. (16)
k=0
By multiplying (15) and (16) by x; and x; respectively
mx1(x + x)" ! = Z (?)kx’{xg"_k, 17)
k=1
and
m—1
mxa(x1 + x)" ! = Z (7:)(711 - k)x’l‘x?_k. (18)
k=0

By setting x; = vand x, = 1 — v in (17) and (18) respectively we deduces the result.
The equalities (13) follows by setting x; = 1 and x, = 1 in (17) and (18) respectively. This completes the
proof. O
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Lemma 2.3. Let v be a positive number such that 0 <v < 1 and m be a positive integer.

1. fO<v<{,then

1-v)"=3v">0.

1
<v < 5, then

INT

2. If
A-=-v)"=v"-1-20)">0.

Proof. 1. Suppose that0 < v < 1,set f(v) = (1-v)" =3v", then we have f (v) = —m((l—v)m‘1 +3v’”‘1) <0.
So f is decreasing, then
3" -3 >0
4m =

= f3) =
2. Suppose that ; <v < 1, we have
IT=v)"=v" =1 =2v)"
=(1-20) (A =v)" 4.+ V" -1 -20)"
=(1-20)(A = )"+ v = (1= 20)" )
=(1-20)(A - =@ —20)" )
>0.
The proof is complete. [
Now we are ready to state and prove our first main result.
Theorem 2.4. Let a and b be two positive numbers and 0 < v < 1. Then form =1,2,3, ..., we have

(1) f0<v< 1 then

@b +v"(@? —b2)? + 20" ((ab) T — b2 )2 + ry(b2 — (ab®)5)?

<(va+(1-v)b)", (19)
where 1, = min{dv™, (1 — v)™ = 3v™},
(2) if 1 <v <31, then
@b'™)" +v"((a+b)" —2"(ab)?) + (1 — 2v)"((ab)¥ —b?)’ 20)
+7((ab) % — @b®)%)? < (va + (1 - v)b)",
where 1, = min{2(1 — 2v)", 2v)" — (1 — 2v)"},
(3) if 3 <v <32, then
@b + (1 = v)"™((a + b)"™ = 2™(ab)2) + v — 1)"((ab)* —a?)? e
+7u((ab) % — @®b)%)* < (va + (1 —v)b)",
where r,, = min{22v — 1)", (2 - 2v)™ — 2v — 1)},
(4) if 3 <v<1,then
@) + (1 —v)™@a? —b2)? +2(1 —v)"((ab)¥ —a?)? 22)

+r(a? — (@h)%)? < (va+ (1 - v)b)",

where 1, = min{4(1 —v)",v" — 3(1 —v)"}.
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Proof. 1. Suppose that 0 < v < 1. We claim that

m

(va+ (1 —=v)b)" =v™(@a? —b2)? = 20"((ab) % —b2)* — 1,,(b> — (ab®)5)>?

> (aVbl—V)m
We have, the following identities
(va+ (1 —v)b)" —v"(a? —b?)? = 2v"((ab)* —b>)? — 1,,(b? — (ab®)¥)?
- i (’Z)vk(l — V)"~ (a4 b — 2(ab) ¥ )

m

—2v"((ab)? + " = 2(ab®)¥) = 1 (b" + (ab) ¥ — 2(ab”)¥)

= (m)vk(l — pynkgkpmk 4 ((1 - =3" — rm)bm
k
k=1

+(4v" = 1 )(@b?) ¥ + 21 (ab") ¥

m+1

= Z ViXk,

k=0

where x; is given by:
Xo:=b", with vy:=1Q-v)"=3" —r,,
and for1 <k<m-1,

m

xi = a0, with vy = (k

)vk(l —yynk
and

Xy 1= (ab3)%, with v, =4" -1,

m .
Xpa1 = (@b))5,  with vy =27,

By using Lemma 2.3, we have

(@) xx >0forallke{0,1,...,m+ 1},

(b) vy 2 0forallk €{0,1,...,m+ 1}, with /" v, = 1.
So, by the arithmetic-geometric mean inequality,

m+1 m+1
k=0 k=0

m=1
a(m) ; (?)kvk(l —v)" %(41/’” — ) + %rm

(m)kvk(l —v)"* = mv, (by Lemma 2.2)

=
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and
m—1
= 1;‘ (T;)(m — k(1 =" + m((1 —v)" =3 - rm)
3m

T(4vm - rm) + 7Tmrm

m=1
= (7{1)("1 — k(1 —v)"* = (1 - v)m, (by Lemma 2.2).
0

(2) Suppose that ; <v < 3. We claim that

>~
Il

(va+ (1 =v)b)" =v"((a + b)" —2"(ab)?) — (1 — 2v)"((ab) % — b2)?

—ru((ab) ¥ — @b®)5)? > (@b )",

We have, the following identities
(va+ 1 -vb)" — V"((a+Db)" —2"(ab)?)

—(1-2v)"((ab)% —b%)* — ry((ab)* — (ab®)5)?

= Z (’;)vk(l — vy byt -y ( Zm: (’”)akbm-k —2"(ab)¥)
k=0

k=0 k

m

—(1-20)"((@b)* +b" - 2(ab*) %) - r,((@D)* + (@b*)¥ - 2(a°b)¥)

— i (;’:)(Vk(l _ v)m—k _ vm)akbm—k

k=1
+(2m™ = (1= 2v)" =y )(ab) ?
+(201 = 20)" = 1)@ ¥ + (@ =)™ =" = (1 = 20)" )"

+2r,(@%0°) 5

+

3
@

= ViXk,
0

=~
Il

where x; is given by:

Xo:=b", with vg:=1-v)"=v" - (1-2v)",
and for 1 <k <m,

xp = ab" kK, with vy = (Zl)(vk(l - v)’"‘k -,

and

Xpa1 i= (ab)2,  with vy =2"" — (1 =2v)" — 1y,

X2 1= (Elb3)%, with v, :=2(1 -2v)" — 1,

X3 1= (a3b5)%, with V43 1= 21,
By using Lemma 2.3, we have

(@) xx >0forallke{0,1,...,m+2,m+ 3},

v = 0fora €ei0,1,..., m+2 m+ 3}, wit o vk =1
(b) 0forallk € {0,1 2 3}, with Y.} 1

1258
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So, by the arithmetic-geometric mean inequality,

m+3 m+3

Z ViXi = H xzk = g"‘(m)bﬁ(m)l
k=0 k=0
where
a(m) = Z (TZ)k(Vk(l — V)" =) + %(vam —(1-2v)" - rm)
k=1
m 3m
+5 (20 =20)" —r) + =5
- Z (k)kvk(l — )k Z (k )k + 2" gy
k=1 k=1
= mv, (by Lemma 2.2)
and
pom = ), (7:)(’” = RO = =+ (2 = (1= 20)" = )

k=1

m-1 m=1
= Z (’Z)(m — kA — vy R =y Z (?)(m — k) + 2" ™
k=0 k=

0
= m(l—-v) (by Lemma 2.2).
(3) Suppose that + <v < 2 then 1 <1-v < 1. So by changing 4,b and v by b,a and 1 — v, respectively in
inequality (20), the desired inequality (21) is obtained.
(4) Suppose that 3 <v < 1then0<1-v < ;. So by changing ,b and v by b,a and 1 — v, respectively in
inequality (19), the desired inequality (22) is obtained.
O

Remark 2.5. The Theorem 2.4, extends the Theorem 1.3 obtained by |. Zhang and |. Wu which the case m = 1.

3. Applications to refined Young type inequalities for the traces, determinants and p-norms

In this section, we give applications of Theorem 2.4 to establish some new refinements to certain Young
type inequalities for the traces, determinants, and p-norms of positive T-measurable operators.

Let M c B(H) be a finite von Neumann algebra on the separable Hilbert space H, namely, M is a
+-subalgebra of B(/H) containing the identity 1, which is closed for the weak operator topology. A trace T on
the von Neumann algebra M is a map 7 : M* + [0, +c0) which is additive, positively homogeneous and
unitarily invariant, that is, 7(x) = ©(u*xu) for all x € M* and unitary u € M, where M* = {x e M,x > 0}. A
trace 7 is called

1. faithful is for all x € M™*, t(x) = 0 implies that x =0,
2. semi-finite is for every x € M*, with 7(x) > 0, there exists 0 < y < x, such that 0 < 7(y) < oo,
3. normalif x; T; x € M, implies that 7(x;) T; (x).

A trace is called finite if 7(1) < oo.
For 0 < p < +00, L,(M, 7) is defined as the set of all -measurable operators x affiliated with M such that

1
lixll, = T(|xl)? < +oo.

L,(M, 1) is a Banach space under ||.|[, for 1 < p < +00, see [14] for more information.
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Definition 3.1. [7] Let M be a finite von Neumann algebra acting on a separable Hilbert space H, with a normal
faithful finite trace t. For x € M, we define the determinant of x by A.(x) = exp t(log|x|) if |x| is invertible, and
otherwise we define A (x) = inf A.(|x| + €1), the infimum takes over all scalars € > 0.

Now we shall stat some known properties of determinant of 7-measurable operators (see [5],[6]) which we
shall need later

1.

Ol W

A1) =1, Ac(xy) = Ac(x)A(y),

Ar(x) = A(x*) = Ac(lxl),  Ac(IXI*) = Ac(Ix])*, @ € RY,
A (x71) = (Ac(x))7}, if x is invertible in M,

Ar(x) < A(y),if0<x <y,

lim, 0+ A(x + €1) = A(x),if 0 < x.

The version Young's inequalities for the trace, determinants and p-norm, states as follows: for any x,y,z €
M* and for all positive integer m we have

m
7

((T(xvyl_”))m < (T(VX +(1- v)y))

m
7

(AT(XVyl—V))m < (Af(vx +(1- v)y))

m
I zy =1 < [zl + (@ = v)lizyll,] -

By using inequalities (4) and (5) J. Shao [13] proved the next inequalities:

m
4

(A )"+ (A = A D) = (Aclvx+ (1 -v)p)

m
7

(et =)+ (@) - ww)?) < (cx + A=)

m m

2 m
e zy 1+ i (Alzlly) = Qlzyll,)®)” < [vileall, + (1= v)llzyll,]

m
7

(Ac@y™™)" + (D@ + Ac))" — 2"(Acby)? ) < (Aclvx + (1 = v)y))

(@' ™) + (@ + )" - 2" @@y E) < (tox + (1 - v)y)”

and

I zy I+ 7 (Alezlly + llzylly)™ = 2" (el lizylly) ¥ ) < [vileall, + @ = vllzyll]

where 7y = min{v, 1 — v}.
As applications of Theorem 2.4, we give further improvements to the above inequalities.
Before giving our results, we need to recall the following two lemmas.

(23)

(24)

(25)
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Lemma 3.2 ([7]). Let x,y € M*. Then we have
Ar(x) + Ar(y) < Ac(x + )

Lemma 3.3 ([16]). Let x,y € L,(M, 1) be a positive operators, where 1 < p < +00,z € M, and 0 < v < 1. Then we
have

1- 1-
lx"zy "Ml < llzllpllzyll,™
In particular,
Ty < @)
The first result of this section concerns the determinants of 7-measurable operators and reads as follows.

Theorem 3.4. Let x,y € M*,and 0 <v < 1. Then form=1,2,3,...,
(1) f0<v< i, then

r

(Acwy=)" (@) — el
w2 ([l - (A1)

(A )1E — [AG)IE)
< Ao+ (1 -v)y),
where 1y, = min{dv™, (1 — v)™ = 3v™},
(2) if; <v <3, then
(Al s )" + v ((Ae@) + Acy)" - 27(Ac(xy))?)
(1 - 20 ([A )] = [A)]E)

(A1 = [AGey)IE)

m
4

(26)

< AT(vx +(1- v)y) (27)
where 1, = min{2(1 — 2v)™, 2v)" — (1 = 2v)"}.

(3) if 3 <v <32, then
(Ac@y™™)" + @ = 9)"((Acx) + Acy))" — 27(Ac(xy))? )
+@v = 1" ([A Gy - [ 0]F)

([0 — [AE]E)
< AT(vx +(1- v)y)m,
where 1, = min{22v — 1)™, (2 —2v)" — 2v —1)"},

(4) if 3 <v <1, then
(A )" + @ =9((Ac@)? - A H)

m

” 2
£2(1 = v)"([A )] ~ [Ac(0]1%)

m

([ ONE — [ACPYIE)

m
7

(28)

< AT(vx +(1- v)y) (29)

where 1, = min{4(1 —v)",v" - 3(1 —v)"}.
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Proof. Suppose that 0 < v < 1, applying Theorem 2.4 and Lemma 3.2, we have

AT(vx +(1- v)y)m > [VAT(X) +(1- v)AT(y)]m (by Lemma 3.2)
v 1-vym n m\2
> [(Ac@) (Am) |+ (A - (A w))?))

P2 (AT — [ATE) +r([A )] — (AN W)
(by Theorem 2.4)
m - w2
= (A y' ™) + (A E = (Ac))D))
P2 (AT = [AIE) + 7T = [AcGxyd)IE)
By the same process we can show the inequalities (27), (28) and (29). O

The second result of this section concerns the traces of T-measurable operators and reads as follows.
Theorem 3.5. Let x,y € M*,and 0 <v < 1. Then form =1,2,3,..., we have
(1) if0 <v < 1, then
m n 2
(v ™) +v((r)? - (2(y)#)
m m 2
+2v"([t() (] - (2(y)?)
m 3 m 2
+rn([TW]E = (2 (W)F)
< [T(VX +(1- v)y)]m,

where 1, = min{dv™, (1 — v)™ — 3v™},

(30)

(2) if § <v <3, then
(eGy™)" +v((e) + T — 2" ()T ()} )
1= 2 ([t @)1 - (e()E)
sra[T@T I - (@)Y

< [tx+ @ -v)],
where 1, = min{2(1 — 2v)™, (2v)" — (1 — 2v)"},

(31)

(3) if L <v <2, then
(T(xvyl—v))m (=12 + 1) - 2" () ? )

+@2v - 1)"([r@) ()] - (T(x))%)z

([T - (@)

< [T(vx +(1- v)y)]m,
where v, = min{2(2v — 1)", (2 - 2v)" — v - 1)"},

(32)
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(4) if 3 <v<1,then

m n 2

(ry' ™) + (1 =@ - (xw)¥)

21 =y ([e@T ) - (2()*)
sr([T@1? - (@@T()E)
< [rox+ -], (33)
where 1, = min{4(1 — v)",v" - 3(1 —v)"}.

Proof. Suppose that 0 < v < 1, applying Theorem 2.4 and Lemma 3.3, we have

(cey ™)+ () - @) + 2 ([ - (o))
sru(lef - @)
m . 2
< @@y e + v (@)? - (w)¥)

m m\2 m m\2
20" ([1)r1E = (2 @)E) + ru([tW]? - @@ W)F)
(by Lemma 3.3)

< [T(VX +(1- v)y)]m (by Theorem 2.4).
By the same process we can show the inequalities (31), (32) and (33). O
The third result of this section concerns the p-norms of T-measurable operators and reads as follows.

Theorem 3.6. Let x,y € L,(M, 1) be a positive operators, where 1 < p < +o0,z € M, and 0 < v < 1. Then for
m=1,2,3,..., we have:

(1) if0<v <1 then

”xVZyl—v”;]” + vm((||xz||p)% _ (”Zy”p)%)z
20 (el llzyl) ¥ ~ eyl ?)
st (i) % = izl lzyi) F)
< [v||xZ||p +(1- V)||zy||p]m, 34)
where r,, = min{4v™, (1 — v)" — 31"},
(2) if L <v <1, then
bz =l + v (el + lzyll)™ = 2"zl lizyl) #)
+(1 = 20)"((beelllzyll) ¥ ~ (leyl)®)
7o beellzglh) ¥ = (el zyi)¥ )

< [vibezlly + (@ = W)llzyly] (35)
where 1, = min{2(1 — 2v)", 2v)" — (1 - 2v)"}.
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(3) if ; Sv <y, then
e zy =l + (1= vy ((bezlly + lzylly)™ = 2" (lezllllzylly) 2 )

m

m\2
+2v = 1" (el llzyll) ¥ = (lxzly) ¥ )
m m 2
+ra((zllpllzylly) = (ezlBlizyll,) ¥)
< [vilezlly + (1 = vllzylly ],
where 1, = min{2(2v — 1)", (2 - 2v)" — v - 1)"},
(4) if 3 <v<1,then
1 . A2
e zy =1+ (lezlly) 2 = (lzyll,) %)
m m 2
+2(1 = v)"((lxzllpllzyl,) ¥ = (lezll,) ¥ )
m m 2
+ru((lxzlly) = (lezlBlizyly) ¥ )
< [vllxzlly + (1 = v)llzyly ],
where 1, = min{4(1 — v)™,v"™ — 3(1 — v)™}.

Proof. Suppose that 0 < v < 1, applying Theorem 2.4 and Lemma 3.3, we have

1 m m 2
lezy =+ v ((lezl,) ¥ = (lzylly) ¥ )
m m 2
+20"((lezllpllzyllp) * = (llzylly) ¥)
m 3 m 2
+ru((lzylly) ® = (zllpllzylf)¥)
m m m 2
< [Izliplizylls= ] + v ((lxzlly) 2 = llzyll) %)
m m 2
+20"((Ixzllpllzyll,) ¥ = (lzyll,) ¥)

m

m 2
+ru((lzylly) ? = (lxzllpllzylf)¥ ) (by Lemma 3.3)
< [vilzll, + (1 = v)llzyll,| (by Theorem 2.4).

By the same process we can show the inequalities (35), (36) and (37). O

4. Concluding remarks

1264

(36)

(37)

The paper starts with an introduction in which we make some recalls concern (scalar) Young's inequality

and its refinements obtained by several authors.

The purpose of this work is devoted to generalize some refinement of Young's inequality and provide

several applications.

In Section 2, we establish in Theorem 2.4 a new generalized refinement of Young inequality. This

theorem will generalize the result (see Theorem 1.3 ), obtained by J. Zhang and J. Wu in [15].

In Section 3, we make some recalls concern the determinants, p-norms and traces of T-measurable

operators.
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As a consequence of Theorem 2.4, we deduce (see Theorem 3.4) a new refinement of Young's type
inequality for the determinants of positive T-measurable operators.

In the second application of Theorem 2.4, we provide a new refinement of Young’s type inequality (see
Theorem 3.5), for the traces.

Alastapplication of Theorem 2.4 is to give (see Theorem 3.6) a new refinement of Young’s type inequality
for the p-norm of positive t-measurable operators.

We hope that our work will provide more other applications.

Acknowledgements. The authors would like to express their deep thanks to the anonymous referees
for their helpful comments and suggestions on the initial version of the manuscript which lead to the
improvement of this paper.

References

[1] Y. Al-Manasrah, F. Kittaneh, A generalization of two refined Young inequalities, Positivity 19(2015) 757-768.
[2] Y. Al-Manasrah, F. Kittaneh, Further generalization, refinements and reverses of the Young and Heinz inequalities, Results, Math 19(2016)
757-768.
[3] D. Choi, A generalization of Young-type inequalities, Math Inequalities Appl 21(2018) 99-106.
[4] D. Choi, Multiple-term refinements of Young type inequalities, Hindawi journal of Mathematics 11(2016).
[5] B.Fuglede, Rv. Kadison, On determinants and a property of the trace in finite factors, Proc Nat Acad Sci 37(1951) 425-431.
[6] B.Fuglede, Rv. Kadison, Determinants theory in finite factors, Ann. Math 55(1952) 520-530.
[7] Y. Han, Some determinant inequalities for operators, Linear Multilinear Algebra, 67(2017) 1-12.
[8] O.Hirzallah, F. Kittaneh, Matrix Young inequalities for the Hilbert-Schmidt norm, Linear Algebra Appl 308(2000) 77-84.
[9]1 M. A.Ighachane, M. Akkouchi, A new generalization of two refined Young inequalities and applications, Moroccan J. Pure Appl. Anal
6(2) (2020) 155-167.
[10] M. A.Ighachane, M. Akkouchi, El Hassan Benabdi, A new generalized refinement of the weighted arithmetic-geometric mean inequality,
Math. Ineq. Appl 23(3) (2020) 1079-1085.
[11] M. A. Ighachane, M. Akkouchi, Further refinement of Young’s type inequality for positive linear maps, Rev. R. Acad. Cienc. Exactas
Fis. Nat. Ser. A Mat. RACSAM (2021) https://doi.org/10.1007/s13398-021-00032-4.
[12] F Kittaneh, Y. Al-Manasrah, Improved Young and Heinz inequalities for matrices, ]. Math. Anal. Appl 36(2010) 292-269.
[13] J. Shao, Generalization of refined Young inequalities and reverse inequalities for T-measurable operators, Linear and Multilinear Algebra
(2019) 1563-5139.
[14] G. Pisier, Q. Xu, Non-commutative L, spaces, Handbook of the geometry of Banach spaces 2(2003) 1459-1517.
[15] J. Zhang, J. Wu, New progress on the operator inequalities involoving improved Young's inequalities relating to the Kantorovich constant,
J. Inequ. Appl 69 (2017) https://doi.org/10.1186/s13660-017-1344-9.
[16] J. Zhou, Y. Wang, T. Wu, A Schwarz inequality for T-measurable operators A*XB*, ] Xinjiang Univ Naatur Sci 1(2009) 69-73.



