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Abstract. In the present investigation, with motivation from the pioneering work of Srivastava et al. [28],
which in recent years actually revived the study of analytic and bi-univalent functions, we introduce the
subclasses T ∗Σ(n, β) and TΣ(n, α) of analytic and bi-univalent function class Σ defined in the open unit disk
U = {z ∈ C : |z| < 1} and involving the Sălăgean derivative operator Dn. Moreover, we derive estimates on
the initial coefficients |a2| and |a3| for functions in these subclasses and pointed out connections with some
earlier known results.

1. Introduction

Let a function f is defined in the open unit diskU and have the form:

f (z) = z +

∞∑
k=2

akzk, (1)

which is normalized by the conditions f (0) = 0 and f ′ (0) = 1. We define the classA and its subclass S (see
[6, 16]) as follows:

A = { f : U→ C : f is of the form (1) and analytic inU},

S = { f : U→ C : f ∈ A and univalent inU}.

It is well known that the inverse function of every f ∈ S is defined by

f−1( f (z)) = z, (z ∈ U) and f ( f−1(w)) = w, (|w| < r0( f ), r0( f ) ≥ 1/4),

which may have an analytic continuation toU as follows:

1(w) = f−1(w) = w − a2w2 + (2a2
2 − a3)w3

− (5a3
2 − 5a2a3 + a4)w4 + · · · . (2)

The set of functions { f ∈ S : both f and f−1 are univalent inU} forms the bi-univalent function class Σ,
which has been investigated by Lewin [10] in 1967 and proved that |a2| < 1.51. Afterverse, Brannan and
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Clunie [3] conjectured that |a2| ≤
√

2 and Netanyahu [12] showed that max |a2| = 4/3 for f ∈ Σ. Further in
1981, Styer and Wright [33] concluded that there exist functions in Σ for which |a2| > 4/3 and then in 1984
Tan [34] proved that |a2| ≤ 1.485 for f ∈ Σ. But the coefficient estimate problem for |an|, (n ∈ N \ {1, 2}) is
still open.

The present paper is due to motivation from the pioneering work of Srivastava et al. [28], which has
actually revived the study of analytic and bi-univalent functions in recent years. In fact, it is [28], which has
led to a remarkably large number of its sequels by many different authors such as [20, 22–26, 29–32, 36, 37].

The results of Xu et al. [36] generalizes and improves the work of Srivastava et al. [28], whereas the
results of Xu et al. [37] generalizes and improves the work of Frasin and Aouf [7], Xu et al. [36] etc. Also,
the results of Srivastava et al. [22] generalizes and improves the work of Cağlar et al. [5], Xu et al. [37] etc.
Srivastava et al. [26] obtained initial coefficient estimates for a general subclass of analytic and bi-univalent
functions of the Ma–Minda type. Further sequels of [28] such as [25, 31, 32] consists of various subclasses
of analytic and m-fold symmetric bi-univalent functions defined in the open unit disk U. Srivastava et
al. [23, 24, 29, 30] obtained upper bounds for the coefficients of functions belong to various subclasses
of Σ by using the Faber polynomial expansions. Srivastava et al. [20] considered certain subclasses of Σ
associated with the Horadam polynomials and solved the Fekete–Szegö problem for the functions in them.
In addition, many researchers viz [1, 2, 5, 7, 14, 15, 17, 21, 35] investigated various interesting subclasses of
Σ and obtained estimates on first two to three Taylor–Maclaurin coefficients for functions in them.

In 1983, Sălăgean [18] introduced the following derivative operator:

D0 f (z) = f (z),

D1 f (z) = D f (z) = z f
′

(z),

Dn f (z) = D(Dn−1 f (z)),
(

f ∈ A, n ∈N
)
.

Further, for f (z) given by (1), we have Dn f (0) = 0 and

Dn f (z) = z +

∞∑
k=2

knakzk, (n ∈N0 =N ∪ {0}) . (3)

In the year 1972, Ozaki and Nunokawa [13] proved that, if for f ∈ A∣∣∣∣∣∣z2 f ′ (z)(
f (z)

)2 − 1

∣∣∣∣∣∣ < 1 (z ∈ U),

then f is univalent in U and hence f ∈ S. We denote by T (β) the class of functions f ∈ A, which satisfies
the following condition:∣∣∣∣∣∣z2 f ′ (z)(

f (z)
)2 − 1

∣∣∣∣∣∣ < (
1 − β

)
(z ∈ U),

where 0 ≤ β < 1 and T (0) = T . Clearly, T (β) ⊂ T ⊂ S. Further, we have (see Kuroki et al. [9]):

<

z2 f ′ (z)(
f (z)

)2

 > β (z ∈ U).

In the present paper, we derive estimates on the initial coefficients |a2| and |a3| for functions belong to
the new subclasses T ∗Σ(n, β) and TΣ(n, α) of Σ. Also, we consider some of the related subclasses of Σ and
mention connections with the earlier known results.

We need the following lemma (see [6, 16]) to prove our results.

Lemma 1.1. Let h(z) ∈ P where, P denote the class of functions analytic inU with< (h(z)) > 0 and have the form
h(z) = 1 + h1z + h2z2 + h3z3 + · · · , (z ∈ U). Then, |hn| ≤ 2 for each n ∈N.
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2. Coefficient Estimates for the Class T ∗
Σ

(n, β)

Definition 2.1. A function f (z) ∈ Σ given by (1) is said to be in the class T ∗Σ(n, β) if the following conditions are
satisfied:

<

z2 (
Dn f (z)

)′(
Dn f (z)

)2

 > β (z ∈ U)

and

<

w2 (
Dn1(w)

)′(
Dn1(w)

)2

 > β (w ∈ U),

where n ∈N0, 0 ≤ β < 1 and the function 1 = f−1 is given by (2).

For n = 0, this class reduces to the class TΣ(β) introduced by Naik and Patil [11], who proved the following
result:

Corollary 2.2. Let the function f (z) ∈ TΣ(β); (0 ≤ β < 1) be of the form (1). Then, |a2| ≤ 1, |a3| ≤ 2
(
1 − β

)
and

|a4| ≤ 3
(
1 − β

)
.

Theorem 2.3. Let the function f (z) ∈ T ∗Σ(n, β); (n ∈N, 0 ≤ β < 1) be of the form (1). Then,

|a2| ≤

√
2
(
1 − β

)
4n − 3n , (4)

|a3| ≤
2
(
1 − β

)
4n − 3n (5)

and at n = 0, we get an improvement in |a2| of Corollary 2.2 as follows:

|a2| ≤

1,
(
0 ≤ β ≤ 1

2

)√
2
(
1 − β

)
,

(
1
2 ≤ β < 1

) and |a3| ≤ 2
(
1 − β

)
.

Proof. Using Definition 2.1 we can write:

z2 (
Dn f (z)

)′(
Dn f (z)

)2 = β + (1 − β) h(z) (6)

and

w2 (
Dn1(w)

)′(
Dn1(w)

)2 = β + (1 − β) t(w), (7)

where h(z), t(w) ∈ P have the form:

h(z) = 1 + h1z + h2z2 + h3z3 + · · · , (z ∈ U) (8)

and

t(w) = 1 + t1w + t2w2 + t3w3 + · · · , (w ∈ U). (9)

Hence we have:

β + (1 − β) h(z) = 1 + (1 − β)h1z + (1 − β)h2z2 + · · ·
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and

β + (1 − β) t(w) = 1 + (1 − β)t1w + (1 − β)t2w2 + · · · .

Using (1) and (2), we obtain:

z2 (
Dn f (z)

)′(
Dn f (z)

)2 = 1 +
(
3na3 − 4na2

2

)
z2+

2
[
2n4na3

2 + 4na4 − 2 · 2n3na2a3

]
z3 + · · · ,

and

w2 (
Dn1(w)

)′(
Dn1(w)

)2 =1 +
[
3n

(
2a2

2 − a3

)
− 4na2

2

]
w2+

2
[
2 · 2n3na2

(
2a2

2 − a3

)
− 4n

(
5a3

2 − 5a2a3 + a4

)
− 2n4na3

2

]
w3 + · · · .

Equating the coefficients in (6) and (7) we get h1 = t1 = 0 and also:(
3na3 − 4na2

2

)
= (1 − β)h2, (10)

2
[
2n4na3

2 + 4na4 − 2 · 2n3na2a3

]
= (1 − β)h3, (11)[

3n
(
2a2

2 − a3

)
− 4na2

2

]
= (1 − β)t2, (12)

2
[
2 · 2n3na2

(
2a2

2 − a3

)
− 4n

(
5a3

2 − 5a2a3 + a4

)
− 2n4na3

2

]
= (1 − β)t3. (13)

Adding (10) in (12), we get:

2 (3n
− 4n) a2

2 =
(
1 − β

)
(h2 + t2) (14)

or

a2
2 =

(
1 − β

)
(h2 + t2)

2 (3n − 4n)
(15)

which, by using Lemma 1.1 gives:

∣∣∣a2
2

∣∣∣ ≤ 2
(
1 − β

)
|3n − 4n|

=⇒ |a2| ≤

√
2
(
1 − β

)
4n − 3n .

Next, subtracting (12) from (10), we get:

2 · 3n
(
a3 − a2

2

)
=

(
1 − β

)
(h2 − t2)

or

a3 = a2
2 +

(
1 − β

)
(h2 − t2)

2 · 3n .

By using (15), this becomes:

a3 =

(
1 − β

)
(h2 + t2)

2 (3n − 4n)
+

(
1 − β

)
(h2 − t2)

2 · 3n (16)
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or

a3 =

(
1 − β

)
[(2 · 3n

− 4n) h2 + 4nt2]
2 · 3n (3n − 4n)

. (17)

Using Lemma 1.1, it gives:

|a3| ≤
2
(
1 − β

)
|3n − 4n|

=⇒ |a3| ≤
2
(
1 − β

)
4n − 3n .

Finally, for n = 0, the equations (10) to (13) reduces to:(
a3 − a2

2

)
= (1 − β)h2, (18)

2
[
a3

2 + a4 − 2a2a3

]
= (1 − β)h3, (19)(

a2
2 − a3

)
= (1 − β)t2, (20)

−2
[
2a3

2 + a4 − 3a2a3

]
= (1 − β)t3. (21)

In light of Lemma 1.1, equation (18) and (20) yields:∣∣∣a3 − a2
2

∣∣∣ =
∣∣∣a2

2 − a3

∣∣∣ ≤ 2
(
1 − β

)
. (22)

Using the triangle inequality, we obtain

|a3| −
∣∣∣a2

2

∣∣∣ ≤ ∣∣∣a3 − a2
2

∣∣∣ ≤ 2
(
1 − β

)
=⇒ |a3| ≤ 2

(
1 − β

)
(23)

and also,∣∣∣a2
2

∣∣∣ − |a3| ≤
∣∣∣a2

2 − a3

∣∣∣ ≤ 2
(
1 − β

)
=⇒

∣∣∣a2
2

∣∣∣ ≤ 2
(
1 − β

)
. (24)

Now, adding (19) to (21), we get

2a2

(
a3 − a2

2

)
=

(
1 − β

)
(h3 + t3) . (25)

Which, on using Lemma 1.1, yields

|a2|

∣∣∣∣(a3 − a2
2

)∣∣∣∣ ≤ 2
(
1 − β

)
. (26)

This, along with (22), gives that

|a2| ≤ 1. (27)

Equation (24) and (27) together implies that

|a2| ≤ min
{√

2
(
1 − β

)
, 1

}
. (28)

Which, with respect to the specific range of β shows that:

|a2| ≤

1,
(
0 ≤ β ≤ 1

2

)√
2
(
1 − β

)
,

(
1
2 ≤ β < 1

)
.

Hence the proof.
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For n = 1, Definition 2.1 reduces to the following class which is closely related to the bi-convex function
classKΣ(β) of order β (Brannan and Taha [4]) and the classHΣ(β) (Srivastava et al. [28]).

Definition 2.4. A function f (z) ∈ Σ given by (1) is said to be in the classT ∗Σ(1, β) ≡ T ∗Σ(β) if the following conditions
are satisfied:

<

 f ′ (z) + z f ′′ (z)(
f ′ (z)

)2

 =<

1 +
z f ′′ (z)

f ′ (z)

f ′ (z)

 > β (z ∈ U)

and

<

1′ (w) + w1′′ (w)(
1
′ (w)

)2

 =<

1 +
w1′′ (w)
1
′ (w)

1
′ (w)

 > β (w ∈ U),

where 0 ≤ β < 1 and the function 1 = f−1 is given by (2).

For this class, Theorem 2.3 produces the following result.

Corollary 2.5. Let the function f (z) ∈ T ∗Σ(1, β); (0 ≤ β < 1). Then,

|a2| ≤

√
2
(
1 − β

)
and

|a3| ≤ 2
(
1 − β

)
.

3. Coefficient Estimates for the Class TΣ(n, α)

Definition 3.1. A function f (z) ∈ Σ given by (1) is said to be in the class TΣ(n, α) if the following conditions are
satisfied:∣∣∣∣∣∣ar1

z2 (
Dn f (z)

)′(
Dn f (z)

)2

∣∣∣∣∣∣ < απ
2

(z ∈ U)

and ∣∣∣∣∣∣ar1

w2 (
Dn1(w)

)′(
Dn1(w)

)2

∣∣∣∣∣∣ < απ
2

(w ∈ U),

where n ∈N0, 0 < α ≤ 1 and the function 1 = f−1 is given by (2).

For n = 0, this class reduces to the class T α
Σ

introduced by Naik and Patil [11], who proved the following
result:

Corollary 3.2. Let the function f (z) ∈ T α
Σ

; (0 < α ≤ 1) be of the form (1). Then, |a2| ≤ 1, |a3| ≤ 2α and |a4| ≤ 3α.

Theorem 3.3. Let the function f (z) ∈ TΣ(n, α); (n ∈N, 0 < α ≤ 1) be of the form (1). Then,

|a2| ≤

√
2α

4n − 3n , (29)

|a3| ≤
2α

4n − 3n (30)

and at n = 0, we get an improvement in |a2| of Corollary 3.2 as follows:



A. B. Patil, U. H. Naik / Filomat 35:4 (2021), 1305–1313 1311

|a2| ≤


√

2α,
(
0 < α ≤ 1

2

)
1,

(
1
2 ≤ β ≤ 1

) and |a3| ≤ 2α.

Proof. Definition 3.1 implies that there exist functions h(z), t(w) ∈ P given by (8) and (9) respectively, such
that:

z2 (
Dn f (z)

)′(
Dn f (z)

)2 = [h(z)]α (31)

and

w2 (
Dn1(w)

)′(
Dn1(w)

)2 = [t(w)]α . (32)

we have:

[h(z)]α = 1 + αh1z +

[
αh2 +

α (α − 1)
2

h2
1

]
z2+[

αh3 + α (α − 1) h1h2 +
α (α − 1) (α − 2)

6
h3

1

]
z3 + · · ·

and

[t(w)]α = 1 + αt1w +

[
αt2 +

α (α − 1)
2

t2
1

]
w2+[

αt3 + α (α − 1) t1t2 +
α (α − 1) (α − 2)

6
t3
1

]
w3 + · · · .

Equating the coefficients in (31) and (32) we get h1 = t1 = 0 and also:(
3na3 − 4na2

2

)
= α h2,

2
[
2n4na3

2 + 4na4 − 2 · 2n3na2a3

]
= α h3,[

3n
(
2a2

2 − a3

)
− 4na2

2

]
= α t2,

2
[
2 · 2n3na2

(
2a2

2 − a3

)
− 4n

(
5a3

2 − 5a2a3 + a4

)
− 2n4na3

2

]
= α t3.

Now, continuing as in Theorem 2.3, we can complete the further proof.

For n = 1, Definition 3.1 reduces to the following class which is closely related to the strongly bi-convex
function classKΣ[α] of order α (Brannan and Taha [4]) and the classHα

Σ
(Srivastava et al. [28]).

Definition 3.4. A function f (z) ∈ Σ given by (1) is said to be in the classTΣ(1, α) ≡ TΣ(α) if the following conditions
are satisfied:∣∣∣∣∣∣ar1

 f ′ (z) + z f ′′ (z)(
f ′ (z)

)2

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣ar1

1 +
z f ′′ (z)

f ′ (z)

f ′ (z)


∣∣∣∣∣∣∣∣∣ <

απ
2

(z ∈ U)

and ∣∣∣∣∣∣ar1

1′ (w) + w1′′ (w)(
1
′ (w)

)2

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣ar1

1 +
w1′′ (w)
1
′ (w)

1
′ (w)


∣∣∣∣∣∣∣∣∣ <

απ
2

(w ∈ U),

where 0 < α ≤ 1 and the function 1 = f−1 is given by (2).
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For this class, Theorem 3.3 produces the following result.

Corollary 3.5. Let the function f (z) ∈ TΣ(1, α); (0 < α ≤ 1). Then,

|a2| ≤
√

2α

and

|a3| ≤ 2α.

4. Conclusion

In the present paper, we obtain estimates on initial coefficients |a2| and |a3| for functions belong to
the subclasses T ∗Σ(n, β) and TΣ(n, α) of Σ, that are defined by using the Sălăgean derivative operator Dn.
According to our main results, we can conclude that the geometrical similarities in the classes T ∗Σ(n, β)
and TΣ(n, α) are also reflects in their initial coefficient estimations, which clearly shows the existence of
interrelationship between the geometric behavior and the analytic characterization of the functions belong
to these subclasses. The study of such interrelationship is actually the main key interest of the researchers
in this field since from more than hundred years.

In recent years, the basic (or q-) extensions of the various developments on the bi-univalent functions
are being investigated by many authors such as Khan et al. [8], Srivastava et al. [27] etc. Researchers can
refer to these papers for current development in this field.

Motivated by a recently-published survey-cum-expository review article by Srivastava [19], the inter-
ested reader’s attention is drawn toward the possibility of investigating the basic (or q-) extensions of
the results which are presented in this paper. However, as already pointed out by Srivastava [19], their
further extensions using the so-called (p, q)-calculus will be rather trivial and inconsequential variations of
the suggested extensions which are based upon the classical q-calculus, the additional parameter p being
redundant or superfluous (see, for details, [19, p. 340]).
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