Filomat 35:4 (2021), 1095-1105

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2104095A

University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
Wy, @“‘
i axs

2,
%,
e,

¥
5
TIprpor®

An Investigation on the Existence and Uniqueness Analysis of the
Optimal Exercise Boundary of American Put Option

Davood Ahmadian?®, Akbar Ebrahimi?, Karim Ivaz?, Mariyan Milev?

?Faculty of Mathematical Sciences, University of Tabriz, Tabriz, Iran.
bDepartment of Mathematics and Physics, University Of Food Technology, 4000 Plovdiv, Bulgaria.

Abstract. In this paper, we discuss the Banach fixed point theorem conditions on the optimal exercise
boundary of American put option paying continuously dividend yield, to investigate whether its existence,
uniqueness, and convergence are derived. In this respect, we consider the integral representation of the
optimal exercise boundary which is extracted as a consequence of the Feynman-Kac formula. In order to
prove the above features, we define a nonempty closed set in Banach space and prove that the proposed

mapping is contractive and onto. At final, we illustrate the ratio convergence of the mapping on the optimal
exercise boundary.

1. Introduction

The valuation of American option has a large literature in financial mathematics field ([6, 7, 10]). Since
an American option can be exercised at any time prior to the expiration date, so the valuation of it needs to
determine the optimal exercise boundary ([4, 12, 19, 21]). Therefore numerical and analytical representation
of the optimal exercise boundary has attracted the attention of more researchers (see [23, 29, 32, 33, 35]). In
this respect, some authors have introduced the integral representation for the optimal exercise boundary
for American type option [28]. In [20], Goodman and et.al. developed an asymptotic expansion by using
a boundary integral equation. Kim and Byun [22], presented the properties of the optimal boundary in an
option pricing model and developed an efficient recursive valuation method. Also, Chen and Chadam[13]
and Lauko [25] derived and rigorously proved high order asymptotic expansion for the early exercise
boundary near expiry. As well, the differentiability of the optimal exercise boundary of American put
option with the jump is considered in [8, 27]. Moreover, Chiarella and et.al. [16] and Zhu and et.al. [39]
obtained the new integral equation for both the American put option and its optimal exercise, successfully,
which is in advantages of one dimension and free of discontinuity and singularity at expiry date. In [38],
Song-Ping Zhu introduced an analytical approximation formula for the optimal exercise boundary in the
performance of the Laplace transform.

In particular, the existence and uniqueness of the optimal exercise boundary is of interest in some papers
and references therein ([13, 29, 32]). It was realized that the existence and local uniqueness of a solution to
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nonlinear integral equations could be proved by applying the contraction principle (fixed point theorem)
first for a small time interval and then extending it to any interval of time by induction [19]. Applying
this method, Van Moerbeke [29] proved the existence and local uniqueness of a solution to the integral
equations of a general optimal stopping problem. This paper revisits the classical topic of existence and
uniqueness for the optimal early exercise boundary of an American put option when the underlying stock
pays dividends continuously. Chen and Chadam [13] has explored this problem by using Schauder’s fixed
point theorem. In addition, Chen et al. [15] further proved that the free boundary is non-convex when the
dividend rate is higher than the risk-free rate.

The new in this paper is that we reconsider the problem from the perspective of Banach fixed-point
theorem. The presented approach clarifies this classical option valuation problem as a mathematical
problem in functional analysis. We believe that the proposed lemmas and explored arguments in this paper
would help not only for comprehension of the problem but also for the development of new analytical
and numerical methods for its solution. So, we discuss the existence, uniqueness and convergence analysis
of the optimal exercise boundary of American put option based on the Banach fixed point theorem [5],
with local time. In order to achieve such a goal, we need to define a contractive and onto mapping on a
nonempty closed set in Banach space. One of the technical difficulties in this context is that the derivative of
the optimal boundary is not bounded at the initial point T. To avoid the singularity of the optimal exercise
boundary near expiry we restrict our assumption on the case condition g > r > 0, where r and g denote the
risk-free interest rate, and dividend yield respectively [34]. In the proceeding, the Lipschitz condition of
the terms of the proposed integral equation is discussed. Moreover, the Hilder continuous with exponent
1 of the optimal exercise boundary is also applied [9].

The outline of this paper is organized as follows. In section 2, we represented the dimensionless integral
equation with respect to E of American put option, where E denotes the strike price. Some lemmas are
discussed in section 3 and in the following, the Banach fixed point theorem is brought and its conditions
are investigated on the proposed integral equation. In proceeding, two Remarks are developed, namely
the first Remark discusses the existence and uniqueness of the optimal exercise boundary for American
call option based on the put-call symmetry relationship, and the second Remark illustrates the convexity
properties of the optimal exercise boundary near expiry based on different test cases for  and 4. At final,
in section 4, we illustrate the behavior of the optimal exercise boundary of American put option based on
proposed mapping along with the ratio of its convergence.

2. Mathematical modelling

The Feynman-Kac formula named after Richard Feynman and Mark Kac establishes a link between
parabolic partial differential equations (PDEs) and stochastic processes. It offers a method of solving
certain partial differential equations by simulating random paths of a stochastic process. Conversely, an
important class of expectations of random processes can be computed by deterministic methods. As in
[38, 39], we consider the American put option, P(S, t), which satisfies in the following partial differential
equation

oP 1_, ,0°P oP B
at+25(7ay-+u—qﬁas—rp_0,5eaya»w) (1)
endowed with the initial conditions:
P(S,T) = max(E - S,0), (2)
. r
sﬂD:Emmaax 3)

where S?(t), t € [0,T], denotes the optimal exercise boundary of American put option. Moreover the

boundary condition for P(S, t) when S — S? (t), is writtern as follows:

mﬂmﬂzE—ﬁm, 4)
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along with the smooth pasting principle:

SShm,n =1, ®

Here S > 0 stands for the underlying stock price, o > 0 is the volatility of the underlying stock process
and T denotes the time of maturity.
Based on the Feynman-Kac formula, (see [24]) the solution P(S, t) can be written by a conditional expectation
as follows:

P(S,t) = Eg, [exp(=r(T — ) max(E - Sr, 0)]
+ IT exp(—r(u —t)) E(“2 [(rE - qSu)15”<sf(u)] du, (6)
under the probability measure Q such that stock price S(¢) driven by the equation
dS(t) = rS(t) dt + aS(t) AWS(t),

where WC(t) is a Wiener process defined on the probability space {Q, F,Q}. Let us define t = T — t. The
relation (6) can be evaluated to give the following representation of the American put price [10, 24, 25]:

P(S,t) = Eexp(—=rT)N(=d>) — Sexp(—q1)N(—d1)

+f (Er exp (=re) N(—=d.2) — g5 exp (—g&) N(—d1))de, (7)
0
where
InS+@r—g+%
ay= RERUTIRDT g ovE, (®)
o\t
1n%+(7—q+"2—2)5
d.q1 = , deo=d.1 —0e, 9
1 Ve 2=de1—ove &)

and N(.) denotes the commulative normal distribution function.
The solution for S? (7) requires the knowledge of S? (t —€), 0 < e < 1. If we apply the boundary condition

(4) to the American put option price formula (7), we obtain the following integral equation for S? (7):

E - S7(t) = E exp(=r7) N(=d,) = S}(t) exp(~q7) N(~d,)

+ f (Er exp (—re)N(—d;’z) - qS?(T) exp (—g¢) N(—d;.,l)) de, (10)

0

where
In +(r-q+92)
, n T r—gq 5 T , ’

= , d,=d, —or, 11
: = L =d oVt (11)

L T

1nsf(fT(_)€) +(r—qg+ %)g

= / — , d;/zzdérl—ax/g,0<8§”c, (12)

57(0) = ;E. (13)
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sP(z
Using the change of variable y(7) = %, the relation (10) transforms to

1 - y(7) = exp(—r7) N(—d'z) — y(7) exp(—q7) N(—d;)

+ fo (r exp (—re) N(—d, ;) - qy(1) exp (—qe) N(~d, ,)) de, (14)
where
, Iny@+r-q+ DT
g 2 =d, - o, (15)
oVt
In 22 4 (r— g+ %)e
y(1—¢) 2 / /
da‘,l = o \/z ’ dS,Z = d£,1 -0 \/E’ (16)
r
y(0) = 7 (17)

3. Uniqueness and existence of the optimal exercise boundary

In this paper we investigate the conditions of the Banach fixed point theorem, to guarantee the unique-
ness, existence, and convergence of the optimal exercise boundary of relation (14). First, we mention the
following lemmas:

Lemma 3.1. Let us define the functions h and g as folows:
h(y(7), y(t — €); 7, €) = r exp (—re) N(—d'd) —qy(1) exp (—g¢) N(—d;.,l),
g(y(0); ) = exp(~rt) N(=dj) — y(x) exp(~q47) N(~d}),
we claim that the above functions satisfy the Lipschitz conditions with respect to y(t) and y(t — €).

Proof: First, we consider the function h(y(t), y(t — €);7,¢€). It is sufficient to show that the function is
differentiable with respect to y(t). Similarly, the differentiability of & with respect to y(t — €) can be proved.
So we have:

i =71 exp (—r¢) —&N(_d;’z) — qy(7) exp (—g¢) —8N(—d;’1)
oy P aym Y EPTII T

— g exp (—qe)N(—d, ,),
where

IN(-d,) ON(-d,) od,

&0

@ od, oy
1 —d,  yr-o -y 1
=- =) X X , 1=1,2. 18
T AR R e P s RV 8)
IN(-d. )

Concerning the behavior of — = for every 7 € [0, T], we have the following discussions:

1) Since the y(7) is Holder continuous with exponent % for every time 7 € [0, T] [9], so there exists a constant
C € R such that

ly(t = €) = y(7)lles < CVe. (19)
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2) As the functions y(7) and y(t — ¢) are decreasing functions, so the given function in (18) is an

increasing function and its supremum value is extracted as follows [24]:

1
y(r—e)xy(r)

1 p-—15
su , 20
oSég,oI;g y(t — &) X y(1) = b ) 20
where
~(r=q-5) = \r—g- 37 +20%
u- = <0. (21)

o2
Now based on points 1 and 2, we survey the upper bound for (18) in the following cases:
A) As T — 0%, from [24] for case r < g, we have:

YT —7) ~ gu ~ poV21), (22)
where f is satisfying in the integral equation
« 1-2p°
—B exp (%) f exp (—u?)du = 1 P , (23)
B

which can be solved by the Newton iteration method (8 = 0.6438). On the other hand, there exists a constant
0 < K < 1such that || VT — ¢ — V1|l < K+/e. Therefore based on (17), (22) and (23) the simplified bounded
for (18) will be

IN(—d, ) 1 —dii Iyt — &) -yl 1
=5y e = oz el e % i oy
5\/%x1x()2x BoKV2e x —— \/_
1 g a
Sﬁ ;xﬁxK i=1,2, (24)

where the last inequality is less than one obviously, under the condition» < g < %E

B) Secondly, for values of 7 other than case A, containing T — oo, by using (16), (19) and (20) we have:

IN(-d, ) —~d;; Iyt — &) -yl 1
=@ k= \/— P(— )||°°X||y(T—€)><y(T)IIooX Ve
< exp(—a S)XC\/_X( - )zxﬁ i=1,2, (25)

where g is a constant value derived from (16), and by choosmg sufficiently large value 0 < ¢ < 1, the

supremum value of (25) is less than one. Therefore, the 9y_( - and subsequently -2 ay( 5 are exist and satisfy
the Lipschitz condition.

Now for the function g(y(t); 7) we can conclude that:

9(y(v), 1) = exp(=r7) N(=dy) — y(t) exp(=q7) N(~d,)
_d/z
= \/Lz_n(exp(—r’c)f exp (—x;)dx
—d; X2
-0 explg0) [ exp(-5),
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where d, and d, are defined in (15).
So, the derivative of function g(y(t), T) with respect to y(7) is written:

dg 1 ,exp(-r7)exp (—g) _ _ —d x?
ay(,[) - ,_271( O‘\/?y(’l') exp( ’17) foo exp( 2 )dx
2

1
- mexp(—qf) exp ( 21 )). (26)

Concerning the first and third terms of (26), we compute:

—d’ 2 -d 2
exp(—r1) exp (——+) p(=-)

ex
PR A v
1 —d;* exp(—r1) exp (0 Vrd, - UZTT
= - G exp ( > ( 70 - exp(—qT))
’2

= UL\/% exp ( 21 )(exp(—qt) — exp(—q1)) =0, (27)
where in the last line, we have used the relation (15).
So, relation (26) simplifies as follows:

9 ,
m = exp(—qT)N(=d}). (28)

Therefore, the function g(y(7); 7) is differentiable with respect to y(7) for every time 7 € [0, T] and its deriva-
tive is smaller than one clearly, so it satisfies the Lipschitz condition.

Now we are moving to the Banach fixed point theorem to investigate the existence and uniqueness of
the optimal exercise boundary for the American put option of relation (14).

Theorem 3.2. (Banach Fixed-Point Theorem) Assume that K is a nonempty closed set in a Banach space V, and
further, that is H : K — K a contractive mapping with contractivity constant a,0 < o < 1. Then the following
results hold.

1) Existence and uniquenes: There exists a unique u € K such that u = H(u).

2) Convergence and error estimates of the iteration: For any ug € K, the sequence {u,} C K defined by u,.1 =
H(u,),n =0,1, ..., converges to u:|lu, —ully - 0 asn — oo.

3) For the error, the following bounds are valid:

n

[04
1ty — ully < 7 [0 — wrllv, (29)

-

llun = ully < llttn = unllv,

1-«a
[y = ully < -1 — ully.

Based on the Theorem (3.2), let us consider X = C[0, 6] with the norm ||.||l., which the parameter 6 can be a
positive value. We define a mapping H : X — X as follows:

H(y)(1) = 1 = exp(=r7) N(=dy) + (1) exp(~q7) N(~d))
- f(; (r exp (—re)N(—d;,/z) —qy(T) exp (—qe)N(—d'g,l))de. (30)

It is sufficient to prove that the defined mapping H in (30) is onto and contractive. First, we claim that H is
an onto mapping.
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Lemma 3.3. Assume that Y is a nonempty closed ball in X, we show that H : Y — Y is onto mapping.
proof: Let us define

Y = {y(1) € X | 9(0) = g lly(t) — 1l < 1}, (31)

it is sufficient to show that ||[H(y)(7) — 1l < 1. By considering the Lipschitz condition of function # in
Lemma (3.1), we have:

IHy)(7) = oo < |l = exp(=17) N(=d3) + y(1) exp(—q7) N(~d;)
- [, e - el
< |l = exp(=r7) N(=d,) + y(t) exp(~47) N(~d} )l
# [ W), vte - iz e
SL(1)+L26$ 1, (32)
where the last inequality is derived due to the fact that
Ly = || - exp(—r7) N(=d,) + y(t) exp(—q7) N(=d))ll < 1, (33)

since

SP(t)  SP(0
0<y(t) = féT)<%=g<1, (34)

and L, is extracted from the continuity of the function / which is given by Lemma (3.1) with respect to 7.
So, by choosing 6 < %, we can conclude that the mapping H is onto.

Lemma 3.4. By assumption the mapping H in relation (30), and considering Lemma (3.3), we show that H is a
contractive mapping on Y.

proof:
IH(y2)(t) — H(y1)(Dlleo < llg(y2(7), €) — fo h(y2(7), y2(T — €); 1, €)de

¢ [ @t - e ee - g, el
0
< 1920, ) = 931 (0), Ol
h 7 - Y
¢ [ (@, ne -0
— h(y2(1), y2(7 = €); T, €)llsodle) < Callya(7) = y1 (Dlleo

+ fo (Callya(®) = 1 (D)leo

+ Callya(t — €) = y1(7 — €)llo )de
< Cilly2(7) = y1(Dlle + (C2 + C3)lly2(7) = y1(DlleoT
< ly2(7) = y1(Dlleo(Cr + (C2 + G3)0), (35)

where C; and C,, C; are the Lipschitz constants of the functions g and h respectively. The equality |[y»(7) —
Y1(Dlleo = lly2(7 — €) — y1(T — €)llw is deduced by using the definition of ||.||. Moreover, the last inequality
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is obtained because of § < (Clzfcl;, where C; < 1, which is discussed in Lemma (3.1). Therefore, we can

conclude that the mapping H is a contractive mapping on Y, and the proof is complete.

1-Cy (1-Ly) e .
G e L ), the conditions of the Banach fixed-

point theorem are satisfied. So the existence and uniqueness of the optimal exercise boundary for the
American put option in (10) are verified.

At final, by taking proper value for 0 such that 6 < min(

Remark 3.5. Modification to American call option
In [24, 30, 36], the authors show that in the standard model for stock price (geometric Brownian motion), the
put-call symmetry relation for the American option with parameters S, E, r, g and T is as follows

C(S,E,1,q,T)=P(E,S,q,1,T), (36)

where C(S, E, r,q, T) denotes the American call option.
By setting C(S?(’c), 7) = S?(T) —EforS > S]C((T), and SJ?(T) denotes the optimal exercise boundary for American call

option, the corresponding integral equation for the early exercise boundary S?(T) can be obtained as follows:
S5(t) — E = S7(1) exp(=q7) N(d,) — E exp(~17) N(d,)
+ f (qsfc (1) exp (-qe) N(d, ,) — Er exp (~re) N(d. ) de. (37)
0

Moreover, the corresponding put-call symmetry relation for the optimal exercise boundary is deduced to be (see [24]):

EZ

~ 38
ST07) 9

SHARE

Then, based on (3) and (38), we can deduce SJ?(T) = Emax(1, 2) at © — 0%. The approximate solution of the optimal

exercise boundary for an American call option on an asset with dividends for the case of r > q as T — 0% is given by
(see [17] and [37]):

SHT - 1) ~ gE(l + BoV21), (39)

Similarly, we can conclude that the conditions of Banach fixed point theorem are satisfied for American call option in
the case r > g.

Remark 3.6. Nonconvexity of the American put option near expiry under the case g > r

The convexity of the optimal exercise boundary are discussed and illustrated in the references [11, 14], whereas in
[14, 18] the convexity property is proved only for the case g = 0. As refer to [15], the authors proved the non-convexity
of the optimal exercise boundary for the American put option, under the case q > r. Moreover in [31], the author
proved that the optimal exercise boundary for American put option is convex only for the case q + < <7, but its
convexity is an open problem under the case q <r < q+ %2 Also, baesd on relation (10), we illustrate the behavior of
S?(T) for three different cases g > v, q = v and q < r. As we see in Fig. 1, the optimal exercise boundary is convex for

cases q = r and q < r, but for the case q > r, we observe that the S?(T) is non-convex near expiry.
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Figure 1: The behavior of the optimal exercise boundary with respect to T with different cases g > v, g <randg=r

4. Numerical illustration

Based on Theorem (3.2), the parameter « adjusts the rate of convergence of mapping H defined in (30).
The magnitude of value a relates to the Lipschitz constant C; which is derived in Lemma (3.1). Since the
value C; is sufficiently smaller than 1, we can claim that the proposed mapping H defined in (30) converges
to the exact solution in the interval 7 € [0,6]. To give the reader an idea of the behavior of the optimal
exercise boundary in (10), we provide in Figure (1), the numerical approximation of mapping H, with
typical parameters. In Figure (1), we see the desired solution converges to the value Hf‘—ilE, as 7 increases,
where i is obtained from (21).

As we observe for the behavior plot (blue line) near expiry in Figure (1), we can declare that the S? (1) based

on (22) as T — 0% follows (see [24]):
i) ~ Z-(1 - po Vo), (40)

so it is in negative infinite slope, but based on the decreasing property of the optimal exercise boundary for
the American put option for the whole time domain, then the proposed plot in Figure (1) is in coincidence
with our interpretation. However, for the cases g < r and q = 7, the optimal exersice boundary for the
American put option is in positive infinite slope, as are illustraed in Figure (1) in red and black lines.

Let S? ,p(7) denote the approximate solution using the numerical method on the fixed point mapping defined

in (30). Moreover, in [0, T] let us consider N +1 times 7¢, 71, ..., Tn,such that 7; = iAt,i =0,1,...,N,At = Nll

The error on S; AP(T) at time points 7; =0, 1, ..., N, is computed as follows:

Error = max_ IS{,p(ti) = S{(T)l. (41)
Following a very common practice, in order to test the convergence of the mapping defined in (30),
the number of N nodes is progressively doubled, and the convergence rate is empirically estimated by
computing the ratios of successive values of error. Finally, as the true solution S? (1), needed in (41), is not

available, a very accurate estimation of it is obtained by employing with a very large number of time steps
(N = 4096).
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Table 1: Model parameters
T E r q o

1 10 01 012 015

Table 2: Convergence of the fixed point mapping (30), the Error measured according to (41) for data in Table 1
N Error Ratio

64 8.67x1072

128 1.37x107%2  6.33
256 5.80x107° 2.36
512 1.88x107° 3.08

The results obtained are shown in Table 2. We may observe that, as is reasonable to expect in part (iii)
of Banach fixed point theorem, the ratio errors tend to be higher than 4 when N is doubled. In particular, a
very accurate approximation (error of order 1072 on the whole set of time nodes) with N = 512 is achieved.

5. Conclusion

In this paper, we are interested in investigating whether the existence and uniqueness of the optimal
exercise boundary for the American put option can be derived based on the Banach fixed-point theorem.
To deal with, we restrict our assumption on the case g > r, and define a mapping based on the fixed point
theorem, which satisfies the onto and contractive conditions. In addition to them, the ratio convergence
of the proposed mapping is investigated. Moreover, based on put-call symmetry, we conclude that the
Banach fixed point theorem conditions are satisfied for the American call option too. As well, we discuss
and illustrate the nonconvexity of the optimal exercise boundary for the American put option near expiry
under the case g > r whereas in the cases g < r and g = r the convexity holds.

References

[1] W.Rudin, Real and Complex Analysis, (3rd edition), McGraw-Hill, New York, 1986.
[2] J. A. Goguen, L-fuzzy sets, Journal of Mathematical Analysis and Applications 18 (1967) 145-174.
[3] P.Erdos, S. Shelah, Separability properties of almost-disjoint families of sets, Israel Journal of Mathematics 12 (1972) 207-214.
[4] F. Aitsahlia, T. Lai, Exercise boundaries and efficient approximations to American option prices, Journal of Computational
Finance 4 (2001) 85-103.
[5] K.E. Atkinson, W. M. Han, Theoretical numerical analysis: A functional analysis framework, Springer, 2001.
[6] A.G. Barone, R. E. Whaley, Efficient analytic approximation of american option values, Journal of Finance 42 (1987) 301-320.
[7] A. G. Barone, R. Elliott, Approximations for the values of American options, Stochastic Analysis and Applications 9 (1991)
115-131.
[8] E. Bayraktar, H. Xing, Analysis of the optimal exercise boundary of American options for jump diffusions, SIAM Journal on
Mathematical Analysis 41 (2009) 825-860.
[9] A.Blanchet, On the regularity of the free boundary in the parabolic obstacle problem. Application to American options, Nonlinear
Analysis 65 (2006) 1362-1378.
[10] P.Carr, R. Jarrow, R. Myneni, Alternative characterizations of American put options, Mathematical Finance 2 (1992) 87-106.
[11] D. Chakraborty, Numerical study of the convexity of the exercise boudary of the American put option on a dividend-paying
asset, MS thesis, Department of Mathematics, University of Pittsburgh, 2008.
[12] X. Chen, ]J. Chadam, Analytical and numerical approximations for the early exercise boundary for American put options,
Dynamics of Continuous, Discrete and Impulsive Systems 10 (2003) 649-657.
[13] X. Chen, J. Chadam, A mathematical analysis of the optimal exercise boundary for American put options, SIAM Journal on
Mathematical Analysis 38 (2007) 1613-1641.
[14] X.Chen, J. Chadam, L. Jiang, W. Zheng, Convexity of the exercise boundary of the American put option on a zero dividend asset,
Mathematical Finance 18 (2008) 185-197.
[15] X.Chen, H. Cheng, J. Chadam, Nonconvexity of the optimal exercise boundary for an American put option on a dividend-paying
asset, Mathematical Finance 23 (2013) 169-185.
[16] C. Chiarella, A. Ziogas, A. Kucera, A survey of the integral representation of American option prices, Quantitative Finance
Research Centre, University of Technology Sydney, Research paper series 118 (2004).



[17]
[18]

[19]
[20]

[21]
[22]
[23]
[24]
[25]

[26]
[27]

[28]
[29]

[30]
[31]

[32]
[33]

[34]
[35]
[36]

[37]
[38]

[39]

D. Ahmadian et al. / Filomat 35:4 (2021), 1095-1105 1105

J. D. Evans, R. R. Kuske, J. B. Keller, American options on assets with dividends near expiry, Mathematical Finance 12 (2002)
219-237.

E. Ekstrom, Convexity of the optimal stopping boundary for the American put option, Journal of Mathematical Analysis and
Applications 299 (2004) 147-156.

A. Friedman, Variational principles and free-boundary problems, (First Edition), John Wiley and Sons, New York, 1982.

J. Goodman, D. N. Ostrov, On the early exercise boundary of the American put option, SIAM Journal on Applied Mathematics
62 (2002) 1823-1835.

P.Jaillet, D. Lamberton, B. Lapeyre, Variational inequalities and the pricing of American options, Acta Applicandae Mathematicae
21 (1990) 263-289.

L. J. Kim, S. J. Byun, Optimal exercise boundary in a binomial option pricing model, Journal of Financial Engineering 3 (1994)
137-158.

R. A.Kuske, ]. B. Keller : Optimal exercise boundary for an American put option, Applied Mathematical Finance 5 (1998) 107-116.
Y. K. Kwok, Mathematical models of financial derivatives, (Second Edition), Springer Finance, 2008.

M. Lauko, D. Sevéov¢, Comparison of numerical and analytical approximations of the early exercise boundary of the American
put option, Anziam Journal 51 (2011) 430-448.

H. K. Liu, The Convexity of the free exercise boundary for the American put option, Quantitative Finance 7 (2017).

J. Liang, B. Hu, L. Jiang, Optimal convergence rate of the binomial tree scheme for American options with jump diffusion and
their free boundaries, SIAM Journal on Financial Mathematics 1 (2010) 30-65.

T. Little, V. Pant, C. Hou, A new integral representation of the early exercise boundary for American put options, Journal of
Computational Finance 3 (2000) 73-96.

P. V. Moerbeke, On optimal stopping and free boundary problems, Archive for Rational Mechanics and Analysis 60 (1976)
101-148.

R. McDonald, M. Schroder, A parity result for American options, Journal of Computational Finance 1 (1998) 5-13.

B.F. Nielsen, O. Skavhaug, A. Tveito, Penalty and front-fixing methods for the numerical solution of American option problems,
The Journal of Computational Finance 5 (2001) 69-97.

G. Peskir, On the American option problems, Mathematical Finance 15 (2005) 169-181.

D. M. Salopek, American Put Options, Pitman Monographs and Surveys in Pure and Applied Mathematics 84, Addison-Wesley
Longman, London, 1997.

D. Sevovit, Analysis of the free boundary for the pricing of an American call option, European Journal of Applied Mathematics
12 (2001) 25-37.

R. Stamicar, D. Sevéovi¢, J. Chadam, The early exercise boundary for the American put near expiry: Numerical approximation,
Canadian Applied Math Quarterly 7 (1999) 427-444.

D. Sevé¢ovig, B. Stehlikova, K. Mikula, Analytical and numerical methods for pricing financial derivatives, UK ed. Edition, Nova
Science Publishers, New York, 2011.

P. Wilmott, . Dewynne, S. Howison, Option Pricing: Mathematical Models and Computation, Oxford Financial Press, 1993.

S. P. Zhu, A new analytical approximation formula for the optimal exercise boundary of American put options, International
Journal of Theoretical and Applied Finance 9 (2006) 1141-1177.

S. P. Zhu, X. J. He, X. P. Lu, A new integral equation formulation for American put options, Quantitative Finance 18 (2018)
483-490.



