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B.-Y. Chen’s Inequality for Pointwise CR-Slant Warped Products in
Cosymplectic Manifolds

Noura M. Al-houiti?, Azeb Alghanemi®

“Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia

Abstract. Recently, pointwise CR-slant warped products introduced by Chen and Uddin in [14] for Kaehler
manifolds. In the context of almost contact metric manifolds, in this paper, we study these submanifolds
in cosymplectic manifolds. We investigate the geometry of such warped product and prove establish a
lower bound relation between the second fundamental form and warping function. The equality case is
also investigated.

1. Introduction

The notation of CR-submanifolds in the setting of Kaehler manifolds was introduced by Bejancu in
[2], which is a generalization of totally real and holomorphic submanifolds of Kaehler manifolds. Then,
CR-submanifolds have been investigated by many researchers in the different types of structures (see
for instance [1, 3, 5]). Another generalization of such submanifolds is called slant submanifold which is
introduced by B.-Y. Chen [7, 8]. Later, F. Etayo [15] defined the notion of pointwise slant submanifold
under the name of quasi-slant submanifold. In [11], B.-Y. Chen and O.]. Garay studied pointwise slant
submanifolds of almost Hermitian manifolds and they proved many nice new results on such submanifolds
and introduce a method of constructions of new examples of such submanifolds.

On the other hand, Bishop and O’Neill [6] defined and studied the concept of warped product manifolds
in order to study the manifolds with negative curvature. The idea of warped product submanifolds has been
introduced by Chen in his series papers [9, 10]. He proved several fundamental results on the existence
of CR-warped products in Kaehler manifolds. Later on, the geometric aspects of these manifolds have
been studied by many researchers (see, for example, [12], [13], [20], [21], [25], [26], [27], [28], [30], [31],
[36], [37], [38] and the reference therein). Specially, Sahin studied nonexistence of warped product semi-
slant submanifolds in Kaehler manifolds [23], while he proved in [24] some results on warped product
pointwise semi-slant submanifolds of Kaehler manifolds. Recently, Chen and Uddin introduced the notion
of pointwise CR-slant warped products in Kaehler manifolds [14]. In the present paper we extend the result
of [14] in cosymplectic manifolds.

The paper is organised as follows: we recall some basic formulas and definitions in Section 2, which
are useful to the next section. In Section 3, we recall the definition of warped product and pointwise
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CR-slant warped products and provide some useful results. The last section is devoted to establish a sharp
inequality for the squared norm of the second fundamental form for pointwise CR-slant warped products
in cosymplectic manifolds. Also, the equality is also discussed in details.

2. Preliminaries

Let M be a (21 + 1) dimensional C* manifold, then M is said to be an almost contact metric manifold if it
equips with the structure tensors (@, &, 1, g) such that ¢ is a tensor field of type (1,1), £ a vector field, nis a

1—form and g is a Riemannian metric on M satisfying the following properties [4]

P’X = -X+1(X)§, p&E=0, nop =0, n(E) =1, (1)

9(pX, Y) = g(X, Y) =n(X)n(Y), g(X, ) =n(X) (2)
for all vector fields X, Y tangent to M. An almost contact metric manifold M is said to be cosymplectic if [18]

(Vxp)Y =0, 3)
for all X, Y tangent to M.

Furthermore, on a cosymplectic manifold, we have
vXé =0, (4)

for any X, Y tangent to M, where V denotes the Levi-Civita connection on M corresponding to the Rieman-
nian metric g. It known that the covariant derivative ¢ of the tensor field is defined by

(Vx@)Y = VxpY — pVxY. ®)

Let M be an m-dimensional submanifold of an almost contact metric manifold M with the same Rieman-
nian metric g induced on M. Denote by T(TM) the Lie algebra of vector fields in M and T'(T*+M) be the set
of all vector fields normal to M. Consider V and V+ as the Levi-Civita connections on the tangent bundle
TM and the normal bundle T*M, respectively. Then the Gauss and Weingarten formulas are respectively
given by

VxY = VxY + (X, Y), (6)

VxU = —AyX + ViU (7)

foreach X, Y e I(TM)and U € [(T+M), such thath : TM X TM — T*+M is the second fundamental form of M
in M and Ay is the shape operator of M corresponding to the normal vector U. Moreover, the relationship
between them is given by

g(h(X,Y), U) = g(AuX,Y) (8)
for any X, Y € I'(TM) and U € T(T+M).

A submanifold for which the second fundamental form # is identically zero is said to be a totally geodesic
submanifold, while it is called a totally umbilical submanifold if its second fundamental form # is given by

h(X,Y) = g(X, Y)H,
for each X, Y € I'(TM), where

1 m
H=— Zl" hiei, ),
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is the mean curvature vector, such that (¢;), 1 < i < m denotes a local orthonormal frame of the tangent
space TM.
The squared norm of the second fundamental form & is defined by

I =Y glhtei, e)), hei ), 9)
i,j=1
and
;= glh(ei ej),e) i,j=1,2.,m, r=m+1,.,2n+1 (10)

For a differentiable function f on an m-dimensional manifold M, the gradient v f of fis defined as

9(Vf, X) = X(f), (11)
for any X tangent to M.
For X € I'(TM), we can set
pX =TX+FX, (12)

where TX and FX are the tangential and normal components of ¢ X, respectively. Also, for any U € I'(T+M),
we may write

U = tU + fU, (13)

where tU and fU are the tangential and normal components of U, respectively. Furthermore, using (1)
and (12), we get that

g(TX/ Y) = _g(X/ TY)! (14)

forany X, Y € I'(TM).

A submanifold M of an almost contact metric manifold M tangent to the structure vector field ¢ is called
an invariant if F is identically zero, that is X € I'(TM), for any X € I'(TM), while M is called an anti-invariant
if T is identically zero, that is X € T'(T*+M), for any X € I'(TM).

In addition to invariant and anti-invariant submanifolds, there are many different classes of submani-
folds of M, some of them are defined as below:

Definition 2.1. [25] A submanifold M tangent to the structure vector field & of a an almost contact metric manifold
M is said to be a contact CR-submanifold if there exists a pair of orthogonal differentiable distributions (D7, D*)
satisfying the following conditions:

(i) TM = D" & D* @ (&), where (&) is the 1-dimensional distribution spanned by Epatp e M.

(ii) The distribution D7 is invariant under @, i.e., (D" ,) = DT, for all p € M.
(iii) The distribution D* is anti-invariant under ¢, i.e., (Dy) € T,y (M) for all p € M.

Definition 2.2. [17] A submanifold M of a an almost contact metric manifold M is said to be slant if for each p € M
and a nonzero vector X tangent to M at p such that X is not proportional to (&) the Wirtinger angle 6(X) € [0, /2]
between X and T,M is constant, i.e, it is independent of the choice of a non-zero vector X € T,M and the choice of
the point p € M.

Obviously if 6 = 0, then M becomes an invariant and if 6 = 1t/2, then M becomes an anti-invariant
submanifold. A slant submanifold is said to be proper slant if it is neither invariant nor anti-invariant.
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Definition 2.3. [22], [19] A submanifold M of an almost contact metric manifold M is said to be pointwise slant, if
for each point p € M, the Wirtinger angle O(X) between ¢ X and T,M is independent of the choice of a non-zero vector
X € T,M. The Wirtinger angle gives rise to a real-valued function 6 : TM — {0} — R which is called the Wirtinger
function or slant function of the pointwise slant submanifold.

We note that a pointwise slant submanifold of M is called slant, if its Wirtinger function 0 is globally constant
and also, it is called a proper pointwise slant if it is neither invariant nor anti-invariant nor 0 is constant on
M. ([8] and [24])

It was proved in [34] that a submanifold M tangent to the strutter vector field & is a pointwise slant
submanifold of an almost contact metric manifold M if and only if

T%X = (cos® 0)(-X + n(X)&), (15)

for the slant function 6 defined on M.
The following relations are natural results of (15)

g(TX, TY) = (cos® O)(g(X, Y) = n(Y)n(X)), (16)
g(FX, FY) = (sin®0)(g(X, Y) = n(Y)n(X)), (17)
for any X, Y € I'(TM).

Another useful relation for pointwise slant submanifolds of M comes from (1) and (15) given in [34] as
follows

tFX = (sin® 0)(-X + n(X)&),  fFX = —FTX, (18)
for any X € I'(TM).

Definition 2.4. Let M be a submanifold of a cosymplectic manifold M. Then, M is said to be a pointwise CR-slant
submanifold if there exist three integrable distributions D7, D+ and DY such that

T™™M =9D" & D" & D’ & (&),
where D7 is invariant distribution, D is anti-invariant distribution, D° is a pointwise slant distribution, and (&)
is the 1-dimensional distribution spanned by &, at p € M.
3. Pointwise CR-slant warped product submanifolds

In [6], Bishop and O’Neill defined the warped product manifolds as followes: Let M; and M, be two
Riemannian manifolds with their Riemannian metrics g; and g,, respectively, then their warped product
manifold is denoted by M = M; Xy M, with product structure

X, Y) = (X, 1Y) + (f 0 12g2(0.X, 0.Y)

for any X, Y € I'(TM), where i : M — Mj and ¢ : M — M, are the projections and f : M; — (0, o), a scalar
function on M; and * denotes the symbol for tangent maps. The function f is called the warping function of
warped product. If the warping function f is constant, then the manifold M is said to be trivial or simply a
Riemannian product manifold.

If X e I'(TM;) and Z € T'(TM,), then from Lemma 7.3 of [6], we have

VxZ =V;X = X(In f)Z, (19)

where V is Levi-Civita connection on M. On a warped product manifold M = M;X¢M,, we have, M is
totally geodesic in M, and Mj is totally umbilical in M.
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Definition 3.1. [14] A pointwise CR-slant submanifold M = (Mt X M)XsMp, where M, M., and Mg are the

integrable submanifolds of D7, D* and D, respectively, is called pointwise CR-slant warped product submanifold
if it is equipped with the warped product metric

9= gupam, + 29y,

where gy, 1 the metric on (MrXM), gm, is the metric on Mg, and f is a positive function depending only on

It is known that if the slant function 0 of DY is constant, then M is called a CR-slant warped product [35]
and if the warping function f is non constant, then M = MrxM X Mg is called a proper pointwise CR-slant
warped product submanifold .

Remark 3.2. If M = (MyXM_ )X Mg be a pointwise CR-slant warped product submanifold in M, then the tangent
and the normal bundles of M are respectively decomposed as

T™™ = D7 & D+ & D @ (&), (20)

T*M = pD* @ FD? @ v, (21)
where v is the p-invariant subbundle of the normal bundle T+M.

Definition 3.3. [14] A pointwise CR-slant warped product M = (Mr X M) X Mg is said to be weakly D°-totally
geodesic if g(h(DY, DY), pD*) = {0}.

Definition 3.4. [14] A pointwise CR-slant warped product M = (Mg X M) X fMg is said to be D' & D*-mixed
totally geodesic if W(D', D?) = {0}, such that D' and D? are distributions belong to {D”, D+, D%}

In this section, we discuss the geometry of the pointwise CR-slant warped product of the form
M = (Mr X M) Xy Mg in a cosymplectic manifold M, such that My, M, and My are invariant, anti-
invariant, and proper pintwise slant submanifolds of M, respectively. It is known that from [16] when the
structure vector field £ is tangent to the submanifold My, then the warped product is trivial. Thus, we will
not study this case for non existence of warped products. So, we consider & is tangent to (Mr X M, ), in this
case either & is tangent to Mt or M, and we will discuss both cases.

First, we give the following useful results.

Lemma 3.5. Let M = (M X M.) X fMg be a pointwise CR-slant warped product of a cosymplectic manifold M such
that & is tangent to (M X M ). Then, we have the following:

&(lnf) =0, (22)
g(h(X,Y),FZ) = 0, (23)
g(h(X,Z2),¢U) =0, (24)
g(h(X, U),FZ) = 0, (25)

where X,Y € T(D”), U € T(D*) and Z € T(DO).
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Proof. First assertion was proved in [16], while the second assertion is directly and it can be obtained by
using (6) and (19) with the orthogonality of vector fields. For the third part, if we consider any X, Y € [(D”),
U € T(D*) and Z, € T(DY), by Gauss formula, we obtain

g(h(X, Z),pU) = —g(pVzX, U).

Again from (6) with the cosymplectic character, we find
g(X, Z), pU) = —g(VzpX, U).

So, by (19), we obtain
9((X, Z), pU) = —pX(In f)g(Z, U).

Thus, the orthogonality of vector fields gives (24). The last part also can be obtained by the similar
technique. O

Lemma 3.6. Let M = (Mt X M) X Mg be a pointwise CR-slant warped product submanifold of a cosymplectic
manifold M such that & is tangent to (M X M ). Then, the following is satisfied:

9(u(U, 2),pV) = g(h(U, V), F2), (26)
9(h(X, Z), FW) = —pX(In ))g(Z, W) - X(in ))g(Z, TW), (27)
g((Z, W), pU) = U(in ))g(Z, TW) + g(h(U, 2), FW), (28)

forany X e T(D”), U,V € T(D*) and Z, W € T(D?).
Proof. Forany X € T(D”), U,V € [(D*) and Z, W € T(D?), from (8), we can write
g, Z), V) = g(Apv U, Z).
Now, using (7), we get
g((U, 2), V) = ~g(VuepV, 2),
Az M is cosymplectic, by (5), we can write
g, 2), V) = g(VuV, 9Z).
Therefore, from (6) and (12), we arrive at
gh(U, 2), V) = g(k(U, V), FZ) + g(VuV, TZ).

Thus, by the orthogonality of vector fields we prove (26). Next, we want to prove (27). Using (6) and (12),
we have

9(u(X, 2), FW) = —g(@V2X, W) - g(VzX, TW).
Since, M has cosymplectic structure, then from (5) and (6), we derive
g(X, Z), FW) = =g(VzpX, W) — g(VzX, TW).
Thus, (27) follows from the above relation together with (19). For the last assertion, by (6), we have

g(h(Z, W), pU) = —g(@V W, U) = —g(VzoW, U).
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From (12), we find

g((Z, W), pU) = g(VzU, TW) — g(VZFW, U).
Then using (2), (6) and (19), we derive

g(W(Z, W), pU) = U(In f)g(Z, TW) = g(pV zFW, ¢ U) — n(VzZFW)n(UD).
But, if we applying (2), then we get

g((Z, W), U) = U(In f)g(Z, TW) - g(VZFW, pU). (29)
Furthermore, From (13), we have

g(VZFW,pU) = g(V2tFW, oU) + g(VzfFW, pU)
Using (18), we obtain

9@V W, pU) = ~(sin® 0)g(V, W, U) — 2(sin 6)(cos O)(ZO)g(W, L) + (sin® O)g(Vzn(W)E, pLl)
~ 2(sin 6)(cos )(ZO)g((W)E, L) — g(VZETW, pLl).

Hence, from (2), (6) and the orthogonality of vector fields, the above relation takes the form
g(pVZFW, pU) = —(sin® 0)g(h(Z, W), pU) + g(VzFTW, Ul).
Using (13) and (18), we can write

g(pVZFW, pU) = —(sin” 0)g((Z, W), ¢ U) — (sin® 0)g(V,TW, U) — (sin 20)(Z6)g(TW, U)
+ (sin? )g(Vzn(TW)E, U) — (sin 20)(ZO)g(n(TW)E, U) — g(V2FT>W, ).

From (2), (6), (15), and the orthogonality of vector field, we derive
g(pVZFW, pU) = —(sin® 0)g(h(Z, W), pU) + (sin® 0)g(VU, TW) + (cos® 0)g(VZFW, L).
Thus, by (7),(8) and (19), the above reduced to
g(pVZFW, pU) = —(sin® 0)g(h(Z, W), pU) + U(In f)(sin® 0)g(Z, TW) — (cos* 0)g(h(Z, U)FW).
Therefore, (29) becomes
g(h(Z, W), pU) = U(In f)g(Z, TW) + (sin® O)g(h(Z, W), pU) — U(In f)(sin® B)g(Z, TW) + (cos?)g(h(Z, LDFW),
which is the required result. Hence, the lemma is proved completely. [

Theorem 3.7. Let M = (Mr X M) X fMy be a pointwise CR-slant warped product submanifold of a cosymplectic
manifold M. Then M is locally trivial if M is both D7 & D° and D+ & DO-mixed totally geodesic such that & is
tangent to (Mr X M,).

Proof. Let Mbe a D7 @ DY-mixed totally geodesic. Then, for any X, Y € [(D”), and Z, W € T(D?), from (27)
we have

9X(In f)g(Z, W) + X(In /)g(Z, TW) = 0. (30)
Replacing X by ¢X in (30) by using (1) and (22), we obtain

—X(In f)g9(Z, W) + eX(In f)g(Z, TW) = 0.
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Now, replacing W by TW in the above with using (2) and (15), we find
~X(In f)g(Z, TW) - X(In f)(cos® 0)4(Z, W) = 0, (31)
Adding equations (30) and (31), we reduce to
X (sin® 6)(In f)g(Z, W) = 0.

Therefore, we deduce that the warping function f is constant. Thus, M is locally trivial. Also, if M is a
D+ @ DY-mixed totally geodesic, then for any U, V € T(D*) and Z, W € T(D?), by (28) we have

g(h(Z, W), pU) — U(In )g(Z, TW) = 0. (32)
Applying the polarization identity in (32), we can write

g(h(Z, W), pU) + U(In )g(Z, TW) = 0. (33)
Subtracting (32) and (33), we derive

U(In f)g(Z, TW) = 0.
If we put W = TW in the last equation with using (2) and (15),we find

U(In f)(cos® 0)g(Z, W) = 0.

So, it follows that f is constant. Hence, M is locally trivial. [

4. Inequality for pointwise CR-slant warped products

Let M = (Mt X M) X My be a m-dimensional pointwise CR-slant warped product submanifold of
a (2n + 1)-dimensional cosymplectic manifold M such that the structure vector field & tangent to (Mr X
M), where My, M, and My are invariant, anti-invariant, and proper pintwise slant submanifolds of M,
respectively. Let us consider the dim Mr = 2p + 1, dimM, = g and dim My = 2r and their corresponding
tangent bundles are denoted by D7, D+, and D?, respectively. We set the orthonormal frames of them as
follows:

D7 ® (&) = Spanfer, e, -+ ey, 0p41 = Qe1, -+ €25 = Pep,eapi1 = &}, D' = Spanfeypir = 81, -+ eapige1 = &),
and

DY = Spaniespigiz = €], ", €oprgire1l = €, €opigirr2 = €, = secOTel, - ey = eyprgior1 = €5, = sec 0 Te,}.
Then the orthonormal frames of the normal subbundles 9D+, FD? and v, respectively are given by

@D* = Spanfeysy =81 = @81, -+, Cmig = 85 = Q&)

o0 _ = _ Y _ % = _ 5
FD” = Spanfen g1 = 841 = csc O Fel, -+ - emager = Eg4r = cSC O Fey, epigiri1 = Eg1rr1 = csc Osec OFTe;,
0ty Cmgror = éq+27 = csc Osec GFTE:}, V= Span{em+q+2r+1 = éq+2r+1/ ot @nl-m = éZn—Zp—Zr—q}/
where v is the ¢-invariant normal subbundle in T+ M.

The following theorem is the contact version of the main theorem given in [14] and this theorem
generalise some others results.



N. M. Al-houiti, A. Alghanemi / Filomat 35:4 (2021), 1179-1189 1187

Theorem 4.1. Let M = (Mr X M) X fMg be a weakly D—totally geodesic pointwise CR-slant warped product
submanifold of a cosymplectic manifold M, such that the structure vector field & tangent to (Mr X M,). Then the
squared norm of the second fundamental form of M satisfies

I = 4r [ cot? OIV*(In I + (csc? O + cot? 0)|IVT (In fI], (34)

where r = 1dim Mo, VI(In f) and V*(In f) are the gradient components of the function In f along My and M,,
respectively. The equality sign in (34) holds identically if and only if the following are satisfied

(i) Mt and M, are totally geodesic submanifolds of M.
(i) Mg is a totally umbilical submanifold in M.

Proof. From (9), we have

2n+l m

2 =Y Y glhtei e e’

k=m+11i,j=1

Using the frame fields of D7 @ (&), D+, DY, oD+, FDY and v, we can write

2n—2p—-2r—q 2p+1 2n—2p-2r—q 2p+1 2n-2p-2r—q q

Wiz =YY gltei e, @) +2 Z XZgw(ez,e]) al+ ), ), o) ey

k=1 i,j=1 k=1 i=1 j=1 k=1 i,j=1
2n-2p-2r—q 2s 2n-2p-2r—q 2s 2n—-2p-2r—q 2p+1 2r

Z ZXg(h(em ar+ ), ) g€, +2 Z Y. Y ahtei e, a0

k=1 =1 j=1 k=1 ij=1 k=1 =1 j=1

Applying the constructed frame fields, the above expression can be decomposed as

q 2p+1 r 2p+l
WP =YY" gltei ), 9 +(cs? 0) Y Y [glinei ), Fe')? + (sec? O)g(hes e)), FTei')?] (35)
k=1 i,j=1 k=1 i,j=1
2n—2p-2r—q 2p+1 2p+1 r 2p+l
Z Z g(h(ei, e), &) + 22 Z Z g(h(ei, 65), pé)? + 2(csc® 6) Z Z Z [9(n(e;, €)), Fe)?
k=q+2r+1 ij=1 k=1 i=1 j=1 k=1 i=1 j=1

2n—2p-2r—q2p+1 gq

+ (sec:2 0)g(h(e;, ¢€)), FTek*)Z] + Z Z Z g(h(e;, €)), ek) + Z Z g(h(@;, ey, qbek)

k=q+2r+1 i,j=1 j=1 k=1 i,j=1
roq 2n-2p-2r-q q
+(esc?0) Y| Y [gnes,e), Fer)? + (sec? 0)g(h(ei, ), FTe ]+ Y ) g(h(éi,e), &)
k=1 i,j=1 k=q+2r+1 i,j=1
9 9 2r r o q 2r
+2)° )" ELCEY $&)? + 2(csc? ) Z Y. ) [9h(@, €, Fex' + (sec® O)g(h(@, ), FTec' )|
k=1 i=1 j= k=1 i=1 j=1
2n—-2p-2r—q ro2r
2 ), Z Z g(h(é;,€), 8% + Z Z g(h(e;, €), $e0)* + (s 0) Y . Y [g(h(e;, €), Fer')?
k=q+2r+1 =1 j=1 k=1 i,j=1 k=1 i,j=1
2n-2p-2r—q 2r q 2p+1 2r
+ (sec? 0)g(h(c;, ), FTe, )| + Z Z g(h(e;, €)),5) + 22 g(h(ei, e/"), per)?
k=q+2r+1 i,j=1 k=1 i=1 j=1

2p+1 2y 2n—-2p-2r—q 2p+1 2r

q
+2(csc? 0) Z Z Z [9(n(es e"), Fex')? + (sec? 0)g(h(es, e°), FTer' ] +2 Z Z Z g(h(ei, e, &)

k=1 i=1 j=1 k=q+2r+1 =1 j=1



N. M. Al-houiti, A. Alghanemi / Filomat 35:4 (2021), 1179-1189 1188

We will leave the positive third, sixth, ninth, twelfth, fifteenth and eighteenth v-component terms in (35).
The second, fifth, thirteenth and sixteenth terms vanish identically by using Lemma (3.5) and for a weakly
D—totally geodesic warped product. Also, we could not find the relations for warped products of the first,
fourth, seventh, and fourteenth in (35). Hence, we can leave these positive terms. On the other hand, from
Lemma (3.6) with the constructed frame fields, the above expression can be simplified as

roq 2r
I > 2(cs20) Y Y Y {[=eilin f)g(e;, Te)P? + (sec? 0) [-ei(in fg(e;, T2}
k=1 i=1 j=1
r 2p+1 2r
+2(es?0) Y. Y Y {[=peilin fg(e; ) - eiin f)g(c;, e
k=1 i=1 j=1

+ (sec” 0) [~pei(In f)g(e;, Te;) - ei(In f)g(e], T2¢)1?)
which gives

2p+1 2p+1

q
> > 4r(cof 0) ) (eiin f))? + 4r(csc® 0) Y [(peiin £))* + (eilin )] + 4r(cot 0) Y [(pein £))? + (eilin )]
i=1 i=1

i=1

Then, from the gradient definition, we get the required inequality (i). To prove the equality case of (34), we
proceed as follows: from the leaving and vanishing terms in the right hand side of (35), we have

WD, D")=0, WD+, DY)Y=0, WD D% =0 WD",D*)=0. (36)

As M is totally geodesic in M [6, 8], by this fact with the first condition in (36), we conclude that Mr is
totally geodesic submanifold of M. By a similar argument, we get M, is also totally geodesic submanifold
of M. Thus, we prove assertion (i).

On the other hand, we have

D", D% c FD?, h(D*, D% c FDO. (37)

And also as My is totally umbilical in M [6, 8], applying this fact with (37), we observe that Mp is a totally
umbilical in M. So, assertion (ii) follows. Hence, the theorem is proved completely. [
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