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Abstract. We pointed to 4-dimensional generalized Riemannian spaces important for applications in some
parts of physics here. Complete metric tensors and its possibilities to be applied in cosmology are analyzed
in this paper. We used the results of N. O. Vesi¢, presented in [14]. At the end of the paper, we studied the
diagonal symmetric metric tensor in the cosmological context.

1. Introduction

The largest part of the cosmological models relies on the assumption that the Theory of General Relativity
is the correct theory of gravity. Validity of the Theory on the large scales was an unavoidable assumption,
but on these scales the Theory has never been observationally fully tested [15].

In theory, a lot of cosmological models for various period of the Universe evolution have been proposed.
In this regard, there are theoretical considerations and investigations which include models with torsion.
It has been first considered almost one century ago by Cartan [2], and later by Sciama and Kibble [4, 12].
The main idea of CSK (Cartan, Sciama, Kibble) model(s) was very simple and elegant. The mass and the
spin are fundamental quantities for all (fundamental) particles. If the mass is the source of gravitation,
i.e. curvature, then the spin should be the source of torsion. So, models with torsion somehow extend the
Theory of General Relativity because fundamental quantity, such as the torsion, can be associated with one
of the fundamental property of particles, which is the spin. One should have in mind that the spin is not
the only source for torsion [1].

Although the torsion effects could be significant only in the early stage of the Universe evolution, it is,
nevertheless, important to investigate the role of torsion in general cosmological context. This is because
the torsion effects deviates from the effects predicted by the Theory of General relativity only in the extreme
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situations, such as very high densities at the beginning of the Universe evolution or inside the black holes
[11].

In this paper, we discuss the cosmological applications of models with torsion, considering the possibility
that some cosmological fluid could be connected and interpreted geometrically using the presence of the
torsion. We investigate several possible toy models which have symmetric part of the metric tensor of the
Friedmann-Lemaitre-Robertson-Walker (FLRW) type, and non-vanishing anti-symmetric part.

This paper is consisted of introduction, three sections and conclusion. In the first of the three sections, we
will recall the necessary definitions about generalized Riemannian spaces. In the second of these sections,
the previously obtained results and the tasks of this paper will be given. In the last of the three sections, we
will present the main findings of this paper.

2. Generalized Riemannian space

A 4-dimensional manifold M, equipped with a non-symmetric metric tensor § whose components are

500 So1 +7o1  So2 + Moz So3 + 7p3
g= So1 — Mo1 511 S12 t M2 S13 + 113 2.1)
Sp2 — Moz S12 —N12 522 S23 + M3
503 —Mp3 513 —M13 523 —N23 533

for the scalar functions sy, 11,0, p,q = 0,1,2,3, depending on the position (x',x%,x°) and the time x° = ¢, is
the generalized Riemannian space GIR4 (in the sense of Eisenhart’s definition [3]).

1
The symmetric and anti-symmetric part of the metric tensor § are the tensors § = E(ﬁ + gAT) and

I YOSAY
g=5(0-7")

500 So1 S02 S03 0 Nno1 N2 N3
G = [5]] = So1 S11 S12 S13 and §= [g] = —HNo1 0 ni2 M3 ) 2.2)
= 4 S02 S12 S22 S23 v 7 —Np2  —Ni2 0 na3

503 513 523 533 —negz —niz M3 0

We assume that the matrix [gij] is regular, i.e. det [gﬂ = g # 0. The contravariant metric tensor of the

_ - . -1

space GIRy is the tensor (ﬁ) whose component g is placed at the position (i, ) in the inverse matrix [gﬂ .
For this reason, it holds the equality g7, = 6!, for the Cronecker §-symbol &'.

The generalized Christoffel symbols of the first kind for the space GR; are I'. Their components are

1
Tijg= E(gji,k — ki + gik,j)/ (2.3)
for the partial derivative d/dx’ denoted by comma.

The affine connection coefficients of the space GIR4 are the generalized Christoffel symbols of the second
kind whose components are

S 1.
[y = g% Taji = Egﬂ(gja,k ~ Jika + !Zak,j)- (2.4)

Remark 2.1. The Einstein Summation Convention was applied to the mute indices in the equation (2.4). This
Convention will be suitable only for mute lowercase Greek letter indices o, B, y, . .. in this paper.
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Because I, # 1";{]., the components of symmetric and anti-symmetric part for the Christoffel symbols of
the second kind are

. 1, . 1 . X 1, . ) 1 .
T = E(F;’k + r;cj) = Eglﬂ(gjﬁ,k ~ Jjka + axj) and F;Vk = Q(F}k - r;cj) = Egﬂ(%‘grk ~Gjat gavk,i)' (2.5)

The anti-symmetric part I' ;,k of the generalized Christoffel symbol Fé,k is the component for a tensor I: of

the type (1,2). The equalities ¢ =T = 0 are satisfied. The tensor T = 21: is the torsion tensor of the space

GRy.
The manifold My equipped with the metric tensor 4 is the associated space R4 of the space GIRy. The

affine connection coefficients for the space R4 are F;.k.

One kind of covariant derivatives with respect to the affine connection of the space Ry exists. The
components for this covariant derivative are [6, 7]

ayy = ay +Thaf F]kaa, (2.6)

for a tensor 4 of the type (1,1).
Based on this covariant derivative, one identity of the Ricci type exists

i i i a
ajlmln ajlnlm a; Ramn a, R]mn’

for the curvature tensor R of the space Ry whose components are

R. =T _Ti 4rayi _Tori 2.7)

jmn ]mn ]nm ]m an ]n am*

The components of the Ricci tensor and the scalar curvature of the space R, are

Rj=Rf, and R=g%Ry. (2.8)

With respect to the affine connection of the space GIR4, four kinds of the covariant derivative are defined
[8-10, 16]

i i _Ta i —_Ta
ajlk a]k + l"aka] F]k . aj‘k ]k + Fkaa] l"k] i
— 1 _Ta 1 i _ T« z (29)
]|k a T l"aka] l"k] L a]‘k et l"kaa] T]k i

With respect to the differences al o v, C 0 €1{1,2,3,4}, one finds the family K of the curvature

I In ]'\Vll
tensors for the space GIRy, whose Components are [16]

+u'T:

jnlm

K. =R uT:

jmn ]mn jmln

+ 0TS, To + 0'T5, Ty + 0T, T, (2.10)

mn Ly]/

where u, u’, v, v', w are the corresponding coefficients.
The components of the families of Ricci tensors and scalar curvatures for the space GIR4 are [14]

Kij= K&, = Ryj+uTy - (@ +w)T4T,  and K= g¥Kes = R - (@ +w)g T, T . (2.11)
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Two of the scalar curvatures K are linearly independent, for example

_ L oagry o
K=R and K=R- 2T, T}. (2.12)

To study spaces with matter, we will use the scalar curvature Il<

3. Previous results and motivation

With respect to the Einstein-Hilbert action

- f d*x \/@(%R + Lu), (3.1)

where k¥ = 8nG, G is Newton gravitational constant, and £ is Lagrangian density for a matter (cosmological
fluid), the Eisntein’s equations for gravity are obtained

1
Rjj Rgl] Tij, (3.2)

where T;; are components of the energy-momentum tensor T of the type (0,2) which corresponds to L.
Let us consider the functional

1= [ Lo s ok, 53

where f'(t) = df/dt. After varying f by adding to it a function 0f, and after expressing the integrand
L[t, f+of,f +0 f’] in powers of 6 f, we get the change of the value of | to first order in 0 f

o1 = [ spsofu 6.4

The functional derivative of | with respect to f at the point ¢ is denoted as 6J/0f(t). In other words, it
holds the Euler-Lagrange equation

6] JL dJL
5f(H) ~ of dtaf”

For this reason, the components T; i of the energy-momentum tensor, covariant and contravariant metric

(3.5

tensor g;; and gﬁ respectively, and the Lagrangian density £y satisfy the equation [1, 2, 4, 11, 12, 15]

| VIglL

Vigl og2 gl g’ g2

With respect to Shapiro’s research [13] and the scalar curvature 11<' we get [14]

Lu = =0 P T o T (3.7)
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On the other hand, Madsen [5] factored the components of energy-momentum tensor for a non-ideal
fluid as

Tij = pujuj + giuj + gju; — (Phij + ﬂij)r (3.8)
for the pressure p, the energy-density p, hij = gij — uiuj, Tiau® = mau® = 0, u,g® = 0, where i qi, Tij are the

components of 4-velocity i, the energy flux vector § and the anisotropic stress tensor 7, respectively.
In [5, 14], it is obtained

1 1
p=—-3Ta+ gTa,gu‘*uﬁ and p = Tpuuf. (3.9)

If p # 0 and based on the relation p = wp, the state parameter w can be expressed as [14]

1 -1 1
w= —ng(TﬁyuﬁuV) 3 (3.10)
In the comoving reference frame u' = 66, the equations (3.9, 3.10) reduce to
1 1 1 -1 1
po = —gTﬁ + ETOO/ po =T, wo= —gTi(Too) +3 (3.11)

The curvatures of generalized Riemannian space GIR4 are correlated with symmetric and anti-symmetric
parts of the metric tensor [14].
From the equation (3.10), one obtains

=, (3.12)

Wl

_% eggé(Tﬁyuﬁu?’)_l +

ie.

Tpy (222 — (1= 30)ufu’) = 0. (3.13)

In this paper, we will consider the case of gﬁl = (1 - Bw)uﬁuV.
The next tasks will be realized in this article:

1. The trace of the energy-momentum tensor corresponding to the relativistic matter fluid will be
obtained.

2. We will not assume the homogeneity, detect all four-dimensional regular contravariant metric tensors
whose non-zero components are g2 = (1 — 3w)u't/ and obtain the pressure, energy-density and state
parameter corresponding to these metrics.

3. The incomplete non-singular metric tensor will be given at the end of this paper. In this example, we
will obtain the corresponding differential equation which generates the metric tensor with respect to
the Lagrangian and the vector of 4-velocity.
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4. Main results

With respect to the equation (3.12), we obtain w = % if and only if T = 0. In this way, we proved the
next lemma.

Lemma 4.1. If the state parameter is equal to the state parameter of the relativistic matter fluid (radiation) then the
trace of the energy-momentum tensor vanishes. [

From the Madsen’s formulae (3.8), we read that the cosmological fluid is ideal if and only if

qiuj + qjui = 7‘[1']'. (4-1)

Having in mind g; = Taﬂu“hf (see [5]), one finds

qi = Tmu"‘ - Taﬁu"‘uﬁui = m-u“ — PU;. (42)

In this case, the components (3.8) for the energy-momentum tensor T reduce to

Tj]' = (p + p)u,-u]- - pgﬂ (4.3)

4.1. Mathematical contributions

1
Regardless of the relation w # 3/ one gets

1 -3’ 1’ (1-3w)u’ -u' (1-3w)u’- -u> (1 -3w)u’- ud

det 1=-3w)u! -1’ (1-3wu'-u' (1-3wu' -u*> (1-3wu'- u? —0
1 -3 1’ (1-3w)u?-u' (1-3w)u? -u> (1-3w)u?- ud '
1-3w)u?-u® (1-3w)®-u' (1-3w)u’ -u*> (1-3w)u’-ud

Let us consider the following contravariant metric tensors (the non-singular contravariant metric tensors

with the least numbers of zero components such that gﬁ = (1 - 3w)u'u/, for gﬁ # 0)

W u® w0yt w0y u0 .yl
0y-1 u0 -yl 0 ul - u? ul-ud
(g) = (1 —3w) W02yl 0 w2l | (4.4)
wud uwloud u?oud 0
0 w0 ut w0 u? w0yl
A1 B S R R T T B
(Z) = (1 - 30)) B TS L R R N (4.5)
weuwd wlouwd u?os 0
0 weut uw0-u? w0yl
2\-1 10 -yl 0 wlcu? ouloud
(g) = (1 - 3a)) YU R R R R R B I K (4.6)
| w0 ulouwd uw? ol 0
0 Wl u0u? w0y
3y-1 u0 -yl 0 ul - u? ulud
(g) = (1 - 3w) W2 yl.y? 0 w23 (4.7)
AR T Ve R Ve TE R TE R TE
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The corresponding determinants are

b==b=d=-0- 3 f ) o 0

After lowering the indices 7 and j in the tensors (4.4 —4.7), we get

01— 30" (“O)il'(” B , 49

7= ) (uo):1,<u2)_1 0 () 0 (4.9)
() (@) 0 0 ()

R | _—1140)_2 -1 (uo)_1 M—lz)_1 —10 -1 —10 1

e RO R CO N O BN GO R OB G I ) 410

0 (ul ' —(uz)_Z 0
-1 -1 -2
0 (ul u3) 0 —(u3)
() 0 W)@ o
5 . 0 - ul)_2 (ul)_l . (uz)_l 0
T ) ) ) o
0 o @) )
W@ o o @) )]
3 _ 0 (1) 0 ) ()
g= (1-3w) 1 . ( 0) _(uz)_2 Euzg_l ‘ EuS;_l . (4.12)
I I 3 I 5 I 5 B (U B (U
The corresponding non-symmetric metric tensors are
2=§+%, 517=§+% ;=§+%, 2=§+§, (4.13)
for anti-symmetric tensors f], k=0,..., 3, of the type (0, 2).
\%

In this way, we proved the next theorem.
. 1 L , . .
Theorem 4.2. With respect to a state-parameter w # 3 and a 4-velocity 11, four generalized Riemannian spaces

0 A

GR; = (My, ), GR, = (M4,;), GR, = (M, é) GR, = (M, 3) (4.14)

A

for the covariant metric tensors 5, k=0,..., 3, given by the equation (4.13), are uniquely determined. [J
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Let us also consider the following contravariant metric tensors. These metric tensors are the only ones
which have the least zero-elements outside of the diagonal but whose determinants are not equal 0:

u® - u° 0 u-u? u®ud
“\_ 0 ul-ul wu? o ulud
@' =(-3| .2 2 2w o (4.15)
0 | w0 ud ulud 0 ud - ud |
w0 u® w0t u® - ud
“\_ W ut uteut ulou? 0
(Z) '= (1 - 3w) 0 B R S B D N (4.16)
! IR7ARSTS 0 w?-ud udu
F w0 u® 0wt ul 0
“\_ -yl bl 0 ul-ul
(9)" = (1-30) P2 0 2R iR (4.17)
2 0 uud u?oud udud
The corresponding metric determinants are
4, N2/ N2/ N2/ a2
g=0= 5= -t -20) W 20 ars
0o 1 2

Hence, the covariant symmetric metric tensors obtained with respect to the contravariant ones
(4.15,4.16,4.17) are

h=1 1-30) —2<u0)1_1 -(ul)ll 1 -1 2 =} ) 1 4.19
e R o I 5 Ml ol
(@) () () () 202) () ()

( 0)(_10)(—21)_1 (uo)(—11‘><_1/211)_1 _(2 1/l)o_l—l (:l)z_l—l (Lzo)l_l_i (?3)3_1_1
= 2(1-30) oy (uZ)’l () ) u3)’1 (4.20)

Tl ) IR O I —2(u1)_i' ()" (ul)_l'(u3)_l .
(MO) _i (“2) » —2(1/!1_)1 ~(u2_)1 _Lll . (1
| 2() () () () () () ()

g=g+
2 3

+ +

!?:

g:
0 1

o<
o<\Q>
-
H<'\Q)
N <

’ (4.22)

for the anti-symmetric tensors 7, 7, § of the type (0, 2).
vV V. Vv
01 2
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In this way, the validity for the next theorem was proved.

1
Theorem 4.3. With respect to a state-parameter w # 3 and a 4-velocity 1, three generalized Riemannian spaces
GRy = (M, _LZ), GRy = (M, ;;;), GR: = (M, ;Z), (4.23)
for the covariant metric tensors §, k = 0,1, 2, given by the equations (4.22), are uniquely determined. [
k

4.2. Ricci tensors and scalar curvatures
We will prove the next theorems.

0 - 0 . 0
Theorem 4.4. The components r;j of the Ricci tensor and the scalar curvature v for the associated space Ry are

0 0, 0 0 0, 0 0

rij = gw(ra.ijy - T iy, ]) + gwg (ry zjré ap ~ ry.ifré.jﬂ>/ (4.24)
0 0qy085/0 0 0 0 0

r=glg? 6(1—'& Boy — Fa ﬁyb) gl 5966( yeﬁré.aiﬁ - F;@Rs.@), (4.25)

0
for the symmetric metric tensor § given by the equation (4.4) and

0 1,0 0 0
= E(gg,k ~Gjki + %J‘)

Proof. From the equation (2.7) and the definition of the Ricci curvature, we find

0 0 0

0 04y 0 y U B¢
2 “W])+ga)g 3(rw]rﬁaﬁ r%iﬁrﬁfg)f

rij = 0T aijy -
. 0 1.0 0 0 . 0
for the Christoffel symbols T j = 5(9@" = Jjki + T, j) of the associated space Ry.
0480
Its trace g@raﬁ is the corresponding scalar curvature. [J

1 . 1 . 1
Theorem 4.5. The components r;j of the Ricci tensor and the scalar curvature r for the associated space Ry are

1 140 /L 1 /1 1

7’1']' = gﬂ(ra_g,y ].—‘a iy ]) + ga) g, b(r)/ 1]Fb aﬁ — r,, lﬁrb ]a) (426)
1 1y 1gs/1 1 51 0 1

r =020 (Tapoy — Tapys) + gﬂg@gé(r@r% - ry,%r&cj), (4.27)

1
for the symmetric metric tensor § given by the equation (4.5) and
1 11 1 1
Lije = E(gg,k ~Gjki + 9&]’)-
Proof. Based on the equation (2.7) and the definition of the Ricci curvature, we get

1 Loy (L 1 1oy 1gs 1 L
Tij = g;(l"a.g,y Ty iy,j ) + g—g— (l"y 1]1"5, ap ~ F),,ifl"é_jﬂ),

1 1 1
for the Christoffel symbols I'; j = E(éﬁ’k - é]-k,,- + éﬁ ]-) of the associated space Ry.

s lagl . .
The composition gﬁraﬁ is the aimed scalar curvature. [
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2 . 2 . 2
Theorem 4.6. The components t;; of the Ricci tensor and the scalar curvature r for the associated space Ry are

2 2012 2 Y 2 2 2

rij = ga) Tui i,y =T iy, ]) + gm —(— b(r},‘,‘]‘ré.aﬁ - Fy,ifl’é,];a), (428)
2 2.2 2 2 2 2 2 2

r= gﬂgj(ra.@,y - ra,&,(‘)) + !7 y!]ﬁ —(— C( . ECFO.% - r)/.ﬁrb.cia)/ (429)

2
for the symmetric metric tensor § given by the equation (4.11) and

2 2

2 1,2
Tige = 5@ = i + i)
Proof. With respect to the equation (2.7) and the expression %’ij = é@%mjﬁ, of the Ricci curvature, we find

2 2 2 2 2 2 2 2
rij = gﬂ(raﬁ,y -Ta iy, ]) + 9“ —(J— (ry zjréaﬁ ryfréﬂ)r

2 2
for the Christoffel symbols I'; j = %(;27 ik = éjk,i + §i1) of the associated space Ry.

2482 2
The scalar function gﬁralg is the scalar curvature for the associated space IRy, which completes the proof
for this theorem. [

3 . 3 . 3
Theorem 4.7. The components r;; of the Ricci tensor and the scalar curvature v for the associated space Ry are

3 Sa)/ 3 3 3

rij = g*(ra.ijy -Ta iy, ]) + g 9 (ry zjré ap ~ ry 1ﬁr6 ]01) (4.30)
3 34,385 3 3473853 3

= P gy — Tagya) + 9L GTy cclop ~ yploca), (431)

3
for the symmetric metric tensor § given by the equation (4.12) and

3 1.3 3 3
= E(gg,k ~Gjki t+ %J‘)

Proof. From the equation (2.7) and the definition of the Ricci curvature, we obtain

3 3403 3 34y3 3 3
7’1']' = gﬂ(rwg’y - ].—‘a iy ]) + ga) —g— (FV 1]rb aﬁ r}/,iﬁré_jﬂ>,

3 1 3
for the Christoffel symbols T'; j = E(gﬁ’k - gjk,,- + 3& ]-) of the associated space Ry.

3483 3
The corresponding trace, g%raﬁ, is the scalar curvature for the space Ry. [
Analogously as above, one may prove the validity for the next theorems.

Theorem 4.8. The components rij of the Ricci tensor and the scalar curvature r for the associated space ]%{4 are

ri = gﬂ(raw Tuiy, i)+ ;g‘”’g "(ry T = rwfgé,]g), (4.32)
6 = gﬂ!gﬁb(ra BO,y ra By, 5) + {{11/9 9 ( 2 ecré ap ~ ry eﬁr(‘) Ca) (4.33)
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for the symmetric metric tensor § given by the equation (4.15) and
0

1
Tiw==(g:r—gu: o).
Ol'ﬁ Z(gﬂ,k %ﬁll +.g$r])

O

Theorem 4.9. The components Tij of the Ricci tensor and the scalar curvature r for the associated space ]1114 are

rij = ‘?ﬂ(l;a.g,y - 1;04.1'1,]') + {1]@!17@(11}.51;5@ —Lygle. jg), (4.34)
= g2 (Tops - T & g 5T, ecToap — TyesT 4.
=90 (Capoy = Tapya) + 92050 Trcloag = Draploca). (4:35)

for the symmetric metric tensor § given by the equation (4.16) and
1

1
=3+

O

Theorem 4.10. The components rij of the Ricci tensor and the scalar curvature r for the associated space 112{4 are

C C 0
51 = ¢ Gy = o) + 40 (Daoon = Do) (4:36)
= g2 P Tops, — T + 022 G%(T) e Coap — Tyepls 4.37
5 Z g (2(1.@,7 2&.[1%6) ‘2 \Z g (27/'§25'a—ﬁ 27/.%2(\@711)/ ( . )

for the metric tensor § given by the equation (4.17) and
2

1
Lige = (s = gni + )

O

With respect to the equations (2.2, 2.5), the components of the covariant torsion tensor T are organized
as the block matrix

Tij = [ [TOij] [Tlij] [Tzij] [T3z’j] ], (4.38)
where
[ O 0 0 0
[To“] _|0 0 —no12 — M12,0 + Ho2,1 —Mo1,3 — M13,0 + 1031 (4.39)
gl 0 mno1p + 1120 — No2,1 0 —No23 — N30 + Moz |’ '
| 0 no13 +1130 — 1031 Moz + N30 — Mo32 0
0 0  noip+n120—Ne21  Mo1s +M130 — Mo31
0 0 0 0
[Tlij] =1 _ _ 0 0 _ _ 7 (440)
No1,2 —N12,0 + No2,1 N123 —MN231 +M132
| —no13 —n1zo+ne1 0 —nizo+nx31 + 13 0
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[ 0 Nop1 —Mo12 —H120 0 7op3 — Nz + 1230
[T ] _ | ma2o0+n012 —npa 0 0 mig3+na31 —Mi3p (4.41)
2j 0 0 0 0 ’ :
| —n230 +Mo32 —Mo23  —M231 + M3 — 123 0 0
[ 0 Mo3,1 — Mo1,3 — M130 Hosp — Moz —hazg 0
T ] = | ™30 + 1013 — 1031 0 ni32 —N123 —Ma31 0O 440
3ij| = _ _ 0 0 ( . )
N30 + No2,3 —No32  M23,1 + N12,3 —N132
0 0 0 0
. . 0 . .
With respect to the metric tensor g given by (4.4), one finds
0 2 2, \2 2 40 0 0 2/ 2/ N2/ m\2
0 1 2 0 1 3
LM (1 30)) [(71012 — Ny + Yl12 o) ( ) (M ) (M ) + (n01,3 — N1 + 7113,0) (u ) (M ) (u )
0 0 of. 1\2( 2\2 0 0\2(,2\3(, 3\
(71012 - 71021 + ”120)(7’1123 - 71132 + 71231 u (M (M ) u’+ (Vlozs — N3z + 71230) ( ) (H ) ( ) (4.43)

0 0 2 0 2
o, 1\, 2(,3 1 2 3
2(”013 —n031 +n130)(n123 —n132 +n231)u u ) u ) +2(71123 —Nn132 +n231) (M ) (u ) (M )

(u
: uoul(uz 2(M3) ]

+ 2(71023 - 7”!032 + a3 0)("123 - 71132 + 7723 1

0
From (4.43), one can deduce Ly = 0 in the comoving reference frame. In other words, the comoving
observer notices the empty space, a space with no matter.
Let us assume the proportion

0 0 0 0 0 0 0 0 0 0 0 0
NMp1,2 - Mo2,1 - N12,0 - N12,3 - N132 + 1231 < Np1,3 - M03,1 - M13,0 - N02,3 - 103,2 - 1230 (4.44)
0 0 0 0 0 0 0 0 0 0 0 0 ’

= @012 - dp21 - K120 - K123 © (132 - (231 « (013 + 031 - X130 - K23 - X032 - (230,

0 0 . o 0 0 0 . .0 0
for aji = (20, x1, x2, x3). In this case, it yields 1;;; = @i+ 1, for some non-trivial function n = n(x%, x1, x2, x3).
j j i j

0 0 0
Because 1 = a;jx - n, (4.43) transforms to

0 0
L= ; (1= 3w)?l- 12, (4.45)

where

1

20 0\2( 1\2(, 2)? 0 0 0 0 0 0 of, 1\3(, 2\2. 3
(Ofou - aozl + 01120) (M ) (u ) u ) + 2(6¥012 —Qop1 + alzo)(am — 32 + 01231)M (M ) (M u
(u

20 0\2 2/ a\2 0 0 0 0 0 0 of 1\2. 2

+ (a013 - 01031 + 0130) (M ) ) (M ) - 2(04013 — p31 + 01130)(%23 — 3 + 04231)14 (u u

20 0\2( 2\2( 3\2 0 0 0 0 0 0 0.1/ 2

+ 04023 - Ofosz + 0230) ) ( ) ) + 2(0€023 —ap32 + 04230)(04123 — 3 + 01231)14 u (u
2

+ 2(0{123 - gtlgz + 8(231)2(1/[1) (uz)z(MS)z.

0
For a matter Lagrangian Ly, Ly = L, the equation (4.45) by % has two solutions

0 2 -3 0 0 2 -3 0
- —_ 1% - - 4.4
nl_\/3(1 3a)) Lyf! and mp = \/3(1 3a)) Lol (4.46)
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The corresponding components of the anti-symmetric part of the non-symmetric metric should be

. . . . 0 0 0 . .
obtained from the system of the differential equations (n,-]-,k)1 , = @ik (n)l ) In this way, two generalized

Riemannian spaces will be obtained. If these two spaces are equal, they will correspond to the empty space
(no matter case).

With regard to the metric tensor é given by (4.5), one gets

-1£M = g . (1 - 360)3[(71101,2 - 71402,1 + 71112,0)2(1!0)2(”1)2(”2)2 + (717013 - 111031 + 7113 0) ( ) 1) ( )

(u
( ) 0 zul(u2)2u +2(Vloz3 —7’1032 +n230)2( ) ( ) ( 3)2 (4.47)
+ 2( no13 — 7103 1t 711130)(711023 — Mgz + 71230)
(n )

1 1
- 2(no1,2 —71021 +7’1120)(71023 —71032 +71230 u

(+)
(ﬂleuﬁ @us—%n+%mﬂ7¢f@ﬂ7ff

u ) u u(
2 1 0,,1(,.2\(, 3)2
+ 023—n032+n230 (71123—71132+77231 wu\u)\u

1

From (4.47), one can deduce Ly = 0in the comoving reference frame. So, the comoving observer notices
the empty space in this case.

Let us assume the proportion

1 1 1 1 1 1 1 1 1 1 1 1
NMp1,2 — No2,1 - N12,0 - Np2,3 - 13,2 - 1230 - 1M01,3 - 1M03,1 - N13,0 - N12,3 - N132 - 1231

1 1 1 1 1 1 1 1 1 1 1 1
= 01,2 — dp2,1 - K12,0 - Q02,3 - X032 - X230 - A01,3 - 03,1 - K130 - X123 - X132 - (X231,

(4.48)

1 1 1
forajj = al]k(x XL, x? x3) In this case, it holds nljk = Qjjk- n for some non-trivial functionn = n(x xt, x2, x%).

1
Because n,-]-,k = Qjjk n, the equation (4.47) is equivalent to

1

Ly= 2 (1= 3wyl 12, (4.49)

N W

where

1 20 N2 12 2\2 1 1 1 1 1 0
= (04012 - 3021 + 312 o) (u ) (H ) (u ) (01012 — Qo1 T A 0)(302,3 —Qp32 + a23,0)(u
+ (am 3~ a031 + 0113 0) (u ) (U ) (Ll ) + 2(04013 —Qp31 + a3 0)(“02,3 — 32 t+ 0523,0)(11 ) u
2 1 1 1 1 2 2
0 2 3 0,1(,2 3
+ 2(01023 - 0fo32 + 0423 0) (H (u (u + 2(%2,3 — a2+ 0123,0)(0112,3 —apo + 0é23,1)u u (M ) (M )
u ) (u

1 1 1 N2 2\2( 3\2
+(0¢12,3—6¥13,2+0f23,1)( )( )( )

~
N
:b—l
=~
=
N
~
N
=
w

1
For a part Ly of the full Lagrangian £ which corresponds to matter and based on the equality Ly = Ly,
the equation (4.49) has two solutions by rlz

1 2 -3 1 1 2 _3 1
ny = \/5(1—30)) -£M€ 1 and ny = —\/5(1—30)) LMK 1, (450)

The corresponding components of the anti-symmetric part of the non-symmetric metric should be

. . . . 1 1 1 . . .
obtained from the system of the differential equations (nij,k)l , = ijk - (n)1 ) Two generalized Riemannian
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spaces may be obtained in this case. If these two spaces coincide, they will correspond to the empty space
(no matter case).

~

Based on the metric tensor _z? given by the equation (4.6), we obtain

2 3 3 2 2 2 2 2 2 2 2 2 2 2
Ly =5 +(1=30) [(on2 = oo + rzo) () () (s2) +2(ions = foa + isso) () (') ()
2 2 2 02/ 1\2 2 2 20 N0 N[ 3\2
+2(71012—71021 +n120>(n013—n031 +n130)(u ) (u ) utu +<n123—n132+n231) (u ) (M ) (u )
) 9 N2 1 2 > 20 0\2( N2( 3
n013—n031+n130)(n023—n032+n230)u)uu( ) (ﬂ023—n032+n230) (u)(u)(u)

+2(
2 2 of 1\2
2( 013—71031 +n130)(n123—n132+n231u(u M( )]

2

From (4.51), we deduce L = 0 in the comoving reference frame. The comoving observer finds the no
matter space in this case.

Let us assume the proportion

2 2 2 2 2 2 2 2 2 2 2 2
Nno1,2 - Mo2,1 - M12,0 - M01,3 - 103,1 - M13,0 - 12,3 - 1032 - 1230 - 1123 - 11132 11231

2 2 2 2 2 2 2 2 2 2 2 2
= Q01,2 - Q2,1 - X120 - Q01,3 - Xp3,1 - X130 - Q02,3 - 32 - X230 - X123 - K132 * (X231,

(4.52)

2 2 . .. . L 2 2 2 .. . 2
for ajp = (% x',x%,x%). In this case, it is satisfied n;jx = @;jx - 1, for some non-trivial function n =

0
n(x?, xt, x2, x%).

2 2 2 .
Because 7;;x = a;j - n, the equation (4.51) transforms to

2 3 2 2
Ly = > (1-3w)*t-n?, (4.53)

where

2, 20 0\2 2 2 2 2 2 0\2(. 1\2. 2 B
= (a012—a021+a120) (M)( )(M) +2(a012—a021+a120)<a013—a031+a130)( )( )
2/ 0\2 3 2 2 2 0
+2(a013—a031+a130) (M)( )(u) +2(0¢013—01031 +a130)(0z023—a032+a230)(u) ( )
2 2 0(1,1V1.2(13Y o (2 2 2
—2(01013—010314'&130 (a12,3—a13,2+0¢23,1)u (u)u(u) +(a023—a032+a230)( )( )( )
2 2 20 N2( N2 3\2
+(C¥123—a132+0(231) (u)(u)(u)

2
For the corresponding part Ly of the full Lagrangian .£ equal to £y, the equation (4.53) by 1 has two
solutions

2 2 -3 2 2 2 3 2

= /%1 -1 =—.12(1- -1 4.54
n = \/3(1 Sw) Lyt and np = \/3(1 3a)) Lt 1. (4.54)
The components of the anti-symmetric part of the non-symmetric metric should be obtained from the

. . . 2 2 2 . . . .
system of the differential equations (nif'k)lz = Qjj - (n)l , In this manner, two generalized Riemannian
spaces will be obtained. If these two spaceé are equal, théy will correspond to the no matter case.
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. . 3 . . .
With respect to the metric tensor g given by the equation (4.7), we obtain

3 3 3 2 2 2 3 3 3 2 2 2 2
.EM = (1 360) [2(71012 — N1 + 7112 0) ( ) (ul) (HZ) + (7101,3 — N1+ 7”!13,0) (HO) (ul) (143)
3 0\, 1\%. 2.3, (3 3 3 \2¢ 0\2( 5\2( 32
(74012 - ﬂ021 + n12 0)(”013 - n031 + 7113 0)(” ) (M ) uu” + (ﬂ02,3 —Npz2 + n23,0) (M ) (M ) (M )

3 3 0\ 1(,2\2. 3, (3 3 3 N\20 1)\ 0N\2( 3
2(71012 - 71021 +n120)(n023 —71032 +71230) u’)u\u ) u’+ (Tl12,3 —Nn132 +7123,1) (14 ) (M ) (u )

3 3 3 3 of. 1\2
+ 2(”01 2~ noz 1+ 112 0)(”123 — N3 + N3 1)” (M

3
From (4.55), one finds L1 = 0 in the comoving reference frame. That means that the comoving observer
notices the space without matter.
Let us assume the proportion

3 3 3 3 3 3 3 3 3 3 3 3
NMp1,2 - Mo2,1 - M12,0 - M01,3 - 13,1 - 113,0 - 12,3 - 1032 - N23,0 - N12,3 - 1132 * 1231

3 3 3 3 3 3 3 3 3 3 3 3
= (01,2 : @021 * A120 * X013 * X03,1 © A13,0 * A02,3 * X032 : (23,0 : X123 1 X132 * A231,

(4.56)

3 3 . . .. 3 3 3 . . . 3
for a;j = a,-]-k(xo,xl,xz, x%). It is satisfied the equalities 7n;;x = a;j - n, for some non-trivial function n =
3
n(x%, xt, x2, x%).

3 33 .
Because 7;;x = a;j - n, the equation (4.55) transforms to
3 3 3 3
Ly = > (1-3w)*t-n?, (4.57)

where

3

=

2 3 3 2
0
2<04012—0é021 +0¢120)< )( )(M) + ( 012—04021+0é120)(06013—06031 +04130 (M)(M

3 3 2
0 1
2(01012—06021+0€120)(04023—(1032+(X230)(14) ( )H +(0C013—0é031+0¢130) (u)(u)
0 3 3 0\2(, 2\2(, 3)>
+ (a012—a021+0c120 (04123—01132+04231)M( )( )M +(01023—04032+6¥230) (M)(M)(M)
3 3 20 N2 N\2( 3\2
+(0¢123—6¥132+0(231) (u)(u)(u)

3
For the corresponding part Ly of the full Lagrangian Ly equal to Ly, the equation (4.57) by 1 has two
solutions

3 2 -3 3 3 2 3 3
ny = \/5(1 —30)) -£M€ 1 and ny = —\/5(1 —30)) LMK 1, (4-58)

The components of the anti-symmetric part of the non-symmetric metric have to be obtained from the
. . . 3 3 3 . . . .
system of the differential equations (nif'k)1 , = Qijk - (n)1 ,- In this way, two generalized Riemannian spaces
will be obtained. If these two spaces are equal, they will correspond to the empty space.
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Based on the metric tensor § given by the equation (4.15), we find
0

L= =3 (0=30) Tl =g o) ) (V) = g ) 0 () o)
(u0)2<u1)2u w+ (”023 - 3032 + Tl23 0)2(u0)2(u2)2<u3)2
()

2 2 20 N2( N2 3\2
u +(6112,3—7313,2+7323,1) (M)(M)<M)

+4 Mor2 ~ o1 + 112, (01,3 — Tos1 + 13,0

0 1(,,2

( n02,3 —71032 +n230

+2 Mor2 = Moz,1 + M120 u u(u)
2\2 3
(u)u (4.59)
0\, 1, 2(,3)2
-2 013—n031+n130(n023—n032+n230 u’)uu\u

0

I\J

+ 013—n031+n130

(1 ) )

(n ) )
= 2tz = o + )iz — 1z + nzgl)uO(ul)z
(1 ) )

(1 ) )

(1 ) )

)
( M23 ~ M3z + 11231 uo(ul)zu (us)z
6 |

4 0.,1(,2\(, 3)
+ 023—n032+n230 n123—n132+7123luu us)\u’) |-

From (4.59), one deduces L) = 0 in the comoving reference frame. Hence, the comoving observer
0

notices the no matter space in this case.
We need the proportion

1012 * Mo2,1 - M12,0 - 01,3 - 03,1 - 113,00 - 12,3 - 1032 - 1230 - 1123 - 1132 11231
0 0 0 0 0 0 0 0 0 0 0 0 (4.60)
= Q01,2 - 2,1 - X12,0 - Q01,3 - Xp3,1 - X130 - Q023 - K32 - X230 - 123 - X132 - (231

0 0 0 0 0 0 0 0 0 0 0 0

for ije = %zijk(xo,xl,xz,x3). In this case, it holds the equality Mij = Qije 1, for some non-trivial function
n = n(x% x!, x2, x3).
0

0
For the reason of 78"1'/" = %zi]-k . 701, the equation (4.59) transforms to

3
lon =-3 1- 3w)3g . 612, (4.61)

where

2 2 2
_ 2 0 1
= (0101,2 — a1 t+ 0612,0) ) ( ) (H ) + 4(a01,2 - aoz,l + 0112,0)(“01,3 — 3,1 + 130 (M ) (M ) uu
0 0 0 0 0 0 0
2 2
) () (w2

+2 Qo12 ~ Qo1 + Q120 (
0 2 2
012—01021 +0€120 123—0é132+6¥231 u ( ) (M u +(a023—a032+a230) (M

0

(u
( %023 ~ Qo3 2 + d23 0)( ) ( )zu + (am 3~ Qo3 + d13 0)2
-2 (a )

=}
SN—
N
—_
=
¥}
~
N
—
=
w
\—/VNV

( )
(g )
( 013‘0‘031+04130)( (023 = G032 + 4230 (uo) 1 2(u3
( s
( )

2 2, 1\20 N2/ 3\2
-2 ) ) +<6Vlz,3—a13,2+(123,1) u ) (M ) (u
0 0 0
0(y 3\2
+2%¥013—01031+CV130 123—0é132+6¥2311/l *(u
0,1 3\2
+4 Qo3 — Qos2 + A3 (@123 — Q132 + Qo3 Juu (u u



N. O. Vesi¢ et al. / Filomat 35:5 (2021), 1519-1541 1535

For the matter Lagrangian £ such that Ly = Ly, the equation (4.61) by n has two solutions
0

2 -3 g 2 -3 g
m = \/—5(1—3(4)) .EMg 1 and ny = —\/—5(1—3a)) LMg L (4.62)

The corresponding components of the anti-symmetric part of the non-symmetric metric should be

obtained from the system of the differential equations (gl,-]-,k)l , = f(?)fijk . (61)12' For this reason, it will be

obtained two generalized Riemannian spaces. If these two spaces are equal, they will correspond to the no
matter case.

Based on the metric tensor § given by the equation (4.16), one finds
1

N W

3 2021222 2021232
(1-30) gz~ o+ ) (6 0 g s+ s ) )
2 2 2 2 2 2
o s s s ) 20

2 2 2 2 2
i+ (s = s+ g ) (2 )

Ly =~
1

-2

no1,2 — noz 1+ 7112 0 71101,3 - 71103,1 + 71113,0

.4;

no12 — 7102 1+ n12 0 71102,3 - 11103,2 + 71123,0

I\)

3
M23 = M3 + 231 u (4.63)

-2

no1,3 — n03 1+ n13 0 71102,3 - 11103,2 + 71423,0

of, 1\2. 2(, 3)?
01,3—71031+71130 71712,3—71!13,2+71123,1 u\u ) us\u

..p

-2

(1 )
-4{n )
~ 212 = ma + 120 )
(1 )
-4z )
(1 )

0.,1(,2\(, 3)
023—n032+n230 12,3—71113,2+71123,1uuu 173 I B

-~

From (4.63), we obtain Ly = 0 in the comoving reference frame. So, the comoving observer notices the
1
no matter space in this case.

Let us guess the proportion

Mno1,2 — Mo2,1 - M12,0 - 01,3 - 03,1 - 13,0 - M02,3 - 03,2 - M23,0 - M12,3 - M132 - M231
1 1 1 1 1 1 1 1 1 1 1 1

(4.64)
= 01,2 — @021 * X12,0 * &01,3 + A03,1 + X130 ¢ 02,3 * Q03,2 + A23,0 * X123 1 X132 1 A231,
1 1 1 1 1 1 1 1 1 1 1 1
for ajix = aiin(x%, x', x2, x3). In this case, it holds 1;;x = a;j -1, for some non-trivial function n = 111(x0 xt, x2, x%)
1l]k = 11]k sA Ay . 7 11],k = 1l]k 1r s = sA Ay .
Because ;fij’k = %i ik * Tll, the equation (4.63) transforms to
3 3p .2
LMz_E.(1_3w)g.,11, (4.65)
1 1

where
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‘- <m,z—am+m>2<u0>2< (0 2gora g+ qaalors - s + o)
8 ) ()
(123 = a2+ s 0t (2o + (ama = sz + o) (o (2 (o)
8 ()
8

02,152 3)\2 20 1\?
Q2,3 — a032 + 0123 0)(“ ) (u ) + (61Y12,3 - %13,2 + (fl23,1) u ) (M

2

2
01,2—0f021+0flzo 02,3—04032+6¥230)( ) ( u +(0é013—61¥031+a130)

I\)

01,2 - 0602 1+ 04120

N
~—
N
—_
=
w
N

I\)

2

,4;

( 013—04031"'&130)
0 3
( 01,3—01031 +0€130) 12,3—a132+a231 u ( ) (U

2
0,1 3
-2 02,3—a032+a230)(a123—a132+a231 uu ( ) ( ) .

For the part Ly of the full Lagrangian £ which corresponds to matter and with respect to the equality
Ly = Ly, the equation (4.65) by 1}1 has two solutions
1

2 -3 2 -3
- [-Z(1- -1 N -1
;111 = \/ 3(1 3a)) LMf and 1{12 = \/ 3(1 30)) .EMf . (4.66)
The corresponding components of the anti-symmetric part of the non-symmetric metric should be
obtained from the system of the differential equations (rlz,-]-,k)l , = olzi ik - (rll)l ' Two generalized Riemannian
spaces may be obtained in this case. If these two spaces coincide, they will correspond to the no matter
case.
Based on the metric tensor § given by the equation (4.17), we obtain
2

(130 g~ s+ o) (O () (s~ + s (0 )
0+ s+ e (7 0 ()

2 2 2 2 2
2+ (s~ + s (0 (00

I\JIQJ

Ly =
2

0

—2(n Motz =~ Moz + 12,0 )(Mo1,3 = os1 + Mz (U

(+)
() v

ulu

N

+ 012—n021+n120 03—n032+n230

2

w?) ud (4.67)

n (w2
2

2 2
n

+4 013—n031+n130

2
of,1
+4( 012—71021+71120)( 123—n132+n231)u (M )
0\, 1,.2(,3
( )( 03—n032+n230)(u)uu(u)
2 2
of, 1\, 2(,,3
+2( MoL3 — Mo3,1 +n130)( 123—11132+71231)M (M ) u (M )
2 2
0,,1(,.2 3
—2(g02,3 —72103,2 +72123,0)(721123 —7’1132 +n23 1)u u (u ) (u ) ]

From (4.67), we deduce Ly = 0 in the comoving reference frame. That means that the comoving
2

reference observer notices the empty space this case.
We need the proportion

72101,2 . 72102,1 ?1120 71013 n031 Tl130 n023 Hosz 71230 71123 n132 71231
(4.68)
= Q01,2 - Q2,1 - X12,0 - Q01,3 - Q03,1 - X130 - Q023 - X032 - X230 - Q123 - X132 - (231
2 2 2 2 031 - 5130 - 5023 - 5082 - 5230 - 51253 -+ 5132 - 23,1/
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for Qijk = ozzijk(xo,xl,xz,x3). In this case, it is satisfied Mgk = Qijk - 1, for some non-trivial function

n=n 10, x1, x2, x3).
For the reason of ;;zij,k = céqjk . 121, the equation (4.67) transforms to

3
gM =-3 1- 3a))3£ - 7212, (4.69)

where

20 0\2( 1\2(, 2)? 0\2(, 1

= (0401,2 — a1 t+ 312,0) u ) (H ) (u ) - 2(0101,2 — Qo211+ 0112,0)(“013 - a031 + a13 0)(11 ) (u ) uu
2 2 2 2 2 2 2 2

2 2
() (') ()

2 2 2
) () () ()
0)2 BRI 2 20 1)2
%023—040327““230)(”) (M) +(gé123—6¥132+a231) (M) (H )
0 3\2
%123—011324'&231)“ ( ) (M )

2
0,1 3
-2 023—010324'&230 %123—6¥132+0¢231MM( )(u .

2 5 g2 2
u +(0¢013—06031 +04130)

3

2 2
0 2
+4 012—06021 +0€120 %123—a132+0¢231 u ( ) (H ) u +(0é023—0é032+04230)

a
2
2
a

N
~—
N
—
=
w
N

I\)

+ 013—04031+C¥130

+2(qu,
(
+4(
(a
(a

120)
)
013 = G031 + dz0)
)
)

For the corresponding part Ly of the full Lagrangian Ly equal to Ly, the equation (4.69) by i1 has two
2

solutions

2 -3 _ 2 -3 g
m = \/—5(1—3a)) LMg 1 and ny = —\/—5(1—30)) .EMg 1 (4.70)

The components of the anti-symmetric part of the non-symmetric metric should be obtained from the
system of the differential equations (nijk) = Qjjk - (n) . In this manner, two generalized Riemannian
22 2 2/12

spaces will be obtained. If these two spaces are equal, they will correspond to the no matter case.

4.3. Pressure and energy-density

0 1 2 3
The Einstein’s Equations for the spaces GIR4,GR4, GR4, GIR4 and for the spaces GI%L;, G]Il{4, 03112{4 as well,
are

0 1oo 0

Ti]' - z?’g,’]’ = KT,']', (471)
1 111

Tij = 579ij = KTl], (4.72)
2 122 2

Tij — 7’91] = KT:]/ (473)
3 133 3

1’1']' - Ergl = KTi]‘, (474)

1
gij ng] z]/ (475)
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1

- S =T 479
1

™ 3t = 67

In [14], it is obtained that the energy-momentum tensor T, the pressure p and the energy-density p
satisfy the equalities

p=Twuuf and p=-1T%+ 1T puuP. (4.78)

After composing the equations (4.71-4.77) with gﬁ,. .. ,gﬁ, and u'u/, one obtains
2

o

0

1= b= Ll = b= G R, @79
Ti= = = L Gatnd = 30)D = 557+ Fpd), (450
fi= b b= Lo = 37) B = 55+ Fa ), @81
= = = Ll = 59) B = 3o{7+ Ptod), 452
fa= -isfﬁ = H{gnnt - %s)f'g = 537+ poe?), (4.83)
T = == cls = 31 p = 5 (Gr o ), (484)
T =g = s = 300 = 5 G+ o) @5

0
Theorem 4.11. The energy-densities, pressures and the state parameters in the spaces GRy, . . ., G]12Q4, are given by
the equations (4.79-4.85). O

Corollary 4.12. Based on the equation (4.3), the components of the energy-momentum tensor for an ideal fluid which

0
corresponds to the spaces GRy, .. ., G]l§4 are

1 1,1
T;j= §(4raﬁu"‘wS - r)uiuj - ﬁ(ir + ra/;u“uﬁ)gi, (4.86)
01 2 3 . . . .
or r;; € {rii, i, i, Vi, Vi, Vi, 1ii}, the corresponding components of the covariant symmetric metric tensors g;; €
j jr Vije Vije Vijo Vijo Tijir Tij P g conp Y gij

{;%, _tlyij,gzyij, 31‘]‘, _zg,'j, glyij, gzyij} given by the equations (4.9, 4.10,4.11, 4.12,4.19,4.20, 4.21) and r = g%ra/;. O

4.4. Simple example
We will consider a special metric tensor § mostly related to cosmology. The components of this tensor
are

Jo Jo G2 Go3

gt = Yo gu g2 413 _ (4.87)
—go2 —H12 g2 923

v

—go3 —H13 —Y3 g3
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1
Letbe w = w(t, x', x%,x%), —0 < w < 3’ and

u® = (1-3w)73, ul =i-(1-3w)72 fi(t,x',2%,x),

4.88
w=i-(1- 3a))’%f2(t, b2 xd), wd=i-(1- 3w)’%f3(t,x1,x2,x3), (4.88)

for the real scalar functions f; = fi(t,x!,x%,%°),k = 1,2,3.
With respect to the equality g% = (1 - 3w)u'u’, the components of symmetric contravariant and covariant

parts (g )7 and Z = ((z+)71) N of the covariant metric tensor §* are

(9") - 0 0 _(uz)2(f2)2 , (4.89)
0 0 o (@) (s)
1 0 0 0
o (1) (s1)” 0 0
7= 0 0 (u2)2(52),1 0 ! (4.90)
0 0 0 (15) (s5)”

2
where s; = —( fk) . The signature of the symmetric metric tensor §* is (+, —, —, -).
The components of the anti-symmetric part of the metric tensor §* are

0 ng ny My
s _| M0 0 nz o my
= o om | (4.91)

—MNp —Ng —Ns 0
The components of the covariant torsion tensor T are (see Eq. (2.5))

Toiz = —To21 = —T102 = T120 = Too1 = —T210 = (noz + 130 — 11,1,

To13 = =Toz1 = =Tz = T130 = T301 = —T310 = —(n0,3 + N4 — N2,1

7

~

(4.92)
Toxs = —Tozo = —To03 = Tozo = T30z = —T320 = —(M1,3 + 1150 — 1122),
Tioz3 = =T1zo = =T213 = Toz1 = T312 = —T3p1 = =133 + 1151 — h142),
and T;j = 0 in all other cases.
With respect to the equation (3.7), one gets
3 2/ a\2 2, N2, a2
= SV (B () () (2 () [(r02 =+ mso) () (o) won)
+ (03 = mp1 +ny o) (f) (142) ’ +(n13 = + 115 o) (f) (M )_2 —(n35—map + "5,1)2]-
If we take Ly from (4.93) to coincides with a matter Lagrangian Ly, and use the proportion
Mot N1 i M3t Mot Mo i Mag t M3 Hp M50 N33 Hap i 1
02 M1,1 i M30 1 M03 M1 D40 I3 20 150 11133 1 4t N5 (4.94)

= Qe -t a1 f A3 L A3 - A1 L (g0 - 13 L A2 D A50 L (33 1 (A4 L A5,
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we will obtain

Ly=n*-17 (4.95)
where 7 is a non-trivial function such that n;; = a;; - n and

l= ;(fl)z(fz)z( 3)2(u])2(u2)2(u3)2[(a02 —ag + 0130)2(f3)72(u3)72

(4.96)
+ (0603 g+ a40)2(f2)_2(u2)_2 + (a3 —am + 0650)2(f] )—2(u1)—2 - (0633 — (g + a5 )2]

The components of the anti-symmetric part §© of the metric tensor §* are solutions of the next system
\

of differential equations

N
N

(710,2) = (aoz) ZMZ_I, (111,1) = (0(11) ZMz_l, (7’13,0) = (aso) ZM?_%
(n0,3)2 = (0403)221\/1?_1, <n2,1)2 = (0521)2-ZMZ_1/ (714,0)2 = (0440)221\47_1,
2 2~ ~ 2 2~ ~ 2 2~ ~ (4.97)
(711,3) = (als) Lul™, (712,2) = (0122) Lut™, (”5,0) = (a50) Lul™,
(713,3)2 = (0433)2~M?_1, (7’14,2)2 = (0442)2~le1/ (n5,1)2 = (a51)2~M?_1-
The components of the corresponding energy-momentum tensor T are (see the equation (3.6))
Ty=2—22 () (£) Zu, (@.99)

fori=j>0and Tij = 0 otherwise.
In the case of isotropy, i.e. (ul)z( f1>2 = (uz)z( fz)z = (u3)2( f3)2 = (u)z( f)z, the equation (4.98) reduces to

T = o OLu ___ () (f) Zo (4.99)

fori=j>0and Tij = 0 in all other cases.

A

The trace of the energy-momentum tensor Tis

.
7o =3Zu-2), — 22 ((u) (1)) (4.100)

In the case of isotropy, the last formula reduces to

T“:3~M—6%u2 2 4.101
Y o

After substituting the expressions (4.98, 4.99, 4.100, 4.101) such as u,u® = 1 into the equations (3.9, 3.11),
we get the corresponding pressures p and py as well as the energy densities p and pg. These expressions are
cumbersome and are not written here.
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5. Conclusion

We studied the theory of cosmology with respect to complete metrics in this paper.

At the start of this research, the components of a metric tensor which corresponds to a state-parameter
are obtained.

With respect to this result, we proved that the energy-momentum tensor corresponds to a relativistic
matter fluid if this tensor is trace-free.

After that, we obtained seven generalized Riemannian spaces which correspond to the same energy-
momentum tensor.

We got energy-densities, pressures and state parameters with respect to the seven obtained spaces.

At the end of the paper, we presented the diagonal symmetric part of the metric tensor and its further
possibilities to be applied in cosmological researches.

In the future, our first aim is to deduce what are metric tensors which correspond to the state parameters
which are equal to the state parameter of the relativistic matter (radiation). The next aim is to obtain

metric tensors 3, ..., §, given by the equations (4.4, 4.5, 4.6, 4.7, 4.15, 4.16, 4.17), which produce the same
2

Lagrangian density as a given metric tensor 4. The mappings of these spaces will be studied.
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