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Abstract. We pointed to 4-dimensional generalized Riemannian spaces important for applications in some
parts of physics here. Complete metric tensors and its possibilities to be applied in cosmology are analyzed
in this paper. We used the results of N. O. Vesić, presented in [14]. At the end of the paper, we studied the
diagonal symmetric metric tensor in the cosmological context.

1. Introduction

The largest part of the cosmological models relies on the assumption that the Theory of General Relativity
is the correct theory of gravity. Validity of the Theory on the large scales was an unavoidable assumption,
but on these scales the Theory has never been observationally fully tested [15].

In theory, a lot of cosmological models for various period of the Universe evolution have been proposed.
In this regard, there are theoretical considerations and investigations which include models with torsion.
It has been first considered almost one century ago by Cartan [2], and later by Sciama and Kibble [4, 12].
The main idea of CSK (Cartan, Sciama, Kibble) model(s) was very simple and elegant. The mass and the
spin are fundamental quantities for all (fundamental) particles. If the mass is the source of gravitation,
i.e. curvature, then the spin should be the source of torsion. So, models with torsion somehow extend the
Theory of General Relativity because fundamental quantity, such as the torsion, can be associated with one
of the fundamental property of particles, which is the spin. One should have in mind that the spin is not
the only source for torsion [1].

Although the torsion effects could be significant only in the early stage of the Universe evolution, it is,
nevertheless, important to investigate the role of torsion in general cosmological context. This is because
the torsion effects deviates from the effects predicted by the Theory of General relativity only in the extreme
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situations, such as very high densities at the beginning of the Universe evolution or inside the black holes
[11].

In this paper, we discuss the cosmological applications of models with torsion, considering the possibility
that some cosmological fluid could be connected and interpreted geometrically using the presence of the
torsion. We investigate several possible toy models which have symmetric part of the metric tensor of the
Friedmann-Lemaitre-Robertson-Walker (FLRW) type, and non-vanishing anti-symmetric part.

This paper is consisted of introduction, three sections and conclusion. In the first of the three sections, we
will recall the necessary definitions about generalized Riemannian spaces. In the second of these sections,
the previously obtained results and the tasks of this paper will be given. In the last of the three sections, we
will present the main findings of this paper.

2. Generalized Riemannian space

A 4-dimensional manifoldM4 equipped with a non-symmetric metric tensor 1̂whose components are

1̂ =


s00 s01 + n01 s02 + n02 s03 + n03

s01 − n01 s11 s12 + n12 s13 + n13
s02 − n02 s12 − n12 s22 s23 + n23
s03 − n03 s13 − n13 s23 − n23 s33

 , (2.1)

for the scalar functions spq, npq, p, q = 0, 1, 2, 3, depending on the position (x1, x2, x3) and the time x0 = t, is
the generalized Riemannian space GR4

(
in the sense of Eisenhart’s definition [3]

)
.

The symmetric and anti-symmetric part of the metric tensor 1̂ are the tensors 1̂ =
1
2

(
1̂ + 1̂T

)
and

1̂
∨

=
1
2

(
1̂ − 1̂T

)
:

1̂ =
[
1i j

]
≡


s00 s01 s02 s03
s01 s11 s12 s13
s02 s12 s22 s23
s03 s13 s23 s33

 and 1̂
∨

=
[
1i j
∨

]
≡


0 n01 n02 n03
−n01 0 n12 n13
−n02 −n12 0 n23
−n03 −n13 −n23 0

 . (2.2)

We assume that the matrix
[
1i j

]
is regular, i.e. det

[
1i j

]
= 1 , 0. The contravariant metric tensor of the

spaceGR4 is the tensor
(
1̂
)−1

whose component 1i j is placed at the position (i, j) in the inverse matrix
[
1i j

]−1
.

For this reason, it holds the equality 1iα1 jα = δi
j, for the Cronecker δ-symbol δi

j.

The generalized Christoffel symbols of the first kind for the space GR4 are Γ̂. Their components are

Γi. jk =
1
2

(
1 ji,k − 1 jk,i + 1ik, j

)
, (2.3)

for the partial derivative ∂/∂xi denoted by comma.
The affine connection coefficients of the spaceGR4 are the generalized Christoffel symbols of the second

kind whose components are

Γi
jk = 1iαΓα. jk =

1
2
1iα

(
1 jα,k − 1 jk,α + 1αk, j

)
. (2.4)

Remark 2.1. The Einstein Summation Convention was applied to the mute indices in the equation (2.4). This
Convention will be suitable only for mute lowercase Greek letter indices α, β, γ, . . . in this paper.
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Because Γi
jk . Γi

k j, the components of symmetric and anti-symmetric part for the Christoffel symbols of
the second kind are

Γi
jk =

1
2

(
Γi

jk + Γi
k j

)
=

1
2
1iα

(
1 jα,k − 1 jk,α + 1αk, j

)
and Γi

jk
∨

=
1
2

(
Γi

jk − Γi
k j

)
=

1
2
1iα

(
1 jα
∨

,k − 1 jk
∨

,α + 1αk
∨
, j

)
. (2.5)

The anti-symmetric part Γi
jk
∨

of the generalized Christoffel symbol Γi
jk is the component for a tensor Γ̂

∨
of

the type (1, 2). The equalities Γαiα
∨

= Γααi
∨

= 0 are satisfied. The tensor T̂ = 2Γ̂
∨

is the torsion tensor of the space

GR4.
The manifoldM4 equipped with the metric tensor 1̂ is the associated space R4 of the space GR4. The

affine connection coefficients for the space R4 are Γi
jk.

One kind of covariant derivatives with respect to the affine connection of the space R4 exists. The
components for this covariant derivative are [6, 7]

ai
j|k = ai

j,k + Γi
αkaαj − Γαjkai

α, (2.6)

for a tensor â of the type (1, 1).
Based on this covariant derivative, one identity of the Ricci type exists

ai
j|m|n − ai

j|n|m = aαj Ri
αmn − ai

αRαjmn,

for the curvature tensor R̂ of the space R4 whose components are

Ri
jmn = Γi

jm,n − Γi
jn,m + ΓαjmΓi

αn − ΓαjnΓi
αm. (2.7)

The components of the Ricci tensor and the scalar curvature of the space R4 are

Ri j = Rαi jα and R = 1
αβRαβ. (2.8)

With respect to the affine connection of the spaceGR4, four kinds of the covariant derivative are defined
[8–10, 16]

ai
j |
1
k = ai

j,k + Γi
αkaαj − Γαjkai

α, ai
j |
2
k = ai

j,k + Γi
kαaαj − Γαkja

i
α,

ai
j |
3
k = ai

j,k + Γi
αkaαj − Γαkja

i
α, ai

j |
4
k = ai

j,k + Γi
kαaαj − Γαjkai

α.
(2.9)

With respect to the differences ai
j |
µ
m |
ν
n − ai

j |
ζ
n |
θ
m, µ, ν, ζ, θ ∈ {1, 2, 3, 4}, one finds the family K̂ of the curvature

tensors for the space GR4, whose components are [16]

Ki
jmn = Ri

jmn + uTi
jm|n + u′Ti

jn|m + vTαjmTi
αn + v′TαjnTi

αm + wTαmnTi
α j, (2.10)

where u, u′, v, v′, w are the corresponding coefficients.
The components of the families of Ricci tensors and scalar curvatures for the space GR4 are [14]

Ki j = Kα
i jα = Ri j + uTαi j|α − (v′ + w)TαiβT

β
jα and K = 1

αβKαβ = R − (v′ + w)1αβTγαδT
δ
βγ. (2.11)
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Two of the scalar curvatures K are linearly independent, for example

K
0

= R and K
1

= R −
1
4
1
αβTγαδT

δ
βγ. (2.12)

To study spaces with matter, we will use the scalar curvature K
1

.

3. Previous results and motivation

With respect to the Einstein-Hilbert action

S =

∫
d4x

√
|1|

( 1
2κ

R +LM

)
, (3.1)

whereκ = 8πG, G is Newton gravitational constant, andLM is Lagrangian density for a matter (cosmological
fluid), the Eisntein’s equations for gravity are obtained

Ri j −
1
2

R1i j = κTi j, (3.2)

where Ti j are components of the energy-momentum tensor T̂ of the type (0, 2) which corresponds to LM.
Let us consider the functional

J[ f ] =

∫
L
[
t, f (t), f ′(t)

]
dt, (3.3)

where f ′(t) = d f/dt. After varying f by adding to it a function δ f , and after expressing the integrand
L
[
t, f + δ f , f ′ + δ f ′

]
in powers of δ f , we get the change of the value of J to first order in δ f

δJ =

∫
δJ
δ f (t)

δ f (t)dt. (3.4)

The functional derivative of J with respect to f at the point t is denoted as δJ/δ f (t). In other words, it
holds the Euler-Lagrange equation

δJ
δ f (t)

=
∂L
∂ f
−

d
dt
∂L
∂ f ′

. (3.5)

For this reason, the components Ti j of the energy-momentum tensor, covariant and contravariant metric
tensor 1i j and 1i j respectively, and the Lagrangian density LM satisfy the equation [1, 2, 4, 11, 12, 15]

Ti j = −
2√
|1|

δLM

δ1i j = −
2√
|1|

∂
(√
|1|LM

)
∂1i j = −2

∂LM

∂1i j + 1i jLM. (3.6)

With respect to Shapiro’s research [13] and the scalar curvature K
1

, we get [14]

LM = −
1
4
1
γδ
1εα1

βζTεγβTαδζ. (3.7)
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On the other hand, Madsen [5] factored the components of energy-momentum tensor for a non-ideal
fluid as

Ti j = ρuiu j + qiu j + q jui −
(
phi j + πi j

)
, (3.8)

for the pressure p, the energy-density ρ, hi j = 1i j − uiu j, πiαuα = παiuα = 0, uαqα = 0, where ui, qi, πi j are the
components of 4-velocity û, the energy flux vector q̂ and the anisotropic stress tensor π̂, respectively.

In [5, 14], it is obtained

p = −
1
3

Tαα +
1
3

Tαβuαuβ and ρ = Tαβuαuβ. (3.9)

If ρ , 0 and based on the relation p = ωρ, the state parameter ω can be expressed as [14]

ω = −
1
3

Tαα
(
Tβγuβuγ

)−1
+

1
3
. (3.10)

In the comoving reference frame ui = δi
0, the equations (3.9, 3.10) reduce to

p0 = −
1
3

Tαα +
1
3

T00, ρ0 = T00, ω0 = −
1
3

Tαα
(
T00

)−1
+

1
3
. (3.11)

The curvatures of generalized Riemannian spaceGR4 are correlated with symmetric and anti-symmetric
parts of the metric tensor [14].

From the equation (3.10), one obtains

−
1
3

Tεζ1εζ
(
Tβγuβuγ

)−1
+

1
3

= ω, (3.12)

i.e.

Tβγ
(
1
βγ
−

(
1 − 3ω

)
uβuγ

)
= 0. (3.13)

In this paper, we will consider the case of 1βγ =
(
1 − 3ω

)
uβuγ.

The next tasks will be realized in this article:

1. The trace of the energy-momentum tensor corresponding to the relativistic matter fluid will be
obtained.

2. We will not assume the homogeneity, detect all four-dimensional regular contravariant metric tensors
whose non-zero components are 1i j

= (1 − 3ω)uiu j and obtain the pressure, energy-density and state
parameter corresponding to these metrics.

3. The incomplete non-singular metric tensor will be given at the end of this paper. In this example, we
will obtain the corresponding differential equation which generates the metric tensor with respect to
the Lagrangian and the vector of 4-velocity.
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4. Main results

With respect to the equation (3.12), we obtain ω =
1
3

if and only if Tαα = 0. In this way, we proved the
next lemma.

Lemma 4.1. If the state parameter is equal to the state parameter of the relativistic matter fluid (radiation) then the
trace of the energy-momentum tensor vanishes.

From the Madsen’s formulae (3.8), we read that the cosmological fluid is ideal if and only if

qiu j + q jui = πi j. (4.1)

Having in mind qi = Tαβuαhβi
(
see [5]

)
, one finds

qi = Tαiuα − Tαβuαuβui ≡ Tαiuα − ρui. (4.2)

In this case, the components (3.8) for the energy-momentum tensor T̂ reduce to

Ti j =
(
ρ + p

)
uiu j − p1i j. (4.3)

4.1. Mathematical contributions

Regardless of the relation ω ,
1
3

, one gets

det


(1 − 3ω)u0

· u0 (1 − 3ω)u0
· u1 (1 − 3ω)u0

· u2 (1 − 3ω)u0
· u3

(1 − 3ω)u1
· u0 (1 − 3ω)u1

· u1 (1 − 3ω)u1
· u2 (1 − 3ω)u1

· u3

(1 − 3ω)u2
· u0 (1 − 3ω)u2

· u1 (1 − 3ω)u2
· u2 (1 − 3ω)u2

· u3

(1 − 3ω)u3
· u0 (1 − 3ω)u3

· u1 (1 − 3ω)u3
· u2 (1 − 3ω)u3

· u3

 = 0.

Let us consider the following contravariant metric tensors
(
the non-singular contravariant metric tensors

with the least numbers of zero components such that 1i j
= (1 − 3ω)uiu j, for 1i j , 0

)

( 0̂
1
)−1

=
(
1 − 3ω)


u0
· u0 u0

· u1 u0
· u2 u0

· u3

u0
· u1 0 u1

· u2 u1
· u3

u0
· u2 u1

· u2 0 u2
· u3

u0
· u3 u1

· u3 u2
· u3 0

 , (4.4)

( 1̂
1
)−1

=
(
1 − 3ω

) 
0 u0

· u1 u0
· u2 u0

· u3

u0
· u1 u1

· u1 u1
· u2 u1

· u3

u0
· u2 u1

· u2 0 u2
· u3

u0
· u3 u1

· u3 u2
· u3 0

 , (4.5)

( 2̂
1
)−1

=
(
1 − 3ω

) 
0 u0

· u1 u0
· u2 u0

· u3

u0
· u1 0 u1

· u2 u1
· u3

u0
· u2 u1

· u2 u2
· u2 u2

· u3

u0
· u3 u1

· u3 u2
· u3 0

 , (4.6)

( 3̂
1
)−1

=
(
1 − 3ω)


0 u0

· u1 u0
· u2 u0

· u3

u0
· u1 0 u1

· u2 u1
· u3

u0
· u2 u1

· u2 0 u2
· u3

u0
· u3 u1

· u3 u2
· u3 u3

· u3

 . (4.7)
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The corresponding determinants are

0
1 =

1
1 =

2
1 =

3
1 = −(1 − 3ω)4

(
u0

)2(
u1

)2(
u2

)2(
u3

)2
, 0. (4.8)

After lowering the indices i and j in the tensors (4.4 – 4.7), we get

0̂
1 = (1 − 3ω)−1


−2

(
u0

)−2 (
u0

)−1
·

(
u1

)−1 (
u0

)−1
·

(
u2

)−1 (
u0

)−1
·

(
u3

)−1(
u0

)−1
·

(
u1

)−1
−

(
u1

)−2
0 0(

u0
)−1
·

(
u2

)−1
0 −

(
u2

)−2
0(

u0
)−1
·

(
u3

)−1
0 0 −

(
u3

)−2


, (4.9)

1̂
1 = (1 − 3ω)−1


−

(
u0

)−2 (
u0

)−1
·

(
u1

)−1
0 0(

u0
)−1
·

(
u1

)−1
−2

(
u1

)−2 (
u1

)−1
·

(
u2

)−1 (
u1

)−1
·

(
u3

)−1

0
(
u1

)−1
·

(
u2

)−1
−

(
u2

)−2
0

0
(
u1

)−1
·

(
u3

)−1
0 −

(
u3

)−2


, (4.10)

2̂
1 = (1 − 3ω)−1


−

(
u0

)−2
0

(
u0

)−1
·

(
u2

)−1
0

0 −

(
u1

)−2 (
u1

)−1
·

(
u2

)−1
0(

u0
)−1
·

(
u2

)−1 (
u1

)−1
·

(
u2

)−1
−2

(
u2

)−2 (
u2

)−1
·

(
u3

)−1

0 0
(
u2

)−1
·

(
u3

)−1
−

(
u3

)−2


, (4.11)

3̂
1 = (1 − 3ω)−1


−

(
u0

)−2
0 0

(
u0

)−1
·

(
u3

)−1

0 −

(
u1

)−2
0

(
u1

)−1
·

(
u3

)−1

0 0 −

(
u2

)−2 (
u2

)−1
·

(
u3

)−1(
u0

)−1
·

(
u3

)−1 (
u1

)−1
·

(
u3

)−1 (
u2

)−1
·

(
u3

)−1
−2

(
u3

)−2


. (4.12)

The corresponding non-symmetric metric tensors are

0̂
1 =

0̂
1 +

0̂
1
∨

,
1̂
1 =

1̂
1 +

1̂
1
∨

,
2̂
1 =

2̂
1 +

2̂
1
∨

,
3̂
1 =

3̂
1 +

3̂
1
∨

, (4.13)

for anti-symmetric tensors
k̂
1
∨

, k = 0, . . . , 3, of the type (0, 2).

In this way, we proved the next theorem.

Theorem 4.2. With respect to a state-parameter ω ,
1
3

and a 4-velocity û, four generalized Riemannian spaces

G
0
R4 =

(
M4,

0̂
1
)
, G

1
R4 =

(
M4,

1̂
1
)
, G

2
R4 =

(
M4,

2̂
1
)
, G

3
R4 =

(
M4,

3̂
1
)
, (4.14)

for the covariant metric tensors
k̂
1, k = 0, . . . , 3, given by the equation (4.13), are uniquely determined.
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Let us also consider the following contravariant metric tensors. These metric tensors are the only ones
which have the least zero-elements outside of the diagonal but whose determinants are not equal 0:

ˆ(
1

0

)
−1 =

(
1 − 3ω)


u0
· u0 0 u0

· u2 u0
· u3

0 u1
· u1 u1

· u2 u1
· u3

u0
· u2 u1

· u2 u2
· u2 0

u0
· u3 u1

· u3 0 u3
· u3

 , (4.15)

ˆ(
1

1

)
−1 =

(
1 − 3ω)


u0
· u0 u0

· u1 0 u0
· u3

u0
· u1 u1

· u1 u1
· u2 0

0 u1
· u2 u2

· u2 u2
· u3

u0
· u3 0 u2

· u3 u3
· u3

 , (4.16)

ˆ(
1

2

)
−1 =

(
1 − 3ω)


u0
· u0 u0

· u1 u0
· u2 0

u0
· u1 u1

· u1 0 u1
· u3

u0
· u2 0 u2

· u2 u2
· u3

0 u1
· u3 u2

· u3 u3
· u3

 . (4.17)

The corresponding metric determinants are

1
0

= 1
1

= 1
2

= −3
(
1 − 3ω

)4(
u0

)2(
u1

)2(
u2

)2(
u3

)2
, 0. (4.18)

Hence, the covariant symmetric metric tensors obtained with respect to the contravariant ones
(4.15, 4.16, 4.17) are

1̂

0

=
1
3

(
1 − 3ω

)−1



(
u0

)−2
−2

(
u0

)−1
·

(
u1

)−1 (
u0

)−1
·

(
u2

)−1 (
u0

)−1
·

(
u3

)−1

−2
(
u0

)−1
·

(
u1

)−1 (
u1

)−2 (
u1

)−1
·

(
u2

)−1 (
u1

)−1
·

(
u3

)−1(
u0

)−1
·

(
u2

)−1 (
u1

)−1
·

(
u2

)−1 (
u2

)−2
−2

(
u2

)−1
·

(
u3

)−1(
u0

)−1
·

(
u3

)−1 (
u1

)−1
·

(
u3

)−1
−2

(
u2

)−1
·

(
u3

)−1 (
u3

)−2


, (4.19)

1̂

1

=
1
3

(
1 − 3ω

)−1



(
u0

)−2 (
u0

)−1
·

(
u1

)−1
−2

(
u0

)−1
·

(
u2

)−1 (
u0

)−1
·

(
u3

)−1(
u0

)−1
·

(
u1

)−1 (
u1

)−2 (
u1

)−1
·

(
u2

)−1
−2

(
u1

)−1
·

(
u3

)−1

−2
(
u0

)−1
·

(
u2

)−1 (
u1

)−1
·

(
u2

)−1 (
u2

)−2 (
u2

)−1
·

(
u3

)−1(
u0

)−1
·

(
u3

)−1
−2

(
u1

)−1
·

(
u3

)−1 (
u2

)−1
·

(
u3

)−1 (
u3

)−2


, (4.20)

1̂

2

=
1
3

(
1 − 3ω

)−1



(
u0

)−2 (
u0

)−1
·

(
u1

)−1 (
u0

)−1
·

(
u2

)−1
−2

(
u0

)−1
·

(
u3

)−1(
u0

)−1
·

(
u1

)−1 (
u1

)−2
−2

(
u1

)−1
·

(
u2

)−1 (
u1

)−1
·

(
u3

)−1(
u0

)−1
·

(
u2

)−1
−2

(
u1

)−1
·

(
u2

)−1 (
u2

)−2 (
u2

)−1
·

(
u3

)−1

−2
(
u0

)−1
·

(
u3

)−1 (
u1

)−1
·

(
u3

)−1 (
u2

)−1
·

(
u3

)−1 (
u3

)−2


. (4.21)

Analogously as above, the non-symmetric metric tensors 1̂
0
, 1̂

1
, 1̂

2
are

1̂
0

= 1̂
0

+ 1̂
∨

0

, 1̂
1

= 1̂
1

+ 1̂
∨

1

, 1̂
2

= 1̂
2

+ 1̂
∨

2

,
(4.22)

for the anti-symmetric tensors 1̂
∨

0

, 1̂
∨

1

, 1̂
∨

2

of the type (0, 2).
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In this way, the validity for the next theorem was proved.

Theorem 4.3. With respect to a state-parameter ω ,
1
3

and a 4-velocity û, three generalized Riemannian spaces

GR
0

4 =
(
M4, 1̂

0

)
, GR

1
4 =

(
M4, 1̂

1

)
, GR

2
4 =

(
M4, 1̂

2

)
, (4.23)

for the covariant metric tensors 1̂
k
, k = 0, 1, 2, given by the equations (4.22), are uniquely determined.

4.2. Ricci tensors and scalar curvatures
We will prove the next theorems.

Theorem 4.4. The components
0
ri j of the Ricci tensor and the scalar curvature

0
r for the associated space

0
R4 are

0
ri j =

0
1
αγ

(0
Γα.i j,γ −

0
Γα.iγ, j

)
+

0
1
αγ 0
1
βδ
(0
Γγ.i j

0
Γδ.αβ −

0
Γγ.iβ

0
Γδ. jα

)
, (4.24)

0
r =

0
1
αγ 0
1
βδ
(0
Γα.βδ,γ −

0
Γα.βγ,δ

)
+

0
1
αγ 0
1
βδ 0
1εζ

(0
Γγ.εζ

0
Γδ.αβ −

0
Γγ.εβ

0
Γδ.ζα

)
, (4.25)

for the symmetric metric tensor
0
1̂ given by the equation (4.4) and

0
Γi. jk =

1
2

(0
1i j,k −

0
1 jk,i +

0
1ik, j

)
.

Proof. From the equation (2.7) and the definition of the Ricci curvature, we find

0
ri j =

0
1
αγ

(0
Γα.i j,γ −

0
Γα.iγ, j

)
+

0
1
αγ 0
1
βδ
(0
Γγ.i j

0
Γδ.αβ −

0
Γγ.iβ

0
Γδ. jα

)
,

for the Christoffel symbols
0
Γi. jk =

1
2

(0
1 ji,k −

0
1 jk,i +

0
1ik, j

)
of the associated space

0
R4.

Its trace
0
1
αβ0

rαβ is the corresponding scalar curvature.

Theorem 4.5. The components
1
ri j of the Ricci tensor and the scalar curvature

1
r for the associated space

1
R4 are

1
ri j =

1
1
αγ

(1
Γα.i j,γ −

1
Γα.iγ, j

)
+

1
1
αγ 1
1
βδ
(1
Γγ.i j

1
Γδ.αβ −

1
Γγ.iβ

1
Γδ. jα

)
, (4.26)

1
r =

1
1
αγ 1
1
βδ
(1
Γα.βδ,γ −

1
Γα.βγ,δ

)
+

1
1
αγ 1
1
βδ 1
1εζ

(1
Γγ.εζ

1
Γδ.αβ −

1
Γγ.εβ

1
Γδ.ζα

)
, (4.27)

for the symmetric metric tensor
1
1̂ given by the equation (4.5) and

1
Γi. jk =

1
2

(1
1i j,k −

1
1 jk,i +

1
1ik, j

)
.

Proof. Based on the equation (2.7) and the definition of the Ricci curvature, we get

1
ri j =

1
1
αγ

(1
Γα.i j,γ −

1
Γα.iγ, j

)
+

1
1
αγ 1
1
βδ
(1
Γγ.i j

1
Γδ.αβ −

1
Γγ.iβ

1
Γδ. jα

)
,

for the Christoffel symbols
1
Γi. jk =

1
2

(1
1 ji,k −

1
1 jk,i +

1
1ik, j

)
of the associated space

1
R4.

The composition
1
1
αβ1

rαβ is the aimed scalar curvature.
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Theorem 4.6. The components
2
ri j of the Ricci tensor and the scalar curvature

2
r for the associated space

2
R4 are

2
ri j =

2
1
αγ

(2
Γα.i j,γ −

2
Γα.iγ, j

)
+

2
1
αγ 2
1
βδ
(2
Γγ.i j

2
Γδ.αβ −

2
Γγ.iβ

2
Γδ. jα

)
, (4.28)

2
r =

2
1
αγ 2
1
βδ
(2
Γα.βδ,γ −

2
Γα.βγ,δ

)
+

2
1
αγ 2
1
βδ 2
1εζ

(2
Γγ.εζ

2
Γδ.αβ −

2
Γγ.εβ

2
Γδ.ζα

)
, (4.29)

for the symmetric metric tensor
2
1̂ given by the equation (4.11) and

2
Γi. jk =

1
2

(2
1i j,k −

2
1 jk,i +

2
1ik, j

)
.

Proof. With respect to the equation (2.7) and the expression
2
ri j =

2
1
αβ2

rαi jβ, of the Ricci curvature, we find

2
ri j =

2
1
αγ

(2
Γα.i j,γ −

2
Γα.iγ, j

)
+

2
1
αγ 2
1
βδ
(2
Γγ.i j

2
Γδ.αβ −

2
Γγ.iβ

2
Γδ. jα

)
,

for the Christoffel symbols
2
Γi. jk =

1
2

(2
1 ji,k −

2
1 jk,i +

2
1ik, j

)
of the associated space

2
R4.

The scalar function
2
1
αβ2

rαβ is the scalar curvature for the associated space
2
R4, which completes the proof

for this theorem.

Theorem 4.7. The components
3
ri j of the Ricci tensor and the scalar curvature

3
r for the associated space

3
R4 are

3
ri j =

3
1
αγ

(3
Γα.i j,γ −

3
Γα.iγ, j

)
+

3
1
αγ 3
1
βδ
(3
Γγ.i j

3
Γδ.αβ −

3
Γγ.iβ

3
Γδ. jα

)
, (4.30)

3
r =

3
1
αγ 3
1
βδ
(3
Γα.βδ,γ −

3
Γα.βγ,δ

)
+

3
1
αγ 3
1
βδ 3
1εζ

(3
Γγ.εζ

3
Γδ.αβ −

3
Γγ.εβ

3
Γδ.ζα

)
, (4.31)

for the symmetric metric tensor
3
1̂ given by the equation (4.12) and

3
Γi. jk =

1
2

(3
1i j,k −

3
1 jk,i +

3
1ik, j

)
.

Proof. From the equation (2.7) and the definition of the Ricci curvature, we obtain

3
ri j =

3
1
αγ

(3
Γα.i j,γ −

3
Γα.iγ, j

)
+

3
1
αγ 3
1
βδ
(3
Γγ.i j

3
Γδ.αβ −

3
Γγ.iβ

3
Γδ. jα

)
,

for the Christoffel symbols
3
Γi. jk =

1
2

(3
1 ji,k −

3
1 jk,i +

3
1ik, j

)
of the associated space

3
R4.

The corresponding trace,
3
1
αβ3

rαβ, is the scalar curvature for the space
3
R4.

Analogously as above, one may prove the validity for the next theorems.

Theorem 4.8. The components r
0

i j of the Ricci tensor and the scalar curvature r
0

for the associated space R
0

4 are

r
0

i j = 1
0

αγ
(
Γ
0
α.i j,γ − Γ

0
α.iγ, j

)
+ 1

0

αγ
1
0

βδ
(
Γ
0
γ.i jΓ

0
δ.αβ − Γ

0
γ.iβΓ

0
δ. jα

)
, (4.32)

r
0

= 1
0

αγ
1
0

βδ
(
Γ
0
α.βδ,γ − Γ

0
α.βγ,δ

)
+ 1

0

αγ
1
0

βδ
1
0

εζ
(
Γ
0
γ.εζΓ

0
δ.αβ − Γ

0
γ.εβΓ

0
δ.ζα

)
, (4.33)
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for the symmetric metric tensor 1̂
0

given by the equation (4.15) and

Γ
0

i. jk =
1
2

(
1
0

i j,k − 1
0

jk,i + 1
0

ik, j

)
.

Theorem 4.9. The components r
1

i j of the Ricci tensor and the scalar curvature r
1

for the associated space R
1

4 are

r
1

i j = 1
1

αγ
(
Γ
1
α.i j,γ − Γ

1
α.iγ, j

)
+ 1

1

αγ
1
1

βδ
(
Γ
1
γ.i jΓ

1
δ.αβ − Γ

1
γ.iβΓ

1
δ. jα

)
, (4.34)

r
1

= 1
1

αγ
1
1

βδ
(
Γ
1
α.βδ,γ − Γ

1
α.βγ,δ

)
+ 1

1

αγ
1
1

βδ
1
1

εζ
(
Γ
1
γ.εζΓ

1
δ.αβ − Γ

1
γ.εβΓ

1
δ.ζα

)
, (4.35)

for the symmetric metric tensor 1̂
1

given by the equation (4.16) and

Γ
1

i. jk =
1
2

(
1
1

i j,k − 1
1

jk,i + 1
1

ik, j

)
.

Theorem 4.10. The components r
2

i j of the Ricci tensor and the scalar curvature r
2

for the associated space R
2

4 are

r
2

i j = 1
2

αγ
(
Γ
2
α.i j,γ − Γ

2
α.iγ, j

)
+ 1

2

αγ
1
2

βδ
(
Γ
2
γ.i jΓ

2
δ.αβ − Γ

2
γ.iβΓ

2
δ. jα

)
, (4.36)

r
2

= 1
2

αγ
1
2

βδ
(
Γ
2
α.βδ,γ − Γ

2
α.βγ,δ

)
+ 1

2

αγ
1
2

βδ
1
2

εζ
(
Γ
2
γ.εζΓ

2
δ.αβ − Γ

2
γ.εβΓ

2
δ.ζα

)
, (4.37)

for the metric tensor 1̂
2

given by the equation (4.17) and

Γ
2

i. jk =
1
2

(
1
2

i j,k − 1
2

jk,i + 1
2

ik, j

)
.

With respect to the equations (2.2, 2.5), the components of the covariant torsion tensor T̂ are organized
as the block matrix

Ti jk =
[ [

T0i j

] [
T1i j

] [
T2i j

] [
T3i j

] ]
, (4.38)

where

[
T0i j

]
=


0 0 0 0
0 0 −n01,2 − n12,0 + n02,1 −n01,3 − n13,0 + n03,1
0 n01,2 + n12,0 − n02,1 0 −n02,3 − n23,0 + n03,2
0 n01,3 + n13,0 − n03,1 n02,3 + n23,0 − n03,2 0

 , (4.39)

[
T1i j

]
=


0 0 n01,2 + n12,0 − n02,1 n01,3 + n13,0 − n03,1
0 0 0 0

−n01,2 − n12,0 + n02,1 0 0 −n12,3 − n23,1 + n13,2
−n01,3 − n13,0 + n03,1 0 −n13,2 + n23,1 + n12,3 0

 , (4.40)
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[
T2i j

]
=


0 n02,1 − n01,2 − n12,0 0 n02,3 − n03,2 + n23,0

n12,0 + n01,2 − n02,1 0 0 n12,3 + n23,1 − n13,2
0 0 0 0

−n23,0 + n03,2 − n02,3 −n23,1 + n13,2 − n12,3 0 0

 , (4.41)

[
T3i j

]
=


0 n03,1 − n01,3 − n13,0 n03,2 − n02,3 − n23,0 0

n13,0 + n01,3 − n03,1 0 n13,2 − n12,3 − n23,1 0
n23,0 + n02,3 − n03,2 n23,1 + n12,3 − n13,2 0 0

0 0 0 0

 . (4.42)

With respect to the metric tensor
0̂
1 given by (4.4), one finds

0
LM =

3
2
·

(
1 − 3ω

)3[(0
n01,2 −

0
n02,1 +

0
n12,0

)2(
u0

)2(
u1

)2(
u2

)2
+

(0
n01,3 −

0
n03,1 +

0
n13,0

)2(
u0

)2(
u1

)2(
u3

)2

+ 2
(0
n01,2 −

0
n02,1 +

0
n12,0

)(0
n12,3 −

0
n13,2 +

0
n23,1

)
u0

(
u1

)2(
u2

)2
u3 +

(0
n02,3 −

0
n03,2 +

0
n23,0

)2(
u0

)2(
u2

)2(
u3

)2

− 2
(0
n01,3 −

0
n03,1 +

0
n13,0

)(0
n12,3 −

0
n13,2 +

0
n23,1

)
u0

(
u1

)2
u2

(
u3

)2
+ 2

(0
n12,3 −

0
n13,2 +

0
n23,1

)2(
u1

)2(
u2

)2(
u3

)2

+ 2
(0
n02,3 −

0
n03,2 +

0
n23,0

)
(

0
n12,3 −

0
n13,2 +

0
n23,1

)
u0u1

(
u2

)2(
u3

)2]
.

(4.43)

From (4.43), one can deduce
0
LM = 0 in the comoving reference frame. In other words, the comoving

observer notices the empty space, a space with no matter.
Let us assume the proportion

0
n01,2 :

0
n02,1 :

0
n12,0 :

0
n12,3 :

0
n13,2 :

0
n23,1 :

0
n01,3 :

0
n03,1 :

0
n13,0 :

0
n02,3 :

0
n03,2 :

0
n23,0

=
0
α012 :

0
α021 :

0
α120 :

0
α123 :

0
α132 :

0
α231 :

0
α013 :

0
α031 :

0
α130 :

0
α023 :

0
α032 :

0
α230,

(4.44)

for
0
αi jk =

0
αi jk(x0, x1, x2, x3). In this case, it yields

0
ni j,k =

0
αi jk ·

0
n, for some non-trivial function

0
n =

0
n(x0, x1, x2, x3).

Because
0
ni j,k =

0
αi jk ·

0
n, (4.43) transforms to

0
LM =

3
2
· (1 − 3ω)3

0
` ·

0
n2, (4.45)

where

0
` =

( 0
α012 −

0
α021 +

0
α120

)2(
u0

)2(
u1

)2(
u2

)2
+ 2

( 0
α012 −

0
α021 +

0
α120

)( 0
α123 −

0
α132 +

0
α231

)
u0

(
u1

)2(
u2

)2
u3

+
( 0
α013 −

0
α031 +

0
α130

)2(
u0

)2(
u1

)2(
u3

)2
− 2

( 0
α013 −

0
α031 +

0
α130

)( 0
α123 −

0
α132 +

0
α231

)
u0

(
u1

)2
u2

(
u3

)2

+
( 0
α023 −

0
α032 +

0
α230

)2(
u0

)2(
u2

)2(
u3

)2
+ 2

( 0
α023 −

0
α032 +

0
α230

)
(

0
α123 −

0
α132 +

0
α231

)
u0u1

(
u2

)2(
u3

)2

+ 2
( 0
α123 −

0
α132 +

0
α231

)2(
u1

)2(
u2

)2(
u3

)2
.

For a matter Lagrangian LM,
0
LM = LM, the equation (4.45) by

0
n has two solutions

0
n1 =

√
2
3

(
1 − 3ω

)−3
LM

0
`−1 and

0
n2 = −

√
2
3

(
1 − 3ω

)−3
LM

0
`−1. (4.46)
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The corresponding components of the anti-symmetric part of the non-symmetric metric should be

obtained from the system of the differential equations
(0
ni j,k

)
1,2

=
0
αi jk ·

(0
n
)

1,2
. In this way, two generalized

Riemannian spaces will be obtained. If these two spaces are equal, they will correspond to the empty space
(no matter case).

With regard to the metric tensor
1̂
1 given by (4.5), one gets

1
LM =

3
2
·

(
1 − 3ω

)3[(1
n01,2 −

1
n02,1 +

1
n12,0

)2(
u0

)2(
u1

)2(
u2

)2
+

(1
n01,3 −

1
n03,1 +

1
n13,0

)2(
u0

)2(
u1

)2(
u3

)2

− 2
(1
n01,2 −

1
n02,1 +

1
n12,0

)(1
n02,3 −

1
n03,2 +

1
n23,0

)(
u0

)2
u1

(
u2

)2
u3 + 2

(1
n02,3 −

1
n03,2 +

1
n23,0

)2(
u0

)2(
u2

)2(
u3

)2

+ 2
(1
n01,3 −

1
n03,1 +

1
n13,0

)(1
n02,3 −

1
n03,2 +

1
n23,0

)(
u0

)2
u1u2

(
u3

)2
+

(1
n12,3 −

1
n13,2 +

1
n23,1

)2(
u1

)2(
u2

)2(
u3

)2

+ 2
(1
n02,3 −

1
n03,2 +

1
n23,0

)
(

1
n12,3 −

1
n13,2 +

1
n23,1

)
u0u1

(
u2

)2(
u3

)2]
.

(4.47)

From (4.47), one can deduce
1
LM = 0 in the comoving reference frame. So, the comoving observer notices

the empty space in this case.
Let us assume the proportion

1
n01,2 −

1
n02,1 :

1
n12,0 :

1
n02,3 :

1
n03,2 :

1
n23,0 :

1
n01,3 :

1
n03,1 :

1
n13,0 :

1
n12,3 :

1
n13,2 :

1
n23,1

=
1
α01,2 −

1
α02,1 :

1
α12,0 :

1
α02,3 :

1
α03,2 :

1
α23,0 :

1
α01,3 :

1
α03,1 :

1
α13,0 :

1
α12,3 :

1
α13,2 :

1
α23,1,

(4.48)

for
1
αi jk =

1
αi jk(x0, x1, x2, x3). In this case, it holds

1
ni j,k =

1
αi jk ·

1
n, for some non-trivial function

1
n =

1
n(x0, x1, x2, x3).

Because
1
ni j,k =

1
αi jk ·

1
n, the equation (4.47) is equivalent to

1
LM =

3
2
· (1 − 3ω)3

1
` ·

1
n2, (4.49)

where

1
` =

( 1
α01,2 −

1
α02,1 +

1
α12,0

)2(
u0

)2(
u1

)2(
u2

)2
− 2

( 1
α01,2 −

1
α02,1 +

1
α12,0

)( 1
α02,3 −

1
α03,2 +

1
α23,0

)(
u0

)2
u1

(
u2

)2
u3

+
( 1
α01,3 −

1
α03,1 +

1
α13,0

)2(
u0

)2(
u1

)2(
u3

)2
+ 2

( 1
α01,3 −

1
α03,1 +

1
α13,0

)( 1
α02,3 −

1
α03,2 +

1
α23,0

)(
u0

)2
u1u2

(
u3

)2

+ 2
( 1
α02,3 −

1
α03,2 +

1
α23,0

)2(
u0

)2(
u2

)2(
u3

)2
+ 2

( 1
α02,3 −

1
α03,2 +

1
α23,0

)
(

1
α12,3 −

1
α13,2 +

1
α23,1

)
u0u1

(
u2

)2(
u3

)2

+
( 1
α12,3 −

1
α13,2 +

1
α23,1

)2(
u1

)2(
u2

)2(
u3

)2
.

For a partLM of the full LagrangianLwhich corresponds to matter and based on the equality
1
LM = LM,

the equation (4.49) has two solutions by
1
n

1
n1 =

√
2
3

(
1 − 3ω

)−3
LM

1
`−1 and

1
n2 = −

√
2
3

(
1 − 3ω

)−3
LM

1
`−1. (4.50)

The corresponding components of the anti-symmetric part of the non-symmetric metric should be

obtained from the system of the differential equations
(1
ni j,k

)
1,2

=
1
αi jk ·

(1
n
)

1,2
. Two generalized Riemannian
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spaces may be obtained in this case. If these two spaces coincide, they will correspond to the empty space
(no matter case).

Based on the metric tensor
2̂
1 given by the equation (4.6), we obtain

2
LM =

3
2
·

(
1 − 3ω

)3[(2
n01,2 −

2
n02,1 +

2
n12,0

)2(
u0

)2(
u1

)2(
u2

)2
+ 2

(2
n01,3 −

2
n03,1 +

2
n13,0

)2(
u0

)2(
u1

)2(
u3

)2

+ 2
(2
n01,2 −

2
n02,1 +

2
n12,0

)(2
n01,3 −

2
n03,1 +

2
n13,0

)(
u0

)2(
u1

)2
u2u3 +

(2
n12,3 −

2
n13,2 +

2
n23,1

)2(
u1

)2(
u2

)2(
u3

)2

+ 2
(2
n01,3 −

2
n03,1 +

2
n13,0

)(2
n02,3 −

2
n03,2 +

2
n23,0

)(
u0

)2
u1u2

(
u3

)2
+

(2
n02,3 −

2
n03,2 +

2
n23,0

)2(
u0

)2(
u2

)2(
u3

)2

− 2
(2
n01,3 −

2
n03,1 +

2
n13,0

)(2
n12,3 −

2
n13,2 +

2
n23,1

)
u0

(
u1

)2
u2

(
u3

)2]
.

(4.51)

From (4.51), we deduce
2
LM = 0 in the comoving reference frame. The comoving observer finds the no

matter space in this case.
Let us assume the proportion

2
n01,2 :

2
n02,1 :

2
n12,0 :

2
n01,3 :

2
n03,1 :

2
n13,0 :

2
n02,3 :

2
n03,2 :

2
n23,0 :

2
n12,3 :

2
n13,2 :

2
n23,1

=
2
α01,2 :

2
α02,1 :

2
α12,0 :

2
α01,3 :

2
α03,1 :

2
α13,0 :

2
α02,3 :

2
α03,2 :

2
α23,0 :

2
α12,3 :

2
α13,2 :

2
α23,1,

(4.52)

for
2
αi jk =

2
αi jk(x0, x1, x2, x3). In this case, it is satisfied

2
ni j,k =

2
αi jk ·

2
n, for some non-trivial function

2
n =

0
n(x0, x1, x2, x3).

Because
2
ni j,k =

2
αi jk ·

2
n, the equation (4.51) transforms to

2
LM =

3
2
· (1 − 3ω)3

2
` ·

2
n2, (4.53)

where

2
` =

( 2
α01,2 −

2
α02,1 +

2
α12,0

)2(
u0

)2(
u1

)2(
u2

)2
+ 2

( 2
α01,2 −

2
α02,1 +

2
α12,0

)( 2
α01,3 −

2
α03,1 +

2
α13,0

)(
u0

)2(
u1

)2
u2u3

+ 2
( 2
α01,3 −

2
α03,1 +

2
α13,0

)2(
u0

)2(
u1

)2(
u3

)2
+ 2

( 2
α01,3 −

2
α03,1 +

2
α13,0

)( 2
α02,3 −

2
α03,2 +

2
α23,0

)(
u0

)2
u1u2

(
u3

)2

− 2
( 2
α01,3 −

2
α03,1 +

2
α13,0

)( 2
α12,3 −

2
α13,2 +

2
α23,1

)
u0

(
u1

)2
u2

(
u3

)2
+

( 2
α02,3 −

2
α03,2 +

2
α23,0

)2(
u0

)2(
u2

)2(
u3

)2

+
( 2
α12,3 −

2
α13,2 +

2
α23,1

)2(
u1

)2(
u2

)2(
u3

)2
.

For the corresponding part LM of the full Lagrangian L equal to
2
LM, the equation (4.53) by

2
n has two

solutions

2
n1 =

√
2
3

(
1 − 3ω

)−3
LM

2
`−1 and

2
n2 = −

√
2
3

(
1 − 3ω

)−3
LM

2
`−1. (4.54)

The components of the anti-symmetric part of the non-symmetric metric should be obtained from the

system of the differential equations
(2
ni j,k

)
1,2

=
2
αi jk ·

(2
n
)

1,2
. In this manner, two generalized Riemannian

spaces will be obtained. If these two spaces are equal, they will correspond to the no matter case.
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With respect to the metric tensor
3̂
1 given by the equation (4.7), we obtain

3
LM =

3
2
·

(
1 − 3ω

)3[
2
(3
n01,2 −

3
n02,1 +

3
n12,0

)2(
u0

)2(
u1

)2(
u2

)2
+

(3
n01,3 −

3
n03,1 +

3
n13,0

)2(
u0

)2(
u1

)2(
u3

)2

+ 2
(3
n01,2 −

3
n02,1 +

3
n12,0

)(3
n01,3 −

3
n03,1 +

3
n13,0

)(
u0

)2(
u1

)2
u2u3 +

(3
n02,3 −

3
n03,2 +

3
n23,0

)2(
u0

)2(
u2

)2(
u3

)2

− 2
(3
n01,2 −

3
n02,1 +

3
n12,0

)(3
n02,3 −

3
n03,2 +

3
n23,0

)(
u0

)2
u1

(
u2

)2
u3 +

(3
n12,3 −

3
n13,2 +

3
n23,1

)2(
u1

)2(
u2

)2(
u3

)2

+ 2
(3
n01,2 −

3
n02,1 +

3
n12,0

)(3
n12,3 −

3
n13,2 +

3
n23,1

)
u0

(
u1

)2(
u2

)2
u3

]
.

(4.55)

From (4.55), one finds
3
LM = 0 in the comoving reference frame. That means that the comoving observer

notices the space without matter.
Let us assume the proportion

3
n01,2 :

3
n02,1 :

3
n12,0 :

3
n01,3 :

3
n03,1 :

3
n13,0 :

3
n02,3 :

3
n03,2 :

3
n23,0 :

3
n12,3 :

3
n13,2 :

3
n23,1

=
3
α01,2 :

3
α02,1 :

3
α12,0 :

3
α01,3 :

3
α03,1 :

3
α13,0 :

3
α02,3 :

3
α03,2 :

3
α23,0 :

3
α12,3 :

3
α13,2 :

3
α23,1,

(4.56)

for
3
αi jk =

3
αi jk(x0, x1, x2, x3). It is satisfied the equalities

3
ni j,k =

3
αi jk ·

3
n, for some non-trivial function

3
n =

3
n(x0, x1, x2, x3).

Because
3
ni j,k =

3
αi jk ·

3
n, the equation (4.55) transforms to

3
LM =

3
2
· (1 − 3ω)3

3
` ·

3
n2, (4.57)

where

3
` = 2

( 3
α01,2 −

3
α02,1 +

3
α12,0

)2(
u0

)2(
u1

)2(
u2

)2
+ 2

( 3
α01,2 −

3
α02,1 +

3
α12,0

)( 3
α01,3 −

3
α03,1 +

3
α13,0

)(
u0

)2(
u1

)2
u2u3

− 2
( 3
α01,2 −

3
α02,1 +

3
α12,0

)( 3
α02,3 −

3
α03,2 +

3
α23,0

)(
u0

)2
u1

(
u2

)2
u3 +

( 3
α01,3 −

3
α03,1 +

3
α13,0

)2(
u0

)2(
u1

)2(
u3

)2

+ 2
( 3
α01,2 −

3
α02,1 +

3
α12,0

)( 3
α12,3 −

3
α13,2 +

3
α23,1

)
u0

(
u1

)2(
u2

)2
u3 +

( 3
α02,3 −

3
α03,2 +

3
α23,0

)2(
u0

)2(
u2

)2(
u3

)2

+
( 3
α12,3 −

3
α13,2 +

3
α23,1

)2(
u1

)2(
u2

)2(
u3

)2
.

For the corresponding part LM of the full Lagrangian LM equal to
3
LM, the equation (4.57) by

3
n has two

solutions

3
n1 =

√
2
3

(
1 − 3ω

)−3
LM

3
`−1 and

3
n2 = −

√
2
3

(
1 − 3ω

)−3
LM

3
`−1. (4.58)

The components of the anti-symmetric part of the non-symmetric metric have to be obtained from the

system of the differential equations
(3
ni j,k

)
1,2

=
3
αi jk ·

(3
n
)

1,2
. In this way, two generalized Riemannian spaces

will be obtained. If these two spaces are equal, they will correspond to the empty space.
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Based on the metric tensor 1̂
0

given by the equation (4.15), we find

L
0

M = −
3
2
·

(
1 − 3ω

)3[(
n
0

01,2 − n
0

02,1 + n
0

12,0

)2(
u0

)2(
u1

)2(
u2

)2
+

(
n
0

01,3 − n
0

03,1 + n
0

13,0

)2(
u0

)2(
u1

)2(
u3

)2

+ 4
(
n
0

01,2 − n
0

02,1 + n
0

12,0

)(
n
0

01,3 − n
0

03,1 + n
0

13,0

)(
u0

)2(
u1

)2
u2u3 +

(
n
0

02,3 − n
0

03,2 + n
0

23,0

)2(
u0

)2(
u2

)2(
u3

)2

+ 2
(
n
0

01,2 − n
0

02,1 + n
0

12,0

)(
n
0

02,3 − n
0

03,2 + n
0

23,0

)(
u0

)2
u1

(
u2

)2
u3 +

(
n
0

12,3 − n
0

13,2 + n
0

23,1

)2(
u1

)2(
u2

)2(
u3

)2

− 2
(
n
0

01,2 − n
0

02,1 + n
0

12,0

)(
n
0

12,3 − n
0

13,2 + n
0

23,1

)
u0

(
u1

)2(
u2

)2
u3

− 2
(
n
0

01,3 − n
0

03,1 + n
0

13,0

)
(n

0
02,3 − n

0
03,2 + n

0
23,0

)(
u0

)2
u1u2

(
u3

)2

+ 2
(
n
0

01,3 − n
0

03,1 + n
0

13,0

)(
n
0

12,3 − n
0

13,2 + n
0

23,1

)
u0

(
u1

)2
u2

(
u3

)2

+ 4
(
n
0

02,3 − n
0

03,2 + n
0

23,0

)(
n
0

12,3 − n
0

13,2 + n
0

23,1

)
u0u1

(
u2

)2(
u3

)2]
.

(4.59)

From (4.59), one deduces L
0

M = 0 in the comoving reference frame. Hence, the comoving observer

notices the no matter space in this case.
We need the proportion

n
0

01,2 : n
0

02,1 : n
0

12,0 : n
0

01,3 : n
0

03,1 : n
0

13,0 : n
0

02,3 : n
0

03,2 : n
0

23,0 : n
0

12,3 : n
0

13,2 : n
0

23,1

= α
0

01,2 : α
0

02,1 : α
0

12,0 : α
0

01,3 : α
0

03,1 : α
0

13,0 : α
0

02,3 : α
0

03,2 : α
0

23,0 : α
0

12,3 : α
0

13,2 : α
0

23,1,
(4.60)

for α
0

i jk = α
0

i jk(x0, x1, x2, x3). In this case, it holds the equality n
0

i j,k = α
0

i jk · n
0
, for some non-trivial function

n
0

= n
0
(x0, x1, x2, x3).

For the reason of n
0

i j,k = α
0

i jk · n
0
, the equation (4.59) transforms to

L
0

M = −
3
2
· (1 − 3ω)3`

0
· n

0
2, (4.61)

where

`
0

=
(
α
0

01,2 − α
0

02,1 + α
0

12,0

)2(
u0

)2(
u1

)2(
u2

)2
+ 4

(
α
0

01,2 − α
0

02,1 + α
0

12,0

)(
α
0

01,3 − α
0

03,1 + α
0

13,0

)(
u0

)2(
u1

)2
u2u3

+ 2
(
α
0

01,2 − α
0

02,1 + α
0

12,0

)(
α
0

02,3 − α
0

03,2 + α
0

23,0

)(
u0

)2
u1

(
u2

)2
u3 +

(
α
0

01,3 − α
0

03,1 + α
0

13,0

)2(
u0

)2(
u1

)2(
u3

)2

− 2
(
α
0

01,2 − α
0

02,1 + α
0

12,0

)(
α
0

12,3 − α
0

13,2 + α
0

23,1

)
u0

(
u1

)2(
u2

)2
u3 +

(
α
0

02,3 − α
0

03,2 + α
0

23,0

)2(
u0

)2(
u2

)2(
u3

)2

− 2
(
α
0

01,3 − α
0

03,1 + α
0

13,0

)
(α

0
02,3 − α

0
03,2 + α

0
23,0

)(
u0

)2
u1u2

(
u3

)2
+

(
α
0

12,3 − α
0

13,2 + α
0

23,1

)2(
u1

)2(
u2

)2(
u3

)2

+ 2
(
α
0

01,3 − α
0

03,1 + α
0

13,0

)(
α
0

12,3 − α
0

13,2 + α
0

23,1

)
u0

(
u1

)2
u2

(
u3

)2

+ 4
(
α
0

02,3 − α
0

03,2 + α
0

23,0

)(
α
0

12,3 − α
0

13,2 + α
0

23,1

)
u0u1

(
u2

)2(
u3

)2
.
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For the matter Lagrangian LM such that L
0

M = LM, the equation (4.61) by n
0

has two solutions

n
0

1 =

√
−

2
3

(
1 − 3ω

)−3
LM`

0
−1 and n

0
2 = −

√
−

2
3

(
1 − 3ω

)−3
LM`

0
−1. (4.62)

The corresponding components of the anti-symmetric part of the non-symmetric metric should be
obtained from the system of the differential equations

(
n
0

i j,k

)
1,2

= α
0

i jk ·
(
n
0

)
1,2

. For this reason, it will be

obtained two generalized Riemannian spaces. If these two spaces are equal, they will correspond to the no
matter case.

Based on the metric tensor 1̂
1

given by the equation (4.16), one finds

L
1

M = −
3
2
·

(
1 − 3ω

)3[(
n
1

01,2 − n
1

02,1 + n
1

12,0

)2(
u0

)2(
u1

)2(
u2

)2
+

(
n
1

01,3 − n
1

03,1 + n
1

13,0

)2(
u0

)2(
u1

)2(
u3

)2

− 2
(
n
1

01,2 − n
1

02,1 + n
1

12,0

)(
n
1

01,3 − n
1

03,1 + n
1

13,0

)(
u0

)2(
u1

)2
u2u3 +

(
n
1

02,3 − n
1

03,2 + n
1

23,0

)2(
u0

)2(
u2

)2(
u3

)2

− 4
(
n
1

01,2 − n
1

02,1 + n
1

12,0

)(
n
1

02,3 − n
1

03,2 + n
1

23,0

)(
u0

)2
u1

(
u2

)2
u3 +

(
n
1

12,3 − n
1

13,2 + n
1

23,1

)2(
u1

)2(
u2

)2(
u3

)2

− 2
(
n
1

01,2 − n
1

02,1 + n
1

12,0

)(
n
1

12,3 − n
1

13,2 + n
1

23,1

)
u0

(
u1

)2(
u2

)2
u3

− 2
(
n
1

01,3 − n
1

03,1 + n
1

13,0

)(
n
1

02,3 − n
1

03,2 + n
1

23,0

)(
u0

)2
u1u2

(
u3

)2

− 4
(
n
1

01,3 − n
1

03,1 + n
1

13,0

)(
n
1

12,3 − n
1

13,2 + n
1

23,1

)
u0

(
u1

)2
u2

(
u3

)2

− 2
(
n
1

02,3 − n
1

03,2 + n
1

23,0

)(
n
1

12,3 − n
1

13,2 + n
1

23,1

)
u0u1

(
u2

)2(
u3

)2]
.

(4.63)

From (4.63), we obtain L
1

M = 0 in the comoving reference frame. So, the comoving observer notices the

no matter space in this case.

Let us guess the proportion

n
1

01,2 − n
1

02,1 : n
1

12,0 : n
1

01,3 : n
1

03,1 : n
1

13,0 : n
1

02,3 : n
1

03,2 : n
1

23,0 : n
1

12,3 : n
1

13,2 : n
1

23,1

= α
1

01,2 − α
1

02,1 : α
1

12,0 : α
1

01,3 : α
1

03,1 : α
1

13,0 : α
1

02,3 : α
1

03,2 : α
1

23,0 : α
1

12,3 : α
1

13,2 : α
1

23,1,
(4.64)

for α
1

i jk = α
1

i jk(x0, x1, x2, x3). In this case, it holds n
1

i j,k = α
1

i jk ·n
1
, for some non-trivial function n

1
=

1
n(x0, x1, x2, x3).

Because n
1

i j,k = α
1

i jk · n
1
, the equation (4.63) transforms to

L
1

M = −
3
2
· (1 − 3ω)3`

1
· n

1

2, (4.65)

where
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`
1

=
(
α
1

01,2 − α
1

02,1 + α
1

12,0

)2(
u0

)2(
u1

)2(
u2

)2
− 2

(
α
1

01,2 − α
1

02,1 + α
1

12,0

)(
α
1

01,3 − α
1

03,1 + α
1

13,0

)(
u0

)2(
u1

)2
u2u3

− 4
(
α
1

01,2 − α
1

02,1 + α
1

12,0

)(
α
1

02,3 − α
1

03,2 + α
1

23,0

)(
u0

)2
u1

(
u2

)2
u3 +

(
α
1

01,3 − α
1

03,1 + α
1

13,0

)2(
u0

)2(
u1

)2(
u3

)2

− 2
(
α
1

01,2 − α
1

02,1 + α
1

12,0

)(
α
1

12,3 − α
1

13,2 + α
1

23,1

)
u0

(
u1

)2(
u2

)2
u3 +

(
α
1

02,3 − α
1

03,2 + α
1

23,0

)2(
u0

)2(
u2

)2(
u3

)2

− 2
(
α
1

01,3 − α
1

03,1 + α
1

13,0

)(
α
1

02,3 − α
1

03,2 + α
1

23,0

)(
u0

)2
u1u2

(
u3

)2
+

(
α
1

12,3 − α
1

13,2 + α
1

23,1

)2(
u1

)2(
u2

)2(
u3

)2

− 4
(
α
1

01,3 − α
1

03,1 + α
1

13,0

)(
α
1

12,3 − α
1

13,2 + α
1

23,1

)
u0

(
u1

)2
u2

(
u3

)2

− 2
(
α
1

02,3 − α
1

03,2 + α
1

23,0

)(
α
1

12,3 − α
1

13,2 + α
1

23,1

)
u0u1

(
u2

)2(
u3

)2
.

For the part LM of the full Lagrangian L which corresponds to matter and with respect to the equality

L
1

M = LM, the equation (4.65) by
1
n has two solutions

n
1

1 =

√
−

2
3

(
1 − 3ω

)−3
LM`

1
−1 and n

1
2 = −

√
−

2
3

(
1 − 3ω

)−3
LM`

1
−1. (4.66)

The corresponding components of the anti-symmetric part of the non-symmetric metric should be
obtained from the system of the differential equations

(
n
1

i j,k

)
1,2

= α
1

i jk ·
(
n
1

)
1,2

. Two generalized Riemannian

spaces may be obtained in this case. If these two spaces coincide, they will correspond to the no matter
case.

Based on the metric tensor 1̂
2

given by the equation (4.17), we obtain

L
2

M = −
3
2
·

(
1 − 3ω

)3[(
n
2

01,2 − n
2

02,1 + n
2

12,0

)2(
u0

)2(
u1

)2(
u2

)2
+

(2
n01,3 −

2
n03,1 +

2
n13,0

)2(
u0

)2(
u1

)2(
u3

)2

− 2
(
n
2

01,2 − n
2

02,1 + n
2

12,0

)(
n
2

01,3 − n
2

03,1 + n
2

13,0

)(
u0

)2(
u1

)2
u2u3 +

(
n
2

02,3 − n
2

03,2 + n
2

23,0

)2(
u0

)2(
u2

)2(
u3

)2

+ 2
(
n
2

01,2 − n
2

02,1 + n
2

12,0

)(
n
2

02,3 − n
2

03,2 + n
2

23,0

)(
u0

)2
u1

(
u2

)2
u3 +

(
n
2

12,3 − n
2

13,2 + n
2

23,1

)2(
u1

)2(
u2

)2(
u3

)2

+ 4
(
n
2

01,2 − n
2

02,1 + n
2

12,0

)(
n
2

12,3 − n
2

13,2 + n
2

23,1

)
u0

(
u1

)2(
u2

)2
u3

+ 4
(2
n01,3 −

2
n03,1 +

2
n13,0

)(
n
2

02,3 − n
2

03,2 + n
2

23,0

)(
u0

)2
u1u2

(
u3

)2

+ 2
(
n
2

01,3 − n
2

03,1 + n
2

13,0

)(
n
2

12,3 − n
2

13,2 + n
2

23,1

)
u0

(
u1

)2
u2

(
u3

)2

− 2
(
n
2

02,3 − n
2

03,2 + n
2

23,0

)(
n
2

12,3 − n
2

13,2 + n
2

23,1

)
u0u1

(
u2

)2(
u3

)2]
.

(4.67)

From (4.67), we deduce L
2

M = 0 in the comoving reference frame. That means that the comoving

reference observer notices the empty space this case.
We need the proportion

n
2

01,2 : n
2

02,1 : n
2

12,0 : n
2

01,3 : n
2

03,1 : n
2

13,0 : n
2

02,3 : n
2

03,2 : n
2

23,0 : n
2

12,3 : n
2

13,2 : n
2

23,1

= α
2

01,2 : α
2

02,1 : α
2

12,0 : α
2

01,3 : α
2

03,1 : α
2

13,0 : α
2

02,3 : α
2

03,2 : α
2

23,0 : α
2

12,3 : α
2

13,2 : α
2

23,1,
(4.68)
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for α
2

i jk = α
2

i jk(x0, x1, x2, x3). In this case, it is satisfied n
2

i j,k = α
2

i jk · n
2
, for some non-trivial function

n
2

= n
2
(x0, x1, x2, x3).

For the reason of n
2

i j,k = α
2

i jk · n
2
, the equation (4.67) transforms to

L
2

M = −
3
2
· (1 − 3ω)3`

2
· n

2
2, (4.69)

where

`
2

=
(
α
2

01,2 − α
2

02,1 + α
2

12,0

)2(
u0

)2(
u1

)2(
u2

)2
− 2

(
α
2

01,2 − α
2

02,1 + α
2

12,0

)(
α
2

01,3 − α
2

03,1 + α
2

13,0

)(
u0

)2(
u1

)2
u2u3

+ 2
(
α
2

01,2 − α
2

02,1 + α
2

12,0

)(
α
2

02,3 − α
2

03,2 + α
2

23,0

)(
u0

)2
u1

(
u2

)2
u3 +

( 2
α01,3 −

2
α03,1 +

2
α13,0

)2(
u0

)2(
u1

)2(
u3

)2

+ 4
(
α
2

01,2 − α
2

02,1 + α
2

12,0

)(
α
2

12,3 − α
2

13,2 + α
2

23,1

)
u0

(
u1

)2(
u2

)2
u3 +

(
α
2

02,3 − α
2

03,2 + α
2

23,0

)2(
u0

)2(
u2

)2(
u3

)2

+ 4
( 2
α01,3 −

2
α03,1 +

2
α13,0

)(
α
2

02,3 − α
2

03,2 + α
2

23,0

)(
u0

)2
u1u2

(
u3

)2
+

(
α
2

12,3 − α
2

13,2 + α
2

23,1

)2(
u1

)2(
u2

)2(
u3

)2

+ 2
(
α
2

01,3 − α
2

03,1 + α
2

13,0

)(
α
2

12,3 − α
2

13,2 + α
2

23,1

)
u0

(
u1

)2
u2

(
u3

)2

− 2
(
α
2

02,3 − α
2

03,2 + α
2

23,0

)(
α
2

12,3 − α
2

13,2 + α
2

23,1

)
u0u1

(
u2

)2(
u3

)2
.

For the corresponding part LM of the full Lagrangian LM equal to L
2

M, the equation (4.69) by
2
n has two

solutions

n
2

1 =

√
−

2
3

(
1 − 3ω

)−3
LM`

2
−1 and n

2
2 = −

√
−

2
3

(
1 − 3ω

)−3
LM`

2
−1. (4.70)

The components of the anti-symmetric part of the non-symmetric metric should be obtained from the
system of the differential equations

(
n
2

i j,k

)
1,2

= α
2

i jk ·
(
n
2

)
1,2

. In this manner, two generalized Riemannian

spaces will be obtained. If these two spaces are equal, they will correspond to the no matter case.

4.3. Pressure and energy-density

The Einstein’s Equations for the spaces G
0
R4,G

1
R4, G

2
R4, G

3
R4 and for the spaces GR

0
4, GR

1
4, GR

2
4 as well,

are

0
ri j −

1
2

0
r

0
1i j = κ

0
Ti j, (4.71)

1
ri j −

1
2

1
r

1
1i j = κ

1
Ti j, (4.72)

2
ri j −

1
2

2
r

2
1i j = κ

2
Ti j, (4.73)

3
ri j −

1
2

3
r

3
1i j = κ

3
Ti j, (4.74)

r
0

i j −
1
2

r
0
1
0

i j = κT
0

i j, (4.75)
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r
1

i j −
1
2

r
1
1
1

i j = κT
1

i j, (4.76)

r
2

i j −
1
2

r
2
1
2

i j = κT
2

i j. (4.77)

In [14], it is obtained that the energy-momentum tensor T̂, the pressure p and the energy-density ρ
satisfy the equalities

ρ = Tαβuαuβ and p = − 1
3 Tαα + 1

3 Tαβuαuβ. (4.78)

After composing the equations (4.71–4.77) with
0
1

i j,. . . ,1
2

i j, and uiu j, one obtains

0
Tαα = −

1
κ

0
r,

0
ρ =

1
κ

(0
rαβuαuβ −

1
2

0
r
)
,

0
p =

1
3κ

(1
2

0
r +

0
rαβuαuβ

)
, (4.79)

1
Tαα = −

1
κ

1
r,

1
ρ =

1
κ

(1
rαβuαuβ −

1
2

1
r
)
,

1
p =

1
3κ

(1
2

1
r +

1
rαβuαuβ

)
, (4.80)

2
Tαα = −

1
κ

2
r,

2
ρ =

1
κ

(2
rαβuαuβ −

1
2

2
r
)
,

2
p =

1
3κ

(1
2

2
r +

2
rαβuαuβ

)
, (4.81)

3
Tαα = −

1
κ

3
r,

3
ρ =

1
κ

(3
rαβuαuβ −

1
2

3
r
)
,

3
p =

1
3κ

(1
2

3
r +

3
rαβuαuβ

)
, (4.82)

T
0
α
α = −

1
κ

r
0
, ρ

0
=

1
κ

(
r
0
αβuαuβ −

1
2

r
0

)
, p

0
=

1
3κ

(1
2

r
0

+ r
0
αβuαuβ

)
, (4.83)

T
1

α
α = −

1
κ

r
1
, ρ

1
=

1
κ

(
r
1
αβuαuβ −

1
2

r
1

)
, p

1
=

1
3κ

(1
2

r
1

+ r
1
αβuαuβ

)
, (4.84)

T
2
α
α = −

1
κ

r
2
, ρ

2
=

1
κ

(
r
2
αβuαuβ −

1
2

r
2

)
, p

2
=

1
3κ

(1
2

r
2

+ r
2
αβuαuβ

)
. (4.85)

Theorem 4.11. The energy-densities, pressures and the state parameters in the spaces G
0
R4, . . . , GR

2
4, are given by

the equations (4.79–4.85).

Corollary 4.12. Based on the equation (4.3), the components of the energy-momentum tensor for an ideal fluid which

corresponds to the spaces G
0
R4, . . . , GR

2
4 are

Ti j =
1

3κ

(
4rαβuαuβ − r

)
uiu j −

1
3κ

(1
2

r + rαβuαuβ
)
1i j, (4.86)

for ri j ∈ {
0
ri j,

1
ri j,

2
ri j,

3
ri j, r

1
i j, r

2
i j, r

3
i j}, the corresponding components of the covariant symmetric metric tensors 1i j ∈

{
0
1i j,

1
1i j,

2
1i j,

3
1i j, 1

0
i j, 1

1
i j, 1

2
i j

}
given by the equations (4.9, 4.10, 4.11, 4.12, 4.19, 4.20, 4.21) and r = 1

αβrαβ.

4.4. Simple example
We will consider a special metric tensor 1̂ mostly related to cosmology. The components of this tensor

are

1̂+ =


100 101

∨

102
∨

103
∨

−101
∨

111 112
∨

113
∨

−102
∨

−112
∨

122 123
∨

−103
∨

−113
∨

−123
∨

133

 . (4.87)
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Let be ω = ω(t, x1, x2, x3), −∞ < ω <
1
3

, and

u0 = (1 − 3ω)−
1
2 , u1 = i · (1 − 3ω)−

1
2 f1(t, x1, x2, x3),

u2 = i · (1 − 3ω)−
1
2 f2(t, x1, x2, x3), u3 = i · (1 − 3ω)−

1
2 f3(t, x1, x2, x3),

(4.88)

for the real scalar functions fk = fk(t, x1, x2, x3), k = 1, 2, 3.
With respect to the equality 1ii = (1− 3ω)uiui, the components of symmetric contravariant and covariant

parts
(
1̂+

)−1
and 1̂+ =

((
1̂+

)−1)−1
of the covariant metric tensor 1̂+ are

(
1̂+

)−1
=


1 0 0 0

0 −

(
u1

)2(
f1
)2

0 0

0 0 −

(
u2

)2(
f2
)2

0

0 0 0 −

(
u3

)2(
f3
)2

 , (4.89)

1̂+ =


1 0 0 0

0
(
u1

)2(
s1

)−1
0 0

0 0
(
u2

)2(
s2

)−1
0

0 0 0
(
u3

)2(
s3

)−1

 , (4.90)

where sk = −
(

fk
)2

. The signature of the symmetric metric tensor 1̂+ is (+,−,−,−).
The components of the anti-symmetric part of the metric tensor 1̂+ are

1̂
∨

+ =


0 n0 n1 n2
−n0 0 n3 n4
−n1 −n3 0 n5
−n2 −n4 −n5 0

 . (4.91)

The components of the covariant torsion tensor T̂ are
(
see Eq. (2.5)

)


T012 = −T021 = −T102 = T120 = T201 = −T210 = −
(
n0,2 + n3,0 − n1,1

)
,

T013 = −T031 = −T103 = T130 = T301 = −T310 = −
(
n0,3 + n4,0 − n2,1

)
,

T023 = −T032 = −T203 = T230 = T302 = −T320 = −
(
n1,3 + n5,0 − n2,2

)
,

T123 = −T132 = −T213 = T231 = T312 = −T321 = −
(
n3,3 + n5,1 − n4,2

)
,

(4.92)

and Ti jk = 0 in all other cases.
With respect to the equation (3.7), one gets

LM =
3
2

(
f1
)2(

f2
)2(

f3
)2(

u1
)2(

u2
)2(

u3
)2[(

n0,2 − n1,1 + n3,0
)2(

f3
)−2(

u3
)−2

+
(
n0,3 − n2,1 + n4,0

)2(
f2
)−2(

u2
)−2

+
(
n1,3 − n2,2 + n5,0

)2(
f1
)−2(

u1
)−2
−

(
n3,3 − n4,2 + n5,1

)2]
.

(4.93)

If we take LM from (4.93) to coincides with a matter Lagrangian L̃M, and use the proportion

n0,2 : n1,1 : n3,0 : n0,3 : n2,1 : n4,0 : n1,3 : n2,2 : n5,0 : n3,3 : n4,2 : n5,1

= α02 : α11 : α30 : α03 : α21 : α40 : α13 : α22 : α50 : α33 : α42 : α51,
(4.94)
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we will obtain

L̃M = n2
· ˜̀, (4.95)

where n is a non-trivial function such that ni, j = αi j · n and

˜̀=
3
2

(
f1
)2(

f2
)2(

f3
)2(

u1
)2(

u2
)2(

u3
)2[(

α02 − α11 + α30
)2(

f3
)−2(

u3
)−2

+
(
α03 − α21 + α40

)2(
f2
)−2(

u2
)−2

+
(
α13 − α22 + α50

)2(
f1
)−2(

u1
)−2
−

(
α33 − α42 + α51

)2]
.

(4.96)

The components of the anti-symmetric part 1̂
∨

+ of the metric tensor 1̂+ are solutions of the next system

of differential equations



(
n0,2

)2
=

(
α02

)2
L̃M˜̀−1,

(
n1,1

)2
=

(
α11

)2
L̃M˜̀−1,

(
n3,0

)2
=

(
α30

)2
L̃M˜̀−1,(

n0,3

)2
=

(
α03

)2
L̃M˜̀−1,

(
n2,1

)2
=

(
α21

)2
L̃M˜̀−1,

(
n4,0

)2
=

(
α40

)2
L̃M˜̀−1,(

n1,3

)2
=

(
α13

)2
L̃M˜̀−1,

(
n2,2

)2
=

(
α22

)2
L̃M˜̀−1,

(
n5,0

)2
=

(
α50

)2
L̃M˜̀−1,(

n3,3

)2
=

(
α33

)2
L̃M˜̀−1,

(
n4,2

)2
=

(
α42

)2
L̃M˜̀−1,

(
n5,1

)2
=

(
α51

)2
L̃M˜̀−1.

(4.97)

The components of the corresponding energy-momentum tensor ˆ̃T are
(
see the equation (3.6)

)
T̃i j = 2

∂L̃M

∂
((

ui
)2(

fi
)2) − (

ui

)2(
fi
)−2
L̃M, (4.98)

for i = j > 0 and T̃i j = 0 otherwise.

In the case of isotropy, i.e.
(
u1

)2(
f1
)2

=
(
u2

)2(
f2
)2

=
(
u3

)2(
f3
)2

=
(
u
)2(

f
)2

, the equation (4.98) reduces to

T̃i j = 2
∂L̃M

∂
((

u
)2(

f
)2) − (

u
)2(

f
)2
L̃M, (4.99)

for i = j > 0 and T̃i j = 0 in all other cases.

The trace of the energy-momentum tensor ˆ̃T is

T̃αα = 3L̃M − 2
3∑

i=1

∂L̃M

∂
((

ui
)2(

fi
)2) ((ui

)2(
fi
)2)
. (4.100)

In the case of isotropy, the last formula reduces to

T̃αα = 3L̃M−6
∂L̃M

∂
((

u
)2(

f
)2) (u)2(

f
)2
. (4.101)

After substituting the expressions (4.98, 4.99, 4.100, 4.101) such as uαuα = 1 into the equations (3.9, 3.11),
we get the corresponding pressures p̃ and p̃0 as well as the energy densities ρ̃ and ρ̃0. These expressions are
cumbersome and are not written here.
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5. Conclusion

We studied the theory of cosmology with respect to complete metrics in this paper.
At the start of this research, the components of a metric tensor which corresponds to a state-parameter

are obtained.
With respect to this result, we proved that the energy-momentum tensor corresponds to a relativistic

matter fluid if this tensor is trace-free.
After that, we obtained seven generalized Riemannian spaces which correspond to the same energy-

momentum tensor.
We got energy-densities, pressures and state parameters with respect to the seven obtained spaces.
At the end of the paper, we presented the diagonal symmetric part of the metric tensor and its further

possibilities to be applied in cosmological researches.
In the future, our first aim is to deduce what are metric tensors which correspond to the state parameters

which are equal to the state parameter of the relativistic matter (radiation). The next aim is to obtain

metric tensors
0̂
1, . . . , 1̂

2
, given by the equations (4.4, 4.5, 4.6, 4.7, 4.15, 4.16, 4.17), which produce the same

Lagrangian density as a given metric tensor 1̂. The mappings of these spaces will be studied.
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