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Abstract. In this paper, we introduce the concept of contractive pair maps and give some necessary and
sufficient conditions for existence and uniqueness of best proximity points for such pairs. In our approach,
some conditions have been weakened. An application has been presented to demonstrate the usability of
our results. Also, we introduce the concept of cyclic i-contraction and cyclic asymptotic ¢-contraction and
give some existence and convergence theorems on best proximity point for cyclic ¢-contraction and cyclic

asymptotic -contraction mappings. The presented results extend, generalize and improve some known
results from best proximity point theory and fixed-point theory.

1. Introduction and Preliminaries

Let () be a metric space and let A and A be nonempty subsets of Q. Let
AO
AO

{0€A:d(6,A) =d(A,A) for some A € A},
{0eA:d(5,A)=d(A, A) for some A € A}.

If there is a pair (69, Ao) € A X A for which

d(60, Ao) = d(A, A) = sup inf d(5, A),
sen AEA

where d(A, A) is the distance between A and A, then the pair (0o, A¢) is called a best proximity pair for A
and A. Best proximity pair derives as an extension of the notion of best approximation.

We can find the best proximity points of the sets A and A, by consideringamapI': AUA — AUA. We

say that the point 6 € A U A is a best proximity point of the pair (A, A), if d(6,I'0) = d(A, A) and we denote
the set of all best proximity points of (A, A) by Pr(A, A), that is,

Pr(A,A) = {6 € AUA : d(5,T5) = d(A, A)}.
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Best proximity point also derives as an extension of the notion of fixed point of mappings, because every
best proximity point is a fixed point of I' whenever AN A # 0.

A best proximity point theorem for contractive mappings has been considered in [12]. Eldred et al.
[4] have extracted a best proximity point theorem for relatively nonexpansive mappings, an alternative
treatment to which has been focused in Sankar Raj and Veeramani [16]. A best proximity point theorem for
contractions has been presented in [13]. Anuradha and Veeramani [1] have examined best proximity point
theorems for proximal pointwise contractions. Best proximity point theorems for various contractions have
been discussed by many authers( [4]-[16]).

This paper contains two sections. In the first section, we introduce the concept of contractive pair maps
and give some necessary and sufficient conditions for existence and uniqueness of best proximity points
for such pairs which causes the weakness of some conditions of [12]. An application has been presented to
demonstrate our results.

In the second section, we introduce the concept of cyclic ¥-contraction and cyclic asymptotic 1-
contraction which are important generalizations of the cyclic contraction by substituting the constant k
by a real-valued control function ¢ : [0,00) — [0, ) and so we give some existence and convergence
theorems for best proximity point of cyclic i-contractive and cyclic asymptotic i-contractive mappings.

2. Best proximity points by contraction pair maps

First we give a simple and useful result in best proximity points. It is notable that some results in this
section are extensions of the Eldred and Veeramani results in [5]. We start by a new definition.

Definition 2.1. Let A and A be nonempty subsets of a metric space Qand letT' : A — Aand Y : A — A. The pair
(T, ) is said to be a contractive pair if,

AT, YA) < kd(5,A) + (1 — k)dist(A, A) (1)
for some k € (0,1) and forall 6 € Aand A € A

Note that (1) implies that I' satisfies d(I'6, YA) < d(5,A), for all 6 € A and A € A. For example, let
A={(50):6¢€[0,1]} and A = {(5,1) : 6 € [0,1]}. Define the pair I, Y by I'(§,0) = (,1) and Y(5,1) = (3,0).
Then it is easy to see that (I', Y) is a contractive pair.

Proposition 2.2. Let A and A be nonempty closed subsets of a complete metric space Q. Let (I', Y) be a contraction
pair, (0o, Ao) € AX A and Oy41 := YAy, and Ayyq := Ty, for all n € IN. Suppose that {6,,} and {A,,} have convergent
subsequences in A and A. Then there exists (5, A) € A X A such that d(6,1'6) = d(A, YA) = dist(A, A).

Proof. We know that

ABps1, Aps1) = A0, YA,) < kd(Sy, Ay) + (1 — K)dist(A, A)
< KPd(p-1, A1) + (1 — KP)dist(A, A)
< K'd(00, Ao) + (1 — KMdist(A, A),

that is,
d(0n+1, Anr1) < K'd(00, Ao) + (1 = K")dist(A, A).

Therefore, d(6,, Ay) — dist(A, A). Let {6,,} be a subsequence of {0,} converging to some 0 € A. Now

dist(A, A) < d(6, Ay,) < d(5, 5 + A, Ay )-
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Thus d(0, A,,) converges to dist(A, A). Since
dist(A, A) < d(0p,, T'6) = d(YA,,, T6) <d(Ay, d).
Thus, d(6,T6) = dist(A,A). m O

Theorem 2.3. (Compare to [8, Theorem 2.1]) Let A and A be nonempty closed subsets of a metric space Q and (I', Y)
a contractive pair. If I and Y be contraction, then there exists (0, A) € AXAsuch that d(5,T0) = d(A, YA) = dist(A, A).

Proof. By Proposition 2.2, it is sufficient to show that {62,} and {A,,} are convergence sequences in A and A.
Note that
d(02n, 62n+2) = A(TA2n-1, TA2ns1) < d(A2n-1, A2ns1)

and
A(Aon-1, Aons1) = d(T02n-2,T024) < d(621-2, O2141).

Hence, {d(624, 624+2)} is monotonic decreasing and bounded below. So,
1im d(021, 62042)
exists. Let limy,_,co d(02,, 02,142) = 0. It is clear that 0 < 6. Assume that 6 > 0. Hence,
6= 31_{1010 A (02, O2n+2) < 31_{1010 d(62n-2, 021) = 0.
So, 6 =0.
Now, we show that {6,,} is a Cauchy sequence. Assume that {0,,} is not Cauchy. Then there exist ¢ > 0

and integers 2my, 2n, € LambdabbN such that 2my > 2ny > k and d(02n,, 02m,) = € for k = 0,1,2,---. Also,
choosing my as small as possible, it may be assumed that

d(éznk,ézmk_z) < E&.

Hence, for each k € LambdabbN, we have

e <d(bon, Oom,) < A(O2ny, O2m—2) + d(O2mm,—2, O2m,)
< e+ d(6am-2, O2my)

A

and since d(0zm,-2, 02m,) — 0, hence limy_,o (020, O2m,) = €. Observe that

d(éznkr 62mk) < d(éznk/ 6271k+2) + d(62Hk+2/ 62mk+2) + d(62ﬂk+2/ 62W1k)
< d(0any, O2m+2) + A(A21, Aomya1) + A(O2n42, O2my)-

Letting k — oo, we obtain that
€< ]}I_)H; A(An41, Aam41)-
On the other hand,
1}1_)1?0 d(Aon+1, Aomes1) < %1_1}‘{)10 d(O2n,, Oom,) = €

which is a contradiction. Hence, {62,} is a Cauchy sequence in A and so {6,,} converge to 6 € A. Similarly,
{A2:} convergestoA € A. m [J

Remark 2.4. Under the contractive pair assumption in Theorem 2.3, compactness of A and A had been omitted with
respect to [8,Theorem 2.1].
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A metric space X is boundedly compact if all closed bounded subsets of X are compact. Every boundedly
compact metric space is complete.

Corollary 2.5. Let A and A be nonempty closed subsets of a complete metric space Q). Suppose that the mappings
I''A— Aand Y : A — A are such that

A(T5,YA) < ad(5, A) + BIA(S,T8) + d(A, YA)] + ydist(A, A)

foralld € Aand A € A, where o, B,y 2 0and a +2p +y < 1. If either A or A is boundedly compact, then there exist
0 € Aand A € A such that d(5,T6) = d(A, YA) = dist(A, A).

Proof. Suppose that (69, A¢) € A X A and define 6,41 = YA,;, A1 = I'0y, for all n € IN. Now, we have
d(An+1/ 6n+2) = d(rénl YAn+1)

ad(6n, An) + Bld(64, T6n) + d(Aps1, YAn11)]

y dist(A, A)

+ IA

which implies that
(1= B)d(Ans1, 0n42) < ( + B)A(Bn, Aus1) + pdist(A, A)

and hence,

a+
d(AnH/ 6n+2) < ﬁd(én, /\n+1) +

. ! SAHA, )
Therefore,
A a1, 6ns2) < kd(Ay, 60s1) + (1 — K)dist(A, A),

where k = ’%E < 1. Therefore, by Theorem 2.3 there exist 6 € A and A € A such that d(6,T6) = d(A,YA) =
dist(A,A). m O

Corollary 2.6. Let A and A be nonempty closed subsets of a complete metric space Q). Suppose that the mappings
I':A— Aand Y : A — Aare such that

A(T8, YA) < a1d(8, A) + a»d(5, T6) + asd(A, YA) + asdist(A, A) )

forallb € Aand A € A, wherea; 20, i=1,2,3,4 and Zil a; < 1. If either A or A is boundedly compact, then there
exist 6 € Aand A € A such that d(5,T0) = d(A, YA) = dist(A, A).

Proof. In 2 it is sufficient to interchange the roles of 6 and A; and adding the new inequality to (3). m [

In the following, we give an important result from Theorem 2.3 in normed spaces for nonexpensive maps.

Theorem 2.7. Let Q) be a normed space, A, A be subsets of () such that A° and A° are nonempty and convex. Also,
suppose that the mappings T : A = Aand Y : A — A are such that ||T0 — YA|| < |16 — All for all (6,A) € AX A, and
I' and Y be nonexpensive maps. Then there exists (5, A) € A X A such that ||6 — T'0|| = ||A = YA|| = dist(A, A).

Proof. First, we show thatI' : A° - A°and Y : A° — A°. Let 0 € A°. Then there is A € A° such that
|0 — Al| = dist(A, A). Since |[T0 — YA|| < [|6 — Al|, therefore, ['0 € A°.

Since A° is nonempty, there are 6y € A and Ay € A such that ||09 — Aol = dist(A, A). For every positive
integer n € IN, define

1

Tu(8)= ~Ao+ (1~ %)r(s SeA
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and
1 1
Y,.(0) = Zéo +(1- E)Yé o€eA.

Then, for every 5,A € AU A,

106 = Yugll < (1= DTS = YAl + dist(A, A)

1 1, 1.
(1- ;)H(S -Al+@1- E) + Edzst(A,A).

A

IN

Therefore, for every n € IN the pair (I';, Y},) is a contractive pair. Hence, by Theorem 2.3, for every n € IN,
there exists 0,, € A° such that
160 = T10nll = dist(A, A).

Since A° is boundedly compact, there exists 6 € A° such that 6, — 6 (by passing to a subsequence, if
necessary). Because ||0, — I'0,|| — dist(A, A), it follows that [|0 — I'6|| = dist(A, A). m [J

Corollary 2.8. Let A and A be nonempty subsets of a normed space ) such that A° is a convex compact subset.
Suppose that T : A — Aand Y : A — A be continuous maps such that

ITO=YA <[lo-All 6€A,A€A.
Then the mapping YT has a fixed point.

Proof. Similarly, as in Theorem 2.7, T : A° - A°and Y : A° —» A° and so YT : A° — A°. Leta € A° and for
every n € IN define U, : A° — A° such that U,,6 = (1 — %)Tl"é + %a. Hence,

1
1Und = Unyll < (1 = )10 = All

Therefore, for every n € IN there exists 0, € A° such that U,6, = 6,. Since A° is compact, there exists a
subsequence {0y} of {6,,} such that 6,, — 09 € A°. Because YT is continuous, we have YI'6 = 6. m.
O

In the following, we show that under some conditions Pr(A, A) is a nonempty compact set.

Theorem 2.9. Let A and A be nonempty subsets of a normed space Q such that A be compact. Suppose that the
mappings I : A — Aand Y : A — A are such that

ITO = YAl <[lo=All  (6,A) € AXA\NA® X A°.
If T be upper semicontinuous, then Pr(A, A) is a nonempty compact set.

Proof. There exists zg € A such that ||zg — I'zol| = infsea llz — I'zll. If ||lzg — T'zol|] > dist(A, A), then we have
[ITzg — YTzg|| < ||zo — I'zo|| which is a contradiction with the fact that zg is minimum. Therefore, ||zg — I'zg|| =
dist(A, A) and so, Pr(A, A) is nonempty.
Suppose that z, € Pr(A, A). Then ||z, — I'z,|| = dist(A, A). There exist subsequence z,, and zy € A such
that
llzo — T'zoll = lim ||z, — I'z,|| = dist(A, A)
n—oo

and so zp € Pr(A, A) ie., Pr(A, A) is compact. m [J

In the following, we give a new condition which guarantees that Pr(A, A) will be a singleton.
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Theorem 2.10. Let A and A be nonempty subsets of a strictly convex Banach space Q) such that A be a convex
compact subset. Suppose that the mappings T : A — Aand Y : A — A are such that

ITO=YAl<|6=All  (6,A) e AXA\A° XA°.
If T be upper semicontinuous and (A — A) N (A — A) = 0, then Pr(A, A) is a singleton.

Proof. By Theorem 2.9 Pr(A, A) # 0. Suppose that there exist two points 5, A € Pr(A, A) such that 6 # A. Also,
0—T6 # A —T'A. By strict convexity of ) we have ||% - m%” < dist(A, A). Since A is convex, % € A and
@ € A which is a contradiction. Therefore, —T0 = A-TAandso,6—A =T6-TA e (A-A)N(A-A) #0,
which is a contradiction. Therefore,6 = A. m

|

As an application of Theorem 2.9, we present the following result. Recall that by a domain in the
complex plane, we mean an open connected set.

Corollary 2.11. (Compare to [8, Theorem 3.1] ) Let A and A be nonempty subsets of a domain D of a complex plane
such that A is a compact set. Suppose that f(z) and g(z) be analytic functions in D such that

(a) f(A) CA, g(A) CA,
(b) If(z1) — 9(z2)| <lz1 — 22| (6,A) € AXA\A® XA

Then there exists (z*, w*) € A X A such that
Iz = f(@)] = [w" — g(w)| = | —w’| = dist(A, A).

As an application of Theorem 2.10, we obtain the following result.

Corollary 2.12. Let A and A be nonempty subsets of a domain D of the complex plane such that A be convex compact
and (A — A) N (A = A) = 0. Suppose that f(z) and g(z) be analytic function in D such that

(a) f(A) C A, g(A) CA,
) If(z1) — 9(z2)| <lz1 — 22| forall (5,A) € AX A\ A° X A°.

Then there exists a unique (z*, w") € A X A such that

2" = f(@)] = lw" — g(w")| = 2" — w'| = dist(A, A).

3. Best proximity points for cyclic Y-contractions

In this section, we consider some important generalizations of cyclic contractions in which the constant
k is replaced by some real-valued control function ¢ : [0, c0) — [0, o0).

Definition 3.1. Let Q be a complete metric space and let A and A be subsets of Q. T : AUA — AU Ais a cyclic

Y-contraction if it satisfies:
) T(A) c A, T(A) CA
(i1) d(T6,TA) < P(d(5,A)), for all 5, A € AU A,

where Y : [0, 00) — [0, 00) is an upper semicontinuous function on R — {0, d} from the right such that P(t) < t
foreach t # 0,d, where d := d(A, A).
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In the following, we give a generalization of the Boyd and Wong’s fixed point theorem [2].

Theorem 3.2. Let A and A be closed subsets of complete metric space Q such that diam(A) < d(A, A). Suppose that
I': AUA — AU Ais a cyclic Y-contraction. Then Pr(A,A) # 0. Further, if 59 € A and 0,41 = Ty, then {02}
converges to the best proximity point.

Proof. Fix 6 € AUA and define a sequence {0,} in AUA by 6, = I""0, n € INy. We divide the proof into 4 steps:
Step 1. limy,_,co d(8y1, Onr1) = d(A, A).

Note that
d(5n+1/ 6n+2) = d(rén/ 1—‘(Sn+l) < ¢(d(671r 6n+l))'

Hence, {d(6,, 84+1)} is monotonic decreasing and bounded below. Therefore, lim,,_,co d(5,,, 8,41) exists. Let
limy, 00 A(0n, Ops1) = d 2> d(A, A). Assume that d > d(A, A). By the right upper semicontinuity of ¢,

d= r}g{}o A(0p41, Ons2) < ;}g{}o Y(d(On, On+1)) < P(d) < d.
So,d = d(A, A).
Step 2. limy,—,0 d(620, O2n+2) = 0.

Note that
d(02n, 02n+2) = A(T024-1, TO2n41) < P(d(O21-1, O2n+1))-

Hence, {d(021, 021+2)} is monotonic decreasing and bounded below. Hence, lim;—,co d(024, 02442) exists. Let
limy, 00 A(O2n, O2n+2) = 0. Itisclear that0 < 6 < d(A, A). Assume thato > 0. By the right upper semicontinuity

of Y,
& = lim d(d2n, 02n42)
< lim Y(d(620-1, 62041))
< lim (Y (d(620-2, 620)))
< P(0)) <9(d) <6,
so 6 =0.

Step 3. {02} is a Cauchy sequence.

Assume that {0,,} is not Cauchy. Then there exist ¢ > 0 and integers 2my, 21, € IN such that 2my > 2n; > k
and d(62,, 02, ) = € fork =0,1,2,---. Also, choosing 1 as small as possible, it may be assumed that

d(62nk/52mk—2) <é&.

Hence, for each k € IN, we have
€ <dOom, O2m) < AO2n,, O2m—2) + A(O2m—2, O2m,)
< e+ d(dam—2,60m,)

and since d(62m,—2, 62m,) — 0, hence limy_,co d(621,, 621, ) = €. Observe that

d(éznk/ 62mk) d(ézﬂk/ 62nk+2) + d(62nk+2/ 62111k+2) + d(62nk+2/ 62mk)

d(624,, 020, +2) + Y(A(O21,41, O2my+1)) + A(O2m+2, O2my)-

IN A
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Letting k — oo, we obtain that
= %1_}12 d(62n,, O2m,) < ]}1_)1210 Y(Ad(O2n+1, O2m+1))-
On the other hand,
gl_)ffolo A0 41, O2m+1) < ]}I_{?O Y(d(O2m,, O2m,))-
So, using the upper semicontinuity of ¢ from the right we have
e <PWe) < Yle) <e

which is a contradiction. Hence, {0} is a Cauchy sequence in A.
Step 4. Existence of best proximity pair.

Because {0,} is Cauchy, Q is complete and A is closed, lim; . 62, = 6 € A. Now,
d(A, A) < d(6, 62n-1) < d(6, 62u) + d(621, 021-1)-
Thus, by step 1 we infer that d(6, 62,-1) converges to d(A, A). Since
d(A, A) < d(020,T0) < P(d(620-1,0)),
by upper semicontinuity of ¢ we have

d(A, A) < Tim d(620,T) < Tim Y(@d(S20-1,0)) < P((A, A)) = d(A, A).

So, d(5,T8) = d(A, A). m
O

Theorem 3.3. Let A and A be two nonempty closed and convex subsets of a uniformly convex Banach space Q such
that diam(A) < d(A, A). Suppose that T : AU A — AU Ais a cyclic -contraction. Then there exist a unique 6 € A
such that |0 — T'6|| = d(A, A). Further, if g € A and 0,41 = I'0y,, then {024} converges to the best proximity point.

Proof. By Theorem 2.2 Pr(A, A) # 0. Suppose thato, A € Pr(A, A) such thaté # A. Since [|[6-T0|| = d(A, A) and
IA = TA|l = d(A, A) where necessarily from uniformly convexity of Q, T26 = § and I?A = A. Since § # A, we
haved(A, A) < |IT6—A|land so ¢(|IT6—Al|) < [[T5—Al|. Therefore, |5—TA|| = [IT26—-TA|| < ¢(IT5—All) < [[To—All.
Similarly, |[I'6 — All < [|6 — T'A|| which is a contradiction. Therefore, 6 = A. Hence, the proof is completed.
m

Exercise 3.4. Let A and A be subsets of R? defined by
A=1{(60):6=>1}

and
A={0,1): A =1}
Suppose that
I(6,A) = (VA, Vo)
and
Vit t < d(A,A)
P(t) =

VA NE > d(A,A).

Then I is a cyclic y-contraction on A U A and ||(0,1) — I'((1,0))|| = d(A, A).
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Proof. Here, d(A, A) = V2. For (5,0) € A and (0, 1) € A we have

IT(5,0) = TQO,M)I = 10, V&) — (VA,0)l]
= [I(VA, Vo)l

= Yo+ A< V2Vez+ A2

VA, A)IIS,0) = (0, 1)l = 9(ll(6,0) — (0, Ay

IN

Then I is a cyclic i-contraction on A U A and [|(0,1) — I'((1,0))I| = V2 =d(AA). O
We now present a larger class of mappings called cyclic asymptotic contractions.

Definition 3.5. Let Q) be a complete metric space and let A and A be subsets of Q). A mappingI' : AUA —- AUA
is a cyclic asymptotic Y-contraction if:

() T(A) € A, T(A) C A,
(if) d(T5, TA) < p(d(5,A) forall 5, A € AUA. wherep : (0,d(A, A))U(A, A), 0) — (0,d(A, A))U((A, A), o)

is nondecreasing and

. noe 0, O<t<dAN),
Lim () ‘{ dAA),  d(AA) <t )

The following theorem demonstrates that asymptotic contractions possess unique fixed points. Also, in
the following result the continuity constrain on cyclic {-contraction is substituted by 3.

Theorem 3.6. Let A and A be closed subsets of complete metric space () such that diam(A) < d(A, A). Suppose that
I': AUA — AU A be a cyclic asymptotic y-contraction. Then Pr(A, A) # 0. Further, if 59 € A and 0,41 = I'6,,
then {02,} converges to the best proximity point.

Proof. Fix6g € Qandletd, = T',0 foralln € N. Notethatd(A, A) < limsup, _,  d(6,, 6441) < limsup,,_,  1"(d(60, 01)) =
d(A, A). Hence,

lim d(énz On+1) = d(A, A).
On the other hand, 0 < limsup, _,  d(6,, 6442) < limsup,,_,_ 1"(d(do, 62)) = 0. Hence,

lim d(5,,, 6s2) = O.

Because ¢"(t) — 0 for 0 < t < d(A, A), P(s) < s for any s > 0. Since lim,,—,eo d(04, On12) = 0, given € > 0, it is
possible to choose 1 such that

d(62n, O2n42) < € — P(e).
Now, for z € A [02,] = {0 € A:d(5,02,) < €}, we have

d(rzz O2n) d(l"z, I'op) + d(r62nz Oon)
Y(d(z, 02n-1)) + d(O2n+1, O20)

Ple) + (e = (o)) = e

Therefore, I' : A¢[024] — A¢l[024] and it follows that d(0z, 624) < € for all m > n. Hence, {02,} is a Cauchy
sequence. The rest of the proof follows as in Theorem 3.2. m [

IANIN A
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