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Invertible Linear Relations Generated by Integral Equations with
Operator Measures

Vladislav M. Bruk?®

*Saratov State Technical University, Saratov, Russia

Abstract. We define a minimal relation L, generated by an integral equation with operators measures and
give a description of the relations Ly — AE, L — AE, where L} is adjoint for Ly, A € C. The obtained results

are applied to a description of relations T(A) such that Ly — AE c T(A) L} — AE and T~(A) are bounded
everywhere defined operators.

1. Introduction

In this paper, we consider the integral equation

t f
Y = xo— ] f dp(s)y(s) — i] f dm(s)f (), M

where y is an unknown function, a < t < b; ] is an operator in a separable Hilbert space H, | = J*, J* = E (E is
the identical operator); p, m are operator-valued measures defined on Borel sets A C[a, b] and taking values
in the set of linear bounded operators acting in H; xo € H, f € Lo(H,dm;a, b). We assume that the measures
p, m have bounded variations and p is self-adjoint, m is non-negative.

We define a minimal relation Ly generated by equation (1) and give a description of the relations Ly — AE,
Ly — AE, where Lj is adjoint for Ly, A € C. We apply these results to a description of relations T(A) such that
Lo — AE C T(A) € Ly — AE and T~!(A) are bounded everywhere defined operators and give an explicit form
of the operators T71(A).

If the measures p, m are absolutely continuous (i.e., p(A) = fA p(t)dt, m(A) = fA m(t)dt for all Borel sets
A C [a,b], where the functions Hp(t) , lm(#)|] belong to Li(a, b)), then integral equation (1) is transformed
to a differential equation with a non-negative weight operator function. Linear relations and operators
generated by such differential equations were considered in many works (see [14], [4], [5], further detailed
bibliography can be found, for example, in [13], [3]).

The study of integral equation (1) differs essentially from the study of differential equations by the
presence of the following features: i) a representation of a solution of equation (1) using an evolutional
family of operators is possible if the measures p, m have not common single-point atoms (see [6]); ii) the
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Lagrange formula contains summands relating to single-point atoms of the measures p, m (see [7]). Note
that this work partially corrects the errors made in the article [8]. Also note that equation (1) was considered
in [9], [10] under the assumption that m is the usual Lebesque measure on [4, b]. In [9], an explicit form of
operators T}(A) is given in the case when the set of single-point atoms of the measure p can be arranged as
an increasing sequence converging to b. In [9], Lo, L are operators. In [10], a description of T-1(A) is given
in terms of boundary values, i.e., necessary and sufficient conditions are obtained under which a boundary
value problem determines relations T(A) such that T-!(1) are bounded everywhere defined operators.

2. Preliminary assertions

Let H be a separable Hilbert space with a scalar product (,-) and a norm ||-||. We consider a function
A—P(A) defined on Borel sets A C [4,b] and taking values in the set of linear bounded operators acting in
H. The function P is called an operator measure on [g, b] (see, for example, [2, ch. 5]) if it is zero on the empty
set and the equality P (IU;—; An) = Y.peq P(Ay) holds for disjoint Borel sets A,, where the series converges
weakly. Further, we extend any measure P on [g, b] to a segment [a, by] (b > D) letting P(A) = 0 for each Borel
set AC (b, bo].

By VA(P) we denote VA(P) = pp(A) =sup ), [[P(A,)|l, where the supremum is taken over all finite sums
of disjoint Borel sets A, CA. The number V5 (P) is called the variation of the measure P on the Borel set A.
Suppose that the measure P has the bounded variation on [4, b]. Then for pp-almost all £ € [a, D] there exists
an operator function £ — Wp(€) such that Wp possesses the values in the set of linear bounded operators
acting in H, |[Wp(&)ll=1, and the equality

P(A) = fA Wp(s)dpr )

holds for each Borel set A C[a,b]. The function Wp is uniquely determined up to values on a set of zero
pp-measure. Integral (2) converges with respect to the usual operator norm ([2, ch. 5]).

Further, ftot stands for f[to by if tg < t, for — f[m) if ty > t, and for 0 if ty = t. This implies that y(a) = xp in
equation (1). A function / is integrable with respect to the measure P on a set A if there exists the Bochner
integral fA\Pp(t)h(t)dpp = fA(dP)h(t). Then the function y(t) = ft;(dP)h(s) is continuous from the left.

By Sp denote a set of single-point atoms of the measure P (i.e., a set t € [a,b] such that P({t}) # 0). The
set Sp is at most countable. The measure P is continuous if Sp = @, it is self-adjoint if (P(A))* =P(A) for each
Borel set AC[a, b], it is non-negative if (P(A)x, x) > 0 for all Borel sets AC[a, b] and for all elements x € H.

In following Lemma 2.1, p1, p2, q are operator measures having bounded variations on [4, b] and taking
values in the set of linear bounded operators acting in H. Suppose that the measure q is self-adjoint. We
assume that these measures are extended on the segment [a, by] D[4, bg) D [, D] in the manner described
above.

Lemma 2.1. [7] Let f, g be functions integrable on [a, by] with respect to the measure q and yo,zo € H. Then any
functions

t t t t
y(t):yo—i]I dpl(s)y(s)—i]ft dq(s)f(s), z(t):zo—i]j dPZ(S)Z(S)_i]f; dq(s)g(s) (a <to< by, to<t < bp)

satisfy the following formula (analogous to the Lagrange one):
| aws,z00- [ wo,da000) = (vten), 2 - Gvien e + [ w0, dp0z0)-

- f OO0 - Y Wpy®, ) - Y, G, pathz(e) -

fESPl ﬁSsz[cl ,C2) fESqﬂS},Zﬂ[C1,Cz)

- ), IpyO.a0hee) - Y, (e, aie®), t<ea <c<bh. ©)

tESPl ﬂSqﬁ[q ,C2) tESqﬂ[Cl ,C2)
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Further we assume that measures p, m have bounded variations and p is self-adjoint, m is non-negative.
We consider the equation

t f
y(t) = %0 1] f dp(s)y(s) — i] f dm(s)f (), @

where xg € H, f is integrable with respect to the measure m on [a,b], a < t < by.

We construct a continuous measure py from the measure p in the following way. We set po({tx})=0 for
tr €Sp and we set po(A) =p(A) for all Borel sets such that A N S, =@. Similarly, we construct a continuous
measure my from the measure m. We denote p = p po, m = m — my. Then p({tx}) = p({t}) for all tk SIS
and p(A) =0 for all Borel sets A such that AN S, =@. The similar equalities hold for the measure m. The
measures po, p, mp, m are self-adjoint and the measures my, m are non-negative.

We replace p by pp and m by my in (4). Then we obtain the equation

t t
y(t) =xo — i]f dpo(s)y(s) — i]f dmy(s) f(s). (5)

Equations (4), (5) have unique solutions (see [6]).
By W(t, A) denote an operator solution of the equation

W(t, Mxog = xo — 1] f dpo(s)W(s, A)xg — iJA f dmg(s)W(s, A)xo, (6)

a

where xg € H, A € C (C is the set of complex numbers). Using Lemma 2.1, we get
W't DIW(EA) = ] 7)

by the standard method (see [9]). The functions t — W(t, A) and t - W=(t,A) = JW*(t, )] are continuous
with respect to the uniform operator topology. Consequently there exist constants €; > 0, &, > 0 such that
the inequality

er |IxIP < Wt Al < e [IxI? 8)
holds forall x € H, t € [a,by], A € C c C (C is a compact set).

Lemma 2.2. Suppose that a function f is integrable with respect to the measure m. A function y is a solution of the
equation

¢ ¢ ¢
y(t) = x0 — i]f dpo(s)y(s)x — i]/\f dmy(s)y(s) — z']f dm(s)f(s), xo€H, a<t<by, )
if and only if y has the form

Y = W(t, A)xo — W(t, A)i] f W&, Tdm(E) F(E). (10)

Proof. We denote pg = po— Amy. The measure py is continuous. Equation (9) has a unique solution (see [6]).
It is enough to prove that if we substitute the function from the right side (10) instead y in the equation (9),
then we get the identity. With this substitution, the right side (9) takes the form

t S
X — i]fdpo(s) (W(S, Axg — W(s, )\)i]f W*(E,X)dm(cf)f(é)) —
t S t
i f dmo(s) (W<s, o — W, )i f W, X)dm(é)f(é)) iy f dm(s)f(s) =
t S t
=xg— i]fdf)'o(s) (W(S, M)xg — W(s, )\)i]f W*(&, X)dm(é)f(é)) - l]f dm(s)f(s) =

t t S t
- f ABo(&W(s, Axo — ] f APo(s)W(s, )] f W&, Dm(E)f(E) - i] f dmE)fE). (1)
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We change the limits of integration in the third term of the right-hand side (11). Then the third term
takes the form

¢ s _ _
J f dpo(s)W(s, A)] f W(E, A)dm(&) f(&)=] : t)( dﬁo(S)W(S,A))IW*(E,A)dm(E)f &=

(&h)

-7 ( f dio'o(S)W(s,A))IW"(S,X)dm(E)f(E)—I ( f d§o<s>W<s,A))JW*@,Z)dm(af(a. (12)
[at) [E.1) [at) &)

The last term in (12) is equal to zero since the measure py is continuous. Using (6), we continue equality (11)

f t t
W, A)xo - f 1( L dﬁo<s>W<s,A))JW*@,X)dm(af(é)—z'] f dm(s)£(s). (13)

It follows from (6) that (13) is equal to

f t
W(t, Ao - f (W A) - E) — (W(E, A) — ENJW(E, Ddm(E)(E) - i] f dm(s)f(s) =

¢ t ¢
= W(t, Mxo — i | W(t, A)JW*(E, A)dm(E) f(E) +if W(E, A)JW*(E, Mydm(&) f(&) — i]f dm(s) f(s).

Taking into account (7), we continue the last equality

t t t
W(t, A)xo — WG 1)) f W&, Dm(E)f(E) +i] f dm(E)F(E) — i] f dm(s) f(s)= (1),

The Lemma is proved. [

3. Linear relations generated by the integral equation

Let B be a Hilbert space. A linear relation T is understood as any linear manifold T ¢ B X B. The
terminology on the linear relations can be found, for example, in [11], [1]. In what follows we make use of
the following notations: {,-} is an ordered pair; O(T) is the domain of T; R(T) is the range of T; ker T is a
set of elements x € B such that {x,0} € T; T~! is the relation inverse for T, i.e., the relation formed by the
pairs {x’, x}, where {x, x’} € T. A relation T is called surjective if R(T) = B. A relation T is called invertible or
injective if ker T = {0} (i.e., the relation T~! is an operator); it is called continuously invertible if it is closed,
invertible, and surjective (i.e., T~! is a bounded everywhere defined operator). A relation T* is called adjoint
for T if T* consists of all pairs {y1, y»} such that equality (x2, y1) = (x1, y2) holds for all pairs {x;,x} € T. A
relation T is called symmetric if T C T".

It is known (see, for example, [12, ch.3], [11, ch.1]) that the graph of an operator T:D(T) — B is the set
of pairs {x, Tx} € B X B, where x € D(T) c B. Consequently, the linear operators can be treated as linear
relations; this is why the notation {x;, x2} € T is used also for the operator T. Since all considered relations
are linear, we shall often omit the word “linear”.

Let m is a non-negative operator measure defined on Borel sets A C [g, b] and taking values in the set of

linear bounded operators acting in the space H. The measure m is assumed to have a bounded variation
bo

on [a,b]. We introduce the quasi-scalar product (x, y)m = ((dm)x(t), y(t)) on a set of step-like functions

with values in H defined on the segment [a, bo]. Identifyiné with zero functions y obeying (v, y)m =0 and
making the completion, we arrive at the Hilbert space denoted by L,(H, dm;a, b)=$. The elements of  are
the classes of functions identified with respect to the norm ” yHm =(y, y)u%. In order not to complicate the
terminology, the class of functions with a representative y is indicated by the same symbol and we write
y € 9. The equality of the functions in § is understood as the equality for associated equivalence classes.
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Let us define a minimal relation Ly in the following way. The relation Ly consists of pairs {y, j%} EHXH

satisfying the condition: for each pair {y, fo} there exists a pair {y, fo} such that the pairs {y, fo}, {y, fo} are
identical in $ x $ and {y, fo} satisfies equation (4) and the equalities

y@ =ybo) = y(@) =0, aeSy; m({Bhfo(f) =0, P € Sm. (14)

Further, without loss of generality it can be assumed that if {y, fy} € Lo, then equalities (4), (14) hold for this
pair. In general, the relation Ly is not an operator since a function y can happen to be identified with zero
in $, while f is non-zero. It follows from Lemma 2.1 that the relation Ly is symmetric.

Lemma 3.1. Ifapair {y, f} € Ly — AE, then

t t t
y() = —i] f dpo()y(s) — il f dmo(s)y(s) — i] f dmo(s)£(5). (15)

Proof. Let {y, f} € Lo — AE. It follows from the definition of the relation Lj that the pair {y, f} satisfies the
equation

f f f
y() = —i] f dp(s)y(s) — ij f dm()y(s) - i] f dm(s) (o). (16)
Consequently,
t t f
y() = —i] f A(po(s) + PE)Y() — ifA f d(mos) + BE)Y() — i] f d(mos) + BE)FG). 17)

The pair {y, f + Ay} belongs to Ly. Equalities (14) imply m({8})(Ay(B) + f(B)) =0, y(a) = 0, where a € S,
BESm. Using (17), we obtain (15). The Lemma is proved. [J

Corollary 3.2. Equalities (15),(16) hold together for any pairs {y, f} € Ly — AE.

Lemma 3.3. A pair {y, f1€9 x 9 belongs to the relation Ly — AE if and only if there exists a pair {y, f} such that the
pairs {y, f}, {y, f} are identical in X $ and the equalities

t —
y(H)=—W(t, )i f W (s, D)dmo(s) £5), a8)
y(a) = Wi(a, A)i] f W(s, A)dmy(s)f(s)=0, a € Sp U {bo}, (19)
m({BH(Ay(B) + f(B)) =0, BESm (20)

hold.
Proof. The desired assertion follows from (14) and Lemmas 2.2, 3.1 and Corollary 3.2. [
Corollary 3.4. If y € D(Ly), then y is continuous and y(b) = 0.

Corollary 3.5. Suppose a pair {y, f} satisfies equality (18). The function f € $ belongs to the range R(Lo — AE) if
and only if f satisfies the conditions

f W' (s, 1)dmo(s)f(s) = 0, m({BNAy(B) + f(B)) = O, (21)

where a € Sp U {bo}, BESm.
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Remark 3.6. The first equality in (21) is equivalent to the following
10%) _
f W(s, A)dmy(s)f(s) =0, ai,az €S, U {a} U {bo}. (22)
23]

Remark 3.7. It follows from Lemma 3.3, Corollary 3.4 that we can replace by by b in (19), (21), (22).
Lemma 3.8. The relation Ly is closed.

Proof. Suppose {yy, fu} € L. Using (18) — (20) for A = 0, we obtain

t
Yl =~ W (L, 0)i] f W (s, 0)dmo(s) (), (23)

y(@)= W(a, 0)i] f W (s, O)dmo()fuls) = 0, m({BN£ () =0, (24)

where @ € S, U {bp}, f€ Sm. Suppose that the sequences {y,}, { f,} converge in $ to y, f, respectively. We note
that if a sequence converges in $=L,(H, dm; g, b), then this sequence converges in L,(H, dmy; a, b). Moreover,

1= 5 > mUBNEB) - FB), f2(B) - FE)=mUBNF ), £B),

where f€Sy. Passing to the limit as 7 — oo in (23), (24), we obtain equalities (18) — (20) for A = 0. It follows
from Lemma 3.3 that the pair {y, f} € Ly. The Lemma is proved. [J

By X4 = X4(t) denote an operator characteristic function of a set A, i.e., X4(t) = Eift € A and X4(¢) = 0
if t ¢ A. We shall often omit the argument ¢ in the notation X4.

Remark 3.9. Equality (20) means that the function X5 (Ay(B) + f(B)) is identified with zero in the space $.

By S’P denote the closure of the set Sp. Let Sy be the set t € [a, b] such that y(t) =0 for all y € D(Ly). It
follows from (14) and Corollary 3.4 thata,b€ Sy and S, CSp. Corollary 3.4 implies that the set Sy is closed.

Therefore, S, U {a} U {b} ¢ So.
Lemma 3.10. Suppose {y, f} € Lo. Then f(t) = 0 for m-almost all t € S,.
Proof. Using Corollary 3.5 (for A = 0) and Remark 3.7, we get

f (dmy(s)f(s), W(s,0)x) =0,  m({p})f(B) =0

for all x € H and for all @ € Sy, € Sm. Hence equality (2) implies

f (W ($)£(5), W(s, 0x)dpms(5) =0, m(IBI)F(B) = . (25)

We denote

Px(t) = (Wm, () f (1), W(E, 0)x), Du(t) = f Px(8)dPm (5)-

The function @y is continuous. Hence it follows from (25) that ®,(t) = 0 for all t € Sy. Therefore, () =0
for pm,-almost all t € Sp.

Let {x,} be a countable everywhere dense set in H and let X, be a set t € Sy such that ¢, (t) = 0. Then
Omo (X)) = Omy(So). We denote X = N,X,,. Then gm(X) = 0m,(So) and ¢, (t) = 0 for all n. If a sequence
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{z4}, zn € H, converges to z in H, then the sequence {W(t, 0)z,} converges to W(t,0)z for fixed t. Therefore,

@«(t)=0 for all xe H and for all t€ X. The operator W(t, 0) has a bounded inverse for all ¢. This implies that
Wi, () f(t) =0 for all t € X. Consequently, Wy, (f)f() = 0 for pm,-almost all t € Sy. It follows from (2) that

b b
f (dmo(OF(®), £(5) = f (Do (), £ () = 0.

Hence using (14), we obtain f(t) = 0 for m-almost all t € Sy. The Lemma is proved. [J

By 9o (by 91) denote a subspace of functions that vanish on [a, b] \ Sy (on Sy, respectively) with respect
to the norm in $. The subspaces $, H1 are orthogonal and H = Hy & H1. We note that Ho = {0} if and only if
m(Sy) = 0. We denote Lig = Lo N (H1 X H1). Then D(L1p) € H1, R(L1g) C H1. It follows from Lemma 3.10 that

L = (H0 % Ho) @ L, (26)
i.e., the relation Lj consists of all pairs {y, f} € $ of the form
v, fi={u, ot +{z,gl={u+z,0+g},

where u,v € 90, {z, g} € L}
Theset 7, = (a,b)\ Sp is open and it is the union of at most a countable number of disjoint open intervals

Tk ie, Tp = Ugil Jrand Jy N J; = @ for k # j, where k; is a natural number (equal to the number of
intervals if this number is finite) or the symbol o (if the number of intervals is infinite). By J denote the set
of these intervals .
Remark 3.11. The boundaries ay, i of any interval I = (ax, Pr) € J belong to So.
We denote

wWilt, A) = X 5y WE HW (a1, 1), 27)
where (ax, f) = Jr € J. Using (7), we get

w;;(t/ X)]u)k(t/ A) = ]/ 273 <t< ﬁk- (28)

Lemma 3.12. Let g € $1 and let a function G, be given by the following equality

t p—
Go(t) = =Xpapps, Wi(t /\)i]f w (s, A)dm(s)g(s),

where (ax, fx) = Tk € J. Then the pair {G,, g} € L], — AE if g vanishes outside of [ay, Bx)-

Proof. We denote
t —
G(t) = —wy(t, /\)i]f w;(s, A)dm(s)g(s).
[2%3
Equalities (27), (7) imply

G(t) = =X poW(E, /\)i]f W*(s, X)dm(s)g(s).

It follows from Lemma 2.2 that the function G is a solution of equation (9) on the segment [ay, ], ¥ < Bk
(fora=ar, y=G, f=g,x =0).
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Suppose a pair {y, f} € Lo — AE. The pair {y, f} satisfies equation (16) in which A is replaced by A.
Therefore we can apply formula (3) to the functions y, f, G, gforci = ax, co =y, @ = m, p1 = po + Am,
P2 = po + Amy. Since the measures py, my is continuous, self-adjoint, m = my + m, and (20) holds, we obtain

y y v_
f (dm(E)f(s), GE) - f (v, dm($)9() = (Ty(), GO) — f A(dmE)y(s), ().

k Ak

Using the equality G,(t) = G(t) — X5, G(t) and (20), we get

Y Y
| @m©)£©,6u) - [ w.dmeite = (1), 60
= ). A@sHye), GEN - Y @(sHIE), GE) = [y(), GO). (29)

seSmN[ak,y) seSmN[ak,y)

The function y is continuous from the left and y(Bx) = 0 (also see Corollary 3.4). Hence passing to the limit
as y — fr—0in (29), we obtain

Br Br
[ @m0, 640 = [ 9, dmcyao)
Qg Qg

This implies the desired statement. The Lemma is proved. [

By $10 (by 911) denote a subspace of functions that belong to $; and vanish on Sy, (on [4,b] \ Sm,
respectively) with respect to the norm in $. So, H10 (911) consists of functions of the form X, ;\(s,us,.)/t (of
the form X, sk, respectively), where h € § is an arbitrary function. Therefore,

D1=9100D11, H= 90D Do ® Hi1-

Obviously, the space 911 is the closure in $ of the linear span of functions that have the form X;j(-)x, where
x€H, 1€ S8n\ So. By (14), it follows that $11 C ker L,

Remark 3.13. Suppose T € S NSo. Then X)(-)x € Ho for x € H. Hence (26) implies that the pair {0, X7)(-)x} € ;.

In particular, Remark 3.11 implies that this is true for T € Sm N (Ug‘zll{ak, Bi} U {a, b}), where ay, i are boundaries of
intervals (ax, fr) = Tk € J.

We define an operator U(A): H1 — H1 by the equation

t —
(UM = =X s wi(t, A)i] f wi(s, )dm(s)Af(s), f € 1. (30)

The operator Uy (A) is bounded. Obviously, U(0) = 0. Taking into account (27) and Lemma 3.12, we obtain
that the pair {U(A) f, X[a, A f} € L}, — AE.
Let ux(t, A, 7): H— $1 be an operator acting by the formula

ur(t, A, 1)x = (U (V) X)) (t) = =X g pp 5, Wk, A)i] f wj(s, 1)dm(s)A X5 (s)x, (31)

where x € H, T € (o, fx) N Sm, (ak, Br) = T € J. Then the pair {ux(-, A, T)x, AXj)x} € L}, — AE. The definition
of Ly implies that the function X(;x € ker L. Consequently, {¥;)x, —AX(yx} € L], — AE. Thus, for any x € H
the function

ur(-, A, O)x + Xy (-)x € ker(L}, — AE). (32)
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Using (31), we get
i, A, D)l < (ALY [[¥ ()] = 141y m" (), (33)

where y >0, x € H, T € (a, fx) N Sm-
The linear span of functions of the form X;j(-)x (x € H, T € Sm \ Sp) is dense in the space $1;. It follows
from (31), (32) that for any the function z; € $11

U (N)z1 + 21 € ker(Ly, — AE). (34)

Lemma 3.14. The linear span of functions of the form X, p)\s,, Wi (-, A)x is dense in H19 N ker(L], — AE). Herex € H;
k=1,.., Kk ifk is finite and k is any natural number if k; is infinite.

Proof. Suppose that hy € $19 N ker(L]; — AE) and

b
(ho, Xpgp)\Sm Wk (-, A)X)g = f (dm(s)ho(s), X oS Wk(s, A)x) = 0 (35)

for all x € H and for all k. Let us prove that /() = 0 m-almost everywhere. We denote
t
=Wt ] [ W (s, Dtmo(E)s). 36)

We define the function / as follows. We put h(t) = ho(t) for t € [a,b]\ Sm, and h(t) = -A 1y(t) for t € S,
A #0,and h(t) = 0 for t € S, A = 0. The function y will not change if & is replaced by & in (36). Moreover,
equality (35) will remain with this replacement. Then it follows from Lemma 3.3 and Corollary 3.5 that the
pair {y, h} € Lyo — AE. Hence (ho, h)g = 0 since hg € ker(L}, — AE). On the other hand, (ho, h)g = (ho, ho)s. This
implies hy = 0. The Lemma is proved. [

Lemma 3.15. The linear span of functions of the form Xy, s, wi(-, A)xo and ur(-, A, T)xx + X7y (-)xx is dense in
ker(L}, — AE). Here xt,x0 € H; T€(ak,fr) N Sm; k = 1,..., k1 if kq is finite and k is any natural number if k; is
infinite.

Proof. Let z € ker(L], — AE). Then z = z + z1, where z9 € 910, z1 € H11. Suppose that the function
z is orthogonal to the functions listed in the condition of the Lemma. We claim that z = 0. The pair
{z1,—Az1} € L, — AE since z; € kerL]. Therefore, {zo, Az1} € L], — AE. We denote zx = X[4,5)z, Zox = X[4,5)Z0,
Z1k = X[ap)z1. Using Lemma 3.12, we get

f
20¢(8) = —Xpuap s ity AYi] f Wi (s, Ddm(&)Az16(s) + o), (37)

where hy € ker(L], — AE). Moreover, hy € 919 since zo € H19 and the first term in (37) belongs to $H10. According
to Lemma 3.14, g belongs to the closure of linear span of functions that have the form X, g s, wk(-, A)x",
x’ € H. Using (30), (37), we obtain zx = U(A)z1x + z1x + ho. By assumption, (zx, U(A)z1x + z1x)s = 0 and
(zk, ho)s = 0. Hence, (zk, zx)s = 0 for all k. Therefore, (z,z)g = 0. The Lemma is proved. [J

Remark 3.16. The Lemma 3.15 remains true if functions of the form uy(-, A, T)xx + X7y (-)xy are replaced by functions
(-, A, Dwi(t, A)xge + Xy (wi(t, A)xx.  Indeed, by (8), (27), it follows that the operator wy(t, A) is continuously
invertible for T € Jy = (ax, Px). Hence the linear spans of the noted above functions coincide.

Let M be a set consisting of intervals J € J and single-point sets {7}, where 7 € Sy, \ Sp. The set M is
at most countable. Let k be the number of elements in IM. We arrange the elements of M in the form of a
finite or infinite sequence and denote these elements by &, where k is any natural number if the number of
elements in IM is infinite, and 1 < k < k if the number of elements in IM is finite.
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We shall assign an operator function vy to each element &, € M in the following way. If & is the interval,
E = Tk = (o, Bx) €], then

Ok(t, A) = Xjap porSm Wk(E, A). (38)
If & is a single-point set, & = {7}, Tx €Sm \ So, and 7 € J = (an, B1) €], then

vk(t, A) = un(t, A, Ti)wn(T, A) + Xio (wa (i, A). (39)
Remark 3.17. It follows from (27) that equality (38) is equivalent to the following: vi(t, A) = Xz m\s, Wk(t, A).

Lemma 3.18. The linear span of functions t — vi(t, A)&x (& € H) is dense in ker(L}, — AE). (Here k € N if k = oo,
and 1 < k < k if k is finite.)

Proof. The required statement follows from Remark 3.16 and Lemma 3.15 immediately. [

Corollary 3.19. A function f € $; belongs to the range R(Lio — AE) if and only if the equality (f, vi(-, A))g =0 holds
forall k. (Herek € N if k = 0o, and 1 < k < k if k is finite.)

Proof. The proof follows from the equality R(Lio — AE) @ ker(L], — AE) = $; and Lemma 3.18. [

Further, we denote vi(t,0) = vx(t). We note that ux(t,0, 7) =0 (see (31)).
Let Qk o be aset x € H such that the functions t — vi(t)x are identical with zero in $. We put Qx = H&Qx.
On the linear space Qx we introduce a norm [|||_ by the equality

kIl = llox()Exllg ,  Ex € O (40)

We note that if vx has form (38) with A = 0, then

1/2 1/2
||cfk||_=(f[b]\S(dm(S)wk(S/O)Ek,wk(S,O)Ek)) =( [ (dmo(s)wk(sz0)5k,wk(5/0)5k)) , &k € O

a,b]

If v has form (39) with A = 0, then

I1€kl1- = (m({Tih)wn(Th, 0)&k, wa(Tr, 0)EQ)"2 = ||m!2({i) ) (T, 0) &

, &k € Ok

By Q denote the completion of Qx with respect to norm (40). This norm (40) is generated by the scalar
product

(ko M)- = (O ()ek, Ok ()N 5, (41)
where &, nx € Q. From formula (2) in which the measure P is replaced by m, it follows that
lEkll- < p &Il &k € Ok, (42)

where y > 0 is independent of & € Q.

It follows from (42) that the space Q,” can be treated as a space with a negative norm with respect to Qx
(I2, ch.1], [11, ch.2]). By Q; denote the associated space with a positive norm. The definition of spaces with
positive and negative norms implies that Q; € Qr € Q.. By (-, )+ and |||, we denote the scalar product
and the norm in Q;, respectively.

Lemma 3.20. There exist constants y1x, Yok > 0 such that the inequality
Yk lok()xllg < Mok, Dxllg < par llok()xllg (43)

holds for all x € H.
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Proof. Using Lemma 2.2 and (6), we get

¢
W(t, Mxog = W(t, 0)xg — W(t,0)i] f W*(s, 0)dmg(s) AW(s, A)xg, xo € H, (44)
t p—
W(t,0)xg = W(t, A)xo + W(t, A)i] f W*(&, A)dmy(s)AW(s, 0)xg, xo € H. (45)
Suppose that v has form (38). Using (27), (44), (45), we obtain
t
o4, 210 = 240,00 = 18, 00 | 16, Optm(E) s, o, 0 € H 6)
t p—
vk(t, 0)x0 = vi(t, A)xo + vi(t, A)i] f 0, (&, A)dmo(s)Avi(s, 0)xo, X0 € H. (47)

Equalities (8), (46), (47) imply (43) in the case when vy has form (38). Suppose that v has form (39). Using
(39), (31), we get

2 2
k() M)l = (- A, T)eon (e, DI + |y Own(Tr, Mg > (¥ Qwn (e, alg = llonC)all -
On the other hand, using (31), (33), we obtain
0(, M)l < Nty A, T (Tr, ANl + ([ ¥ (ot Ml < 3 || e Owonle, ]| = v3 loxO)xdls,
where y3 > 0. The Lemma is proved. [

Remark 3.21. By (43), it follows that the set Qy o will not change if the function vi(-) = vi(-, 0) is replaced by v (-, A)
in the definition of Qko. Moreover, with such a replacement, the space Q,” will not change in the following sense: the
set Q will not change, and the norm in it will be replaced by the equivalent one. The similar statement holds for the
space Q.

Suppose that a sequence {x.}, xr, € Qk, converges in the space Q, to xp € Q, asn—co. It follows from
Lemma 3.20 that the sequence {vi(-, A)xk,} is fundamental in . Therefore this sequence converges to some
element in $. By (-, A)xp we denote this element.

Let Qy=Q X ... X Qy (Q = Q7 X ... XQY) be the Cartesian product of the first n sets Q, (Q;, respectively)
and let Vi(t, A) = (v1(t, A), ..., on(t, A)) be the operator one-row matrix. It is convenient to treat elements

from Qj; as one-column matrices, and to assume that Vi(t, /\)gN = Zszl vk(t, )&k, where we denote Es'N =

col(&, ..., En) € Qn, &k € Q-

Let keri(A) be a linear space of functions t — vi(t, A)&k, &k € Q. By (40) and Lemma 3.20, it follows
that kery(A) is closed in $. The spaces ker(0) and ker;(0) are orthogonal for k # j. We denote Kn(A) =
ker;(A)+...+ kern(A). Obviously, K, (A) € Kn,(A) for N; < N».

Lemma 3.22. The set UNKn(A) is dense in ker(L], — AE).
Proof. The required statement follows from Lemma 3.18 immediately. [

By Vn(A) denote the operator €N - Vn(, /\)gN, where EN € éﬂ,. The operator Vn(A) maps continuously
and one-to-one Qy, onto Kn(A) C H1 € H. Hence the adjoint operator V73, (1) maps $ onto Qy, continuously.
We find the form of the operator V5. For all &y € Qn = Q1 X ...Qn, f €9, we have

bo

_ bo — — —
(f, Vn(N) En)s :f @m(s)f(s), Vn(s, A)en) = | (Vi(s, A)dm(s)f(s), En) = (Vy(A)f, EN).
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Since Qy is dense in Qy, we obtain

bo
Vv f = f Vi (s, A)dm(s) f(s). (48)
Thus, we have proved the following statement.

Lemma 3.23. The operator V(A) maps continuously and one-to-one Qj, onto K, (A). The adjoint operator V3,(A)
maps continuously $ onto QY; and acts by formula (48). Moreover, Vy,(A) maps one-to-one Kn(A) onto QY.

Let Q-, Q:, Q be linear spaces of sequences, respectively, 1= {n}, ¢ = {@}, &= {&k}, where np € Q7
Qk € Q,j, k € Qk; keN if k = oo, and 1 < k < kif k is finite; k is the number of elements in M. We assume

Zk 1 €I converge if k = co. These spaces become Hilbert spaces if
we introduce scalar products by the formulas

k

k k
@0-=) (0 RCeQ; @9).=) (pu ) §UeQs (£7) =) (S0, §T€Q.

k=1 k=1 k=1

In these spaces, the norms are defined by the equalities

I = Y 1= kol [ - Y

The spaces Q,,Q_can be treated as spaces with positive and negative norms with respect to Q ([2, ch. 1],
[11, ch.2]). So Q. c Q C Q- and y; “g?” < H <2 ” , where ¢ € Q4, y1,72 > 0. The "scalar product”
(17, @) is defined for all p € Q,, 1 € Q_. If ] € Q, then (7], (}5) coincides with the scalar product in Q.

Let M C Q- be a set of sequences vanishing starting from a certain number (its own for each sequence).
The set M is dense in the space Q-. The operator Vy(A) is the restriction of Vy.1(A) to é;,. By V’(A) denote
an operator in M such that V’(A) = Vy(A)ny for all N € N, where 1 = (1n,0,...), Iy € é;]. It follows
from (40), (43) that V’(A) admits an extension by continuity to the space Q_. By V(1) denote the extended
operator. This operator maps continuously and one-to-one Q- onto ker(L}, — AE) C $1 C . Moreover, we

denote V(t, A = (V(A))(t), where 7 = {1} € Q-. Using (41), we get

(VOT,VO)Ds = @0 T=1md C={Gk Mle@.

The adjoint operator V*(1) maps continuously $ onto Q.. Let us find the form of V*(A). Suppose f € 9,
ne M, n={nn,0,...}. Then

by _ bo
M, V' D)H=(V)m, ls=| @mBV(E, A, f(#) =f (n, V*(t, dm(t) £ (1)).

Since V*(1)f € Q, and the set M is dense in Q_, we get

bo
Vs = [ 76 im0, (@9)

Taking into account Lemmas 3.22,3.23, we obtain the following statement.

Lemma 3.24. The operator V() maps Q- onto ker(L} ) — AE) continuously and one to one. A function z belongs to
ker(L;, — AE) if and only if there exists an element = {n} € Q_ such that z(t)=(V(A)n)(t) = Vit A)n. The operator

V*(A) maps $ onto Q.. continuously, and acts by formula (49), and ker V*(A)=Ho®R(L1o — AE). Moreover, V*(A)
maps ker(L}, — AE) onto Q. one to one.
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Theorem 3.25. A pair {y, f} € $ x $ belongs to L, — AE if and only if there exist a pair {y, f} € $ x 9, functions
Yo, Yy € D0, Y, f € 91 and an element 1) € Q_ such that the pairs {y, f}, {y, f} are identical in $ X $ and the equalities

Y=y +7, f=yp+f, (50)
TO=V(6 - St 0 [ w365, Dm0 6
k=1 a

hold, where the series in (51) converges in 9, Kk is the number of intervals i € J.

Proof. Equalities (50) follow from (26). Let us prove that equality (51) holds. It follows from Lemma 3.24 that

V(A7 € ker(L;, — AE). We prove that if the functions ¥, f satisfy equality (51), then the pair {y, f} € L} — AE.

If k; is finite, then this statement follows from Lemmas 3.12,3.24. We assume that k; = oo and first prove

that the series in (51) converges in $ for each function fe 1.
The function

i) = X5, el A)i] f @ (s, DAm(E)F(5) = —Fpagps, wielt, )i f W5, W) ©)dpm(s)  (52)

vanishes outside the interval [ay, fx). (Here Wi, pm are functions from formula (2) in which the measure P
is replaced by m.) We denote fi(t) = x|a, . f(t)- Using (52), (8), (2), we get

Br _ —
[0l < ertraste 21 [ s, Dl [ 76 dome) <

Pr — R 12 —
< 8(f \I/}r{2(s)fk (5)” dpm(s)) =¢ ”fklb, e, > 0.
This implies
Br —
Il = f (OO, TeO)pm(t) < (Lt ) IFe ||; (53)

We denote S, (f) = Y;_; yi(t) and prove that the sequence {S,} converges in $. From (53), we get

n

15,3 =[5 < Y., pmlos o0 [ [ < om0 1]
k=1

k=1

Hence the sequence {S,} converges to some function S € $ and

[oe) f . .
St ==Y Xunsawilt, A)i] f w(s, Ddm(E) f(s), 1Sl < e2 [F ]|, e2>0. (54)
k=1 .
It follows from Lemma 3.12 that the pair {S,, Y,;_; ]?;:} € L}, — AE. The relation L, is closed. Therefore,
(S, fl € Lty — AE and (¥, fl€L;, — AE.
Now we assume that a pair {’y\,ﬁ €Lj, — AE. For the function ]?: we find a function S by formula (54).

Then { S,ﬁ €L;, — AE. Hence y — S€ ker(L}, — AE). By Lemma 3.24, it follows that there exists an element
7 € Q- such that y — S = V(A)7. Therefore i has form (51). Now (26) implies the desired assertion. The
Theorem is proved. O
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4. Continuously invertible extensions of the relation Ly — AE

We denote
t P —_—
Dkt A) = =Xja, g\ SmnSo) Wk(E, A)i] f wi (s, A)dm(s) X, p)\s,, f(8) =

t
= X syt A)i] f i (s, Rdmo(s)F1s),

b
Vit A) = Xjg po\SmnSo) Wk(t, A)i] f wi (s, A)dm(s) X, p)\s,, f(5) =
t

h —_—
= Koo Sy @kt AT f (s, A)dmo($) ).
t

It follows from Remark 3.11 that X[, g)\(SunSe) = Xlapp) if Ak € Sm and Xjg, g\ SunSy) = X(aypo if A € Sm (see
also Remark 3.13).

Lemma 4.1. Let A # 0. Equality (51) hold if and only if
TO=V T +27Y [0t A) = X, 0elE A) = X po A~ FOI
k=1

ISt
#2710 Y Dl A) = XDk A) = Xsanapod " FOL (55)
k=1

where Ee Q..

Proof. By standard transformations, equality (51) is reduced to the form
Yt =V(tA)S - 2’12 X s, Wt A)i]f wi(s, A)dm(s) f(s)+
k=1 a

LSt b .
+ 271 Xjopns,wilt, A)i] ft wi(s, \)dm(s)f(s), (56)
k=1

where 9= {9} € Q_, and 8y = ;. if vy has form (39), and 9y = 1 —271i] fjf wi(s, X)dm(s)ﬁs) if v has form (38).
Let us write the function

¢ —
Wit A) = =X o8 Wit A)i] f wy (s, A)dm(s) f(s) (57)

in a different form. Using (57), (30), we get

t
Wit A) = Xjg o8 0kt A) = Xjg s, wi(t, A)i] f wi(s, A)dm(s)Xs, f(s) =
a

= Dkt )= [X s, n@p0 Dkt D)+ Xspn@por T FO] +[Esp @ pod ™ FE) +HUMAT X~ p0 O]

Using (34), we get

0 = X5, n@po T f + UMAT X, nwopo f € ker(Lyy — AE).
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Therefore,
wi(t, A) = vt A) — [Xsnpo Vet A) + %Smﬂ(ak,ﬁk)A_lﬁt)] + vk (). (58)
Similarly, we transform the function
—_— b e -
(1) = K.t ] [ w6, Dem9) e
t
to the form
we(t, A) = Vit A) = [Xs (@ poDk(t A) + %Smn(ak,ﬁk)A_lﬂt)]Jr
—_— h p— —_—
+ [Xspn@po T F ) + (UAT s, 000,50 ) D] + X s wi(t, A)i] f wi(s, A)dm(s)Xs,, f(s).
By Lemma 3.15 and (34), it follows that here the last two terms belong to ker(L}, — AE). Consequently,

Wi, A) = Drlt, A) = [X s p k() + X, n(@epod FO1+T(D), (59)

where vy € ker(L}, — AE). Now the desired statement follows from (56), (58), (59) and Lemma 3.24. The
Lemma is proved. [J

Lemma 4.2. Let A = 0. Equality (51) hold if and only if
TO=V(,0T+27Y [, 0) — X s, wie(t, 0] f w(s, 0)dm(s)¥s, F5)]+
k=1 “

Ky b —
+271 Z[ak(t, 0) + Xpop)\8mwi(t, 0)i] f wi(s, 0)dm(s)s, f(5))]. (60)
=1 :

Proof. Equality (56) holds for A = 0. We transform the function wg(t, 0) (see (57)) in the following way:

t
wi(t, 0) = —Xp, o8, Wk(t, 0)i] f wi(s,0)dm(s) f(s) = vk(t,0) — Xs,A(arp Dk (t, 0)—
a

t —_
X welt, 0] f i (s, 0)dm(s) s, F19).

*

Similarly, we transform the function wy(t,0). Since Xs, (. p)0k(,0) € kerL:, Xs, @, p)0k(0) € kerL:,

Xap)\Sn Wi(t, 0)i] fﬂ bw};(O, X)dm(s)%smﬁs) €ker L], we obtain the required statement.The Lemma is proved. [

Theorem 4.3. Let T(A) be a linear relation such that Lig—AE C T(A)C L] — AE. The relation T(A) is continuously
invertible in the space $1 if and only if there exists a bounded operator M(A): Q, — Q_ such that equalities (61) (for

—

A #0) and (62) (for A = 0) (see equalities below) hold for any pair {y, f} € T(A)
b~ —_— — —
y(t) = f V(t, AYM(A)V*(s, A)dm(s) f (s)+

k1 b —
+2' Yy f X p\SmnS0) (DWk(E, A)sgn(s — DiJwi (s, 1)dm(s) Xja s, (5)f(5)=
k=117

ki b . Ty .
—z-lk; f sesmk,ﬁk)(t)wk(t,A)sgn(s—t)z'fw;<s,Z)dm(smﬂ,bl\sm(s)f(s)—A‘lgxsmnmk,ﬁk)(t)f(t), (61)
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b —_
y(t) = f V(t, 0)M(0)V*(s, 0)dm(s) f(s)+

k1 b
+21y" f Xlay po\SmnSo) (Wi (E, 0)sgn(s — DiJwi (s, 0)dm(s)X(a )\, (5) f(5)+
k=1 V4

Ky b —
+271 Z f Xiop)\Sn (Dwi(t, 0)sgn(s — t)iJw, (s, 0)dm(s)Xs, (5)f(s). (62)
k=14

Proof. First note that the range R(L19—AE) is closed and ker(Li9—AE)={0}. This follows from the Lemma 3.3.
Suppose that the relation T~(A) is a boundary everywhere defined operator and Y= T‘l(A)f\ Then ¥ has
form (55) for A # 0 and (60) for A = 0. In this equalities, Ceq@ is uniquely determined by f and A, ie,

C C( f A). Indeed, if f 0, then V(t /\)C T 1(/\)0 0. It follows from Lemma 3.24 that C = 0. Moreover,
C depends on f linearly. Consequently, =51 f where S(1): 91 — Q_ is a linear operator for fixed A. We
claim that the operator S(A) is bounded. Indeed, if a sequence {f;} converges to zero in the space 9; as
n — oo, then the sequence {?n}z{T’l(/\)f,;} converges to zero in $;. Hence the sequence {(V(A)Zq} (where

S(/\)f,;) converges to zero in ;. By Lemma 3.24, it follows that the sequence {S(A) f,,} converges to zero
in the space Q-. Therefore - 5(A) is the bounded operator.

Now we prove that ( f A) is uniquely determined by the element V() f €Q,. Suppose V*(1) f =0

The application of Lemma 3.24 yields f € R(L1p — AE).
Suppose A # 0. Taking into account Lemma 3.3, we determine a function i by equality (55) in which

X5, n(@epo et A) + Xs n@epod T FB) =0, X naepo Dkt A) + Xy nepd () = 0.

By Lemma 3.3 and Remark 3.9, it follows that the pairs {vy, %(a,ﬁ)f}, vk, %(a,,g)ﬁ € Lip — AE. This and the
invertibility of T(A) imply that {(f, 1) = 0 for A # 0.

Let A = 0. Using Lemma 3.3 (for A = 0) and Remark 3.9, we determine a function y by equality (60) in
which X, f(t) = 0 for 7 € Sp. Then equality (60) will take the form

Ik ki
FO=V(E0)C(F,0)+27 ) 0et,0)+27 Y (¢, 0).
k=1 k=1

It follows from Lemma 3.3 and Remark 3.9 that {1, BE[a,ﬁ)fE, s, X[a,ﬁ)ﬁ € Lyp. This and the invertibility of
T(0) imply that C(f,0) =
Thus S(A)f = MA)V*(A) f, where M(A): Q; — Q_ is an everywhere defined operator. Let (VB(X) be a

restriction of V*(A) to ker(L;, — AE). By Lemma 3.24, it follows that M(A) = S(A)(V;(A))~!. Hence M(A) is
the bonded operator and equalities (61) (for A # 0) and (62) (for A = 0) hold.

Conversely, suppose that equalities (61) (for A # 0) and (62) (for A = 0) hold. Then y = 0 if f: 0in (61),
(62). Therefore, T"!(A) is an operator. We claim that the operator T~}(A) is bounded. Indeed, suppose that

pairs {y, fu) satisfy the equality (61) or (62) and the sequence {f,} converges to zero in $;. It follows from
Lemma 3.24 and equalities (61), (62) that the sequence {y,} converges to zero. So, T~}(A) is the boundary
everywhere defined operator. The Theorem is proved. [J

Corollary 4.4. Let T(A) C $ x $ be a linear relation and Ly — AE € T(A) € L} — AE. Then T(A) is continuously

invertible in the space $ if and only if T(A) has the form T(A) =To® T(A), where Ty C Ho X Ho, T(A) C H1 X H1 are
linear relations, L1o — AE C T(A) C L}, — AE, T(A) is continuously invertible in £, (i.e., T(A) satisfies Theorem 4.3),
Ty is any continuously invertible relation in .

Proof. The desired statement follows from (26). O
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Remark 4.5. It follows from Lemma 3.24 that the operator M(A) is uniquely determined by the relation T(A) and by
the choice of functions vy.

We shall write equalities (61), (62) in a short form. We denote I/~V(t, A)= Z,Llil Xl p\SmnS) Wit A), ie.,
W(t, A) = wi(t, A) for t € (ay, Pr), and W(ag, A) = we(ag, A) if ax ¢ Sm, and W(ag, A) = 0 if ax € Sp. In (61),
(62), the series converge in $; for any function f € $;. We denote

K(t,s,A) = V(t, DMA)V*(s, A) + 27T W(E, A)sgn(s — DifW* (s, A) X (o e, (5)—
— 27X (HW(t, A)sgn(s — DiJW'(s, ) Xppps.(5), A % O;
K(t,5,0) = V(t,0)M(0)V"(s,0) + 27 W(t, 0)sgn(s — H)i] W' (s, 0)X[o ps. () +
+ 27 X s, (OW(E, 0)sgn(s — H)if W' (s, 0)Xs,, (5)-

Then the equalities (61), (62) can be written as

—_— b — —_— —_—
¥t = (T = f K(t,s, )dm(s)f(s) = A7 X505, (1), A1 #0, fe€ 9y (63)

— b — —_
y(t) = (T Of)() = f K(t,s,0)dm(s)f(s), f € . (64)
Let us consider some examples.

Example 4.6. Suppose p = po is a continuous measure, m = u is the usual Lebesque measure on [a,b] (ie.,
w(la,p)) = B —a, wherea < a < B < b (we write ds instead of du(s)) ). In this case, Lo, Ly are operators, k; =k =1,

H0={0}, Q10 = {0}, Q1 = H=Q_ = Q,, V(t,A) = W(t, A). Equality (51) has the form

¢
y(t) = W(t, Ayn — W(t, /\)i]f W (s, Z)f(s)ds, f=ULg-AE)y, neH.

For any A, equalities (63), (64) take the form

b
y() = (T AP = f K(t,s, A)f(5)ds, (65)

where K(t,s,A) = W(t, A)(M(A) + 27 sgn(s — £)i])W*(s, X).

Example 4.7. We assume that measures p, m are continuous. Then Lo, Ly are not operators, generally. In this case,
ki =k=1, $o = {0}. In general, Q1 # H, Q1 # Q;. In this case, Q- = Q7, V(A) = W(A) is an extension of the

operator E— W(-,A)& (£ € Q1 € H) to the set Q_, vt Mn = W(t, An = (WAn)(¢) (n € Q-). Equality (51) has
the form

— —_— t~ —_—
y(t) = W(t, A)n — W(t, /\)i]f W(s, A)dm(s)f(s), {y,f}€Ly—AE, neQ-_.

For any A, equalities (63), (64) take the form

b
y(t) = (T M) = f K(t,s, A)dm(s) f(s),

where K(t,5,A) = W(t, A)(M(A) + 2 sgn(s — Di])W*(s, 7).

Example 4.8. Suppose that m= y is the usual Lebesque measure and the set Sy, of single-point atoms of the measure
p can be arranged as an increasing sequence converging to b. In this case, the description of T~1(A) is obtained in [9].
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Example 4.9. Suppose that Sm # @ and m = y + m, where p = my is the usual Lebesque measure on [a,b] and
W(A) = m(A) for all Borel sets such that AN S, =@. S0, Sm = Sz and m({p}) = m({p}) for all B € Sm. We
arrange the elements of Sy, in the e form of a finite or infinite sequence {ti}. Let ky be the number of elements in Sm.

We denote Qko = kerm({ty}), Qk =H®o Qk o, Where e Tk € Sm. Let my be the restriction of the operator m({t})
to Q. The operator my, is self- ad]oznt and R(my) C Q. By Qk denote the completion of Qk with respect to norm

lEIl- = (mi&, E)V?, where & € Qk. Let Q_ be linear space of sequences 1= {1} such that 1y € Qk (ke Nifk, =

and 1 < k <k if k; is finite) and the series Y., ||17k“2_ converges if ko = co. Then $ = Ly(H;a,b) @ 5_.
Supposep = 0anda ¢ Sm, b & Sm . (The case of an arbitrary continuous measure p can be considered similarly.)

Then 99 ={0}, ki =1, W(t,0)=E,and Q_ =H® 5_. It follows from Lemma 3.3 and (14) that a pair {y, f} € Lo if
and only if

t
y(t) = —z']f f(s)ds, yb)=0, mPB)f(B)=0 (B € Sm).
Using Theorem 3.25 for A = 0, we obtain that a pair {y, f} € Ly if and only if
v =m0+ Y Xy (O~ ] f Am(©)f(6) (66)
Tkt

where g € H, Tx € Sm, 1k € @;, and the sequence 1 = {no, N} belongs to Q_ (here k € N if kp = co,and 1 < k < ka

if ko is finite). It follows from Lemma 3.15 (forA = 0) that the function Xg,_(t) fa : dm(s)f(s) € ker Lj. Therefore,
equality (66) can be written as

t —_ —_—
V0 =0+ Y Xt = B, O [ dmGf©), focH, & el E-lén e

TSt
By (6), it follows that W(t, ) = exp(—iJAt). Using (31), we get
t
ur(t, A, 0)x = =X s, W(t, )\)i]f W(s, A)dm(s)AX()(s)x, x € H, T € Sm.
a
Hence, uy(t, A, T)x + X7y (t)x is equal to zero if t < T, and Xiy(t)x if t = 7, and —AX s, W(E, A)iJW* (T, Am({7))x
ift > 1. Wedenote v, (t,A) = Xz pps,, Wt A), vk(t, A) = ur(t, A, Te) W(t, A)x + Xy ()W(ti, A)x (k € Nif ko = o0
and 1 < k < ko if ko is finite). By Lemma 3.18, it follows that the linear span of functions vy(:, A)&o, vk(-, 1)Ex

(&0, &k € H) is dense in ker(Ly, — AE). The operator V(t, A) has the form Vn(t, A) = (vo(t, A), ..., on-1(t, A)). As
above, by V (A) we denote the opemtor V(A): Q - Sf) such that V(A)n = V(A for all N € IN, where V(M) is

the operator &y — Vi (-, Mén, & = (En,0,...), En € Qy.
Thus, in this example, equalities (61), (62) will take form (67), (68), respectively, (see equalities below)

b b
y(t) = (TN (@) = f V(t, YM(A)V* (s, A)dm(s) f(s) + 27" f W(t, \Ysgn(s — £)ifW*(s, A) f(s)ds—

b
-271 f Xs, (WW(t, Msgn(s — BiJW* (s, A) f(s)ds — A Xs, (Df(H), A#0, fe$, (67)

b b
y(t) = (Tl(O)f)(t):f V(t, O)M(O)?*(s, 0)dm(s)f(s) + 21f W(t,0)sgn(s — £)iJW*(s, 0) f(s)ds+

b
+ 2_1f %[a,b]\gm(t)W(t, 0)sgn(s - f)i]W*(S, O)dm(s)%sm (S)f(S), f €9H. (68)

We note that if Sm = @, then equalities (67), (68) coincide with (65) for all A.
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