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Gaussian Pell and Gaussian Pell-Lucas Quaternions
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?Erciyes University, Faculty of Science, Department of Mathematics, 38039, Kayseri, Turkey

Abstract. The main aim of this work is to introduce the Gaussian Pell quaternion QGp, and Gaussian
Pell-Lucas quaternion QGg,,, where the components of QGp, and QGg, are Pell numbers p, and Pell-Lucas
numbers g, respectively. Firstly, we obtain the recurrence relations and Binet formulas for QGp,, and QGg,,.
We use Binet formulas to prove Cassini’s identity for these quaternions. Furthermore, we give some basic

identities for QGp, and QGg, such as some summation formulas, the terms with negative indices and the
generating functions for these complex quaternions.

1. PRELIMINARIES AND INTRODUCTION

The quaternions, which are a members of a noncommutative division algebra, were first invented by W.

R. Hamilton in 1843 as an extension of the set of complex numbers. The set of real quaternions is denoted
by H. A quaternion k is represented in the form:

k = koeo + kier + koes + ksez = (ko, k1, k2, k3),

where ko, k1, k; and k3 are real numbers and e, €1, 2, and e are the fundamental quaternionic units such that

eé =1, epe; =eieg=¢;,1=1,2,3, e% = e% = e§ = e1e0e3 = —1.

1)
Quaternions find uses in pure and applied mathematics, quantum physics, the special theory of relativity
and analysis, see for example [1], [8], [9], [15], [16]. In the literature, it can be found many researchers
working on the structure of Fibonacci sequences and their generalizations see [2], [3], [6], [10], [17], [21],

[25], [26], [27], [28]. Due to [27], the generalized Gaussian Fibonacci sequence Gf,(p, 4; 4, b) is defined by in
the following way:

Gfur1 = pGfu+4Gfu-1,Gfo=a,Gfi =b 2)

where a2 and b are initial values. If we take p = 2,4 = 1,a = i,b = 1 in the equation (2) then we get the
Gaussian Pell sequence

(Gput =1i,1,24+4,5+2i,---}.
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In the equation (2) if we substitute p = 2, = 1,a = 1 —i,b = 1 + i then we obtain the Gaussian Pell-Lucas
sequence

(Ggu} ={1—=i,1+4,3+4,7+3i,---}.

Also we have Gp,, = p, + ipy-1 and Gq,, = g, + ig,—1, where p, and g, are nth Pell and Pell-Lucas numbers,
respectively.

In [11], Djordjevic and Srivastava introduced the generalized incomplete Fibonacci polynomials and the
generalized incomplete Lucas polynomials in a systematic way and also they investigated their structures.
In [12], Djordjevic and Srivastava defined incomplete generalized Jacobsthal and Jacobsthal-Lucas num-
bers and derived their generating functions. In [13], Djordjevic and Srivastava established two different
sequences of numbers, which are generalizations of the classical Fibonacci numbers, and obtained many
important combinatorial properties of these general sequences of numbers. In [14], Srivastava, Tuglu and
Cetin defined new families of the g-Fibonacci and g-Lucas polynomials providing the g-analogues of the
incomplete Fibonacci and Lucas numbers, respectively. They proved some properties of these g-polynomial
families such as recurrence relations, summation formulas and generating functions. In [22], Raina and
Srivastava constructed a new class of numbers involving the familiar Lucas sequences and they deduced
a number of results for this class of numbers such as hypergeometric representations, recurrence relations,
generating functions and summation formulas.

Horadam [3] introduced the quaternions with the nth Fibonacci and Lucas numbers coefficients as
follows:

Qn = fn€0 + fn+1en+1 +fn+26n+2 + fn+3€3
Ky = leg + Lisier + Lygoer + Lyyzes

respectively, where f, and I,, are the usual nth Fibonacci and Lucas numbers.

Quaternions whose coeficients consist of Fibonacci-like numbers have been studying by many re-
searchers, recently, see [3], [5], [7], [19], [20], [23], [24]. In [23], Halici dealt with the Fibonacci quaternions
and obtained their some combinatorial properties. In [4], Horadam studied on the Pell and Pell-Lucas
sequences and he presented some identities for them as follows:

Pus1Pn-1 — pﬁ = (-1)" (Cassini-like formula)

Pu(Prs1 = Pn-1) = pon

PrPu+1 — Pr-1Pn = Pn+r

Pat Pt = P2t

PP = 2Py = 2, = (1)

(=1)"PaPy = PsaPusb = PuPrraty

pon = (=1)""pn.

It was firstly suggested by Horadam in [5] the idea to consider Pell quaternions. In [7], Cimen and Ipek

introduced the Pell and Pell-Lucas quaternions, respectively, as follows:

Qpn = Pn€o + Pur1€1 + Pus2€2 + Prvaes, 3)

QGn = qGueo + Gus1€1 + Gui2€2 + Jui3es. @)

They then investigated the structures of Pell and Pell-Lucas quaternions by the methods which depend
more on the properties of Pell and Pell-Lucas numbers in [7].

In this paper, we introduce Gaussian Pell and Gaussian Pell-Lucas quaternions and derive their some
combinatorial properties such as Binet formulas, Cassini identities, negatively subscripted terms and the
generating functions.
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2. GAUSSIAN PELL AND GAUSSIAN PELL-LUCAS QUATERNIONS
Any complex quaternion VW is defined in the following form
V= \1—’080 + Wier + Woer + \I’3€3,

where each V;,i = 0,1, 2,3 is complex numbers and ¢, ¢1, €2, ¢3 are defined as in (1). The set of all complex
quaternions is denoted by He. We can rewrite the complex quaternion W as

W=k+ik,i?=-1

where k and k’ are real quaternions.
Halici [24] introduced the complex Fibonacci quaternions and gave their some properties. In the similar
way, we can define Gaussian Pell and Gaussian Pell-Lucas quaternions as follows:

QGpy = Gpueo + Gpps1e1 + Gppiaes + Gppases 5)
QGqn = Ggneo + Gqusre1 + Gqpi2er + GGnizes (6)

where Gp, and Gg, stand for nth Gaussian Pell and Gaussian Pell-Lucas numbers. Since Gp, = p, + ipp-1,
we get QGp, = Qpn +iQpu—1, where Qp,, and Qp,,—1 are nth and (n-1) th Pell quaternions as in (3). Similarly,
because of Gg, = g, + ig,—1, we have QGq, = Qg, + iQqu-1 , where Qg,, and Qg,—1 are nth and (n-1) th
Pell-Lucas quaternions as in (4).

Basic operations on Gaussian Pell quaternions such as addition, substraction, multiplication are defined
just as in real quaternions. The quaternion conjugate of QGp, is defined as

QGp;, = Gppeo — Gppr1e1 — Gppiaez — Gppyzes.
The complex conjugate of QGp, is given by

QGpy = Gpneo + Gpps1e1 + Gpuizes + Gpuizes.

For any complex quaternion W = Wyey + Wie; + Wrep + Wses, the quaternion norm of W is defined by
[W|| = W3 +W3+W3 +W3. Since each component of W is a complex number, then the norm of W is a complex
number. Thus, we give the norms of the Gaussian Pell quaternion QGp, and the Gaussian Pell-Lucas
quaternion QGg, in the following form:

Nacp, = QGpaQGp;, = Gpy + G,y + Gy + G
and

Nogq, = QGa.QGa, = G, + Gay,y + Gy + Gy
respectively.

Proposition 2.1. For the Gaussian Pell quaternion QGp,, and the Gaussian Pell-Lucas quaternion QGq,, we have
the following identities;

NQGPM = 12(1 + i)P2n+2-
NQG% = 24(1 + i)p2n+2.
Proof. From the definition of the norm of a Gaussian Pell quaternion, we can write

NQGP», :QGPHQGPZ = Gprzz + Gpﬁﬂ + Gp%z+2 + Gp%l+3
=(pn + iPn=1)> + Prs1 + i00)* + Pus2 + iPp1)* + Pas + ipus2)?

:pgl+3 - Pi—l + Zi(pn(Pn—l + pn+1) + pn+2(Pn+1 + pn+3))~
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Since pu-1 + pus1 = 24, and 2p,q, = pau, then we have Nogp, = p2,5 — p>_, + 12ipsns2. Moreover, from Page
148 of Koshy [29] , we get p2 . — p2_| = 12py,42. Therefore, we get Nogp, = 12(1 + i)paus2.

As for the norm of Nggy,, since the well-known identities g,+1 + -1 = 4Pu, 2Pnqn = Pan, Pn+2 + Pu-2 = 6Py
and 2, — 4>, = 24p2us2, then we obtain

Nacq, =Ga, + Gipyy + Galy + G5

=025 — @5y + 2i(Gn(Gn-1 + Gus1) + Gur2(Gus1 + Gue3))
= = 24(1 + )pousa.

Hence the proof is completed. [

The inverse of any complex quaternion W is given by W1 = I\\Iy—\;, Ny # 0, see [18]. The next corollary is
clearly seen by the definition of Gaussian Pell quaternion.

Corollary 2.2. For the QGp,, QGp}, and QGp,,, we have the following identities;
QGpn + QGpy, = 2Gpaeo-

QGpn + QGpy = 2Qpy.
QGp2 + QGpuQGp;, = 2QGp,Gpy.

In the following lemma, we give the second-order linear recurrence relations for Gaussian Pell and
Gaussian Pell-Lucas quaternions.

Lemma 2.3. Let n be a positive integer. Then we have the following identities:
QGpn + ZQGPn+1 = QGPn+2/ 7)

QGgn +2QGqn+1 = QGqn42, (8)
QGpy — QGpusier — QGppuioer — QGpuazes = 12GGpq3.
Proof. Using the equation QGp, = Qpy +iQpu-1 and the relation Qp,, = 2Qp,-1 + Qpn—2 given in Proposition
2 of [7], we conclude that

QGpyn +2QGpus1 = Qpn +1Qpyu-1 + 2(Qpus1 +1Qpy)
= (Qpn +2Qpn+1) +1(Qpu-1 + 2Qpn)
= Qpn+2 + iQPn+1 = QGPn+2'

The second-order recurrence relation for Gaussian Pell-Lucas quaternions is obtained in the similar way.
To prove the last assertion, we need the relations p,+1 + pu-1 = 29, and gu42 + gu—2 = 6g, given in [29]. Thus
we get

QGpy — QGpusrer — QGpuizer — QGpuizez = Gpy + Gpusz + Gpusa + Gpnss
= 2GQn+1 + ZquH—S
= 12an+3.

We hence complete the proof. [

The next corollary immediately follows from the definitions (5) and (6) and the identities §,+1 = py+1 +pn,
Gn = Pn+1 = P, Pl + Pu-1 = 24, and 2py, + gy = que1 givenin [29].
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Corollary 2.4. Let n be a positive integer. Then we have
QGPH + QGpn+1 = QquH—l/ )

QGpu+1 — QGpy = QGqy,
QGpn+l + QGpn—l = ZQanI
2QGpn + QGYn = QGhus1,
Taking into the relations (7) and (8) account, we deduce the explicit formulas for Gausssian Pell and
Gaussian Pell-Lucas quaternions. From [29], Binet formulas for the Pell and Pell-Lucas numbers are
al’l + ﬁi’l
2

a _ﬁn
respectively, where @ = 1+ V2 and f = 1 — V2. Here we note thata + =2, a = =2V2and af = -1.

Before we prove Binet formulas for Gaussian Pell and Gaussian Pell-Lucas quaternions we will give the
following useful lemma.

Pn and ¢, =

Lemma 2.5. Forn > 1 we have
aQGp, + QGpy-1 = a"A
ﬁQGPn + QGpn—l = ﬁnB/
where A = Y3_o(a® + i Ve, and B = Y2y (B° + if*Ves.
Proof. Letn > 1. For the Gaussian Pell quaternions «QGp,, and QGp,—1, we obtain
3
aQGp, + QGpu—1 = Z(OCGPIHS + GPn—1+s)es (10)
s=0

If we take into account aGpy+s + Gpp-1+s, thus from the relation Gp, = p, + ip,—1 and by the identity
a" = ap, + pu-1 we have

aGpuis + GPu—t+s :a(Pn+s + iPp-14s) + (pn—1+s + iPp-2+s)

=(6an+s + Pn—1+s) + i(“Pn—Hs + Pn—2+s)

n+s n+s—1
=

+ ia
=a"(a® +ia* ).
Therefore, we get
aQGp, + QGpy-1 = a"A, (11)

where A = ¥'3_ (a° +ia*")es. Ina similar way to the equation (10), by considering the identity " = Bp, +Pu_1,
we get

BQGp: + QGpy-1 = BB, (12)
where B = Y2 (8° + i Ve, O

Now we are in a position to give the Binet formula for Gaussian Pell and Gaussian Pell-Lucas quaternions.
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Theorem 2.6 (Binet Formula). For any positive integer n, the Binet formula for the Gaussian Pell quaternion QGp,,
is

Gp, = LA_FB 13
Q Pn = a— ﬁ ( )
and for the Gaussian Pell-Lucas quaternion QGqy, is
a"A+p"B
QG = 5, (14)

where A = Y3_o(a® + i Ves and B = Y.2_o(B° + if*Ves.
Proof. By substracting the equation (12) from the equation (11), we obtain
a"A—p"B
a-p
By adding the equation (11) to the equation (12), we have

QGpn =

a"A+ "B = (a+ B)QGp, +2QGp,-1.
Taking into account « + = 2 and the identity QGp,, + QGp,-1 = QGg, from the equation (9), we get

a"A+ "B
Qan = T
|
Theorem 2.7 (Cassini identities). For any positive integer n, the following identities are hold:

(a* +2)AB + B*BA
(= p)>? '

QGpy+1QGpu-1 — QG2 = (-1)"

and

(a* + 2)AB + B*BA
4 7

QG3+1QGgu-1 — QGqs = (-1)"

where A = Y3_(a® + i Ve, and B = Y.2_o(B° + if*Ves.
Proof. The proof follows immediately from the Theorem 2.6. [

The following corollary analogous to Theorem 8 in [7] is obtained by using Binet formulas for Gaussian
Pell and Gaussian Pell-Lucas quaternions.

Corollary 2.8. For n > 0, the following equality hold:
QGq, — 2QGp; = (-1)"AB,
where A = Y3_o(a° + i Ve, and B = Y2y (B° + if5Ves.
We will give the next lemma analogous to the identity py+n = pmpns1 + pm-1ps given in [4].

Lemma 2.9. For m,n > 0, we have

Gpm+n = pmGer—l + Pm—lGPn-
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Proof. By the definition of Gaussian Pell number and the identity py+n = pmpPn+1 + Pm-1Pn, We get
GPm+n = Pm+n + iPm+n—1
= PmPnst + Pm1Pu + {PmPn + Pu-1Pn-1)
= Pn(Prs1 + ipn) + Pm-1(Pn + ipn-1)
= PGP+t + Pm-1Gpy.
[

As a result of Lemma 2.9, we can restate Gp, as Gp, = pn—1Gp2 + pn—2Gp1 by putting n — 1 and 1 instead
of m and n, respectively. By using the identity p_, = (—1)"*!p, and Gp, = pu-1Gp2 + pn—2Gp1, we define the
negatively subscripted terms for Gp, as

Gp-n = (=1)"(pu+1Gp2 — pn+2Gp1)

Before obtaining the negatively subscripted terms of Gaussian Pell quaternions, we will give the fol-
lowing theorem.

Theorem 2.10. For m,n > 0, we have the following identity:
QGpmn = pmQGPus1 + Pu-1QGPn.
Proof. Using Lemma 2.9 and the definition of Gaussian Pell quaternions, then we get
QGPm+n :GPm+neO + GPm+n+1€1 + GPm+n+2€2 + GPm+n+3€3
=(pPnGpns1 + Pu-1Gpneo + (PnGpns2 + pm-1Gpurr)er+
(PmGPnss + Pm-1Gprs2)ez + (PmGpusa + Pr-1Gpuss)es
=pu(Gpns1€0 + Gpuszer + Gpuizer + Gppiaes)+
Pm-1(Gpueo + Gpurrer + Gpuiaer + Gpnizes)
=PmQGPns1 + Pru-1QGpn.
0

If we take m — n — 1 and n — 1, then we deduce alternative formula for QGp, as follows:

QGpy = pn1QGp2 + pu-2QGp1. (15)
In the same way, we write another formula for QGg, as
Qan = Pn—lQGq2 + pn—ZQqu- (16)

Therefore, from equation (15) and the identity p—, = (=1)""'p, we can define Gaussian Pell quaternion
with negative indices in the following way:

QGp-n = (=1)"(Pu+1QGp2 — pnr2QGp1).
Similarly, by means of the equation (16) one can obtain Gaussian Pell-Lucas quaternion with negative
indices

QGg-n = (=1)"(pn1QGq2 — pur2QGp1).
Theorem 2.11. For n > 0, we have the following summation formulas:

n

Y (’j)zfQGpi = QGpan,

i=0

Y- (1)evraen = s - coral

i=0
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Proof. From the Binet Formula of QGp,,, we get

n 4 n ,A iB

oS

i=0 i=0 -
.

A " B "
= a__ﬁ[a +2a)"] - m[(l +2p)"]
~ AaZn_BﬁZH B G
= C(——ﬁ = Q P2n,

and

n

(’Z)(—l)iQGpFZ( )( i EA= g )

i=0
A v . B v
=a_ﬁ.2(’3)<—a>'-a_ﬁ;(’?)<-

n B n
= S50 - o) - Sl -
_ (=B
=

where A = QGp1 — fQGpo and B = QGp1 — aQGpy from the equations (13) and (14). O

i=0

)"I[B - (-1)"A],

The proof of the next corollary is easily seen by using the equations (7) and (9), the relation QGp, =
Qpy +iQpy—1 and Theorem 6 in [7] and Theorem 5 in [25].

Corollary 2.12. For the Gaussian Pell quaternion QGp,, the following identities hold:

Z QGp; = chm - QG

- 1
Z QGpyi = E[QGlﬂan - QGp1].
P

n 1
Z QGpai1 = E[QGPZn - QGp1].
P

Since Gaussian Pell and Gaussian Pell-Lucas quaternions also satisfy second-order linear recurrence
relation, then we can derive the generating functions for these quaternions. Thus we can give the following
theorem.

Theorem 2.13. The generating function for the nth Gaussian Pell quaternion QGp,, is
(I -28HQGpo + QGpit

1-2t-#2 ’
and the generating function for the nth Gaussian Pell-Lucas quaternion QGqy, is

(1-2HQGqo + QG t
1-2t—1#2 ’

Gx, 1) =

H(x,t) =
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Proof. Let G(x, t) = Yoo QGpa()t" = QGpo + QGp1t + QGpat* + QGpst® + - - - + QGpyut" + - - - be the generating
function for the nth Gaussian Pell quaternion QGp,. Then we derive

tG(x, t) = QGpot + QGp1t* + QGpat® + QGpst* + -+ - + QGput™*! + - -
and
£G(x, t) = QGpot* + QGp1t® + QGpat* + QGpst® + -+ + QGp,t"** + - -

After simple computations, we get G(x, t) = (1_2”?_62% due to the fact that QGp, = 2QGp,-1 + QGpn—2.

In as similar manner, we obtain the generating function of Gaussian Pell-Lucas quaternions. []
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