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Abstract. In this paper, we consider a nonlinear differential system with initial and multi - point boundary
conditions. The existence of solutions is proved by using the Banach contraction principle or the Krasnosel-
skii’s fixed point theorem. Furthermore, the existence of positive solutions is also obtained by applying
the Guo-Krasnoselskii’s fixed point theorem in cones. As a consequence of the Guo-Krasnosellskii’s fixed
point theorem, the multiplicity of positive solutions is established.

1. Introdution

In this paper, we consider the following nonlinear system

uw'(t) = f(t,u(t),v(t), te(0,7), 1)
v'(t) = g(t, u(t),v(t)), te€(,T), ’

asscociated with the initial and multi - point boundary conditions

u(0) = uy,

N
U(O) = Zl y]U(T]), (12)
]:

where f, g : [0, T] X R? —> R are given functions and ug, p1, ---, un, 0 < T1 < T < --- < Ty = T are given
constants.
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The boundary value problems for ordinary differential equations with the initial and multi - point
boundary conditions or with anti-periodic/periodic boundary conditions play an important role in different
fields of science and engineering due to their applications in physics, mechanics, biology, medicine, popula-
tion dynamics, biotechnology, etc, see [1] - [16] and the references given therein. Many authors have studied
various aspects of boundary value problems, by using different methods and various techniques, such as
the Leray-Schauder continuation Theorem, Nonlinear alternatives of Leray-Schauder, the fixed point the-
ory (the fixed point theorems of Banach or Krasnoselskii, or Schaefer and related fixed point theorems, the
fixed point theorem in cones, etc), the coincidence degree theory, monotone iterative techniques. We refer
the reader to the references in this article and the references therein for the results of the boundary-value
problems.

In [14], by applying the Banach'’s fixed point theorem and the Schaefer’s fixed point theorem, Mardanov
et al. proved the existence and uniqueness theorems for the system of ordinary differential equations with
three-point boundary conditions as follows

vy =f(ty), te(T), (13)
Ay(0) + By(t) + Cy(T) = 4, '

where A, B, C were constant square matrices of order n such that det(A+ B+ C) # 0, f : [0,T] x R" — R"
was a given function, d € R"” was a given vector, 7 satisfied the conditionof 0 <7 < T,and y : [0,T] —» R"
was unknown.

In [3], H. H. Alsulami et al. introduced a class of a-admissible contractions defined via altering distance
functions. The existence and uniqueness conditions for fixed points of such maps on complete metric
spaces were also investigated and, furthermore, related fixed point theorems were presented. These results
were reconsidered in the context of partially ordered metric spaces and applied to the following first-order
periodic boundary value problem

w'(t) = f(t,u(t), t€[0,T],
{ u(0) = u(T), (1.4)

where T > 0 and f : [0, T X R — R was a continuous function.

In [4], U. Aksoy et al. established the existence and uniqueness of fixed points for a general class of
contractive and nonexpansive mappings on modular metric spaces. As an application of the theoretical
results, the authors considered the existence of a solution of the following anti-periodic boundary value
problems for nonlinear first order differential equations

u'(t) = f(t,u(t), ae. t €[0,L],
{ u(0) = —u(L), (1.5)

in the context of modular metric spaces, where f :[0,L] X R — R was a Caratheodory’s type function
satisfying suitable conditions.

In[12], E. Karapinar et al. established some new fixed point theorems and applied the obtained results to
show the existence and uniqueness of solutions to some fractional and integer order differential equations.
For an example, the authors proved the existence of solutions for the following two-point boundary value
problem of a second order differential equation

—u"(t) - f(t,u(t) =0, tel0,1],
{ u(0) = u(1) =0, (1.6)

where f: [0,1] X R — R was a continuous function.
In [8], Han considered the second-order three-point boundary value problem in the form

{ x"(t) = f(t,x()), t € (0,1),

17
¥(0) = 0, x(1) = x(1), 1.7)
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with n € (0,1). By means of the fixed point theorem in cones, the existence and multiplicity of positive
solutions were proved.
In [16], Truong et al. studied the following m-point boundary value problem

x”(t) = f(t,x(t), t €(0,1), 18
{ % (0) = 0, x(1) = X (), (18)
where m > 3,1, € (0,1) and a; 2 0, forall j = 1,---, m — 2 such that Z;”:_lz aj < 1. By applying well-
know Guo-Krasnoselskii’s fixed point theorem and applying the monotone iterative technique, the results
obtained in [16] were the existence and multiplicity of positive solutions. Furthermore, the compactness of
the set of positive solutions was proved.

In [1], R. P. Agarwal et al. formulated existence results for solutions to discrete equations which
approximate three-point boundary value problems for second-order ordinary differential equations. The
proofs of these results were finished based on extending the notion of discrete compatibility, which was a
degree-based relationship between the given boundary conditions and the lower or upper solutions chosen,
to three-point boundary conditions. On the other hand, the invariance of the degree under the homotopy
of the degree theory was also applied in the above proofs.

In [10], J. Henderson, R. Luca investigated the following multi-point boundary value problem for the
system of nonlinear higher-order ordinary differential equations of the type

ut) = f(t,o(t)), te€(©,T), neN, n>2, (19)
() = g(t,u(t)), te(0,T), meN, m>2, ’
with the multi-point boundary conditions
p-2
u@) =w'@©0)=---=u"20)=0, w)= Z aiu(é;), peN, p=3,
;j (1.10)
0(0) =0/ (0)=---=0"D0)=0, o)=Y bo(n), €N, q=3.
i=1

Under sufficient assumptions on f and g, the authors proved the existence and multiplicity of positive
solutions of the above problem by applying the fixed point index theory.

Motivated by the above-mentioned works, we study the initial and multi-point boundary problem (1.1)
- (1.2). This paper is organized as follows. In Section 2, we present some necessary preliminaries which
are the key tools for our main result. Here, at first, the fixed point theorems used in our proof are recalled.
Next, by constructing the Green function for the multi-point boundary problem (1.1) - (1.2), the considered
problem is reduced to the equivalent integral sytem. Section 3 is devoted to the existence and uniqueness
of solutions via the Banach’s fixed point theorem and the Krasnoselskii’s fixed point theorem. In Section 4,
we prove the existence of positive solutions by using the Guo-Krasnoselskii’s fixed point theorem in a cone.
In Section 5, we observe some multiplicity results for positive solutions. Finally, a remark is also given in
Section 6 for a system of multiple differential equations.

2. Preliminaries
We consider the Banach spaces C([0, T]) and C}([0, T]) with normal norms, respectively, as follows
u = max |u(t)|,
lletllco,y) te[O,T]I ®)
lullcrqo,ryy = lulleqo,ry + 14 lleqo,r) -

First, for the convenience of the reader, we shall recall the following fixed point theorems.
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Theorem 2.1 (Krasnosellskii) [17]. Let M be a nonempty bounded closed convex subset of a Banach space
(X, |I-l). Suppose that U : M — X is a contraction and C : M — X is a compact operator such that

Ux)+C(y) e M, Vx,y e M.

Then, U + C has a fixed point in M.

Theorem 2.2 (Guo-Krasnoselskii) [7]. Let X be a Banach space and let P C X be a cone. Assume that (1, (O
are two open bounded subsets of X with 0 € )y, Qi cQandletT: PN (62 \ Q1) — P be a completely continuous
operator satisfying one of the following conditions

@) |Tull < llull, v € PN IQq and ||Tu|| = ||ull, u € P N IQy;
or
(ii) ||Tul| = llull, u € PN IQy and ||Tul| < ||ull, u € P N IQy.

Then, the operator T has a fixed point in P N0 (Qy \ Q).

Next, we shall construct an expression for the solution of the problem (1.1) - (1.2), with f, g € C([0, T] x
R?; R). For details, in the following, we shall construct the Green function for the multi-point boundary
problem (1.1) - (1.2). Then, it is clear that the considered problem can be reduced to the equivalent integral
system.

g We begin by establishing the Lemma 2.3 as below, in which we denote f,(t,u,v) = f(t,u,v) + au and
gp(t, u,v) = g(t,u,v) + po, for each a, > 0.

Lemma 2.3. Assume that f, g € C([0, T] x R%; R) and Z;\Izl uje Pl # 1.

The pair of functions (u,0) € CY([0,T]) x CY([0, T]) is a solution of the problem (1.1) - (1.2) if and only if
(u,v) € C([0, T]) x C([0, T]) is a solution of the following integral system

t
u(t) = uge™ + f e £.(s, u(s), v(s))ds, t € [0, T1, 2.1)
0

o(t) = fot e Pt gg(s, u(s), v(s))ds

e pt N T
TN e B ik g v, te [0T]
T Lj=1Hj =

Proof of Lemma 2.3. Let (u,v) € CY([0, T]) x C'([0, T]) be a solution of the problem (1.1) - (1.2). For each a,
B > 0, the system (1.1) can be transformed into an equivalent form as

2.2)

{u’(t) +au(t) = fult, u(), o(t), te(0,T), 03

v'(t) + po(t) = gp(t, u(t),v(t)), te€(O,T).

It is also equivalent to the following system

w' (e + au(t)e® = e fo(t, u(t), v(t)), t€(0,T),
V' (1) + Bu(t)eP! = ePgp(t, u(t), v(t)), t€(0,T).

By integrating from 0 to ¢, respectively, we obtain

¢
u(t) = uge ™ + f e~ =) £ (s, u(s), v(s))ds, t € [0,T], (2.4)
0

t
o(t) = v(0)e P! + f e P ga(s, u(s), v(s))ds, t € [0, T]. (2.5)
0

By (2.5), we also have

T.
o(T)) - e Pliv(0) = f ]€_ﬁ(T/_s)gﬁ(s,u(s),v(s))d5, j=1,---, N,
0
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it gives
N N N T;
D u(T) =0 Y e =} f e PIgy(s, u(s), 0(s))ds,
j=1 j=1 j=1 0
hence
N N T
v(0)|1 - Z yje_ﬁTf = Z yjf e"g(Tf_s)gﬁ(s, u(s), v(s))ds, (2.6)
j=1 j=1 0

N
since v(0) = Y u;v(T;). Combining (2.4), (2.5) and (2.6), we infer that (1,v) is a solution of the nonlinear
j=1

integral system (2.1), (2.2).

Otherwise, let (1,v) € C([0, T]) X C([0, T]) be a solution of the nonlinear integral equations (2.1), (2.2).
It is not difficult to prove that (1,v) € C}([0, T]) x C}([0, T]) and (u,v) satisfies the boundary value problem
(1.1) - (1.2).

Indeed, by the fact that (1, v) € C([0, T]) X C([0, T]) is a solution of the nonlinear integral equations (2.1),
(2.2), it leads to

u(t)e™ = ug + ft e fo(s, u(s), v(s))ds, t € [0, T],
o(t)eft = v, + fo P gg(s, u(s), v(s))ds, t € [0, T,
1/[(0) = Uop,

N )
00) =0 = —————— ¥y [ e FTg(s, u(s), o()ds,

1= X% we T =
N N T,

}:1 pio(T)) = }:1 pjePTi [v* + fo eﬁsg;;(s,u(s),v(s))ds]
j= j=

Mz

N T;
wie o, + '21 Wi [ eI g4(s, u(s), o(s))ds
=

-
1l
—_

M=z

N
pjePliv, + (1 -Y yjeﬁTf)v* = v, = 0(0).
j=1

-
Il
—_

Then, we have (1,v) € C1([0, T]) x C*([0, T]) and we also have

w' (He™ + u(t)ae™ = e £ (t, u(t), v(t)),
{ V' (£)eP! + Bu(t)eP! = ef gg(t, u(t), v(t)).

It implies that u/(t) + au(t) = fa(t, u(t),v(t)), 0'(t) + po(t) = gp(t, u(t),v(t)), Yt € (0,T) and u(0) = uy,

N
v(0) = ) ujo(T}). Therefore, (1, v) satisfies the boundary value problem (1.1) - (1.2). Lemma 2.3 is proved. O
j=1

We note that, the integral equation (2.2) can be written in the form

T
o(t) = f Git,5)5(s, u(s), 0(s))ds, @7)
0
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where G(t, s) is defined as follows

ePl=)  0<s<t<T,
G(t’s)_{o, 0<t<s<T

Z;\il wje P, 0<s<Ty,
: : (2.8)
—e_ﬁt N ' T ’
i 1- YN uje T Yicpar e PI™, 0 T <5 < Tha,
- TN

pne PI=) Tn-1 <s<T.

then G(t,s) is the Green’s function for the boundary value problem (1.1) - (1.2). The next Lemma will
introduce a property of the Green’s function G(¢, s).
Lemma 2.4. Suppose that u; >0, for j =1,N =1, uy > 0, such that 1 — Z?Ll j > 0. Then, there exist positive
constants §o, g1 such that
Jo < G(t,s) < g1, Y(t,s) € [0, T] x [0, T].

Proof of Lemma 2.4. By direct computations, we have

-1
N
G(t,s) > yNe_zﬁT [1 - Z y]-e_ﬁTf] = Jo, (2.9)
=1
and
N N -1
G(ts) <1+ Z i) (1 - 2 Hje-ﬁTfJ =4 (2.10)
=1 =1

Lemma 2.4 is completely proved. O
We also note that if the sign of y; can not be determined, there exists a constant G, such that

IG(t, )| < Gpax, Y(t,5) € [0, T]1 X [0, T]. (2.11)

3. Existence and Uniqueness

Based on the preliminaries, this section is devoted to the proofs of two existence results of solutions
for the problem (1.1) - (1.2), in which £, g € C([0, T] X R*;R). The first result (Theorem 3.1) is the unique
existence of a solution by applying the Banach’s fixed point theorem. Under weaker conditions, we obtain
the second result (Theorem 3.5) by using the Krasnoselskii’s fixed point theorem.

We consider the space X = C([0, T]) x C([0, T]) equipped with the norm

(e, 0)lIx = llleqo,ryy + olleqo,ry - (3.1
and we define an operator  : X — X as follows

P X — X
(M, Z)) — (7)1 (ur U)/ P> (Ll, 'U)),

where

t
P1(u,v)(t) = uge ™ + f e~ot=s) fa(s,u(s), v(s))ds, (3.2)
0

T
Pa(u, o)) = fo G(t,5)g5(5, 1(s), 0($))d.
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We make the following assumptions
H)O0<pu= £1|yj| <1;
(H3) There eX]i_sts a positive function Ay € L'(0, T) such that
|f(t,u,0) = f(t,,9)| < Ap(t) (lu - al + o - 3]), (3.3)

for all (t,u,v), (t,i,9) € [0, T] x R?;
(Hs) There exists a positive function A, € L'(0,T) such that

|g(t, 1, 0) — g(t, 1,9)| < Ag(®) (u -l + o - 3)), (3.4)

for all (t,u,v), (t,i1,9) € [0, T] x R?.
Theorem 3.1. Suppose that (H1)—(H3) are satisfied. Additionally, assume that there exist two positive constants
a and p small enough such that

L=aT+ ||Af||L1(O,T) + (.BT + ”A9||L1(0,T))

N -1
1+ y[l - ZyjeﬁTi] ‘ <1
j=1

Then, the problem (1.1) - (1.2) has a unigue solution.

Proof of Theorem 3.1.

First, we put my = max
0<t<T

, My = max ( g(t,0, O)| and choose R > 0 large enough such that
<t<

N -1
1+ y[l - Z yie_'ng] ” (3.5)

1
R > ﬁ{luo|+Tmf+Tmy L

Next, we will finish the proof of this theorem through a process with two steps as follows.
Step 1. Let Bg = {(4,v) € X : ||(14, v)llx < R}. We show that P(Bg) C Br.
Indeed, for (1, v) € Bg and for all ¢ € [0, T], we have the following estimates

P (1, 0)(£)] < |uo] + f |fa(5,u(5), 0(5)) — fu(s,0,0)| ds + f |f(5,0,0)| ds (3.6)
0
<ol + R (aT + Al o) + T,
and
T
[P(u, v)(t)] < f IG(t, 5)| 1gp(s, u(s), v(s))lds 3.7)

N o ¢
Z [—Z‘yjemf] j(;|gﬁ(s,u(s),v(s))|ds+£|gﬁ(s,u(s),v(s))|ds

j=1

N
[ Z P /] (f Igﬁ(s u(s), v(s)) — gp(s, 0, 0)|d5+f |9[3(S 0,0) ‘ds)

5(5 u(s), v(s)) — gp(s,0,0 (ds +f |gﬁ(s 0, 0)|ds

-1
< [ _1 /] [R (ﬁT + ||A9||L1(0,T)) + mgT]

I/\

Mz

ﬁT + | A| +myT.

L1(0, T))
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Combining (3.6) - (3.7) and the choice of R as in (3.5), we infer that P(Br) C Bg, it means that the operator
P : B — Bg is defined.

Step 2. We prove that the operator # is a contraction mapping.

Indeed, let (1, v) and (iI, D) be arbitrary elements in Br. We have

P (1, 0)(t) — P1 (8, 0)(B)] < fo [fils, u(s), 0(5)) = fuls, (s), 0(s)| ds (38)

< (aT + 1Al o) 1080 = @ D),
and

P2 (u, v)(t) — P2(i1, 0)(H)] (3.9)
N -1 T

<p [1 =Y, uje‘”f] fo |96(s, 1(5), 0(s)) = g (s, a(s), 0(s))| ds
j=1

t
+ f 955, 1(5), 0(s)) ~ g5, (), (s))| s
0

N -1
< (T + 4l ) [1 +p [1 - ; meﬁTf] ‘ I, 2) = @, 9)lx

It follows from (3.8) - (3.9) and the assumption in Theorem 3.1 that # : Bx — Bg is a contraction mapping.
Applying the Banach’s fixed point theorem, we verify that the problem (1.1) - (1.2) has a unique solution
(u,v). Theorem 3.1 is proved. O

In what follows, under weaker conditions, the second result is given without the Lipschitzian condition
on g as in (H3). The main tool is the Krasnoselskii’s fixed point theorem. We make the assumption (Hj) as
below.

(Hs) g:[0,T] X R? is a continuous function and there exist two positive functions g1, 9> € L}(0, T) such
that

|g(t,u,0)| < g1(8) (ul + o)) + g2(#), V(t,1u,0) € [0, T] x R2. (3.10)
We now define two operators U, C : X — X as follows

u: X — X

(u,9) +—  (P1(u,0),0), (3.11)
with
¢
P1(u, 0)(t) 1= uge™" + f e~ £ (s, u(s), v(s))ds, (3.12)
0
and
C: X — X
(w,0) +—  (0,P2(u,0)), (3.13)
with
P, f) = e_ﬁt N ‘fo —B(Tj—s) ( ( ) ( ))d (3 14)
2(u, 0)(t) = 1=, e Hifoe gp(s, u(s), v(s))ds .

¢
+ fo e P9 g0(s, u(s), v(s))ds.
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It is easy to check that P = U + C.
Lemma 3.2. Suppose that (H1), (Hy) and (Hy) are satisfied. Additionally, assume that there exist two positive
constants a and  small enough such that

aT + “Af||L1(O,T) Sy

- 1
(ﬁT + ||gl||Ll(O,T))[1 (1= Y, et 1] <1

Then, there exists a positive constant R > 0 such that

R

191 (1, 0)l e o,y < bX (3.15)

=

P20, )lleqomy < 5

forall (u,v) € Bg = {(u,v) € X : ||(u,v)|lx <R}
Proof of Lemma 3.2. Let (u,v) be an arbitrary element in Bg. We have the following estimate

t
[P1(u, 0)(E)] < luol + fo |fals, u(s), 0(s))| ds (310
< luo + Ty + R (aT + ||Af||L1(O,T)).

Besides, we also have an estimate for $,(u, v) as follows
N L or
1P (1, v)(F)| < u[l - Z y]-eﬁT/] f |95(s, u(s), v(s))| dt (3.17)
j=1 0
¢
+ f |95(5, 1(s), v(s))| ds
0

N -1
< R(ﬁT " ”ngL%o,T)) ll iy [1 - Z #je—ﬁTf] }
=
N -1
+|1+u [1 - Hje—ﬁT/] ] 192201
=

Choosing R > 0 large enough such that

N -1
1+u [1 - Z yje_ﬁTj] ] HWHU(O,T) . (3.18)
=1

Combining (3.16) - (3.18) and doing some direct calculations, we obtain an estimate as in (3.15). Lemma
3.2is proved. O

Lemma 3.3. Suppose that the conditions in the Lemma 3.2 are satisfied. Then, the operator U : X — X isa
contraction.

Proof of Lemma 3.3. Let (u,v) and (i1, ¥) be arbitrary elements in X. We have

R > 4max q|ug| + Tmy,

t
P11, 0)() - P (3, 0)() < fo e | fo(s,1(5),0(9)) — fuls, 1(s), 0(5))| ds (3.19)

< (oT + 1Asls o) 108, 0) = @ D).
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By the assumption p = aT + ”A f“ non < 1 weinfer that #; : X — C([0, T]) is a contraction mapping, so

0T
is the operator U : X — X. Lemma 3.3(is 1)9roved. O

Lemma 3.4. Suppose that the conditions in the Lemma 3.2 are satisfied. Then, the operator C : Bg — X is
continuous and compact.

Proof of Lemma 3.4.

Step 1: P, is continuous. Let {(u,, v,)} C Br and (u,v) € Bg such that
(wn, vn) = (u,0)llx — 0, asn — +oo. (3.20)

By the continuity of gs and the Lebesgue’s dominated convergence theorem, we get

T T
f gp(t, un(t), vu(t))dt — f g(t, u(t), v(t))dt, asn — +oo. (3.21)
0 0
Using (3.21), we infer that
sup [P (un, va)(t) — P2(u, 0)(1)| (3.22)
te[0,T]

N o
<u [1 - Z yje-ﬁTf] fo |gs(t, 1n(t), 0a () — gt u(t), v(t))| dt
j=1

T
+ f |95(t, un(®), va(t)) — gt ut), o()| dt — 0,as n — +oo.
0

Step 2: P»(Br) is relatively compact. It follows from the continuity of gz that there exists Mr > 0 such that
(gﬁ(t, u(t), v(t))) < MR for all (1, v) € Bg. Hence, the set P,(Bg) is bounded in C([0, T]).

Taking arbitrary (1,v) € Bg and t;, t, € [0, T], t; < t,, we obtain
-1

|e‘ﬁt1 - e‘ﬁt2| (3.23)

N

P21, 0)(t) = P2, 0)(t2)] < M T [1 -2 mie

=1

+ f l95(t, u(t), o8| dt,

it leads to $»(Br) is equicontinuous. Therefore, the set $,(Br) is relatively compact in C([0, T]) due to the
Arzela-Ascoli’s theorem. Lemma 3.4 is proved. O

Theorem 3.5. Suppose that the conditions in the Lemma 3.2 are satisfied. Then, the problem (1.1) - (1.2) has a
solution.

Proof of Theorem 3.5. Combining Lemmas 3.2, 3.3, 3.4 and applying the Krasnoselskii’s fixed point
theorem, it is clear to see that # = U + C has a fixed point.

Theorem 3.5 is proved. O

Example 3.1. We consider the following problem

u'(t) = esin(ov(t)), t € (0, 1),
s Elu®)l
V() = T+ ) te(0,1), (3.24)

u(0) = ug € R, v(0) = %0(1/2) + 4110(1)'

1 1
where ¢ < — and € < TR
By some calculations, we can check that the conditions of Theorem 3.1 are satisfied. Indeed, in Example
&yl

1+ |y

1 1
3.1, we have f(t,u,v) = esinv, g(t,u,v) = y i =T1 = > Up = T T,=T=1.
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It is clear to see that u = ), |y j| = Z < 1 satisfying (H1) and f(t,u,v), g(t,u,v) satisty (H,), (H3) with
j=1

Af(t) = €, Ay(t) = & We have ||Af||L1(

on = & A?HU(O,T) =& 50

N -1
L=aT+ [Arlyon + (ﬁT ¥ |)Ag||mm) 1+ y[l -y yje—ﬁn]
j=1
-1
:a+€+(‘8+€‘)|:1+2(1—%6_[3/2—}16_[3) ]

1 1 1 1\t
Sa+6+(ﬁ+ﬁ)[l+Z(l—ze_ﬁ/Z—Ze_ﬁ) ]

We note that

1 1 3 1 1\
i = i —_ [— — —_ = 7ﬁ/2 —_— 7‘;
a—>01+1,r{31—>0+L a—)()li,n[;l—>0+ {0( * 6 * (ﬁ + 12) [1 * 4 (1 26 46 ) ]}
1

=-<1,
2

Hence, we can choose @ > 0, § > 0 small enough such that L < 1. Thus, we deduce that the problem
(3.24) has a unique solution. O
Example 3.2. Let us consider the following system

o eu(t)o(t)
"0 S o <O
v'(t) = Eu(t) sin(ov(t)), t € (0, 1), (3.25)

u(0) =up € R, v(0) = %0(1/4) - ;v(l),

1 1
with ¢ < ) and & < 5 We also imply that the conditions of Theorem 3.5 are satisfied, where f(t,1,v) =
EUD 1 1 -1
_— t =& i = — T = — = — T = T = 1
1+|u|+|v|,g(,u,v) éusino, iy = 3, Ty = 7, = —,To

Indeed, by some calculations, we obtain (H;), (Hz) and (Hy), in which

N 10
u=Y lwl=5 <1
j=1
Af(t) =2¢, g1(t) = & g2(t) = 0,

On the other hand, we also have

|Af||L1(O,T) =2¢

1
S_r
4

O N

aT + “Af”Ll(o,T) =a+2e<a+

1
if 0 < —;
fO<a %

N -1
7+ )+ 1 S

j=1
10 1 1 _\7!

_ . _lpBlA L 2P
(ﬁ+€)[1+21(1 3¢ e ) ]

1 10 1 1\t 3 1
< 1+ =(1-2eP* --ﬁ) <= )
_(ﬁ+9)[ +21( 36 +7e —>17<4,asﬁ—>OJr
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1
Consequently, we can choose 0 < a < 3% B > 0 small enough such that

-1
N
1 _gT 1
aT + ||, < 3 and (ﬁT 4 ||gl||Ll(o,T)) 1+ y[l -Y e ﬁn] <37
j=1
Applying Theorem 3.5, we also verify that the system (3.25) has a solution. O

4. Positive Solutions

The main purpose of this section is to prove the existence of positive solutions for the problem (1.1)-(1.2),
in which f, g € C([0, T] X R R). The main tool is the Guo-Krasnoselskii’s fixed point theorem in a cone.

First, for the sake of simplicity, we consider the case up = 0. Then, based on the preliminaries, the
integral system (2.1), (2.2) can be written as follows

u(t) = f f pmalt=s) fa(s, u(s), v(s))ds,
0, (4.1)
U(t) = L G(t/ S)Qﬁ(sf M(S), v(s))ds.

We make the following assumptions.
(Ho) {uj, j=1,N — 1} satisfies (Hy) and ;> 0,¥j =1,N -1, uy > 0;
(H1) f:[0,T] X R? - R is a continuous function and there exists a positive constant a such that

f(t,u,v) > —au, forall (t,u,v) € [0, T] X Ry X Ry;
(Hz) g:[0,T] x R* > R is a continuous function and there exists a positive constant  such that
g(t,u,v) > =po, forall (t,u,v) € [0, T] Xx Ry X R,.

We consider the space X and define the operator  : X — X as in (3.1), (3.2). We have the following
simple lemmas.

Lemma 4.1. Suppose that (Ho)—(H,) are satisfied. Then, for each (u,v) € X such that u(t) > 0, v(t) > 0, for all
t € [0, T1, we have P1(u, v)(t) = 0, Po(u, v)(t) 2 0, for all t € [0, T].

Proof of Lemma 4.1. The proof is easy, so we omit it. O

Lemma 4.2. There exist a constant y € (0, 1) and a function @ : [0, T] — [0, +oo) such that

yD(s) < G(t,s) < D(s), (s,t) € [0, T] x [0, T]. (4.2)

Proof of Lemma 4.2. By the definition of the Green’s function G(t, s), we obtain that

we P (4.3)

‘u_]-e_ﬁTf gﬂs

1= ip1=

IN

. -1
N
1+ {1 - Z y,-e_ﬁT/] s = d(s).

j=1
On the other hand, if we choose y > 0 defined as follows

~28T
Hne
y =

_ / (4.4)
2- Z;\il pie P
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theny < 21]}1:1 pj <1 and we immediately obtain that y®(s) < G(t,s), for all (¢,s) € [0, T] x [0, T].

Lemma 4.2 is completely proved. O
Now, we define the cone K in X as follows

K ={(u,0) € X:u(t) >0, u(t) > yll(u,0)lx, Yt € [0, T]}.

Lemma 4.3. Suppose that the following conditions are fulfilled
i) a<p
(i1) fa(t,u,0) < gg(t, u,v) forall (t,u,v) € [0, T] X Ry X R,.
Then, P : K — K.
Proof of Lemma 4.3. Let (1, v) be an arbitrary element in K. We have

t T
P, )llx = max fo e fu(s,u(s), o(s)] ds + max fo G(t,5) |gg(s, u(s), v(s))| ds

T]

T
< jo‘ e fo(s, u(s), v(s))ds

N 1N T
+ ll +|1- Z yje‘/”f} Z we P } f e gg(s, u(s), v(s))ds
=1 j=1 0

T
< (o) , , ds.
< fo (5)95(, 4(5), 0(E))ds
On the other hand, we also have
T
P (1, 0)(8) = fo Git,5)g5(s, u(s), o(s))ds

T
Zyj(; D(s)gp(s, u(s), v(s))ds.

It follows from (4.6), (4.7) that P (u, v)(t) > y [P (1, v)llx, so P : K — K. Lemma 4.3 is proved. O
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4.5)

(4.6)

4.7)

Theorem 4.4. Suppose that (Ho)—~(Hz) and the conditions in Lemma 4.3 are satisfied. Additionally, the following

assertions are fulfilled
(i) There is a constant 0 < O < T/2 such that

|falt,1,0)| < O (jul + [0l), V(t,u,0) € [0, T] x R

(ii) There exist two positive constants t, R, r < R, such that

() gslt,0) < ) V(t1,0) € [0, T x 0,71 x [y, ],
1
(H) gﬁ(t/ u, U) 2 MI v(tl u, U) € [0/ T] X [0/ R] X [‘)/R/ R]/
or
) g5(t,0,0) 2 e, V(tw,0) €10, TIX 0,7 ]
(11) gﬁ(t/ u, U) < ﬁ/ v(t/ u, U) € [O/ T] X [O/ R] X [VR/ R]

(4.8)

(4.9)

(4.10)

Then, the boundary value problem (1.1) - (1.2) has a solution (u,v) with u(t) > 0, v(t) = 0, for all t € [0, T].
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Proof of Theorem 4.4. Using similar calculations and arguments as in Lemma 3.4, we obtain that the
(4.11)

operator P is completely continuous. Let us consider two bounded sets as follows

Q, ={(u,v) € X :|l(n,v)llx <71},

Qr = {(u,0) € X : lI(w, 0)llx <R}.
It is easy to see that Q, and Qg are open subsets of X with 0 € Q, and Q, c Qg. We shall consider two

cases.
Case 1. The (4.9) is true.
Take an arbitrary element (1, v) € K with ||(u, v)||x = . We have the following estimates
(4.12)

t
Pr(u, 0)(t) < 0 fo (1u(s)] + o)) ds < TO [, 9y,

and
T
1
Po(u,0)(t) < G fo |95(s, u(s), 0(s))| ds < g = > 1w, 9l - (4.13)
It follows from (4.12), (4.13) and (4.9, (i)) that
1P, v)llx < 11(u,0)llx, Y(u,0) € KN Q. (4.14)
(4.15)

On the other hand, for each (u,v) € K N dQg, we have

T
P1(u,v)(t)+P2(u,v)(t)2f G(t, 8)gp(s, u(s), v(s))ds
’ T
o [ g5t ), 090 = R = w0l

Combining (4.14), (4.15) and applying the first part of Theorem 2.2, we deduce that there exists (u*,v*) €
PN (Qr \ Q) such that P(u*,v*) = (u*,v*). It means that the problem (1.1) - (1.2), with ug = 0, has positive

solutions.
Case 2. The (4.10) is true.
Using the same method as in Case 1, by applying the second part of Theorem 2.2, we obtain the similar

Theorem 4.4 is proved. O

result.
Remark 4.1. In order to show the existence of positive solutions of the problem (1.1) - (1.2) with 1y > 0,
we put i(t) = u(t) — up. Then, the pair of functions (i, v) is the solution of the following problem

(4.16)

i’ = f(t,i,0), t€(0,T),
v o= g(t/ i, U)/ te (0’ T)’
i(0) = 0, v(0) = LY, po(T),

where

f(t,u,0) = f(t,u+up,0),
g(t,u,v) = g(t,u + up, v).
Applying results in Theorem 4.4 for the system (4.16), we can obtain the existence of a solution (u,v)

such that u(t) > ug, v(t) > 0forallt € [0,T]. O
We will provide an example for Theorem 4.4 below.



N. T. Long et al. / Filomat 35:5 (2021), 1629-1648 1643

Example 4.1. Let Jo, 41 be denoted as in Lemma 2.4, y be defined by (4.4) such that » < yR. Let us
consider the nonlinear first-order ordinary differential system as follows

w'(H) = f(u(t),v(t), teO,T),
v'(t) = g(u(t),v(t))}V te(0,7),

(4.17)
1/{(0) = Uy, U(O) = Zl #]U(T])/
j=
where {u;, j =1,N -1} satisfies (H;) and 4; > 0, j = 1,N — 1, uy > 0, it means that (Hp) holds, and
fu,v) =e(gu,v)+pv)—a (u — &y sinz(\%)) , (4.18)
aQ(u,v), (u,v) € R X (—0,7],
_ | ale—-yR) e (u + yR)(w—7)
gu,0) +po={ S QUuN + T, o) €RX IR,
c(u + ), (u,v) € R X [yR, +00),
forO0<c <L c > ! and Q(u v)—v—u2
=2 2Tg T YT T e

Now, we verify that (H;), (H,) are satisfied.
It is clear to see that g € C(R%; R) and for all (1, v) € R, x R, we have

@) (u,0) € R, X [0,7] : g(u,0) + pv = c1Qu, v) = avi’ 0;

T+u?—
(ii) (u,v) € Ry X [r,yR] :
c1(v — yR) c(u+yR)(v—7)
TR T TR
v—r

v—r
= (1 — R = r)le(u,r) + R
=(1-A)c1Qu,r)+ Acx(u +yR) =0, with A =

9(u,0) + po =

— rcz(u + YR)
v—r

€[0,1];

(iii) (u,v) € Ry X [YR, +00) : g(1,v) + fv = co(u + v) > 0.
Thus g(u,v) + pv > 0, V(u,v) € Ry X R,. It implies that (H,) holds.

On the other hand, f satisfies (H1). Indeed, by f(t,u,v) = € (g(u,v) + fv) — (u — ¢l sin2(\3/z_})) , we have
f € C(R%R) and for all (1,v) € Ry X R,,

f(u,0) +au=c¢ [g(u, ) + o + alo| sinz(\%)] > e (g(u,v) + o) > 0.

Next, the conditions in Lemma 4.3 are satisfied. We need prove that if &« < g, then
f(u,v) +au < g(u,v) + pv, Y(u,v) € Ry X R,

We have
fa(u,v) = ¢ [g(u, v) + Bo+ alv| sinz(\%)] < elg(u,v) + v+ av|

=¢ [g(u,v) + (1 + %)ﬁv] < e(l + %)gﬁ(u,v)
< g9p(u,v), Y(u,v) € Ry X Ry,

with € > 0 small enough, such that0 < ¢ (1 + ﬁ) <L
Finally, (4.8) and (4.9) are true.
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1
Indeed, f satisfies the condition (4.8), ie., 36 € (0, ﬁ] : |fa(u, v)| = |f(u, v) + au| <O(ul+ ), Yu,veR.

For all (u,v) € R?, we have

c1 [v| u?
<clol £ (lu] +9]);
o Sall<aul+ )

€ [0,1], we get

(i) (1,0) € RX (=00, 7] : g1, v) + po| = c1 1Qw, v)| =

(ii) (1, v) € R x [r, yR] : with A = ;{_ !

=T
l9(,0) + Po| = ‘(1 - ;;;_rr)c@(u, N+ g yR)'
< c1QMu,7) + caul + YR)

R C2 R
< o1 fo] + calul + VT lol) = ca lul + (c1 + %) o

VYR
s(cl+ Zf )<|u|+|v|>;

(iif) (1, 0) € R X [yR, +00) : |g(11,v) + po| = lea(u + 0)| < ¢ (jul + [o]) -
It implies from (i)-(iii) that

|g(u, v) + ﬁv) < (01 + @) (lul + o)), ¥Y(u,v) € R2.

Hence
|f(u, v) + au( =¢ |[g(u, v) + o+ aly| sinz(\%)”
<e [|g(u, v) + ﬁv| +a Ivl]

<e [(61 + csz) (lul + [v]) + e (Jul + [o])

VR
S|s(c1+%)+a

YR 1 .
where 0 = |e|c1 + - +al < T with € > 0, & > 0 small enough.

(lul +ol) = O (jul + [0l), Yu,v € R,

The function gg satisfies the condition(4.9), because
2

U
T+u2 =07 2Ty’
1 R
ii R] X [yR,R]: = +0) 2002 ——VR=—.
(i) (u,v) € [0,R] X [yR,R] : gp(u,v) = co(u +v) > co0 > T o Tho
We deduce that the assumptions and the conditions in Theorem 4.4 are satisfied, so we also verify that
the system (4.17) has a positive solution. O

(@) (w,0) € [0, 1] x [y, 7] : gp(u,v) = 1Q(u, v) =

5. Multiplicity of positive solutions

In this section, we will show that the problem (1.1) - (1.2) can have two distinct solutions or even finitely
many distinct solutions. The multiplicity of positive solutions depends strongly in the nonlinear term in
(1.1). For the sake of simplicity, we just consider the case ug = 0.

First, in order to prove the multiplicity result, we assume that there exists Ry < ¥R, < »?Rs such that,
forj=1,2,

(A1) gp(t,u,0) < ZT; for all (t,u,0) € [0, T] X [0, Rj] X [yR, R;;
1

N R;
(H) gﬁ(t, u,v) > T]g:rl for all (t,u,v) € [0,T] x [0, Rj+1] X [)/Rj+1,Rj+1].
0
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Theorem 5.1. Assume that (Ho)—(H1), (4.8) and (H1)—(H,) are satisfied. Then, the boundary value problem (1.1)
- (1.2) has two solution (uy,v1) and (uy, v,) such that

Ry <||(u1,01)llx < R, (5.1)
Ry <||(u2, v2)llx < Rs.

Proof of Theorem 5.1. We denote the sets

Q; = {0 e X: o)y <R}, j=1,73. (5.2)
For (u,v) € KN JdQy, we have

u(t) < |l(u, v)llx = Ry, (5.3)
YRy =y ll(w, 0)llx < o(t) < [l(u, 0)llx = Ry.

It follows from (5.3) and (H;) that
Rq

(6,06, 01 < 7 (5.4)

Combining (5.4) and (4.10), we obtain the following estimate
¢ T
1P, v)ll = max fo [fu(s, u(s), v(s)| ds + max fo |Gt 5)g5(s, u(s), 0(s))| ds (5.5)
1 R
< 5 I, )l + 5 = I, o)y

If (u,v) € KN dQ,, we have

u(t) < ll(u,v)llx = Ry, (5.6)

YR =yl 0)llx < o(f) <|I(u, )l = Ro.
It follows from (5.6) and the assumption () that

1P (u, v)llx = [I(u, V)l - (5.7)

Applying the Guo-Krasnoselskii’s fixed point theorem, we verify that there exists a pair of functions
(u1,01) € KN (Qy \ ) such that P(u, v1) = (11, v1).
By using the similar calculations and arguments as the previous part, we also deduce that there exists a

pair of functions (1, v2) € KN (Q_3 \ ;) which is a fixed point of the operator .

Theorem 5.1 is proved. O

Next, we shall generalize results obtained in Theorem 5.1 to have the existence of finitely many distinct
solutions. For this purpose, we assume that there exists {R j}?:l such that Rj_; < yR;. We make the following
assumptions

N R; —
(H3) gp(t,u,0) < ! forall (t,u,0) € [0, TI X [0,R;] X [yR},Rj],j=1,p—-1,

- ZT\%
N Risq [ —
(H4) gﬁ(t/ u, U) 2 T;O for all (tl u, ’0) € [Or T] X [O/ Rj+1] X [VR]'+1/R]'+1]’ ] = 1;}7 - 1;
or R
(Hs) gp(t,u,0) > T{]A]o forall (t,u,v) € [0, T] X [0,R;] X [yR},R;], j=1,p—1,
Rj+1

(H6) gﬁ(t/ u/ U) S for all (tl u/ 'U) € [OI T] X [0/ Rj+1] X [‘)/Rj+1/Rj+1]/ ] = 1/P - 1

2T§;
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Theorem 5.2. Assume that (Ho)—(F), (4.8) and (H3)~(Hy) (or (Hs)—(Ey)) are satisfied. Then, the boundary
value problem (1.1) - (1.2) has at least p — 1 solutions (uj,v;), 1 < j < p — 1 such that

Rj <|ll(w,0)llx £Rjy1, j=1,p-1. (5.8)

]

Finally, assume that we have a positive sequence {R;} such that <y < 1such that for each j € N,

j+1

. R;
(H7) gp(t,u,0) < ZT; for all (t,u,0) € [0, T] x [0, R;] X [yR;, R;],
1

. R;
(HS) gﬁ(tl u/ U) Z T]H;(j for all (t/ ul U) € [O/ T] X [0/ Rj+1] X [ij+1/Rj+1]/'

or

= gj for all (t,u,0) € [0, T] X [0, R;] X [yR}, R/,
0
N R'+1
H < .
( 10) gﬁ(t/u/v) = 2TgA1

Then, we have the following theorem

Theorem 5.3. Assume that (Ho)—(H1), (4.8) and (H7)—-(Hs) (or (Ho)—(H10)) are satisfied. Then, the boundary
value problem (1.1) - (1.2) has infinitely many solutions {(u;, v;)}, j € IN such that

(Ho) gs(t,u,0) >

for all (t/ u, U) € [0/ T] X [Or Rj+l] X [ij+1/Rj+l]'

R; < I, 0)lly < Rju1, Vj € N. (5.9)

6. Conclusions

We have applied suitable fixed point theorems such as Banach contraction principle, the Krasnoselskii’s
fixed point theorem, the Guo-Krasnoselskii’s fixed point theorem in cones, to prove the existence of solu-
tions/positive solutions/the multiplicity of positive solutions for a nonlinear differential system with initial
and multi-point boundary conditions. In future works, we shall apply the fixed point techniques as above
to consider the existence and the properties of the solutions for some problems in more general forms, for
example

u[/((t) = fk(t/ Ml, Tty umr um+11 Tty Mm+n)/ t € (0/ T)/ k = 1/ m+ n/ (61)

asscociated with the initial and multipoint conditions

u(0) = gy, k=1,m,

) 6.2
ur(0) = Zl ukiue(Tij), k=m+1,m+n, (6.2)
]:

where f; : [0, T] X R"™*" — R (k = 1,m + n) are given functions; and uey (k = 1,_m), 0<Tyu <Tpp <---<

- N
Ty = T (k= m+1,m + n), w; are given constants, with ), |yk]-| <1
j=1
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