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Abstract. In this work we consider 2-step nilradicals of parabolic subalgebras of the simple Lie algebra A,
and describe a new family of faithful nil-representations of the nilradicals 1,., a,c € IN. We obtain a sharp
upper bound for the minimal dimension p (1) and for several pairs (a, c) we obtain u(n,).

1. Introduction

All the vector spaces and linear transformations considered in this paper are assumed to be finite
dimensional over the complex numbers C. Let 1t be a complex finite dimensional Lie algebra and let p()
and (1) denote the minimal dimension of a faithful representation and nil-representation, respectively,

of n. By Ado-Iwasawa’s Theorem, see for instance [12, page 202], these numbers are well defined. Clearly,
these are invariants of n and p(n) < py(n).

In the theory of Lie algebras, it is important to study u(n) and to find good upper bounds for it. On the
one hand, this is motivated by a Milnor’s conjecture (see [15]), which asserts that any solvable Lie algebra n
satisfies u(n) < dimn + 1. However, the answer to Milnor’s conjecture is negative (see, for instance, [3] and
[6] for counterexamples). On the other hand, for computational mathematics, it is interesting to construct
faithful representations of a given Lie algebra 1 of the smallest possible dimension; but, in general, this is
not easy. In [5], [8] and [11], the authors obtain several methods for such constructions for a given nilpotent
Lie algebra n; but the upper or lower bounds achieved for u and p,; are far from being sharp.

In [16], Reed established that p(1) < 1+ (dim n)* for any k-step nilpotent Lie algebra n. After that, Burde
established in [4], that p(n) < LZdim“.

Vdimn

A major goal in this area is to prove or disprove that there exists a polynomial p € C[t] such that
u(n) < p(dimn), for all Lie algebras 1 (or at least for a wide class). In fact, the value of y or u,; has been
obtained only for few families (see [7], [9], [14], [17], [18], [19]).
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Fora,b,c € N, the 2-step nilradical of a parabolic subalgebra of the simple Lie algebra A, of dimension
ab + bc + ac, n,,, is the Lie algebra with basis

BZ{XW‘, Yj,k/ Z,-,k:izl,...,a; j=1,...,b; k=1,...,C}

and non-zero brackets
[(Xij, Ykl = Zix

fori=1,...,a; j=1,...,band k = 1,...,c. This Lie algebra has an standard faithful nilrepresentation
(15, C**P*¢) that, in terms of the canonical basis of C**'*¢, is given by

1
x11 ! X1y | Z11 | Z1c
0 L IRE K
Xa1 Xab Za1 i i Zgc
Y11 | L Y1e
a b b ¢ P T N O A PR R B
0 0 i i b
Tts Z xii X + Z YiYjk + Z Z zlig| = | 0 | L [
i=1 j=1 =1 k=1 i=1 k=1 | |
Yn i i Yoe
0 0 0 ‘
a b c
Thus
pMgpe) <dimmng=a+b+c foralla,b,c € N.

We point out that the nilradical 1y 5,1 is the Heisenberg Lie algebra of dimension 2b + 1. In [4] it is proved
that
p(nyp1) = b +2 = dim7s.

In [10], 2-step nilradicals of type A are considered and, in particular, it is proved that if either ¢ =
b—aora=candb < 2a, then
UMgpe) =a+b+c=dimms.

These previous examples show that (1, ) coincides with the dimension of the standard representation
7tg, for certain classes of nilradicals. A first question is whether this is a general phenomenon.

To answer negatively this question, consider the Lie algebra 1ny,. This is a well-known nilradical of
type A, which arise as an extension of C by C*. The Betti numbers of this Lie algebra have been obtained
in [2] and later, its adjoint cohomology has been computed in [1].

Consider the following example:
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Example 1.1. For 16, one has the following faithful nil-representation of dimension 7

00x1 0 z11 z12 z13

6 6 00 0 x1 z14 215 Z16

000 0 y11 y12 ¥13

11X + Z VY + Z 21kZ1k = {00 0 0 yus v15 ye |/

p — 00000 0 0

= = 00000 0 O

00000 0 O

therefore
/.1(111,1,6) <8 =dim Tis.
We shall prove in this work that,
u(yge) = [2 VZC] <2+c for c=>6. 2)

An interesting generalization of the Lie algebra 1y 1 . is the class of Lie algebras given by the family 1,1
for a < c. In particular, these Lie algebras have maximal dimension center among all nilradicals of type A
of fixed dimension.

In this paper we will consider the particular case b = 1, and in order to simplify the notation we denote
Mg =My 1c-

The article is organized as follows. In §2 we review some of the standard facts on the representations of
1, for every a,c € IN. In §3, we present the construction of two types of representations and give the value
of u(n,,) for a large class of pairs (g, ¢). Finally, in §4 we generalize the previous faithful nil-representations
and obtain a bound for pu(1,.) (see Theorem 4.5).

2. Faithful nil-representations for 1,

Let V be a finite dimensional vector space and let nbe a nilpotent Lie algebra. A representation (7, V) of n
on Vis a Lie algebra homomorphism 7 : n — gl(V) and a nil-representation is, by definition, a representation
whose 71(X) is a nilpotent endomorphism for every X € n.

Leta,c € N and let n, be the Lie algebra introduced in §1. In order to simplify the notation, let

B= {X,»,Yj,Zi,j ti= 1,...,a andj: 1,...,C}
be the basis of 1, (see §1). We will denote by
3(e) =span{Z;;:i=1,...,aand j=1,...,c}

the center of n,.. From (1), we obtain the standard faithful nil-representation (s, C**1*°) that, in terms of
the canonical basis of C**1*¢, is given by
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,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,

a c a.c ! !
_ X, |1Z Lottt 1 Z,
ms| Y Xk Y yYi+ ) miZi| = @ [P | R
i=1

i1 ' ij=1 0 ¥ | A

Then
p(ge) <a+1+c.

From now on, we will assume that a < ¢, since the Lie algebra 1, is isomorphic to n.,. It is clear that
a =span{Y; Z;;:i=1,...,aand j = 1,...,c} is an abelian Lie subalgebra of n,.. From [13], we obtain

Unit(a) = [2 (a+ 1)c] . Therefore

[2 (a+ 1)c] < Uni(Mac) for everya,c € N. 4)

Remark 2.1. Let 1 be a nilpotent Lie algebra and let 3(n) be the center of n. We know that a representation (rt, V) is
faithful if and only if tly is injective.

3. The representations 7y and 714

We now fix the following notation. Let a,c € IN such thata < cand letg = [ A/ #J Let M, , be the set of
the complex matrices of size m x n and let {E; ;} € M,, , be the canonical basis of M, ,. Letr = 0 or r = 1 and

letz, = [#]

Definition 3.1. Consider the usual basis for n, . and let 1, : . — gl((g + r)(a + 1) + z;) be the linear map defined
by:

1. Fori=1,...,a:
q+r

nr(Xi) = Z Ei+(p—1)a,p+(q+r)a‘
p=1

2. Forj=1,...,c
10:(Y}) = Eager)+t,@a+1)(q+)+ur

where t = [Z%] and u = j— ([i-l - 1)2,.

Zy
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3. Fori=1,...,aand j=1,...,c

1(Zi ;) = (X (Y) = [1(X5), (Y 7).

Remark 3.2. It is easy to see that, by construction, 7, is a representation of 1, for r = 0, 1.

Example 3.3. Leta=3andc=9theng=1.

(i) Ifr = 0 we obtain zg = 9. Then the representation (19, C'3) is

r000x; z11 212 213

000 x 221 222 223

000 x3 231 232 233

0000 y1 y2 y3

T Y HEEEE
Tl Zx,X1+Zy]'Yj+ZZZz,]ZI,] =lo0000 0 0 0
i=1 j=1 =1 j=1 0000 0 0 0
0000 O O O

0000 0 0 O

0000 0O 0 O

LO0OOO 0O 0 O

Notice that in this case, 1 coincides with the standard representation (3) of n3 .

(ii) If r = 1 we obtain zy = 5. Then the representation (111, C13) is

al
=R R
SN
o OO

=
fin

3 9

T Z x X; +

i=1 j=

=R
SO

3 9
yiYi+ zijZij
1 i=1 j=1

r

COOCCO O OO OO OO
COOCO OO OO OO OO
COOOCO OO OO OO OO
OO D OO OO
OO OCOD DO O OO
OO OO OO O OO

OO O OO OO
OO O O O

214
224
234

coocococococoo T

211
221
23,1
216
22,6
23,6

n

Ye

(=]l

21,5 216
2255 Z26
23,5 23,6
Y5 Ye

[elelelolelelolole)
[=lelelelelelelele]

212 213
222 223
232 233
21,7 218
22,7 228
237 238
Y2 Y3
Ys

coococoF
coco

21,7 218
22,7 Z28
23,7 238
Y7 Y8

OO OOOCOO
[=lelelelelelelel]

214 215
224 225
Z34 235
219
22,9
23,9
Ya

cocococo$
coococooF oo o

219
229
239

coocococococoo§

L

1675

Theorem 3.4. Let a,c € N and let (nr,C(”“)(q*’)“’) be the representations defined above. Then T, is faithful for

r=20,1.

Proof. From Remark 2.1 we obtain that 7, is faithful if and only if 7,y ) is injective. Then

o Zu: i %2 | = i ZC: zij1(Zij) = Za: ZC: 2, (X)m(Y))

0=
i1 j=1 i1 j=1 i1 j=1
a4 ¢ q+r
= ZZ;',]‘ Z Eiv(p-1)ap+@+na | Eatgery+t @) qer+us
i=1 =1 \p=1

z,

where t = [i-l andu = j— (“—y-l - 1)zy. Thus

K

a C
ZirfEi+([%.I—l)a,(u+1)(q+r)+]'—([%]—1)2, =0.
i=1 j=1

It is easy to see that we must have z;j = O foreveryi=1,...,4,j =1,...,c, and the proof is complete.

O
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Remark 3.5. If \/-5 =g+ awith 0 < a < 1, we obtain

2\/(a+1)c=2(u+1)1/1% =2(a + 1)g +2(a + Da.

It follows that

[2V@+1)c] = 2@+1)g+[20a+1)al, (5)

and
2@+ 1)c<2a+1)g+[2(a+1)a].
Hence
4a+1)c < 4a+ 127 +472a+1Dal @+ 1)g + [2(a + DaT?,
thus
9 [2(a + 1a?
c £ (@a+1)g"+2@a+Dalg+ {—4(,1 | (6)
We can now formulate the main result of this section.
Theorem 3.6. Leta,c € Nandlet /-5 =q+awith0<a <1 If
2@+ 1)a] <2Va+1 or 2@+ 1)-2Va+1<[2a+1)a]
then
1) = [24/(@+1)c|.
[2(a + 1)a]? _ ,
Proof. Assume that [2(a + 1)a] < 2 Va + 1, then W < 1. Since c € IN, we obtain from (6) that
c < (a+1)g*+2(a+1)alg.
It follows that
m <@+1)g+2@a+1)al,
and therefore
c (©)
(a+1)g+ M <2(a+1)g+12(a+1)al = [2a+ D). 7)

Consider the faithful nil-representation 779. Then equations (7) and (4) imply that

() = [2 @+ 1)c] .
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Assume now that2(a +1) —2Va+1 < [2(a + 1)a]. Then

2@+ 1)—-2@+1al <2Va+1
4a+1)2-4@+ 12+ Dal+ 2@+ Dal? <4@+1)

(a+1)—[2(a+1)a]+% <1
% <1+02a+1al-@+1).
Therefore
{%J < 2@+Dal-(@+1) K
It follows that

2
c (2([1 + 1)q2 +[2(a+ 1)alg + {MJ

4(a+1)
< (@+1)g* + 2@+ Dalqg+[2a+1al—(a+1)
=@+1g@g+ 1) +2a+Dal(@+1)—(@+1)(g+1).
Thus

Lﬁ} <@+1)g+12a+1al—-(a+1).

and therefore

(@a+D(@g+1)+

M—LJ < 2(a+1)g+ 2+ Dal

2 [2ya+1)]. )
Consider the faithful nil-representation 71;. By equations (9) and (4), we obtain that

() = [2a+ 1e],

which completes the proof. [

Corollary 3.7. Ifa=1o0ra =2 then
p(ac) = [2 (a+ 1)c] for every ¢ > a.
Proof. Ifa =1 ora = 2 we obtain Va + 1 < 2. Thus
2@+1)-2Va+1<2Va+1,

by Theorem 3.6 we conclude that p(1,) = [2 (a+ 1)c]. O

Theorem 3.8. Let a,c € N and let ’,pﬁ =q+awith0<a<1lIf
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(1) 2Va+1<2@+1a]<2@+1)-2Va+1and

(ii)) c>(@a— Va+1)*@+1)

then
pnge) = [2 (a+ 1)c-‘ or p(ige) = [2 (a+ 1)c-| +1.

Proof. From (i), we obtain

1 S[Z(a+1)oﬂ§1(l_ 1 ) (10)
2Va+1~ A4a+1) T2 Va+1
Therefore
2
c (2 (@a+1)g* + 2@+ 1alg + —|'2Zza++1)10)f|
(10) [2(@a+Da] [2@a+ 1)a]
< D +12(a+1 -
< (@a+g +2@+1)alg+ > W
= ((@a+1)g+R@a+Dal-(@+1)(@g@+1)+ (11)
[2(a + 1)a] [2(a + 1)a]
= 1) - ———.
2 He+ 2Va+1
Also, since 2+/(a + 1) < [2(a + 1)a], we obtain
_2atal ; Dol ae1)- _r22(a - 1)1“1 < a-Va+1 (12)
Va +
Combining (11) and (12), we have
q-f—l <@+1)g+[20@+1)al—@+1)+ “_? ““1”
Thus
LHLJ <@+1)g+2@+1al—@+1)+ V‘T “”1”} (13)
Consider 1t1. From (13) we obtain
(M) < 2(a + 1) + [2(a + Da] + V_? ‘”1”} .

Under the hypothesis ¢ > (a — Va + 1)*(a + 1), we obtain
g+1> ‘/LZa— Va+ 1.
a+1

() < 2@+1)g+2@+1al+1

2 [2ya+1e]+1.

Then it follows that

The proof is completed. [
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Corollary 3.9. Leta = 3.

(1) Ifc # (2k + 1)* for k € N then
[u(nS,c) = |-4 \/E-| .

(2) Ifc = 2k + 1)? for some k € IN then
u(na,) < [44e] + 1.

Proof. If a =3,then2Va+1=2(a+1)-2Va+1=4. Therefore:
e If [8a] # 4, we obtain by Theorem 3.6 that p(nz,) = [4+/c].
e If [8a] = 4, Theorem 3.8 implies that

[4+c] < p(nge) <T4vVel+1  forc>4.

1
Consider the case [8a] = 4, which implies 3 <a< 5 Assume that ¢ # (2k + 1) for every k € N. On the

one hand we obtain, by equation (5), that

[2Vac] = 89+ 847 =87 + 4.
On the other hand,

2
c = 4(q + a)? $4(q+%) =44 + 49 + 1.
Since ¢ # (2q + 1)> we obtain that ¢ < 4g(q + 1) and then q% <4q.
By considering the representation 711, we obtain
[2Vac] < p(ns,) < dimmy < 4(q +1) + 49 = [2 Vac]

and the result follows. [

Remark 3.10. The previous Theorems have shown that there is a large class of pairs (a, c) for which an excellent bound
for p(n,) is achieved. However, there is still a large class for which these representations are not optimal. Assume

that 2Va+1<[2@+1a]l<2@+1)-2Va+1landc < (a— Va+1)*(a+1). Setq = {,/lﬁj and a = -5 —¢
as before. Recall that [2 cla+ 1)-| =2(a+1)g+[2(a+ Valand c = (a + 1)(q + @)>. Then

1 1 <1- 1

- <a< .
Va+1 2@+1) Va+1

On the one hand we obtain, by equation (14):

(14)

c<@+1)(g+172-2Va+1(g+1)+1.

Therefore

c 1 c 3
ms(a+l)(q+1)—2 a+1+m and {m}<(a+l)(q+1)—2 a+1+§.
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By considering the representation 1y of dimension (a + 1)(q + 1) + [ p +1-| we obtain

dim <2(a+1)(q+1)+§—2\/m
:2(a+1)q+2(a+1)+;—ZVLIT—[Z(Q+1)0¢'I+|'2(11+1)Q'|
=2(a+1)g + 20 + )a] + g +(2@+1) -2Va+1-12(a+1)al)
SZ(a+1)q+[2(a+1)a]+§+2(a+1)—4\/m.

Therefore
dimm; < [2e@+ D]+ {2(Vu+ 1-1) - %J foraz3,

2
Notice that for a > 12 we already have {2 ( Va+1- 1) - %J > a, so we must consider new representations in order
to improve the bound for p(1c).

4. New faithful representations for n,.. Extending 7, and 7.

Let g and a be as before. In the previous section we have obtained minimal representations 7, for a
large class of pairs (g, ¢). In particular, if « = 0, we have obtained the value of pu(n,.). We will consider now
O<a<l

Letr,s e Nsuchthat2 <s, (s—l)[‘é-l <agand r <s. Set

dq =qa+r[g and dp=(s—1)

+1 g+1

[c—q(s— DMHW‘

Definition 4.1. Consider the usual basis for n,. and define the linear map 1y, : vy — gl(d1 + g+ 1 +dy) in the
following way:

1. Forl1<i<a:

q
0 (Xi) = Z Eg-varidik + B nyasr 2 4idyrge1-
k=1

2. For1<j<(g- l)d2+[qs+1-‘

() = d1+1+Md1+q+1+J |5 )

3. For (q— 1)d2+[ +1<j<qgdy:

gs+1 -‘

7T’/-‘7(1(1) = Ed1+q’f—(q—1)d2+d1+fi+1 + Ed1+q+1 di+q+1+j-(q-1)do— [MJ

4. Forqd, +1<j<c:

n'/e(Y ) d1+q+1 dy+q+1+(s—1 [q§;1.|+]'—qd2'

5. Forl<i<aandl<j<c:

T['/S(Zirj) = 7T’/S()(l’)’r(’/s(yj) = [Tc"/S(Xi)/ T[)/S(Y])]
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(i) Ifs =2, then r = 1 and we obtain

Ty, Zx,X +Zy]Y +ZZZ’] ii|=

Example 4.2. Consider a = 5 and ¢ = 25. Then q = 2 and we can choose s = 2 or s = 3.

1681

i=1 j=1
r0000000000000 X1 00 Z11 21,2 213 214 215 21,6 21,7 218 21,9 21,10 R
0000000000000 X2 00 21 202 223 224 225 226 227 228 229 22,10
0000000000000 X3 00 Z3,1 232 Z33 234 235 23,6 z37 Z38 239 23,10
0000000000000 X4 00 Z41 Z42 243 Z44 Z45 Z46 Z47 Z48 249 2410
0000000000000 X5 00 Z5,1 Z52 Z53 Z54 Z55 Z5,6 Z57 Z58 259 25,10
0000000000000 0 x; O Z1,11 Z1,12 21,13 21,14 21,15 21,16 2117 21,18 21,19 21,20
0000000000000 0 x2 0 zm 2212 2213 22,14 2215 22,16 2217 22,18 22,19 22,0
00000000000000 x3 0 z3m 2312 23,13 23,14 23,15 2316 23,17 23,18 23,19 23,0
0000000000000 0 xa x1 z411+21,06 Za,12+21,17 Z4,13+2118 Z414+2119 Z415+2120 Z416+2121 Z417+21,22 Z4,18+21,23 Z4,19+2124 Za20+21,25
0000000000000 0 x5 x2 z5,11+22,16 Z5,12+22,17 25132218 2514+22,19 2515+22,20 Z516+2221 Z517+22,22 251842223 Z519+2224 Z520+2225
0000000000000 0 0 x5 z316 2317 23,18 2319 2320 2321 232 2323 2324 2325
0000000000000 0 0 x4 za16 Z417 24,18 24,19 24,20 Z421 2422 24,23 Z424 24,25
0000000000000 0 0 x5 zs516 2517 25,18 25,19 2520 2521 252 2523 2524 25,25
00000000000000 0 O 1 Y2 Y3 Ya Ys Ye Y7 s Yo Y10
00000000000000 0 O Y11 Y12 Y13 Yia Y15 Y16 V7 Y18 Y19 Y20
00000000000000 0 O Y16 17 Y18 Y19 Y20 Y21 Y2 Y23 You Y25
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0
[00000000000000 00 0 0 0 0 0 0 0 0 0 0o
(ii) If s = 3, consider r = 2. Then we obtain
o Z 6X; + Z yiY; + Z ZZw | =
i=1 j=1
r0O000000000000x; 0 O Z11 Z1 Z13 Z14 215 216 21,7 218 21,9 21,10 2111
0000000000000 X2 00 221 222 23 224 225 22,6 22,7 228 22,9 22,10 22,11
0000000000000 X3 00 Z31 Z32 Z33 Z34 Z355 236 Z37 Z38 Z39 23,10 Z311
00000000000O00O0 X4 00 Z41 Z42 Z43 Z44 Z45 Z46 Z47 Z48 Z49 Z4,10 Z4,11
0000000000000 X5 00 Z51 Z52 253 Z54 Z55 256 Z57 Z58 259 25,10 25,11
0000000000000 0 x 0 z112 21,13 21,14 21,15 21,16 21,17 21108 Z119  Z120 2121 2122
0000000000000 0 x2 0 z12 2213 214 2215 22,16 2217 Z218 2219 2220 2201 Z22
0000000000000 0 x3 0 z312 23,13 23,14 23,15 23,16 23,17 2318 2319 2320 2321 232
0000000000000 0 x4 0 z412 2313 Z4)4 2415 Z416 2417 2418 2419 2420 Z421 Z42
0000000000000 0 x5 x1 2512+21,16 2513+21,17 2514+21,18 2515F21,19 Z516F2120 25172121 Z518+2122 2519 252012123 Z521+2124 Z522F21,25
00000000000000 0 x2 236 2217 2218 2219 2220 2201 Z22m 0 223 2204 2205
0000000000000 0 0 x3 231 2317 2318 23,19 23,20 2321 232 0 2323 23,4 2325
0000000000000 0 0 x4 z416 2417 2418 Z419 2420 Z421 2422 0 2423 Z424 Z425
0000000000000 0 0 x5 zs516 2517 25,18 2519 250 2521 2522 0 2523 2524 2575
00000000000000 O O n 2 Y3 Ya Ys Ye Y7 s Yo Y10 yn
00000000000000 0 O Y12 Y13 Y14 Y15 Y16 17 Y18 Y19 Y20 Y21 Y2
00000000000000 0 0 Y16 Y17 Y18 Y19 Y20 ya Y2 0 Y23 You Y25
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
00000000000000 0 O 0 0 0 0 0 0 0 0 0 0 0
LO0O0O0O0O0O0O0O0O0O0O0O0O0O0 0 O 0 0 0 0 0 0 0 0 0 0 0

Notice that for 1555, dim 11y, = 26 and dim 1z, = 28, while dim 7t = 31.

Theorem 4.3. Let a,c,v,s € IN such that a < ¢, s > 2, (s — 1)[‘;’] <aandr < s Then my, is a faithful

nil-representation of n, .
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Proof. From Remark 2.1 we obtain that 7, is faithful if and only if (71;,) [yn,,) is injective. Moreover, we
obtain the following;:

a ¢
TUr/s Z Z Zl',]'Zl'/]‘

i=1 j=1

= ) X Fedtle-tegreal]Bus )

(q-D)a+r[ 2] dy+q+1+d,
u=1 v=d+q+2
qa d1+q+1+d2—[qﬁ]

+ Z Z (Zuf(q—l)a,v—dl —g-1+(g-1)da

u=dy—a+1 v=di+q+2

+Zu—(q—1)a—r|'§'|,v—d1 —q—1+dz(q—1)+[ - W) Eup (B)

g5+
qa d1+q+1+(5—1)[qsﬁ]
+ Z Zy—(g-1)a,0~d1 —q-1+(q—1)d, Euo ©)

u=di—a+1 v:d1+q+2+dz—[ﬁ]

o dirgrle(s=1) 255 [+e—qda

+ (Zuf(q—l)u,vfdl—q—1+(q—1)d2
u=th=a+1l oy +q42+(-1) 751 ]

+Zu—(q—1)a—r[ﬂ,v—dl—q—lmzq—(s—l)[ 51]) Eup (D)

q5+
qa di+q+1+d,

+ Z Z Zu—(g-1)a,0-dy ~g1+(q-1)ds Euo (E)

U=t =0+ o=y g2+ (5= 1)] 5 [+o—qda
4 d1+q+1+d2—[qsﬁ]

+ Zufqa+a—r|—g],v—drqflerz(qfl)Jr[qsil -|E”rv (F)
u=ga+1 v=d;+q+2

d d1+q+1+(571)|'qs% 1+chd2

+ Z‘ Z Zu—qa+u—r|-§-|,v—d1—q—1+d2q—(s—1)[qsﬁ-|E”'U‘ (G)

u=qa+l  y—g, +q+2+(s—l)[qsﬁ-|

Since the sums (A), (B), (C), (D, (E), (F) and (G) are mutually disjoint, we obtain that if 7, [

=2
o
b
&
N
.
N—
[

0 then:
1. From (A): zj; =0for1 <i<aand1<j<(q-1)dy;

2. From (A): z;5 = 0for1<i<r[¢]and (- Dy +1 < j < g

3. From (B): z;; + zi_r[g],j+[#1 =0 for r[g] +1<i<agand (g-1)dry+1<j<qd,— ’_Ll],

gs+1 q5+

4. From (C): z;; = Oforr[f] +1<i<aandgd, — [qsﬁ-‘ +1<j<(@-Ddr+(s— 1)['1;1];

5. From (D): z;; +z [ ]:Oforr[ﬂ+1siSaand(q—l)d2+(s—1)[ . ]+1§j£

i—r[ 47, j+d2—(s-1) e gs+1
(5—1)| 55| +c—d

6. From (E): zi,j:Oforr[§]+1SiSaand(s—l)[qsﬁrl-|+c—d2+1S]’Sqdz;
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7. From (F): zi,ijfora—r[ ] 1<i<aand(g- 1)d2+[ 1<j<qdy;

qs+1]

8. From (G): zi,j:Ofora—r[g-|+1SiSaandqd2+lS]'Sc.

Here we have the following possibilities:

o Ifr [‘ﬂ <a-r H], then it remains to prove

z;j =0, for 1si5r[g,qd2+1ﬁjﬁcf

a

zjj =0, for [s

-‘+1<1<a—r[ﬂ G-Ddr+1<j<(@q-1)dr+ {

S

z;; =0, for [Z]+1<i<a_r[ﬂ-|
T G-Dd+ - D[ 5|+ 1< <6~ D[] +e-dy,

Zi]-:O, for r[ﬂ+1£i$a—r[-},qd2+13j56/

z;j =0, for V-‘+1<1<a—r[w (q9- 1)d2+{ w+1ﬁjﬁqd2—{

qs +

z;jj =0, for a—r{ w+l<z<a G-Ddr+1<j<(@@-1dr +

gs+1|
In this case we obtain:

(i) (16) and (17) follow by combining (3) and (2),
(if) (18) and (19) follow by combining (5) and (7),
(iii) (20) follows by combining (3) and (i),
(iv) (15) follows by combining (5) and (ii).

o Ifa—r [f] <r H], then it remains to prove

c
zjj =0, for a—r{ w+l<z<a G-Dda+1<j<(g-1Dda+ pre b

which follows by combining (3) and (2).
0

Corollary 4.4. The dimension of the representation T, for 1, is

dimmy, =qga+1)+1 +rrﬂ +

c+(s—1)[qsﬁ-‘
g+1 ’

Proof. By construction we have

c—(
dimn,/szqa+r[}+q+1+(s—1){ +J [ 7+l

c
gs+1|

c
gs+1

—s—%ﬂ

|

1683

(15)

(16)

(17)

(18)

(19)

(20)
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Since [ _| [ ‘| [ _|
c—qs-1)|:5 c—qs-1) |7 c—qis-1) |5
g+1 S{ g+1 l< g+1 +1
then [ _‘ [ _‘ [ _‘
c+-1) |77 c c—qs-D 5[] c+6-D|H
BT 1s(s—l)LJrJ+[ T 1‘< ) 1+1,
and

ool el feoeonls)

g+1 g+1

and the result follows. [

Then we obtain:

Theorem 4.5. Leta,c,s € N such thata <c,s >2and (s —1) [f] <a. Letq= {1 / #J Then

a

2 (“+1)4Su(na,c)Sq(a+1)+1+H+ M]

g+1

1684

Proof. Itis clear that the dimensions of the representations 7z, provide upper bounds for u(n,). In particular,

by taking r = 1 we obtain the minimal dimension among all 7, with fixed s. O

Corollary 4.6. Under the hypothesis of Theorem 4.5, if 4 | cﬁ =g+ %, then

pu(nge) = [2 cla + 1)-| or pnge) = [2 cla + 1)-‘ +1.

c 1 (a+1)(gs + 1)

Proof. 1f T =at g we obtain c =

52

Since ¢ € IN, we must have that s? | (2 + 1). This implies that

1 1
c _@+Ds+D oo ’VE“:"a-'_l_l-‘:a-kleN'
gs+1 s? s s s s
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Therefore
. a c+(s—=1) [qsﬁ]
dim rty, () = (@a+1)g + 1 + k} + q+—1

1y (a+1)(gs+1)
=(a+1)q+l+a+1+ Gl
s

g+1
s
=@+ D)1 @+ 1)(gs + 1>ZS:(;S+—11)><a +1)(gs + 1)}
=@+ (g z)e1s @+ s+ ggqj 1+)1) - 1))}
=@ (e )r e | LD

=2(a+1)(q+%)+1
=2+4/cla+1)+1
=[2ye@+1)]+1.

And the result follows. [

Example 4.7. Consider 1, with a = 48 and ¢ = 100. Notice that this case falls under Remark 3.10. Then we obtain
q=1,a =2, and the following results:

Representation | mg T T | Tl | Tys | Tlys | Tlys [2\/49-100]
Dimension 149 | 149 | 148 | 146 | 144 | 142 | 141 140

Clearly, the obtained result is very sharp:

140 < [.1(1148/100) < 141.
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