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On Some Operations on Soft Topological Spaces
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Abstract. The aim of the article is to point out a one-to-one correspondence between soft topological
spaces over a universe U with respect to a parameter set E and topological ones on the Cartesian product
E x U. From this point of view, all soft topological terms, soft operations, soft functions and properties of
soft topological spaces are actually topological concepts. Because the set valued mappings and set valued

analysis have great application potential, it is necessary to look for their meaningful use with respect to
standard topological methods and set valued analysis procedures.

1. Introduction

There are several papers that document certain problems relating to the fundamentals of soft set theory
and soft topological spaces. In [17] the authors claim that soft topology is exactly a special subcase of
general topology. Also in [14] it is stated that a soft topology is nothing but a topology on the Cartesian
product.

Based on a one-to-one correspondence between soft topology and general topology (see below), we
show that each soft topological concept has its own topological equivalent. Some soft terms (for example
soft compactness, soft paracompactness, soft Lindel6fness, soft nomality, soft connectedness, soft hypercon-
nectedness, soft topological sum [1, 5, 6, 20]) correspond to known commonly used and studied topological
terms. Others (for example soft separation axioms [2, 3, 4, 5, 6, 7, 11, 12, 16, 18, 19, 20]) correspond to
topological terms that bring new challenges to research. In principle, any soft concept can be studied by
standard topological methods.

In this article, we will deal exclusively with soft concepts that have known topological equivalents. This
means there is no need to prove them and they are the consequences of known results of general topology.
Other soft notions (for example soft separation axioms), which correspond to the new topological ones will
be mentioned only marginally in this article (see the end of Section 3).

In the following sections we present a definition of soft topological space as a topological space on the
product of two sets. The whole issue of soft topology and soft topological terms will be simplified and in
particular the known topological methods can be used more effectively.

We give only a selection of the most important terms of soft topology, which we will convert to methods
of general topology and it is only for further examination how other soft topology concepts, procedures and
proofs can be transformed into methods of general topology. We show that the use of topological methods
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fully supersede and simplify the cumbersome approaches and proofs that are often used in the theory of
soft topological spaces.

In the first part we present a one-to-one correspondence between binary relations and set valued
mappings, in the next part between soft topological spaces and topological spaces on the product of two
sets. We also deal with fundamental soft terms such as soft mappings, soft continuity, soft homeomorphism,
soft homogeneity and some operations on soft topological spaces that correspond to the topological sum
and the product of topologies.

2. Relations and Set Valued Mappings

Any subset S of the Cartesian product E X U is a binary relation from a set E to a set U. Let S(¢) = {u €
U:(e,u) € Sfand U, = {e} x U, e € E . By R(E, U) we denote the set of all binary relations from E to U.

The operations of sum S U T, UserSy, intersection S N T, NierS;, complement S¢ and difference S\ T of
relations are defined in the obvious way as in set theory.

By F : E — 2UY we denote a set valued mapping (multifunction) from E to power set 2" of U. The set of
all set valued mappings from E to 2Y is denoted by F(E, U) and the set of all constant set valued mappings
F : E — 2" for which F(¢) = A c U for any ¢ € E is denoted by C(E, U). A set valued mapping F for which
F(e) = {u} and it is empty valued otherwise is denoted by F} (P, sz").

If F, G are two set valued mappings, then F C G (F = G) means F(e) C G(e) (F(e) = G(e)) for any e € E.
The intersection (union) of family {G; : t € T} of set valued mappings is defined as a set valued mapping
H : E — 2Y for which H(e) = NierGi(e) (H(e) = UserGi(e)) for any ¢ € E and it is denoted by NierG; (UrerGy).
The complement F¢ of F is defined as a set valued mapping for which Fé(e) = U \ F(e) for all e € E.

A graph of G € F(E,U) is a set Gr(G) = {(e,u) € ExX U : u € G(e)} and it is a subset of E x U,
hence Gr(G) € R(E,U). So, any set valued mapping G determines a relation from R(E, U) denoted by
R ={(e,u) e Ex U : u e G(e)} = Gr(G).

On the other hand, any relation S € R(E, U) determines a set valued mapping Fs from E to 2" where
Fs(e) = S(e). So there is a one-to-one correspondence between R(E, U) and F(E, U) and the following lemma
deals with the obvious facts of mutually inverse operators R and F.

Lemma 2.1. IfS,Q € R(E, U) and G, H € F(E, U), then:
(1) S+ Fs € F(E,U), Fs(e) = S(e),
(2) G+ R = Gr(G) € R(E, U), Rq(e) = Gle),
3) Fr. =G, R, =S, Rg=S& G = Fg,
(4) S(e) = Q(e) foranyec E & S=Q © Fs =Fy,
(5) S(e) c Qe) foranye e E & S c Q & Fs C Fp,
(6) H(e) = G(e) foranye € E < H= G © Ry = R,
(7) H(e) c Ge) foranyec E& Hc G Ry CRg,
(8) Rer ={(e,u)} & F¢ = Feu),
(9) § = Ueeele} x S(e), Rg = Ueeele} x Gle),

(10) Ry = (Ry)’, d Fs: = (Fs)-.



M. Matejdes / Filomat 35:5 (2021), 1693-1705 1695
3. Soft Topology and Topology on E x U

In the following we will show that many terms of soft topology can be derived and investigated by
means of general topology. In the literature (see references) a definition of a soft set is introduced by a set
valued mapping. The next definition introduces the basic operations on the set of all soft sets with respect
to a fixed set of parameters E. In the literature a soft set is usually denoted by (F, E) or Fg. Since E is fixed,
we prefer a notation F where F is a set valued mapping.

Definition 3.1. ([1-7], [11-21]) Let E, U be two nonempty sets.

(1) If F: E - 2Y is a set valued mapping, then F is called a soft set over U with respect to E. A soft set F
for which F(e) = 0 (F(e) = U) for any e € E is called the null soft set (the full soft set) and F} is called a
soft point.

(2) A soft set F is a soft subset of G (F is contained in G or G contains F), if F(e) € G(e) for any e € E.
The complement of soft set F is defined as a soft set F* where F°(e) = U \ F(e¢) for all e € E. The
intersection (union) of a family of soft sets {G; : t € T} is defined as a soft set G where G(e) = NierGi(e)
(G(e) = UserGile)) for alle € E.

(3) The family of all soft sets over U with respect to E is denoted by SS(E, U). It is clear SS(E, U) =F(E, U).
The family of all soft points is denoted by SP(E, U).

As we said above there is no difference between a set valued mapping and a relation. So, a soft set can
be defined equivalently by the following way.

Definition 3.2. ([14]) Let E, U be two nonempty sets. A soft set over U with respect to E is any subset A of
E x U. The sets @ and E x U (both subsets of E x U) represent the null soft set Fy and the full soft set Fgyy,
respectively.

In the next definition we denote a soft topological space as a triplet (E, U, 7). This notation is more
natural than that of (U, 7, E), because first the sets are given and then the structure on them.

Definition 3.3. ([1-7], [11-21]) Let E, U be two nonempty sets.

(1) A soft topological space over U with respect to E is a triplet (E, U, t), where 7 C SS(E, U) is closed
under finite intersection, arbitrary union of soft sets and contains the null soft set and the absolute
soft set. A soft set from 7 is called a soft open set and its complement is called a soft closed set.

(2) If H is a soft set, then a soft closure (a soft interior) of H denoted by scl(H) (sinf(H)) is defined as the
intersection (union) of all soft closed (soft open) sets containing H (contained in H).

(3) A soft topological space (E, U, 7) is called enriched (see [3, 4]), if for any e € E a soft set F for which
F(e) = U and F(f) = 0 for f # e is soft open.

In the following we will denote by (X, 7) a topological space where 7 is a topology on X and by (4, t4) a
topological subspace of (X, ) where A C X and 1,4 is a relative topology. If (X, 71) and (Y, 72) are topological
spaces, then (X XY, 71 X1;) is a topological space equipped with the product topology (the Cartesian product)
of 71 and 7,. By (E X U, 7) we denote a topological space where 7 is a topology on E x U. If A is a subset of
E x U, by cl(A) (int(A)) we denote a closure (an interior) of A in the topological space (E x U, 7).

Since a soft topology is represented by a family of set valued mappings which have a binary relation
representation, any soft topological space can be transformed to a corresponding topological space by the
following theorem.

Theorem 3.4. ([14]) There is a one-to-one correspondence between the family of all soft topological spaces over U
with respect to E and the family of all topological spaces (E X U, 1) as follows:
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(1) If (E, U, 7) is a soft topological space, then (E X U, R;) is a topological space where R, ={R¢g: G € 1}, ie,
Gete RgeR,.

(2) If (E x U,7) is a topological space, then (E, U, F;) is a soft topological space where ¥, = {Fg : G € 1}, i,
Geto F;€F,.

Definition 3.5. A topological space (E X U, R;) from Theorem 3.4 item (1) is called the corresponding
topological space to (E, U, 1) or (E x U, R;) is given by (E, U, 7). A soft topological space (E, U, F;) from
Theorem 3.4 item (2) is called the corresponding soft topological space to (E x U, 7) or (E, U, F;) is given by
(Ex U, 7). We say (E, U, 1) is given by a topological space (E X U, 0) (one is given by the other or they are
mutually correspondence) if 1 = Fy and 6 = R,. Similarly we say that a soft set G and a relation A are
mutually correspondence if G = F4 and Rg = A.

Theorem 3.6. Let (E, U, 7) be a soft topological space. If H,G, Gy € S(E,U) and A,B,S; € R(E,U), t € T, then (in
the items (4), (5) cl, int is the closure, the interior operator in the corresponding topological space, respectively)

(1) a soft set H is soft open (soft closed) if and only if a set Ry is open (closed) in (E X U, Ry),
(2) Fanp =FaNFp,  Faup =FaUFp,  Fngs, =NeerFs,  Fugs, = UgerFs,,

(3) Runc =RuNRg, Ruug=RuURg, Rnge =NerReg, Rugc = UerRe,,

(4) scl(H) = Fury), sint(H) = Fiuryy),  scl(Fa) = Feya), sint(Fa) = Fiua),

(5) cl(A) = Reg,), int(A) = Reinrey),  cl(Rp) = Rgay, int(Ry) = Reint(r,

(6) scl(HU G) = scl(H) U scl(G), sint(H N G) = sint(H) N sint(G).

Proof. The item (1) is clear, since H € 7 if and only if Ry € R; (H € 7 if and only if Ry € R;), by Theorem
3.4.

From items (2) and (3) we will prove Rn,,c, = NieTRg,. The rest equations are similar. For any e € E, by
Lemma 2.1 (4), we have

Rn6, (@) = (NierGe)(e) = NierGi(e) = NierRe, () = (NieTRe, )(e), 50 R 6, = NieeT R, -

From item (4) we will prove only the second equation. Since sint(H) = U{H; € 7 : H; C H}, by item (3),
Rsint(H) = Ru{H,er:H,cH) = U{RH[ €R;:Ry, C Ry} = int(Ry). That means sint(H) = Fint(RH)'

The item (5) follows from (4).
From item (6) we will prove only the second equation.
By (4), (3), (2), sint(H N G) = Fiurync) = Fint®unre) = Fint®inint®s) = Fintry) N Fintrey = sint(H) N sint(G). O

Definition 3.7. Let (E, U, 1) be a soft topological space and (E x U, R;) be the corresponding topological
space.

(1) Foranye € E,u € U, asystem 7, = {F(e) : F € 7}, 7, = {{e : u € F(e)} : F € 7} defines a topological space
denoted by (U, 7.), (E, T,), respectively.

(2) By (U, ty,) we denote a subspace of (E X U, R;) with a subspace topology 7y, = {U. NG : G € R}
The previous facts allow us to provide an alternative definition of soft topological space.
Definition 3.8. A topological space (E X U, 7) where 7 is a topology on E x U is called a soft topological one.

In the following, however, we will continue to denote a soft topological space by (E, U, ) and the
corresponding topological space by (E X U, Ry).
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Remark 3.9. Let (E, U, 7) be a soft topological space and (E x U, R;) be the corresponding topological space.
Since 7, = {F(e) : F € t}and 7y, = {U.NF : F € R} = {{e} X F(e):F € R;}, a subspace (U, 7y;,) of (Ex U, R;) and
a topological space (U, 7,) are homeomorphic with a homeomorphism f : U, — U given by f((e, u)) = u.

The next theorem follows from the one-to-one correspondence between soft topological spaces and
topological spaces and from the definitions of soft normal, soft compact, soft Linde6f and soft disconnected
topological space, respectively (see for example [4, 6, 21]).

Theorem 3.10. A soft topological space (E, U, ) is soft normal (soft compact, soft Lindeldf, soft disconnected) if and
only if its corresponding topological space (E X U, R+) is a normal (compact, Lindeldf, disconnected) topological space.

Proof. Normality and soft normality: By Theorem 3.6 (1), H, G are disjoint soft closed if and only if Ry, Rg
are disjoint closed in (E X U, R;) and Hj, G; are soft open and disjoint containing H, G , respectively, if and
only if Ry,, Rg, are open and disjoint in (E X U, R;) containing Ry, R¢, respectively, by Lemma 2.1 (7).

Lindelofness and soft Lindel6fness: There is a one-to-one correspondence between the family of soft
open covers {G; € T : t € T} of (E, U, 7) and the family of open covers {Rg, € R; : t € T} of (E X U,R;). So
(E, U, 7) is soft compact (soft Lindelof) if and only if (E X U, R;) is compact (Lindelf).

Disconnectedness and soft disconnectedness: The union of two disjoint soft open sets H, G is equal to
the full soft set if and only if the union of disjoint open sets Ry, Rgisequalto Ex U. [0

Many authors mention that a soft topology is not topological notion (not topology). But as we have
shown, it can be identified with a topology on E X U. The previous theorem shows that terms of soft
theory are actually terms of general topology. For example, a soft topological subspace can be introduced
by the following way: Let (E, U, 7) be a soft topological space and Y € U. Then the collection Tgxy =
{(EXY)NRy:H € 7} is a subspace topology on E X Y and a soft topological space given by (E X Y, Tgxy) is a
soft topological subspace of (E, U, 7), denoted by (E, Y, Ty). Similarly, we can reformulate each soft concept
into an equivalent concept of general topology (known or new). We will briefly mention the issue of soft
separation axioms which is diversified and quite problematic (see exhaustive work [2]). No matter how
we introduce some soft separation axiom, we have the opportunity to study it within a general topology.
Recall a few definitions well known from general topology. Two subsets A, B of a topological space are

- topologically distinguishable if they have not the same system of neighbourhoods (at least one of them
has a neighbourhood that is not a neighbourhood of the other),

- mutually topologically distinguishable if each set has a neighbourhood that is not a neighbourhood of
the other,

- topologically disjoint if there exists a neighbourhood of one set that is disjoint from the other set,

- separated if each set has a neighbourhoods that is disjoint from the other set (if each is disjoint from
the other’s closure),

- separated by neighbourhoods if they have disjoint neighbourhoods.

All conditions for separation of sets may also be applied to points (or to a point and a set) by using
singleton sets. For example, two points x and y will be considered separated if and only if their singleton
sets {x} and {y} are separated.

In the context of topology, the soft separation axioms can be defined in a soft topological space as follows.
Two soft subsets A, B of soft topological space (E, U, T) are soft topologically distinguishable, soft mutually
topologically distinguishable, soft topologically disjoint, soft separated, soft separated by neighbourhoods if
the corresponding subsets R4, Rp are topologically distinguishable, mutually topologically distinguishable,
topologically disjoint, separated, separated by neighbourhoods in (E x U, R;), respectively.

In general topology, the separation axioms separate two different points or a closed set and a point or
two disjoint closed sets. On the other hand in soft topological space the whole problem of diversity of
soft separation axioms is caused by a wide range of selection and specification of soft sets A, B. Denote
fu = E x{u} where u € U, Z[e] = {e} x Z wheree € Eand 0 # Z c U.

By selecting an appropriate soft separation axiom above and the following commonly used pairs of soft
sets A = Fr and B = F,, u # v (see for example [6], [16]) or A = Fz,1;) and B = Fz,), Z1[e] N Z5[f] = 0 (see
for example [12]), we can defined ten soft separation axioms.
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For example (see [16]) a soft topological space (E, U, T) is soft Ty-space (soft T1-space, soft T,-space) if and
only if for any distinct points u,v € U, f, and f, are topologically distinguishable (mutually topologically
distinguishable, separated by neighbourhoods) in (E x U, R;) equivalently for any distinct points u,v € U,
Ff, and Fy, are soft topologically distinguishable (soft mutually topologically distinguishable, soft separated
by neighbourhoods) in (E, U, 7). Moreover, (see [6]) a soft topological space (E, U, 7) is p-soft Tp-space (p-soft
T1-space, p-soft Tr-space) if and only if for any distinct points u, v € U, f, and f, are topologically disjoint
(separated, separated by neighbourhoods) in (E X U, R;) equivalently for any distinct points u,v € U, Fy,
and Fy, are soft topologically disjoint (soft separated, soft separated by neighbourhoods) in (E, U, 7).

Similar characterization holds for the pair A = Fz ;] and B = Fz,(5], Z1[e] N Z[f] = 0 (see [12]). Some
selected problems related to soft separation axioms were solved in [15]. Moreover we can separate by an
appropriate soft separation axiom a soft point Fy and a soft set F, for u # v (F; and a soft set Fzj fore # f,
F!! and a soft set Fzj,| for u ¢ Z). There are many other combinations and it is a challenge for further research
to introduce a systematic and uniform approach to the soft separation axioms (see Conclusion).

For more details we recommend [2] describing different types of soft separation axioms as well as the
causes of diversity including the development of the definitions of soft points, the ways of defining the
distinct soft points and the different forms of belong and non-belong relations.

4. Topological Sum and Homogeneous Topological Spaces

In this section we recall some topological notions and facts concerning a topological sum and a homo-
geneous space which will be used in Section 6, 7 and 8.

Let {(Xj, 1), i € I} be collection of topological spaces. A topological sum denoted by ®ici(Xj, T;) is a
topological space (®ic1Xi, ®ic1T;), Where @1 X; is a disjoint union of X; (®ie1X; = Ujerli} X X;) and @;¢y7; is a
topology defined as the finest topology on ®;¢;X; for which all canonical injections ¢; are continuous, where
@i : X; = @ierX; is defined by ¢;(x) = (i, x) for x € X;.

Definition 4.1. ([9, 10]) A topological space (X, 1) is homogeneous if for any points x, y there is a homeo-
morphism f : X — X for which f(x) = y.

The next theorem presents the basic properties of topological sum (see [8]) and it can be useful for
further investigation of enriched soft ([4]) and soft homogeneous topological spaces ([1]).

Theorem 4.2. Let {(X;, T;), i € I} be collection of topological spaces and A C ®ierX;. Then:
(1) aset A is open (closed) in @e1(X;, T:) if and only if p;*(A) is open (closed) in (X;, 1) for any i € I,
(2) If X; # 0 for all i € I, then ®;e[(X;, ;) is compact if and only if (X;, T;) is compact for any i € I and 1 is finite,
(3) a canonical injection @; is a continuous, open and closed map for any i € I,
(4) amap f : ®ier(Xi, Ti) = (Y, 0) is continuous if and only if f o @; : (Xi, Ti) = (Y, 0) is continuous for any i € L.

(5) If a topological space (X, T) can be represented as the union of family {Xs}ses of pairwise disjoint open subsets,
then T = ®sestx, and amap f : (X, 1) — (Y, 0) is continuous if and only if f; : (X;, 7x,) = (Y, 0) is continuous
forany s € S, where f; is a restriction of f to X, and tx_ is a subspace topology.

(6) If each (X;, ;) is homeomorphic to a fixed topological space (Z,0), then the disjoint union @;;(X;, t;) is
homeomorphic to a product space (I X Z, 14is X 0), where T4 is the discrete topology on I.

(7) ([9]) Let (X, T) be a topological space which contains a nonempty open set G such that (G, t¢) is indiscrete.
Then (X, t) is homogeneous if and only if (X, T) is homeomorphic to a topological sum of indiscrete topological
subspaces of (X, t) all of which are homeomorphic to one another.

(8) ([10]) A finite topological space is homogeneous if and only if it is homeomorphic to the Cartesian product of a
finite discrete topological space and a finite indiscrete topological one.
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5. Soft Mappings

In soft theory (see for example [1, 3, 4, 6, 13]) a soft mapping f,, between two families of soft sets
SS(Eq, Uy) and SS(E,, Uy) is usually defined by two mappingsu : E1 — E;andp : Uy — Us. If A € SS(Eq, Uy),
B € SS(Ez, Uy), then the image f,,(A) of A, the inverse image fp‘L}(B) of B under f,, is defined as a soft set
from SS(E,, Uy), SS(E1, U1) given by

fou(A) €2 = Ug g1, P(Aler)) for ex € Es, fp’u1 (B) : e1 — p~'(B(u(e1))) for e; € Eq, respectively.

A soft mapping f,, : SP(E1, U1) — SP(E;, U>) (a restriction of f,, to SP(Ey, Uy)) is the corresponding soft
mapping to the Cartesian product [u X p] of u and p (see Theorem 5.3 below).

Definition 5.1. Let u : E; — Ep, p : Uy — Uy. A Cartesian product [u X p] of u and p is a function from
E; x U to E; x Uy for which [u X p]((e1, u1)) = (u(e1), p(u1)). The image of A C E; X U, the inverse image of
B C E; x U, is denoted by [u X p](A), [u x p]~1(B), respectively.

Lemma 5.2. A function [u X p] is injective (surjective, bijective) if and only if u and p are injective (surjective,
bijective) and if A; C E;, Bi c U;, i = 1,2, then

[ X pI™' (A2 X Bo) = u™H(A2) X p~1(Ba),  [u X pl(A1 X By) = u(A1) X p(B1).

Theorem 5.3. Let u : Ey — E, p : Uy — Uy, A,F,} € SS(E1,Uy), B,F,? € SS(Ez, U) and f,, : SP(Ey, Uy) —
SP(E;, Uy) (a restriction of fu, to SP(Ey, Uy)). Then

_ _ _ pplur) - _ - _
fpu(A) = F[MXP](RA)’ fPM(FZI) = F{(u(el)rp(ul))} = Fu(gll)’ fpul (B) = F[MXp]’l(RB)/ fpul (Félzz) = Fufl({ez})xp*({uz})'

Proof. We will prove that the values of f,,(A) and Fj,xpr,) at any e; € E; are equal. By Lemma 2.1 (9) and
Lemma 5.2, [u X pl(Ra) = [u X pl(Ue,ek, fe1} X A(e1)) = Ue ek, [u X pl({er} X Aler)) = Ue,e, {u(er)} X p(Aler)). That
means, by Lemma 2.1 (1), Fluxpir,)(€2) = ([u X pl(Ra))(€2) = Up cum1e,)P(Ale1)) = fru(A)(ea).

The equation fp’ul(B) = Fluxpl1(r,) is similar and the equations for the soft points are the consequences of
previous proven equations. []

U1

Recall that f,, is a special mapping. Generally, if every soft point F,! in SP(E1, U;) is uniquely associated
with a soft point h(FZf) in SP(E,, U>), then we say that a soft mapping h : SP(Ey, U;) — SP(Ey, L) is given
(compare with [21]).

In the following definition we introduce a one-to-one correspondence between a mapping g : E; x Uy —
E; x U, (a soft mapping h : SP(E1, U;) — SP(E;, U>)) and a soft mapping @, : SP(E1, U;) — SP(Ez, Uy) (a
mapping Wy, : E; X U; — E; x Uy).

Definition 5.4. Let g : E; X Uy — E X Us. Then a soft mapping @, : SP(Ey, U;) — SP(E;, Uy) is defined by
O, (F,!) = F.} © g((e1, u1)) = (e2, u2), equivalently, @y (F,') = Fige, u))).
On the other hand, if h:SP(E;, Uy) — SP(E, Uy) is a soft mapping, then for A € SS(E1, U1), B € SS(Ey, L),
we define the image of A, the inverse image of B under by
h(A) = U{W(E}!) : Fy! is a soft subset of A}, h™'(B) = U{F,! : h(F,}) is a soft subset of B},
respectively, and a function W}, : E; X U; — E; X Uy is defined by
Wi((e1, u1)) = (e2,u2) © h(F;!) = Fp2.
A soft mapping @, f,, h and a mapping g, [u X p], ¥} are said to be mutually correspondence, respectively.
A soft mapping f; and a mapping f, are mutually correspondence if Wy, = f, and @y, = f;.

Since Wo,((e1,u1)) = (2, 42) © O,(Fy!) = F,2 & g((e1,u1)) = (e2,u2), We, = g and since Oy, (F,!) =F &
Wi((e1, u1)) = (e2,u2) & W(F,)) = Fy, Py, = h.

The next theorem says ®,(A) (q);l(B)) is a soft set for which its corresponding relation is equal to the
image (the inverse image) of the corresponding relation R4 (Rg ) of A (B) under g : E; x U; — E; X U, and
W, (C) (\Ilzl(D)) is a relation for which its corresponding soft set is equal to the image (the inverse image) of
the corresponding soft set Fc (Fp ) of C (D) under h:SP(Eq, U;) — SP(E, ).
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Theorem 5.5. Let g:El X Uy — E; X Uy, h: SP(El, ul) - SP(EZ, UZ) IfA € SS(E1, Ul), B e SS(Ez, Uz) and
CcE;x Uy, D cCE; x Uy, then

Dy(A) = Fyr,) CD;l(B) = Fyiry) Wi(Ra) = Ry W1 (Rp) = Ry

D, (Fc) = Fy(o) @, (Fp) = Fyi(p) Wi(C) = Ry W, (D) = Ry-1g,)

consequently, D (Fe?) = Fyeyay and W5, ({(e2, u2)}) = Ry1pi2)-

Proof. Let{F," :t € T} be an indexed family of soft points which union is equal to A, s0 A = UcrF." . Clearly

1t et

Feull/;' is a soft subset of A if and only if (e1+, 1) € Ra. Then
Dy(A) = Og(UerFe,!) = Urer@y(Fet) = UserFig(erim ) = Furtgernmn = Fo®p)-
Similarly we can prove the rest equations. [J

By Lemma 2.1 (3), we have the next lemma.

Lemma 5.6. If g: E; X Uy — E; X Uy, then:
(1) @g(A) = Fyr,) © Raya) = g(Ra),
2) q);l(B) = Fgfl(RB) =+ RQ?(B) = g_l(RB),
(3) QDg(F;?) = Fige,m) © R%(Frll) = {g((e1, u1))},
(4) 51 (Fe) = Fyi ey © Ror 2y =9 ez, 12))).
Lemma 5.7. If (E1, U3, 7), (E2, Uy, O) are soft topological spaces and g : Ey X Uy — Ep X Uy, then:
(1) Dy(A) € 0 © g(Ra) € Ry, A €T,
(2) ®y(Fa) € 0 & g(A) € Rg, A€R,,
3)®,'(B)et e g '(Rp) €R,, B€O,
(4) ©,;'(Fp)) € T & g7'(B) € Ry, B € Ry,

Proof. We will prove item (1), the others are similar. By Theorem 5.5, ®;(A) = Fyx,). By Theorem 3.4 (1)
and Lemma 2.1 (3), @4(A) € 6 if and only if Ry, 1) = g(Ra) € Rp. O

Analogous two lemmas to those above are also true for a soft mapping h : SP(Eq, U;) — SP(E,, U) and
the corresponding mapping Wj, : Ey X Uy — E; X U,.

6. Soft Continuity and Soft Homogeneity

Definition 6.1. Let (E;, U3, 7), (Ep, Ua, 0) be soft topological spaces and g : E1 X Uy — E; X Uy. Then the soft
mapping ®, : SP(E1, Uy) — SP(Ez, Uy)

(1) is soft continuous if ®,'(B) € 7 for any B € 6,

(2) is soft open if ®;(A) € 0 forany A € T,

(3) is a soft homeomorphism if it is soft continuous and soft open bijection.
)

(4) (E1,Uq,7) and (Ey, Uy, 0) are X-soft homeomorphic if there are u : E; — E; and p : U; — U such that
P p
fpu : SP(E1, Uy) — SP(E,, U,) is a soft homeomorphism.

(5) (E1, Uy, 1) and (Ez, Uy, 0) are soft homeomorphic if there is g : E; X Uy — E; X U, such that @, :
SP(E;1, U1) — SP(E,, Uy) is a soft homeomorphism.

Definition 6.2. A soft topological space (E, U, 1) is said to be soft homogeneous (X-soft homogeneous, see
[1]) if for any soft points PY, Q;ﬁ’ there is a soft homeomorphism @, (f,,) from SP(E, U) to SP(E, U) such that

Dy(PE) = QF (fru(Py) = QY-
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The following theorem confirms that the soft continuity properties of soft mappings can be characterized
by the corresponding topological continuity properties of the corresponding functions and its proof follows
from Lemma 5.7.

Theorem 6.3. Let (E1, Uy, T), (Ez, Ua, 0) be soft topological spaces. Then

(1) @y, fou = SP(E1, Uy) — SP(Ez, Uy) is soft continuous (soft open, a soft homeomorphism) if and only if g,
[uxp]:(E; x Uy, Ry) = (Ex X Uy, Ry) is continuous (open, a homeomorphismy),

(2) (E1, U, t)and (E,, Uy, 0) are soft homeomorphic if and only if (E; XUy, R;) and (Exx Uy, Ry) are homeomorphic.

(3) (E1, Uy, ) and (Ey, Uy, ) are X-soft homeomorphic if and only if there are u:Ey — Ep and p: Uy — Uy such
that [u X p] : (E1 X U1, Ry) = (E2 X Uy, Rg) is a homeomorphism.

(4) A soft topological space (Eq1, U, T) is X-soft homogeneous if and only if for any points (e,v), (f,w) € E; X Uy
thereareu : Ey — Eqand p : Uy — Uy such that [u X p] : (E1 X Uy, Ry) = (E1 X Uy, Ry) is a homeomorphism
and [ux pl((e,0)) = (f, w).

(5) A soft topological space is soft homogeneous if and only if its corresponding topological space is homogenous.

Remark 6.4. Note an X-soft homeomorphism (X-soft homogeneity), in the literature it is referred as a soft
homeomorphism (a soft homogeneity) with respect to f,,, is a special case of soft homeomorphism (soft
homogeneity), see Example 6.5 and Example 7.6.

For a priori given soft function &, we define the terms of Definition 6.1 (items (1), (2), (3), (5)) analogously.
Namely, & is soft continuous (soft open) if the inverse image (the image) of any soft open set is soft open.
In the context of the previous theorem a soft function is soft continuous (soft open) if and only if its
corresponding function is continuous (open).

Example 6.5. Let E1 = {a,b}, U1 = {u,v}, E» = {c,d}, Uy = {s,t}, A = {(a,u),(,v)}, B =1{d,s),(d,t)} and
T = {Fp, Fg,xar,, Fa} and O = {Fy, Fg,xu,, Fp}. Define a function g : E; X U; — E; X U, by the following way:
g((a,u)) = (d,s), g((b,u)) = (c,s), g((b,v)) = (d,t) and g((a,v)) = (¢, t). D, is a soft homeomorphism but there is
no soft homeomorphism f,,, since [u X p]™'({d} x Uz) = u~'({d}) X p~(U,) # A (because A is not a Cartesian
product, by Lemma 5.2).

Theorem 6.6. Let (Eq,t1), (U1, 61), (E2,72), (Uz, B2) be topological spaces. If u : Ey — Ey, p : Uy — Uy, then
[u Xp] : (E1 X Uy, 11 X 91) - (Ez X U, Ty X 62)

(1) is continuous if and only if p : (Uy, 01) — (Up, 02) and u : (Eq, 1) — (Ey, T2) are continuous,
(2) isopenifand only if p : (Uy, 01) — (Ua, 02) and u : (E1, T1) — (Ea, T2) are open.

(3) A topological space (E1 x Uy, t1 X 601) is homogenous if and only if (E1, t1) and (U;, 61) are homogenous if
and only if for any (e1,u1), (e2, u2) € E1 X Uy there are u : E;y — Ej and p: Uy — U such that [u X pl is a
homeomorphismfrom (E1 x Uq, 11 X 91) to (E1 x Uy, 11 X 61) and [1/[ X p]((el, ul)) = (62, Mz).

Proof. The items (1), (2) are well known topological results (see [8]).

Item (3): Let (E; X Uy, 71 X 01) be homogenous and uy,v; € Uy, e1 € Eq. Then there is a homomorphism
f i (E1 x U, 11 X 601) = (E1 X Uy, 71 X 071) such that f((e1, u1)) = (e1,v1). Since {e1} x Uy is homeomorphic to
U; where p : (e1,x) + x is the required homeomorphism, p o f o p~! is a homeomorphism from (U3, 6;) to
(Uy,601) and p o f o p~H(u1) = p(f((e1,u1))) = p((e1,v1)) = v1. That means (Uj, 0;) is homogenous. Similarly
we can prove that (E;, 1) is homogenous.

Let (E1, 11), (U1, 61) be homogenous spaces and (e, u1), (2, u2) € E1 X U;. Then there is a homeomorphism
u from (E;, 71) to (E1, 71) and a homeomorphism p from (U, 61) to (Uy, 61) such that u(e;) = e; and p(u1) = us.
Then [uxp] : (E1xUy, 11X 01) = (E1 XU, 71X 01) isahomeomorphism (see Lemma 5.2) and [uXxp]((e1, 11)) =
(u(e1), p(u1)) = (e2, u2). The last implication is obvious. [
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The next corollary is a consequence of Theorem 6.3 and Theorem 6.6 which reflects the fact that the
whole approach to soft topology is based on topological methods including the study of soft continuity and
operations on soft topological spaces.

Corollary 6.7. Let (E1, 1), (U1, 01), (Ez, T2), (Uz, 02) be topological spaces and (E1, Uy, u), (Ez, Uz, 0) be soft
topological spaces given by (E1 X Uy, T1 X 61), (E2 X Uy, T2 X 05), respectively.

Ifu:Ey — Ep, p: Uy — Uy, then a soft mapping f,, : SP(E1, U1) — SP(Ez, U>)
(1) is soft continuous if and only if p : (Uy, 01) = (Uz, 62) and u : (E1, 71) — (Ey, T2) are continuous,
(2) is soft open if and only if p : (Uy, 01) = (Ua, 02) and u : (E1, T1) — (Ez, T2) are open.
(3) (E1, Uy, ) is soft homogenous if and only if (E1, T1) and (U, 61) are homogenous if and only if (E1, Uy, u) is
X-soft homogenous.
7. Soft Stable Topological Spaces
Definition 7.1. ([3]) A soft topological space (E, U, 7) is called stable if = ¢ C(E, U).

The next theorem characterizes a stable soft topological space and in its light all assertions numbered
from 3.15 to 3.22 in [1] are obvious.

Theorem 7.2. A soft topological space (E, U, 1) is stable if and only if its corresponding topological space is given
by (E X U, Ting X 0), where T4 is the indiscrete topology on E and (U, 0) is a topological space (we say (E, U, T) is
generated by (U, 0)).

Proof. Let (E, U, 7) be a stable soft topological space. Then H € T ¢ C(E, U) if and only if Ry = E X A, where
A=H(e)foranye € E. Then 0 = {A: Ry = EXA, H € t}is a topology on U if and only if 7 is a soft topology.
That means (E X U, Tj,g X 0) is the corresponding topological space. [

Since a stable soft topological space and a function f,, are specific cases, many soft properties of stable
soft topological spaces and soft continuity of f,, are strictly connected to the properties of function p. The
next theorem covers the following theorems and corollaries of [1] numbered as 5.19-5.24 and 5.31-5.33.

Theorem 7.3. Suppose (Eq, Uy, 71), (E2, Uy, T2) are stable soft topological spaces generated by (U, 61), (Uy, 62),
respectively, and p: (U, 61) = (Ua, 02).
Then fpu : SP(El, Ul) - SP(Ez, UZ) is:

(1) soft continuous if and only if p is continuous,
(2) soft open if and only if p is open, provided u is surjective,
(3) a soft homeomorphism if and only if p is a homeomorphism, provided u is bijective.

Proof. Since any function (surjection, bijection) 1 from an indiscrete space to an indiscrete space is continuous
(open, a homeomorphism) and the corresponding soft mapping to f,, is equal to [u X p], a proof follows
from Corollary 6.7. [

Theorem 7.4. If (E, U, 7) is a stable soft topological space generated by a topological space (U, 0), then the following
conditions are equivalent.

(1) (E, U, ) is X-soft homogeneous,
(2) (E, U, 7) is soft homogeneous,
(3) (U, ) is homogenous.
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Proof. Since any indiscrete topological space is homogeneous and the corresponding soft mapping to f,, is
equal to [u X p], a proof follows from Theorem 6.3, Theorem 6.6 (3) and Theorem 7.2. [J

Remark 7.5. By Theorem 4.2, the soft topological spaces in Examples 5.3-5.5 of [1] are trivially soft homo-
geneous and X-soft homogeneity follows from vertical, horizontal and diagonal symmetry.

Example 7.6. Let E = {ey, ez}, U = {uy,up,uz}, Aij = (e, uy) (i = 1,2,j = 1,2,3), A = {A11, A, A21}, B =
{Ax, A3, A13}. Then a topological space (E x U, 0) where 0 = {0, E X U, A, B} is homogeneous (by Theorem
4.2 (7)) and the corresponding soft topological space (E, U, 7) where 1 = Fg = {Fy, Fexu, Fa, Fp} is soft
homogeneous (by Theorem 6.3 (5)) but it is not X-homogeneous, since both topological spaces (U, t.,), (U, T.,)
are not homogenous, by Theorem 5.14 of [1]. The soft topological space (E, U, 7) is soft homeomorphic to
a soft topological space over three point set with respect to two point set which corresponding topological
space is homeomorphic to a topological sum, by Theorem 4.2 (7), (to the Cartesian product of a discrete
space and an indiscrete space, by Theorem 4.2 (8)).

8. Soft Enriched Topological Spaces

Let {(U 6,) : e € E} be an indexed family of topological spaces, U, = {e} x U. Since U,, N U,, = 0 for
e1 # ex and @eerlU = UpegU, = E X U, @,¢£0, is a topology on E x U with the basis 8 = {{¢.(G) : G€ 6.} : e €
E} ={{le} xG: G € 0.} : e € E} where ¢, : U — E x U is the canonical injection given by ¢. (1) = (e, u). This
allows us to define a soft topological space generated by an indexed family of topological spaces ([1]).

Definition 8.1. A soft topological space generated by an indexed family {(U, 6,) : e € E} of topological
spaces is given by the topological space (E X U, ®.c£0,) and it is denoted by (E, U, Fg,.,6,), Wwhere Fg,, ¢, is the
corresponding soft topology to ®.ce0,, i.e., F € Fq ., if and only if F(e) € O, for any e € E (see [1]).

The next theorem follows directly from definition of an extended soft topology (see Proposition 3 and
Remark 3 of [4]) and from Theorem 4.2 (5).

Theorem 8.2. A soft topological space (E, U, ) is extended if and only if (E, U, T) is enriched if and only if its
corresponding topological space is equal to (E X U, @ecpTe).

Remark 8.3. Note some operations that generate soft topologies known from [1, 20].

(1) For a topological space (U, X) (see [20]), two soft topologies 7 (X and 9(X) were introduced. The soft
topology 7 (X), Vi () is given by Tgis X X, Ting X L, Where Tgjs, Ting is the discrete, the indiscrete topology
on E, respectively (see Theorem 4.2 (6) and Theorem 7.2).

(2) For a topological space (U], J), an indexed family of topological spaces {(L, J.) : e € E} (see [1]), a soft
topology 7(3J), ®.ce3e was introduced, respectively. The soft topology 7(3J), SeceJe is given by 74 X J,
the topological sum of {(U, J.) : e € E}, respectively.

In the end we mention a theorem dealing with a soft continuity of soft mapping defined on an extended
soft topological space. It generalizes Theorem 4 of [4] that only talks about a soft continuity of f,.

Theorem 8.4. Let (E1, Uy, T) be an enriched (extended) soft topological space, (Ez, Uy, 0) be a soft topological space
and g be a function from Eq X Uy to Ex X Uyp. Then the next conditions are equivalent.

(1) @, : SP(Eq, Uy) — SP(Ey, Up) is soft continuous,
(2) foranye; € Eq, g : {e1} X Uy — (Ex X Uy, Rg) is continuous where {e1} x Uy is the subspace of (E1 x Uy, Ry),
(3) foranye; € E1, go @, : (U1, Te) = (E2 X Uz, Ry) is continuous.

Proof. Since (E;, U, 7) is enriched, the corresponding topological space (E; X Ui, R;) can be represented as
a union of family {{e;} X U, : e; € E1} of pairwise disjoint open subsets of (E; X U;, R;) and a proof follows
from Theorem 4.2 (5) and (4) and Theorem 6.3. O



M. Matejdes / Filomat 35:5 (2021), 1693-1705 1704
9. Conclusion

From what has been shown in the article, the whole issue of soft theory and its applications can be
developed as part of general topology. We suggest identifying a soft set with a subset of the Cartesian
product. For example, in the set valued analysis if F € F(E, U), it is commonly used a notation F C E X U
that means a set valued mapping F : E — 2" is identified with its graph and a set valued mapping F¥ (a soft
point) is identified with {(e, u)}. Each soft topological term has a corresponding topological term and vice
versa, which should be taken into account in further research and applications. From this point of view,
it is more convenient to define a soft topology as a topology on the Cartesian product and to use known
methods of general topology. The correspondence from the view of categorical theory would be desirable
for further research.

As for the separation axioms, the fundamental problem is to define the soft point. For a nonempty
family M c SS(E, U) = F(E, U) (without the null soft set) it would be appropriate to introduce a topology on
Ry = {Rym : M € M} by using appropriate hypertopology where the underlying set is Ry So a soft point
is an element of Ry (a graph of set valued mapping from M). More precisely, over a topological space
(E x U, 1), a hyperspace is a topological space whose points are the elements from Ry with some topology.
For example R can be considered as the hyperspace equipped with the lower Vietoris, the upper Vietoris,
the Vietoris topology, respectively.

Below we summarize the correspondence between topological and soft topological objects.

topological object +— soft topological object soft topological object — topological object

{(e,u)} = F7 = Fieu) Fy = {(e,u)} = Rpr
A Fy A Ry
T+ F, T R
(ExU ) (E UF,) (E,U,7) — (EXUR;)
gD h W,

g(A) > Dy(Fa) = Fy) h(A) = Wi(Ra) = Rya)
g7'(B) - q);l(FB) = Fy1p) h™'(B) = W, (Rp) = Ry
[uxpl fou Jou = [uxpl

[u X pI(A) = fpu(Ea) = Fluspia) fou(A) B [u X pl(Ra)
[uxpl™'(B) = f (F5) = Fruy11(s) frt (B) > [u X p] ™ (Rp)
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