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Abstract. In this paper, we consider the Cauchy problem of a third order in time nonlinear equation
known as the Jordan-Moore-Gibson-Thompson (JMGT) equation with the presence of both memory. Using
the well known energy method combined with Lyapunov functionals approach, we prove a general decay
result, and we show a local existence result in appropriate function spaces. Finally, we prove a global
existence result for small data, and we prove the uniqueness of the generalized solution.

1. Introduction

In this paper, we are interested to study the following problem for the nonlinear Jordan-Moore-Gibson-
Thompson equation with memory:

8(1 B

t
Tl + Up — AU — BAu; — fo h(t — s)Au(s)ds = 3 C—Zﬂ(u,f)2 + IVuIZ), (1)

where
(x, 1) € R" X (0, 00).
We consider the initial conditions
u(x,0) = up, u(x,0) =us, uy(x,0)=us.

Here 7, are physical parameters, c is the speed of sound, and B/A the parameter of nonlinearity. The
convolution term fot h(t — s)Au(s)ds reflects the memory effect of materials due to viscoelasticity, and / is the
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relaxation function satisfying
(H1) h € CY(R4,R,) is a non-increasing function satisfying

h(0)>0, 1—hy=1>0. )

where iy = G(co) = ["h(s)ds > 0, G(t) = [ h(s)ds and i > 0.
(H2) There exists a positive non-increasing differentiable function § € (R, R;) satisfying

W) <=9(t)h(t), t=>0. 3)
(H3)
p—1>0. (4)

In the field of irreversible thermodynamics (EIT) the presence of the derivative for the third time is
very important and ideal. It is the theory that suggested abolishing the annoying properties in it that we
do not want Diffusion of heat and speed attached to infinite speed when using the Fourier-Navier-Stokes
equations. As the physical quantities such as thermodynamics were the main reason for this. Also, in the
theory of (EIT), the equations of evolution with the appropriate time for relaxation it controls.

The study of models under these classic conditions is a good start for a deeper understanding of good
behavior and converging behavior of linear models.

Later, Lasiecka [14] showed the general decay result of equation (MGT) with memory. Then after a while,
and in the absence of memory (h = 0). In [18], the authors studied the Jordan-Moore-Gibson-Thompson
equation in its full generality. Under the assumption 0 < 7 < §, by using the contraction mapping theorem
in appropriately chosen spaces, they showed a local existence result in some appropriate functional spaces,
and by using some energy type estimates they proved a global existence result for small initial data by
constructing an appropriate energy norm and showed that this norm remains uniformly bounded with
respect to time. For further clarification and depth on this topic see ([6], [7], [8],[11],[12],[13],[15],[22]).

A complement to this these results, our purpose in this paper is to give the Jordan-Moore-Gibson-Thompson
equation with memory (1) for the Cauchy problem x € R". Under suitable assumptions, we show a local
existence result in some appropriate functional spaces, second we prove a global existence result for small
initial data, and we prove the uniqueness of the generalized solution. Our result is new and improves
previous results in the literature. In each of the following we introduce some notations. Let ||.|l; and |||z
stand for the L1(R") — norm (2 < q < o) and the H/(R") — norm. We define the weighted function space
LY (R"),n > 1 as follows: u € L' (R") if u € L'(R") and

llullii = | 1+ x)u(x)ldx < oco.
]RYl

The symbol [A, B] = AB — BA denotes the commutator, and c is a positive constant.

2. Preliminaries

The following lemma has been proved for instance in ([10], Lemma 4.1) .

Lemma 2.1. Let 1 <p,q,r < oo and % = % + 1. Then, we have

IV (o) < C(||M||Lﬂ||VkU||U ¥ ||v||m||v"u||u),t >0, 5)
and the commutator estimate
IV, Al < c(u Al lV¥gliz + gl IVF f||Lz),t >0, (6)

for some constant ¢ > 0.
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The next lemma has been proved in ([23], Lemma 3.7).
Lemma 2.2. Let M = M(t), be a non-negative continuous function satisfying the inequality
M(t) < c1 + M), (7)

in some interval containing 0, where c1, ¢, > 0 are positive constants and x > 1. If M(0) < ¢1 and
1/(x-1) 1 -1/(x-1)
c1c <(1--)x , 8
16, ( K) (8)

then in the same interval

1
1-1/x

M(t) <

We will use the Gagliardo-Nirenberg interpolation inequality as follows.

Lemma 2.3. [16] Let N > 1. Let 1 < p,q,r < oo and let m be a positive integer. Then for any integer j with
0 < j < m, we have

IVully < cllullf; IV ull?,, (10)
where

1 1 m, 1-«a

S=liac+— ) 11

P VA I N ()

for a > 0 satisfying j/m < a < 1 and c is a positive constant.
We also recall the decay estimates of the linearized problem associated to (1)
Proposition 2.4. [17] Let u be the solution of the linear problem (with h = 0)
Tl + Uy — AU — BAuy = 0. (12)

Assume that 0 < T < B. Let V = (uy + tuy, V(u + tus), Vi) and assume in addition that Vo € LY(IRN) N H*(RY).
Then, for all 0 < j < s, we have

IVIV©lli < e+ )NVl + e VIVl (13)

Also, differentiating (12) with respect to t and following the same steps as in the proof of ([17], Theorem
5.5), we have the following result.

Proposition 2.5. Let 0 < 7 < B and vy, v1,v2 € LY(RYN) N H(RY). Also, let (v1,v2 € LYH(RN) with fRN vi(x)dx =
0,i=1,2. Then, for 0 < j <s, the following estimate

V'Vl < C(”UO”Ll + o1l + IIUzIILm)(l + 1) NI

IA

c(||vao||Lz Vo liz + ||vaz||Lz)e—“. (14)

Here v1 = wy and vy = uy(t = 0).
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3. General Decay

In this section, we state and prove our decay result for the energy of the system (1) using the multiplier
technique.
First, we rewrite the right-hand side of equation (1) in the form

%(Clz%(ut)Z + |Vu|2) = Clzguttut +2Vu,Vu,
and introduce the new variables
©=uy, P=1uy.
Without loss of generality, we assume from now on
c=1
Then equation (1) can be rewritten as the following first order system
U =@
P =1

' B (15)
TPy = =P + Au+ BAp + f h(t — s)Au(s)ds + Zl/)(p +2VpVu.
0

We are now ready to prove the main result.

Theorem 3.1. Let n > 1 and s > n/2 + 1. Assume (2)-(4) and ug, uy,uy € H*(RN) hold. Then, there exists a small
positive constant a, such that if ©;(0) < a, then the local solution u to (1) given in Theorem 4.1 exists globally in
time.

The proof of Theorem 3.1 will be given through several lemmas.

3.1. First order energy estimates
Lemma 3.2. The energy functional E1, defined by

B0 = 5 [ (o4l s G- DN+ Vi )R

R"

+%{(h — ') o Vuu + (Th(t) - G(t)) |Vu|2dx}

R
+1 f Ve f th(t—s)Vu(s)dsdx, (16)
satisfies O
Ej(t) = %(h’ —1th”)oVu — %(h(t)—’[h’(t)) fR n [Vuldx
-0 [ Wokdx+R, a7
where )
R = fR n (%gb(p+2V(qu)(go+Tlp)dx, (18)
and

t
o Va0 = [ e = V) = Vi)
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Proof. Summing up the equation (15), and (15),, we get

t
(p+1¢) = Au+pAp+ fo h(t — s)Au(s)ds

+§1,l}(p +2VpVu.

Multiplying (19) by (¢ + 7¢) and integrating by parts over R", we obtain

[wormnprmi = [ aug+mpaxp [ soto+ s
R R R

t
+ ]ﬂ;n((p + Tl/))j(; h(t — s)Au(s)dsdx

+ f (%lp(p + ZV(qu)((p + 1)dx,

we have

and

N~

%f lp + TYPPdx = —f Vu(Ve +TV¢)dx—ﬁf Vo(Vo + tVi)dx
RPZ n Rﬂ

+f (p+ 1Y) ft h(t — s)Au(s)dsdx
" 0

+ f}Rn (ggb(p + 2V(qu)((p + 1Y)dx,

1 d
STE-D fR ) VolPdx = t(f-1) fR VyVods,

and we have

and

1d

——f V(u + tpldx = Tf Vl/JVuderrzf VopVodx
2dt ]Rn ]RYl n

+ f VoVudx + 1 IVol*dx,
n RVI

t
f (o + Tll))f h(t — s)Au(s)dsdx
R 0

¢
f(pfh(t—s)Au(s)dsdx
R Jo

I

t
+7:f]1;”¢f0 h(t — s)Au(s)dsdx .

I

1749

(19)

(20)

(21)

(22)

(23)

(24)
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Now estimating Iy, I, we have

f ¢ f th(t—S)Au(s)dsdx
f M f h(t = s)Au(s)dsdx

- 2
= - dt{how cwy [ vul dx}

Ih

R”

1h oVu— —h(t) [Vul*dx, (25)
2 RYL

and

12 = Tf
IRVI

Ut
n

t — s)Au(s)dsdx

(t — s)Au(s)dsdx

ax
j(;h

I
h

t
{Th' oVu+th(t) | [VuPdx - 27 f f h(t—s)Au(s)dsdx}
R” R” 0

&lm_‘

T’ o Vu + Th’(t) IVul?dx. (26)
IRH

I\)I*—‘ NI*—‘

By remplacement of (22)-(26) into (21), we get (17). O

Now we donote the fonctional

Fi(t)

f (l(p + 7Y + Vol + [V(u + o) + |Vu|2)dx —H oVu
]Rn

llp + TPIIT, + IV + TQE, + IVeIIT, + IVullf, + IVull,

(27)

where

||Vu||ﬁ = f W (t = s)||Vu(t) - Vu(s)ll2 ds, t>0

Lemma 3.3.

E1(f) ~ F1 (D). (28)
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Proof. From (16), we have

2Eq (t)

fR n (Igo + 7Y + (B - T)Vpl* + [V(u + Tgo)lz)dx

+{(h — 'y o Vi + (th(t) — G(b)) |Vu|2dx}
]Rn

+7 fﬂ Vo fot h(t — s)Vu(s)dsdx.

= f lp + TPdx + (B — 1) f Ve Pdx
]Rn ]Rn
+72 f IV(plzdx +27(1 = G(t)) VoVudx
n ]RPZ

+1-G®) [ VuPdx + {(h — ') o Vit + Tht) f |Vu|2dx}
-

R”

+1 j};n qu‘fo‘ h(t — s)(Vu(t) — Vu(s))dsdx.
= f lp + T Pdx + (8 — 1) f IVol*dx
IR}’( ]R”
+(1- G(t))(TZ Voldx + 2t f VVudx + f |Vu|2dx)
R R R
+{(h — ') o Vi + Th(t) f |Vu|2dx} + 72G(t) f VP
IRVI IRVI
t

+Tf Vgof h(t — s)(Vu(t) — Vu(s))dsdx.

" 0

Since

A

leﬂ;n V@L h(t — s)(Vu(t) — Vu(s))dsdx] < 7tdhoVu

G(t) f )
+ 25 Ran(pI dx.

1
By setting 6 = —owe get

A

t
_ _ o 2 2%,
Tlfn V(pj(; h(t — s)(Vu(t) — Vu(s))dsdx] < hoVu+ t°G(t) fRn [Vpl~dx

By (29) and (31), we obtain

2ENE) > fR n ((1 — GV + )P + I + T + T(B - T)|Vgo|2)dx

—th’ o Vu + th(t) |Vul*dx.
]Rn

Recall (2) and (4), we have

El(t) > CFl(t).

1751

(29)

(30)

(31)

(32)

(33)
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On the other hand, by (3) it is easy to see from (29)

Et) < c{ f ” (|V(u T 1)Pex + | + TYPdx + (B — 1)Vl + |Vu|2)dx

—h o Vu}
< CcFi().

Because of the boundednen of k(t), G(f), and assumptions (2)-(4).
Hence, by (33) and (34), we obtain

Eq(t) ~ Fa(B).
O
Next, we define the energy of second order.

Lemma 3.4. The energy functional E,, defined by

B0 = 5 [ (Vo e)f + o6 - OlapP + 186+ )P ix
+%{(h —1h') o Au + (th(t) — G(b)) |Au|2dx}
IRTI
t
+Tf A(pfh(t—s)Au(s)dsdx,
n 0
satisfies
1 1
E; = —(W —1h")o Au— =(h(t) — th’ Aul*d
L) = 3 =)o =300~ () [ I
—(ﬁ—”c)f IA(plzdx+R2,
RVI
where
R, = _f,, (§¢¢+2V(qu)A((p+T¢).

Similarly to E;, we have the following lemma.

Lemma 3.5.
Ex(t) ~ Fa(t),

where

Fa(t)

We need the following lemmas.

f (lV((p +TY) + |A@P + |A(u + ) + |Au|2)dx —H o Au

V(@ + T)IIT, + 1AW + T@)II7, + IAIIT, + IAulZ, + lAulf.

1752

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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Lemma 3.6. The functional

D (t) := f V(u + t@)V(p + tp)dx,
satisfies, for any €1 > 0

D) < —(1-3e1) | |A@u+1)Pdx + f V(¢ + T)Pdx
Rﬂ Rll

v+ 2y [ iapPax+ < [ auldx+ Sho Au+ IRy,
&1 R~ €1 JRrn &1
(41)
with
Ry = f A(u + T(p)(%lp(p + 2V(qu)dx. (42)
IRYI
Proof. By differentiating D;, then using (15), integration by parts, we obtain
Di(t) = f V(e + Tgb)lzdx + f V(u + 1@)V(p + ti)dx
n IRVI
= IV(p + i) Pdx — f A+ 1) (@ + TY)idx
RYI ]RH
= f IV(p + i) PPdx — f A(u + t@)Audx — ﬁf A(u + tQ)Agpdx
R” R” R"
¢
- f A(u + 1) f h(t — s)Au(s)dsdx
R 0
+ f A(u + T(p)(%gb(p + ZV(qu)dx, (43)
we have
- f A+ 19)(Au + Ap)dx = - f [A(u + T(p)|2dx
R* n
-B-1) f A(u + tp)Apdx. (44)
Rn
Using Young's, for €1 > 0, and the replacement of (44) into (43), yields (41). O
Lemma 3.7. The functional
D, (t) := —Tf VoV(p + 1¢)dx,
satisfies, for any €5, 3 > 0
Dy() < -(1-e) f V(g + 1) Pdx + 23 f |A(u + Top)Pdx
]Rll Ri’l
+c(1 + l)f |V(p|2dx +c(1+ l) |A(p|2dx
€2 JRrn 3" JRe
+cf |AulPdx + ch o Au + |Ry, (45)

with

Ry = ’L’f A(p(%lp(p+2V(qu)dx. (46)
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Proof. Direct computations give

Dj(t) = Tf UA(@ + T)dx + Tf Ap(p + Ti)dx.
R R
Multiplying equation (15); by A, we get.

Tf Ap(p + t)dx = Tf Ap(Au + BA@)dx

¢
+Tf A(pfh(t—s)Au(s)dsdx
" 0

+1 f A@(Elpgo + 2V(qu)dx,
R \A
and we have
Tf Ap(Au + BA@)dx = f A(P(TAM + BTAQ + T Ap — T*Ap
]RH IRYI
+Hop+ ) = (o + ) i,

we get

Dy = - [ W+ rpdrec- [ 1wl

+Tf A(u + t@)Apdx + f V(p + tp)Vedx
n IRVI

t
+Tf A(pfh(t—s)Au(s)dsdx
n O

+17 f A(p(ggb(p + 2V(qu)dx.
Using Young’s inequality, we obtain (45) for all &5,¢3 > 0. [

Proof. We define a Lyapunov functional
L(#) := N(Ex(t) + Ex(8)) + D1 () + N2Da2 (1),

where N and N, are positive constants to be selected later.
By differentiating (82) and using (16), (69),(73),(77), (41) and(45), we have

Lo s -[NE--aa 51_2)] VolP,
- [N -0 - a1+ ) -1+ D) iagif
&3 &1
=36 - N2€3]||A(M + )|

—:Nz(l - 62) - 1]||V(1/l + T(P)HZ

+ £ + ch]h o Au
LE1

+%((h’ — ") o Vi + (i — Th") o Au)
+N(|R1] + [Rz]) + [R3] + N2|Ry].

1754

(47)
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We pick €; and ¢, small enough such that
1
&1 < 5, & < 1.
After that, we take N, large enough such that
No(1—-&)-1>0.

Once N; and ¢; are fixed, we select €3 small enough such that

(1 - 381)
N,

&3 <

thus, we arrive at

L# < nVu+ )P + 1AW + )l
~[(B = DN = cl(IVollF, + 1A@IE,)

eh o A+ %’((k' — Yo Vi + (W —Th") 0 Au)
+N(IR1| + [Rz]) + R3] + Na|Ryl.
Where y;1 > 0. On the other hand, if we let
L) = D1 () + N2D2 (8),
then
[f@) < jl;” [V(u + t@)V(@ + T¢)ldx + NotT ]ﬂ;n VoV(p + t¢)ldx.
Exploiting (73),(77), Young’s and Poincaré inequalities, we obtain
18O < c(Fr(t) + Fa(t)).
Consequently, we obtain
1€ @O = 1L () = NFL(t) + Fa ()] < c(Fa(f) + F2(1)),
that is
(N =) (F1(t) + F2(1)) < L(B) < (N +¢) (Fa(£) + Fa(t)).
Now, by choosing N large enough and (4) such that

N-c>0,NB-1)—c>0,

and exploiting (16),(69), estimates (48) and (49), respectively and (2), gives

i=4
L) < k(R +Fab) +kaho Au+c ) IR, VE> 0,
i=1

and

co(Fa(t) + Fa(t)) < L(f) < c3(Fi(t) + Fa(t)), Vi > 0,

1755

(48)

(49)

(50)

(51)
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for some ki, ko, cp,c3 > 0.
By multiplying (50) by 9 (f), we obtain

SML (M) < —k () Fr() + Fat) + kad () 1 o Au

i=4

+e9(f) Z IR}, ¥t > 0.
i=1

Using (2)-(4), we have

t
S(HhoAu < - f f W (t —s) (Au(t) — Au(s))* dsdx
n O
= —-hoAu
< —(W —1h")oAu
< =2F) () + 2IRy|.

Thus, (52) and by 9 is decreasing function, we get

SHL ) < kS () (Fi(t) + Fa(t)) — 2k F; (8)
i=4
+CZ IRi|,Vt > 0,
i=1
which can be rewritten as
S L) +2aF (1) = () L() < —Kkd(t) (F1(t) + Fa(t))

i=4
+c Y IR,
i=1

using the fact that ¥’ (f) < 0, ¥t > 0, we have
i=4
(8.(1) LB +2aE2 (1)) < ~ka® (1) (Fa(£) + Fa(B) + ¢ ) IRyl
i=1
By exploiting (51), we notice that
R(t) =9 (t) L) + 2kaF () ~ (F1(t) + Fa(t)).
Consequently, for some positive constant A, we obtain
i=4
R (H) < —AR(t) 8 () + CZ IRi|.
i=1

Integrating (55) over (0, t), we get

t i=4 t
R(t)+f0AR(G)S(a)dGSR(O)+chO|Ri|do.
i=1

1756

(52)

(53)

(54)

(55)
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Now we estimate the remaining terms |R;|,i = 1, ..,4 in (55). First we have

IR

IA

B
= 2VpV d
|jﬂ;n(A1P(P+ ¢ u)(<p+np) x|
' Jee (et + 7= 0)+ 299V 79— 1) i + i

C(”(P”L""”(P”LZ +l@lle=ll(ty + <p)IILz)II(TlP + @)l

+c(||vfp||Lm||V<u + 1)l + ||V<p||Lm||V<p||Lz)||(w —

Using integration by parts, we have

IR

- f ) (ggb(p + ZV(qu)A(go + TY)dx
f” V(%(p((p + 1Y — @) +2VeV(u + 19 — T(p))V((p + Th)dx
B B
Lﬂ (A—T(pV((p + 1)) + A_’[V(P((P + 1)) + Vl(plz)V((p + Tp)dx
+ f (ZH (u+ )PV + 2H(@)(u + )V
Rn

—4TH((p)V(p)V(g0 T Ty,

where H(f)(dx,dx, f), is the Hessian matrix of f.
Using the fact that ||H(f)|| = [|Afll;2, and by Holder’s inequality, we get

Ry <

C{||§0||L°°(||V(u )l + ||V<p||Lz)
HITy + @)l + ||qu||Lm}||V(w + @)z
+c{||V<p||Lm(||A(u + 1)l + IIA(PIILz)

HIV(zy + )z + ||A<p||Lz}||V<w + @l

Similarly, we have

R3] <

C{II@lILw(IIV(M )l + ||V<p||Lz)
(T + @)l + ||qu||Lw}||V(w + @l
+c{||v(p||Lw(||A<u + 1)l + ||A<p||Lz)

HIV + )z + Il JIVEEy + o)l

1757

(56)

(57)

(58)

(59)
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For R4, we have, as in R,
Rl < {ligll= IV + 7l + IVeplz
HIT + @l + Vgl fIV(p + @)l
+e{ Il (1A + @)l + lapl:

HIV(eY + @)z + ||A<p||Lz}||V<w + ol
(60)

Collecting the above estimates, we have
t
R+ f AR (0) 9 (o) do
0
t
<RO+¢ [ (Ol-lelel + Il
0

t
e [ (199l + IpO e + 17+ Ol R (6 s
0
(61)
Now, multiplying the equation (15), by ¢ and integrating over R", we get

1d
24t Jg

lpldx Yodx
]Rn

f 1<P(T¢ +¢ — @)dx
R” T
cllep®llzli(ty + @)(Blrz. (62)

IA

Integrating (62) with respect to t, we get

t
lp®IZ, < ), +c fo ) lzllTg + @)(s)lads. (63)
Collecting (61) and (63), we get
t
K AR (0) 9 (0)d
(t) + fo (0) 9 (0) do
t
<R(O) +c fo (IpENellpENeli + w)ei: Jas
e f (MOl + lp(eli= + IV + )l |R () ds
0

f
» fo o) lted + @)6)llads, (64)

where

K () =R () + lp®IE (65)
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From (64), we get
¢
K AR (0) S (o) d
O+ [ AR 0o

<K +c fot (1 +lp)liwe + ”VM(S)HL‘X’)(]( (s) ds.
Bu using Gronwall’s inequality, we get
K (1) < K (0) b A+I9O 1, HIVHEllo)ds
0

3.2. Higher-order energy estimates

Applying the operator V¥, k > 1, into (15), we get for U = Vku, V = Vkp, and W = VFy

Ut=V
VtZW

t
W, = =W + AU + PAV + f h(t — s)AU(s)ds
B, B
+Z[V , Qi + Z@W + 2[VE, VulVe + 2VuVy,

where [A, B] = AB — BA.
Lemma 3.8. The energy functional of order k, defined by

2

9 = 5 f (V5 + 2747 + (8 = DIV + 195+ ) i

+%{(h — ') o V¥l 1 (th(t) — G(£) fR n |v’<+1u|2dx}

t
+Tf Vk”(pfh(t—s)vk”u(s)dsdx
Rr 0

% f (|V L TWP + 2B = DIVVE + V(U + TV)Iz)dx
]RV‘

+%{(h —1h’") o VU + (th(t) — G(t)) IVUIde}

R)l
t
+Tf VV[ h(t — s)VU(s)dsdx, .
n 0
satisfies
4 pw t = 1(h' —th") o VU - 1(h(t) e 40) f IVUPdx
dt 1 2 2 R
~(B-1) f IVVPdx +RY,
IRTI

where

RY = f ROV + tW)dx,
Rll

1759

(66)

(67)

(68)

(69)

(70)
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and
® B ok B k
Ry = Z[V ,oly + Z(pW+ 2[V5, VulVe + 2VuVv ). (71)
Now we donote the fonctional of order k

FO4) = f (lV +TWP + [VVP + V(U + TV)P + |VU|2)dx _ I o VUL

(72)
Lemma 3.9.
EP) ~ FO (). (73)
Similarly to (20), we define the energy of second order
Lemma 3.10. The energy functional E;k), defined by
EV@H = % f (|V(V +TW)P? + 7(B - T)IAV + AU + TV)Iz)dx
+%{(h —1h') o AU + (th(t) — G(t)) |AU|2dx}
Rﬂ
t
+7 f AVf h(t — s)AU(s)dsdx, (74)
" 0
satisfies
d 1 ’ ” 1 ’ 2
—Ey(t) = (W —th")oAU- z(h(t)—h'(t)) | |AU|dx
dt 2 2 R
~(B-1) f IAV[dx + RY, (75)
where
RO = - f ROAV +7W). (76)
IRVI
Similarly to Egk)(t), we have the following lemma
Lemma 3.11.
Ey(t) ~ Fy(0), (77)
where

FP) = f (lV(V +TW)P + |AVE + AU + TV)P + |ALI|2)dx —I o AU
IR}’(

Then, we have the following lemmas, where it’s proof can be done following the same strategy as in first
part.

Lemma 3.12. The functional

DY (1) = f V(U + tV)V(V + TW)dx,
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satisfies, for any €1 > 0

%Dg“ B < —-(1-3e) f IAU + tV)Pdx + | [V(V + 7W)[Pdx
n Rﬂ

1 —
+e(1+—) f IAVPRdx + < f IAUPdx + ST o AU + IRV,
&1 R €1 JRrn &1

with
RY = fR AU+ TV)RYdx.
Lemma 3.13. The functional
DY (t) := -1 f VVV(V + Wy,
satisfies, for any €, e3 > 0
4 5w 2 2
—D' () < —(1-¢&) | IV(V+tW)dx+2¢e5 | AU+ 7V)[7dx
n R}‘l

dt 2

1 1
+e(1+ =) f IVVPRdx +c(1+ =) | |AVPdx
& n &3 R
+ f |AUPdx + ch o AU + R,
RYI

with

RO =« [ RPave
]Rn

We define a Lyapunov functional

LO ()= NP (1) + EP(t)) + DY (1) + N;DY (1),

1761

(78)

(79)

(80)

(81)

(82)

where N’ and N} are positive constants, and we proceed exactly as in the first stage to get the following

estimate,

t =4
R (t) + f MRP (0) 8 (0)do <RV () +c ) f IRW|do.
0 i=1 0

(83)

Now we estimate the remaining terms |E§k)|,i =1,..,41in (83). First we have by using Holder’s inequality

RO < ROV + tW)l2
RO < VROV + W)z
ROl < IVRYLIvU + V)2
RY| < VROV V]2

(84)
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Lemma 3.14. [18] For k > 0, it hold that

IRON: < O IWks + [Vl + VU + 7Vl )
VROl < cr<t>(||VV||Lz +[IVWIlz2 + 1AV Iz + IAU + TVl )
(85)
where
() = IVollwie + Wil + IVl (86)
Proof. From (71), we have
IRPl < c(||[v<’<>,v]w||p+||v||Lm||W||Lz)
+c(IV®, VulVell + [V~ [Vl . (57)
Now applying the commutator estimate (2.1), we get
VO, olwll: < c(nanmnv(")wan+||w||Lm||v<’f>v||Lz)
VO, VulVol: < c(||Vv||Lm||v<k+1>uan+||Vu||m||v<’<“>v||w)
< (9ol (VD + Tz + VDl
HIVl- 9Vl ). (88)
Plugging the last two estimates into (87), then (85); holds.
Now, to get (85),, we have
B
VRY = Vk“(z(pl,l} + ZVuV(p). (89)
Thus, applying (5), we get
IVRP|l2 < c(||w||Lm||v<’<+1>v||Lz+||v||Lm||v<"“>w||Lz)
+c{ IVl IVl + Vol V6D ).
(90)
Now, we estimate the last terms in of the above formula as
IVull= VD02 + [IVoll VD]
< c{ IVl 1AV Ol + Vol 1AV Dl
< c(lqullellAV"‘)vlle + Vol (IAV® (1 + 7)1 + ||Av<">(p||Lm>).
(91)

Inserting the above estimates into (90), we get (85),. Now, taking (85) into account, then (83) yields

t t
RO (1) + f MRY () 8 (0)do < R (0) + ¢ f )W) + WP Jas, (92)
0 0



S. Boulaaras et al. / Filomat 35:5 (2021), 17451773

where
v = (||W(t)||Lz+||V(t)||Hz+||V<U+TV)||L2)||V<V+TW>||L2
v = {(uthnmu+AVW<t>||Lz+||AV<t)||Lz+||A<U+Tw(t>uLz)

><(||V<u + V) Bl + AVV(t>||Lz)}.

Now, summing up (94) for k with 1 < k < s — 1 and adding the result to (66), we get
t t
O () + f Yo)do < O,(0)+c f r(s)(\{lgs)(o') + \yés)(g))da
0 0

+cf (1+T(0))O;s (0)dog,
0

where
Os(t) = @ +TP)OIE: + 1A@BIE + @I,
+HIA@w + )OI + IV + @)D
HIAuB)F e + @2 + IIVMIIE,H + IIAMIIﬁ,s_l,
and

YOty = LR () 8(p)

t
IVl = - fo Wt = IVu(t) - Vu(@)IR, . do.

Hence, (94) takes the form

t t
O, () + fo YO (0)do <O, (0) +c fo (1 + I(0))®; (0) do.

By Gronwall’s inequality, (97) gives

t
(1+ sup ['(t)Tds
O; (t) < O, (0) e0 0<t<T ,

where T = T(0;(0)) is the maximal time of the local existence.
Hence, if we had that

sup I'(t),
0<t<T

1763

(93)

(94)

(95)

(96)

97)

(98)

was bounded then our result holds. One way to show that the above quantity is bounded is by assuming
smallness assumption on the initial data in some regular spaces and using the bootstrap argument. Indeed,

we assume the following a priori assumption

sup Os(t) <9,
0<t<T

(99)
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for a constant 6 > 0, small enough. Due to the embedding H*(R") < W"™*(IR"), for s; > 5,5, > 5 — 1 and
s3 > 2 we have

sup llp()llwe < sup lp(®lli= < cd

0<t<T 0<t<T

sup [[Vu(t)llr= < sup [[Vu(t)llgs < cd

0<t<T 0<t<T
sup [[P(H)ll= < sup [[P(B)llis < co. o0
0<t<T 0<t<T

Hence, from (98) and (100), we deduce that if (99) holds, (98) yields
O (1) < 10, (0) 10T, (101)

with ¢, ¢2 > 0 not depending on T and 6. Now, we fix 6 > 0 and choose @ small enough such that

0 o

<a<aqyi=——— < —.
O:;0)<a<ap 20, (0) e = 2 (102)
Then, there is T = T(®,(0)) = T(a) = T(0), where (99) holds and hence by (101), we obtain
0
Os(f) < > (103)
forall0 <t < T. In particular
o
0(T) < > <6. (104)

Consequently, the bootstrap argument together with the local existence implies that we can continue the
local solution to T(6) + T(6) = 2T(6) and we get analogously, (101), now for 0 < t < 2T = 2T(5), then
0,(2T) < 6 and so on, we can continue the solutionto T = co. [

4. A Locale Existence Theorem
In this section, using the contraction mapping theorem to show the following local existence theorem.

Theorem 4.1. Let s > n/2 + 1. Let Uy = (up, u1, u2)" = (1o, o, o) be such that ©4(0) < o, for some 50 > 0.
Assume (2)- (4) hold. Then, there exists a small time T(®4(0)) > 0, such that problem (1) has a unique solution u on
[0, T) x R" satisfying

T
sup O(t) + fo Y (0)do < C;. (105)

0<t<T

where Oy (t) and Y (t) are given in (95) and (96), respectively, determining the reqularity of u, and G, is a positive
constant depending on 5.

Proof. First, let U(t) = (u, o, V)T = (u, ur, uy)", Uy = (g, ur, un)”
Therefore, problem (1) takes the form

Uy =

¢
pr=1

; . (106)
TPy = -y + Au+ BAp + f h(t —s)Au(x,s)ds + le(p +2VoVu.
0
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Then

{ GU = AU + BU,VU)(E)

() = Uy (107)

Here, the operator A is given by

u P
ﬂ[ ? ] - Y ol (108)
P L(Au+Bp)+1 f h(t — s)Au(s)ds — =1

0 T

and B is the nonlinear term

0
BUVD=| 0 . (109)
Y +2VpVu)

If U is a smooth solution of (1), then
¢
U(t) = dU)(t) = MUy + f e B(U, VU)(r)dr. (110)
0

We define for s > sy + n/2,
X = {u = (,0,9,0)/ Au,Vue C0,TL,H™), ueW,
¢ € C([0, TL H**), ¢ € C°([0, T], H~'([0, T], HY)),
Y eCMOTLH) , Ul = sup ©,(1) < oo, (111

0<t<T

where W is the completion of C;° under the seminorm ||V.||>.
We also define

zZ = {u / Uiz = fo YoM < oo}, (112)
where ©;(t) and Y©)(t) are defined in (95) and (96), respectively. It is clear that

IUllz < cTNUllx,
for some ¢ > 0. Define

F = {x NZ, U0 = Uo(x)}. (113)

Hence, from the above computation, we deduce that ®(U) is well defined and it maps ¥ into X N Z. We
define the ball Dy as

Dr = {U €7 IUllvoz < R}. (114)

It is clear that Dy, is closed subset of the space ¥ and non-empty for all R > Ry with R3 < ©,(0). Our goal is
to show that:

(1) ® maps the ball D into itself,

(2) @ is a contraction in Dg.

As we will see properties (1) and (2) are valid for R large enough, depending on the initial data, and for T
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sufficiently small and its choice is given later. Once the properties (1)-(2) are verified, the application of the
contraction mapping theorem gives the existence of a uniques solution of (107).
We write

OU) = U’ +J(U), (115)

where U° = ey, J(U) = [} ¢ BU, VU)(r)dr.
It is clear that U° satisfies the linear equation

U+ AU° =0, U'(x) = Up(x), (116)
and 7 (U) satisfies the nonlinear equation with zero initial data, that is

g U) +AJU) = B(U,VU), JU)(x,0) =0. (117)
As in the proof of Theorem 3.1, we have for all ¢ € [0, T);

U DI + U B < cO5(0). (118)

Now, to bound 7 in Dg, we have by applying once again the proof of Theorem 3.1, (especially the estimate
97)) forall0<t<T,

t
1T WO + 1T W)@ < Cfo (1+T1(0))Os(0)do. (119)
Now, using the Sobolev embedding H*(R") — W(R"), for s > 1 + n/2, we get
['(t) < cyOs(t) < cllU(®)llx- (120)
Hence, (119) yields
IT WO + 1T WG < cTIUGI; + CT||U(1f)||§(/2
< ¢T(R?* + R%?). (121)

Collecting (100) and (105), we obtain

D)z < cOs(0) + cT(R* + R*?). (122)
Choosing R sufficiently large and T sufficiently small such that

¢®,(0) + cT(R? + R%?%) < R%.
That is

. R -0,
= o(R? + R32)’

provided that R? > c©,(0), then, we obtain
DU, < R,

hence, we have prove that ®(Dg) C Dg.
Now, we need to prove that @ is contractive. We have, as above for U and V in Dg, J(U) and J (V) solve
the equation, hence, we obtain (117).

HIMU) -J (V) + AT MU -J (V) = B(U,VU) - B(V,VV)

JU)(x,0) =T (V)(x,0) = 0. (123)
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We put W(t) = J(U(t)) — J(V(t)). Then, we obtain from above
W) + AW() = BU,VU) — B(V,VV)

WU)(x,0) = 0. (124)
Let U = (u,¢,¢)T and V = (@, §, )" , then we have
B(U,VU)
0
0
" LW - 59) + 2VgVu— VGVD)
0
0
0
" HE -+ oy~ )+ 2(VEVu~ V) + Vi(Vg - V)
0
(125)

Following the same steps as before, we obtain (instead of (94)), forall0 <t < T,

t
Oy(W) + f YO (W)(0)do
0

t
<c fo [T(U(0)) + T(U(0))] YO(W(0)) VO(U(0) — V(0))do

t
+c j; (1 + T(U(0)) + T(U(0))) VO(W(0)) VO(U(0) — V(0))do.
(126)
Applying (120), we deduce that

[Wilxnz < cTIIU = Viix(1 + [[Ullx +[[VIx),
this implies

1T (U = V)llxnz < cTIU = Vlixnz(1 + 2R).
Now, we fix T small enough such that cT(1 + 2R) = x < 1. Hence, we deduce that

1P(U) = D(V)llxnz < xllU = Vllxnz,
thus, we conclude that @ is a contraction in Dr. The application of the contraction mapping principle shows
that there exists a unique solution U € ¥ of (1). This finishes the proof of Theorem 4.1. [
5. Decay rate

In this section, we prove decay rates for solutions to (1). Let

V= (¢ + 1, V(u + 19), Vo, Vi),
be the global solution according to Theorem 3.1, with ¢ = u; and ¢ = uy. Let

16t @, Pllge = llep + TYIIT + IV + T@)IE, + 7B = DIVIIT, + IVullf, + [IVully. (127)

It is clear that the norm above is equivalent to the norm ||V||i2.



S. Boulaaras et al. / Filomat 35:5 (2021), 1745-1773 1768

Theorem 5.1. Assume that (2)- (4) and s > 1 + n/2. Let u be the global solution of (1). Let @9 = u(t =
0); 1 = uy(t = 0) and pp = uw(t = 0) satisfying o, o1, 2 € LY(R") x H(R") and @1, 2 € LYY(R"), with
f]Rn @i(x)dx =0,i = 1,2. Assume that ||V0||i1 s 18 small enough. Then, the following decay estimates hold:
(1 + t)y~/4il2 Jifn>2

o1+ 1) V42 log(1 + 1), ifn = 2 (128)

IVVOIR + IV ur(b)IIF, < {

forall0 <j<s.

Proof. First, inspired by the decay estimates of the linear problem (see Propositions 2.4 and 2.5), we define

S

M= sup Y (1+ 1) VIV, + IV pO)I). (129)

0ot 55
We also define the quantities

My = sup(l+0):(IV(O)I} + llp)Iif-)

0<o<t

M,

sup (1 +0) i 2 (|V(0).). (130)

0<o<t

So, our goal is to show that M(t) is bounded uniformly in ¢t if ||Vo||i1 — ||V0||i] +||Voll?,. is small enough.
From (110), we have for U = (u, ¢, ), and for 0 < j < s,

VUl

IA

t
Ve Ul + f IV DB, VU) (1)l
0
. t/z .
= Ve Uplly + f IV BU, VU)(1)llgr
0

¢
+ | IVIBU VU @)llgedr
t/2
= Ve Uplly + I + L. (131)
This gives, by using the estimate (13),

IV Uollgr < (1 + 8y 42Vl + IV VoIl go)-

2
L1 (]Rn) LZ(RVI

Now, for [;, we have (also using the estimate (13))
£/2 -
L < ¢ f 1+t —r)IPIBU, VU)() reydr
0

t/z —_—
+c f e INVIBU, VU) ()| 2wy dr
0
= I +ho, (132)

where B(U, VU)(t) = (Epy +2VuVe,0,0).

To estimate I it is convenient to divide the integral into two parts I;; and I, corresponding to [0, ¢ = 2] and
[t = 2,t] and then estimate each term separately, ( Lemma 7.4 in [19]). First, we have by using Holder’s
inequality,

B VU Bll ey < IVEIR + lp®IE. (133)



S. Boulaaras et al. / Filomat 35:5 (2021), 1745-1773 1769

Hence, I;; can be estimated as follow

t/2 . J—
In f (L + £ = P AP BL VU)o ndr
0

IN

£/2 ‘
cM2(t) f (1 +t =) A2 4 )20y
0

IN

t/2
cMA(H) f I S e
0

IA

t/2
cME(E)(1 + £y f (1+7)"2dr
0

cMP(H)(1 + t)4012, n>2
M1+ t) 4 1og(1 + 1), n=2

On the other hand,
IVIBU, VU)Il2(re)

IA

clIVipyl, + IV (VuVe)l2,

c(||vf<p(<p + ) + IVI@IE, + ||Vf<VuV<p>||§z),

IA

(134)

this gives, by applying (5),
[VBU YOO gy < Cliols (Vi@ + 7). + [VVe,:)

+Cllp + Yl [Vg|,. + ClIVelles [[V/Ve] .

+CIVlls [|VV(u + t9)| .

+CIIV(u + 1)l [V V|,

C(1+ B72(1 + £y 412 My (HM(E)

+C(1 + £)27V2(1 4 1) AR ML () M(E).

IA

(135)
Consequently, using these estimates, we deduce that
Iy < C(1 + £)73"2712 (Mo(b) + My (t)) M(b).
Next, I is estimated by applying (13) with j = 1 and using V/"'8(U, VU)(#) instead of Vj, to obtain, for j > 1

t
I f [Ve! VI B, VU)(r)|, dr
2

IA

t
C f (1+t—r)—%-%||vf—1B(U,VU)(r)||Ll dr
t/2

+C f " et VB, VU)(),, dr
= Iy+ tl/; (136)

On the other hand, we have by applying (5),

IV B, VOO

CUVOI +le®ll) (v V), + [V ®)]2)

CMEB(1 + D47 (137)

IA

IA
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Thus,

IA

t
I CM2(t) | Q+t-r i 2147 Tdr
t/2

IA

-1 ' n_1
CMz(t)(1+t/2)—§—’zf (A+t—riddr
t/2

IN

2
(1 +t/2)‘g‘]21f (1+7) i 2dr
0

I B (R ) I PR V)
C+5 { log(t + 1), i n=2
1+, if n>2
1+t 2 2log(t+1), if n=2

IN

(138)

For I, we have as in the estimate of I1,
I < C(1+ £)72712 (Mo(#) + M (1)) M(t).
Therefore, collecting the above estimates, we have
viuel,
< CO+ ™2 (1Voll ey + [V Vol 2 )
+CMP(D(L + )42 4 C(L+ )42 (Mo (t) + Ma (D) M(D).

(139)
This yields
M) < CIVolle + [V Vol )
+CMA(t) + C (Mo(t) + M1 (£)) M(t). (140)
Applying Lemma 2.3 witha = 5-,g=r=2,j=0and p = co, we get form >
Ve < CIVVIE VI,
and similar estimates can be used for [|¢||r~. This yields
Mo(t) < CM(),

n n+2

provided that s > m > 7 Next, to estimate M;(t), we apply Lemma 2.3 witha = 5%, =r =2,j = 1 and

- n+2
p = oo, we get for m > 5=

YVl < CIVVILE VIS 7
This leads to
Mi(t) < CM(b),
provided that s > m > 5 + 1. Hence, since Mo (t) + Mi(t) < CM(t), then (140) implies that

M) < C(IIVollrwn + ||V Vo (Rn)) + CMA(D).

Consequently, applying Lemma 2.2 gives the desired result, provided that |[Vol|pg») + ||Vf VOH 2R is small
enough for all 0 < j < s. This the proof of Theorem 5.1 is complete. [
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6. Uniqueness of Solution

We prove the continuous dependence and uniqueness for solutions of problem (1). Let A and x two
different solutions of problem (1) with respect to initial data (Ag, A1, Az) and (xo, x1, x2) respectively. Then
Z(t) = A(t) — x(t) verifies (1), and we have

¢
d(1 B
TZttt + Ztt - CZAZ - ﬁAZt - L I’l(t - S)AZ(S)dS = _(C_Zﬁ

g (T + IVEIZ). (141)

Multiplying (141)1 by X;, and by T2, then collect the results, and integrating the result over R", we get

d _ 1 ’ 7 1 ’ 2
EEl H = E(h Th")o VL 2(h(i,‘) Th'(t)) jl;n IVE[“dx
-(B-1) f VI Pdx + Ry, (142)
IRYl
where
1
Ei () = 5 f (|zt + 784 + (B — D)|IVIL + [V(Z + th)F)dx
+%{(h — 1) 0 VE + (th(t) — G(b)) |VZI2dx}
]RYI
¢
+7 VZ,f h(t — s)VX(s)dsdx
n 0
~ Fi(t)
= %+ Tl + IVE + w27 + IVEAR, + IVEIZ, + IVEIE,
(143)
and
R, = f (EZHL + ZVEtVZ)(Z[ + TZ”)dx. (144)
Using (2)-(4), and From (142), we have
d
—E < |R
Frid 5 < IRy
< IR+ C(”Zt +754l7 + IV(E + TE)IE, + VI,
HIVEIR, +IVEIE) (145)
by integrating (146), we get
t t
Ei(t) < Ei0)+ f IRi(s)lds + ¢ f (||2t + T2l + IV(E + TE)IP,
0 0
+HIVEE, + IVZIE, + IIVZIIﬁ)ds, (146)

collecting (56), (63) and (146), we obtain

t
BE() < E(0)+c fo (L+ IO + IVEGIE. )26s, (147)
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where

B(t) = Ex(t) + IZeDIZ ~ Fa(t) + 11 (DI, (148)

on the other hand, from (143) we have
20) 2 cofIZ+ TSl +IVE + TR,
FIVENR, + IVEIR, + IVZIR + ||zt(t)||iz). (149)
Applying Gronwall’s inequality to (147), we get

(”Zt + TZullf, + IV(E + TZIE, + IVEAL + IVIIE, + IVE; + IIZf(f)IIfz)

Wleo

off (1+uzf<s>||2 +||Vz<s>uioo)ds
< E(0)e . (150)
This shows that solution of problem (1) depends continuously on the initial data.

Similarly, in higher-order energy, we obtain the same results.

7. Conclusion

The aim of this paper is the investigation of the Cauchy problem of a third order in time nonlin-
ear equation known as the Jordan-Moore-Gibson-Thompson (JMGT) equation with the presence of both
memory. Using the well known energy method combined with Lyapunov functionals approach, where
we have proved a general decay result. JMGT is a nonlinear partial differential equation that arises in
hydrodynamics and some physical applications. Recent developments in numerical schemes for solving
Moore-Gibson-Thompson have placed immense interest in nonlinear dispersive wave models. In the next
work, we will try to apply the same technique with Boussinesque and Hall-MHD equations which are
nonlinear partial differential equation that arises in hydrodynamics and some physical applications. It was
subsequently applied to problems in the percolation of water in porous subsurface strata (see for example
[1]-[5],[20],[21]).
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