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Existence and Uniqueness of Weak Solution of p(x)- Laplacian in
Sobolev Spaces With Variable Exponents in Complete Manifolds
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Abstract. The paper deals with the existence and uniqueness of a non-trivial solution to non-homogeneous

p(x)-laplacian equations, managed by non polynomial growth operator in the framework of variable
exponent Sobolev spaces on Riemannian manifolds. The mountain pass Theorem is used.

1. Introduction

Let (M, g) be a complete non-compact Riemannian manifold, we consider the following equation

= Apeo(x) + h(x, u(x), V() + | u(x) PO 2u(x) = flx, u(x), 1)

where —A,u(x) = —div (| Vu(x) P02 Vu(x)) is the p(x)-laplacian in (M, g). The conditions assumed on the
functions f and & are:

(f1): f(x,0) =0and f is measurable to the first variable and continuous to the second variable.
(f2) : There exists f > p* and some A > 0 such as for each |a| > A we have

0< f F(x, ) dvg(x) < f f(x, 0().% do,(x) ae x € M,
M M

where F(x, a) = f f(x,t) dt being the primitive of f(x,a).
0

(f5): lim S @)

A e = 0 uniformly a.e x € M.
a|—o0 | (X

Example 1.1.
flx,a) =cla®®1 ve>0, B < Kx) < p(x)
is a function satisfying the above conditions.
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(h1) : h(x,s) : M X R — R be a Carathéodory function such as for a.e x € M and for all s € R,
|h(x,8)| < y(x) +1(s).|s P,

where I : R — R is a continuous increasing positive function that belongs to L (M) and y(x) € L'(M).
The study of variational problems with non-standard growth conditions is an interesting topic in recent
years. p(x)—growth condition can be regarded as an important case of non-standard (p, g)—growth condi-
tions. Recently, the study of these kind of problems has attracted more and more attention. For example
Fan Xian-Ling and Zhang Qi-Hu, in [9], proved the existence of solutions to the Dirichlet problem of
p(x)—laplacian

—div(|VuP¥2Vu) = f(x,u) x€Q,

u=20 x€dQ,

with several sufficient conditions, and a criterion of existence for an infinite number of pairs of solutions to
this problem. For more result we refer the reader to [5, 18]. The typical applications of variable exponent
equations include models for electrorheological fluids [3], image restoration processing [7], non-Newtonian
fluid dynamics [14], Poisson equation [8], elasticity equations [15, 20], and thermistor model [21].

Moving on to another field undergoing great development; the Sobolev space on Riemannian manifolds.
The theory of Sobolev space for non compact manifold arose in the 1970s with the work of Aubin, Cantor
Hoffman, and Spruck, many of the results presented in their lecture notes have been collected between
the 1980s and the 1990s. It has been studied very intensively for over fifty years see [4, 12, 16] and also
e.g [10, 11, 13, 17].This is also the case for the applications already mentioned to scalar curvature and
generalized scalar curvature equation, we quote [6]. Additionally, Yamabe problem for conformal metrics
with prescribed scalar curvature [19], and to obtain isoperimetric type inequalities [16].

Considering that some basic properties of the standard Lebesgue space are not valid in the variable
exponent case. For example, Zhikov [21] observed that in general smooth functions are not dense in
WEPL(Q). Besides, the challenges coming are due to the absence of topological properties like convergence
and embedding.

In this paper, we will be applying the Sobolev spaces with their variable exponents on the non-compact
Riemannian manifolds theory to our equation (1). As for the structure of the paper, we will be sectioning
it into: Recalling some definitions and Lemmas. We will then move to prove the existence of non-trivial
solution using the mountain pass Theorem, and we will finish it by a demonstration of the uniqueness of
non-trivial solution with f as the Contraction Lipschitz Continuous function.

2. Framework Space: Notations and Basic Properties

First of all, we must recall the most important and pertinent properties and notations, by that, referring
to [4, 12, 18] for more details.

Definition 2.1. Let V be the Levi-Civita connection. If u is a smooth function on M, then V¥u denotes the k—th
covariant derivative of u, and | V¥u | the norm of V¥u defined in local coordinates by

| VU = gt gl (VEu; g (VU o,

where Einstein’s convention is used.
e Given a variable exponent p in P(M) and a natural number k, introduce

CPIM) = {u e C(M) such that ¥j 0 < j<k|Vu|eLV)

on CZ(')(M) define the norm

k
litllyo = Y1 Vil
j=0
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Definition 2.2. Given (M, g) a smooth Riemannian manifold, and y : [a, b] — M a curove of class C', the length

of yis
b dy d
0= [ o5

and for a pair of points x, y € M, we define the distance d,(x, y) between x and y by
dy(x,y) =inf{I(y): y: [a, b] — M such that y(a) = x and y(b) = y }

Definition 2.3. A function s : M — Ris log-Holder continuous if there exists a constant c such that for every pair
of points {x, y} in M we have

c
15() = s(y)| < —————.
log(e + e )

We note by P°9(M) the set of log-Hélder continuous variable exponents.

Proposition 2.4. Let p € P9(M), and let (Q, ¢) be a chart such that
1
Eéij < gij < 2(51]
as bilinear forms, where 0;; is the delta Kronecker symbol. Then podp~! € PlI(h(Q)).

Definition 2.5. We say that the n-manifold (M, g) has property By,(A, v) if its geometry is bounded in the following
sense:

® Re(g) = A(n — 1) g for some A

o There exists some v > 0 such that | B1(x) |, > v Yx € M.

Proposition 2.6. Let (M, g) be a complete Riemannian n-manifold. Then, if the embedding L}(M) < L1 (M) holds,
then whenever the real numbers p and q satisfy

1<p<n,

and

the embedding L} (M) < L1(M) also holds.

Proposition 2.7. Assume that the complete n-manifold (M, g) has property Byo(A,v) for some (A, v). Then there
exist positive constants 69 = 0o(n, A, v) and A = A(n, A, v), we have, if R < 0p, if x € Mif 1 < p < n, and if
u € LI ((Br(x)) the estimate

s < Ag | Vi,

Proposition 2.8. Assume that for some (A, v) the complete n-manifold (M, g) has property Byo(A, v). Let g € P(M)
be uniformly continuous with p* < n. Then L’lj(')(M) — LIO(M) ¥p € P(M) such that p < q < p* = %. In fact,
for [lullyo sufficiently small we have the estimate

0q0)(1) < G (0p) (1) + Gp) (I VL)),

where G is a positive constant depend on n, A, v, p and q.
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3. Existence of Non-trivial Solution

Definition 3.1. u € Ll;(')(M) is said to be a weak solution of the problem (1) if for every ¢ € D(M) we have
f | Vu(x) PO 2g( Vu(x), V() dog(x) + f W, u(x)) . $() doy(x)
M M

+ f | (x) P 72u(x) () dog(x) = f [, u(x)) p(x) dvy(x) ()
M M

Theorem 3.2. Suppose that (f1) — (f3) and (hy) are true. Then the problem (1) possesses a non-trivial weak solution.

To access our main premises, the ones shown in the first Theorem, we have to initially demonstrate few
lemmas related to the mountain pass Theorem and Palais-Smale condition. Considering the functional

Au) = f —(IVu ) P+ u(x) PO) dog(x) + fM H(x, u(x)) dog(x)
fF(x u(x)) doy(x),
M

14

with H(x, u(x)) = f h(x, t) dt being the primitive of h(x, o). And H(x,0) =0

0
It’s follow from (2) and the hypothesis of (f1)—(f3), (h1) and the above definition of H, that A is C' functional.
Let DA = DB — DC the differential of A = B — C with

DB = f | V() PO-2g( Vu(x), V() do,(x)
M
+ j;{ h(x, u(x)) . p(x) dv,y(x)
+ fM () PO 21(x) Pp(x) dog(x),

and

= fM [l u(x)) p(x) doy(x).

Lemma 3.3. The functional A satisfies mountain pass geometry in the sense that:
i/ A(0) =

ii/ There exzsts 1,1 > 0 such that A(u) > nif ||ull > r.

iii/ There exists u, ||u|| > r such that A( ) <0.

Proof. i/ A(0) = 0 is obvious.
ii/ we need the assumptions (f2), (f3) and (h;), then we obtain

f Fx, u(x)) doy(x) < f |4 P doy(x)
M

< B LOP() (M),

sfM(foum(x,tndt)dvg(x)

<c1+0 Q,,(,)( |ul), where c1,c, two positive constants.

and

‘LH(x, u(x)) dvy(x)
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P

o) since |[u]| = r < 1. Now using the Poincaré

Choose ||u|| = r sufficiently small, so that g,)(u) < [ul|
inequality, we get

Al) = fM ;%uwoo PO 4+ 1) PO ) doy(x) + fM H(x, u(x) doy(x)

—f F(x, u(x)) do,(x)
M

> pi (a0 (V1) + gy (0)) = €2 gy (1) — %@pc)(u)

=

1 1
Gpr Pq(y (1) = (Cz + [—3) Pp) (1)

- 1 +
2 gyl = (e )il
asin [11], since g~ > p* and if [[ull,0(r) = ) small enough, we have ||u||Z;(_)(M) << ||u||Z;(_)(M). Hence
A(u) > 0.
We can prove iii/ by using (f,) and (1), for t > 0 and u # 0. So,
A(tu) = f L (VR P = [ PY) dog(x) + f H(x, tu) doug(x)
m Px) M
- f F(x, tu) dvy(x)
M
)
= f — (IVtu P = | tu [P) do,(x) + f H(x, tu) doug(x)
m P(X) M
- f F(x, tu) dog(x)
M
< f L(X)(|Vtu|i”<’f> — [t P9 do,(x) + 1 f |t PY) do,(x) + ¢
~ Jup(x) ! B Jum 7 !
+c f | 1 [P do,(x).
M
This implies:
t'- -
Alt) <= (Ppo (I Vit l) = ppiy (1) ) + c3 7 pygy (), 3)

dividing (3) by #" and passing the limit t — oo we get A(fu) — —oo, since p* > p~.
Hence, A(u) satisfies the hypothesis of mountain pass Theorem. [J

Lemma 3.4. The functional A satisfies Palais-Smale condition.

Proof. Let {u,} be a Palais-Smale sequence, such as the associated sequence of real numbers { A(u,)} is

bounded, and DA(u,) — 0 in (L’;(')(M) ). We will first demonstrate that (1, ) is bounded in L’;(')(M). And
prove it throughout contradiction.
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Let || u, || —> o0 as 1 —> o0. Then, we have

L;IJ(-) (M)

At % < DA, > —% f (1 Vit P 11, P oy ()

(5

f H(x, 1) — h(x, ). )dvg(x)
M

p
+fM o, uy) . — —F(x,un))dvg(X),

by (f2), we obtain
A = 5 < DA, 1 > > (0= 2) [ (190,19 =, 10) o 0
B rt Bl Jum

+L(H(x,un)—h(x,un)-%)dvy(x)
> J(up) + 1(un),

with,

) = (5= 5) [ (9P 10, ) doyo),

and

t) = [ (H ) =) 3 ) oy

Jat) = (== = + ) (@) + 0 (1 V),
P B

or 05 (1 Vit ) + 05 (i) 2 217" Il ”U()(M) o
11y,
) = (= 2) 27
1 1 214’* o
> (F - E) = Ml e

with G being the positive constant of the embedding L’;(')(M) — LIO(M). And by (h1), we get

p(0)+1
th(x, Un) Uy dvg(x) < c1 + 2l ”L:<~><M>'

And

f H(x, u,) dogy(x) = f f flx, 1) dt dvg(x)

> —c1 = C20p() (| un ).

Thus,

2 1
I(un) > —c1 = ca. gpy(lual) — — — — [l un i

‘B ﬁ L”()(M)
1 1
> —a1+ E)_ o 1+ gl i ) 60

1458
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Hence,

+

1 1 1. .
Alwn) = 5 < DAG), > 2 (5= 2). 27"l I

’ o
1 1
- —Cl(l + E ) - C2(1 + E Al ||L;;(~>(M) ) - Op() ([tnl).- (4)

Now, dividing both sides of (4) by || uy, ||

which is absurd.
Hence, (1,,) is bounded in L’{(')(M).

e Since {u, } is bounded in L’;(')(M), there exists a subsequence of { u, }, noted again by {u, }, that converges
in Lq(')(M). We will prove that {u, } is Cauchy in L’;(')(M) i.e that

O and passing to the limit n — oo, we get0 > c0as g > p* > 1

m gyt — ) =0 = lim_g,0)(1 V1t = 10) ). ©)

mmn— o0

And to finish the demonstration of the Theorem 1, it suffice to show that the subsequence of { 1, } still noted
by {u,, } is a Cauchy sequence in L;;(')(M).
Consider the following functionals

By(u) = f (I V) P + [u(x) P + H(x, 1) ) do(x), (6)
p(x)<2
and
By(u) = f (IVu(x) P9 + [u(x) PO + H(x, 1)) dog(x), @)
p(x)>2

on L’;(')(M), and note that
Qp(.)(um —Uy) + Qp(.)( | V(um — 1)) = Bi(um — up) — Bo(u — up), 8)
consider also the following inequalities

22

-l = I [Aer -2 - w |02l - 1D for1sp<2, ©)
and
C— P <2 (CP2C - uP2p).(C—p) for p>2, (10)
where, , 4 € RN and (2) we deduce that
Bt =) < [ (V00 = 1) P 1y =0, P04 G, 1)
Heo)) o

<o [ f (I Vit PO Vit — | Vit PO Vit )Vt — 1) doy ()
p(x)>2
+ f (lup |p(x)—2 Uy — | Uy |p(x)—2 Up ). (U — Up) dvy(x) ]
p(x)=2

+c2f [ 14y, P dvg(x)—czf [ty P dog(x) + c3.
p(x)>2

p(x)=2
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Thus,
277" Bo(ttyy — thy) << Uy — Uy, DB(ityy) — DB(1ty,) > .

And using (6) and (9), we obtain

e |
z 5 Bi(upm — uy) < f !]( | Vi, |p(x)—2vum - | Vu, |p(x)—2 Vi, V(ty — ty))
p(x)<2

29—

X (Vi |+ Vi )™ 27 doy(x)

P

+ f (I Vuy, |p(x)72um —luy |p(x)—2 Up ). (U —Up) =
p(x)<2

29(0)-q(?
X ([t |+ un )™ 2 doy(x)

+ f H(x, uy) dog(x) — H(x, u,) dog(x).
p(x)<2 p(x)<2

Remark 3.5. If a and b are two positive functions on M, then by Holder’s inequality

2
2-p

P P v 2
f azb 2 <2 Wy a?|l 2 ¥pa 2| 2.
L¥ L
p<2
where ¥ is the indicator function of M, moreover, since

ez a3 < max{ 1@, &1(@)7 }

2
P
and

—p2 Ly
o2 51|z, < max{g,(0) T, 1),

2-p

we get,

J
p<2

Thus, using (14) twice in (12) we infer that

2p-p?

b2 <2 max{e(a), Ql(a)g } max{gp(b)zp%, 1}

[N

(P_ - 1)B1(um —uy) < P(< Uy — Uy, DB(um) - DB(un) >)Q(”um ”U;’/ |1y, ”Li’ )/

for some constructible continuous functions P(x) and Q(y, z) with P(0) = 0.
Since the sequence { || u, || 0 } is bounded, from (15), (11) and (8) we conclude that if
1

lim < wu, —u,, DB(u,) — DB(u,) >=0.

m,n—00

To obtain such that a limit, recall that DA = DB — DC hence

< Uy = Uy, DB(t) — DB(uyp) >= < wy, — ty, DA(uy) — DA(uy) >
+ < Uy — Uy, DC(uy,) — DC(uy) >,

we estimate

1
<ty = 1y, DC(at) = DC(tn) ><= 1N t) = Ny ) | 101

X ” um - uﬂ ||LZ(')(M)/

1460

(11)

(12)

(13)

(14)

(15)
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where G being the positive constant of the embedding L’;(')(M) s LIO(M)

and Ny : LPO(M) — (LPU(M) )’ is the Nemytskii operator induced by f, with

N () = £, u().

Hence, using the continuity of Nemytskii map, the convergence of {u,} in LPO(M) the boundedness of
{11 t4n llso @y } and the hypothesis on DA(u,,) — oo as n — oo, we deduce that the functional A satisfies the
Palais-Smale Condition. [

4. Uniqueness of Non-trivial Solution

Now, let us show the uniqueness of solution.

Theorem 4.1. Assume that condition (fi) — (f3) and (h) are true. With f € LV'®(M) is a contraction Lipschitz
continuous function such that 3o with0 < a < 1

| f(x,u1) = f(x,u2) | < afug — uz . (16)
Then, the problem (1) has a unique non-trivial solution.

Proof. Suppose that 11 and u, satisfy (1). Then we have
LIVW FPO=2 Vuy . (Vuy — Vuy) dvg(x) + ]A‘Ah(x, ur). (w1 —uz) dog(x)
o [ PR = ) doy ) = [ fn)- = n) do o)
M M
and
Lquz P2 Yy . (Vuy = Vg ) dog(x) + Lh(x, ). (1z — uy ) dog(x)
o 1P =) o) = [ fCxm). (=) o),
Adding the above two equations yields.
fM ( | Vity P92 Vaty — Vit P92 Vi ) (Viy = Viy) do,(x)
+ fM(h(x,ul)—h(x,uz)).(ul —uy ) dvg(x)
+ L(Wl P2 g = up |p(x)_2-”2)-(”1 —up) dug(x)
= [ ()= f)). = ) oo
by (f2), (f3) and (16) we obtain
fM( [ Vg P92 Vg — |V P92 Vi, ) .(Vuy = Vuy ) doy(x)
¥ fM(h(x,ul)—h(x,uz)).(u1 — ) do,(v)

+f (|u1 P2 1y — |1y P92y +a(u1—u2)).(u1—u2)dvg(x)20.
M
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Then,
fM(m(x,um— Ih(x,uz)l).(ul — 1) dvg(x) >
j;(|Vu1W“*Q.|Vu1|—|Vu2W“*Q.|Vu2|)<|Vu1|—|Vu2|>dvﬂx)
+L@wwﬂmvmwﬂwﬂﬂmvmnmm
Z.1;(|VM1W“*J-—|VM2WQ}4)-(|VM1|—|VM2|)dvﬂx)
+LWMM4mWﬂﬂmPMD%m
va [ (=) doy
M
So, by (1) we have
ﬂﬁMxmn—mumﬂQ«m—mwww

sjﬁwmmmdwumWWmMAmwmn
M

Hence,
09 = ) 1Pl = ) 0
M
Z\fw(|vulwu)1'-|VM2W&)1)-(|VM1|—|Vu2|)d%AX)
M
+I“WWH-MW”Uﬂthﬂwmw
M
va [ (=1l do.
M
Which implies that
OZJAOWMW”L%VWW®4)HVm|4VmDd%u)
M

+jﬂmWH4MHmM4mWHJWHwW>
M

x (1] = [u2]) dog(x)
va [ ()=l o
M
zfowM”thW4wwm—mmwwm
M

Hence, we obtain that u; = u, almost everywhere. This complete the proof of uniqueness. [J

5. Conclusion

In sum, the first and second Theorems, are valid and substantiated. We can then say that the solution of
the problem (1) is a unique and non-trivial one.
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