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Abstract. In this paper we estimate R = P{X < Y} when X and Y are independent random variables
following the Peng-Yan extended Weibull distribution. We find maximum likelihood estimator of R and its
asymptotic distribution. This asymptotic distribution is used to construct asymptotic confidence intervals.
In the case of equal shape parameters, we derive the exact confidence intervals, too. A procedure for
deriving bootstrap-p confidence intervals is presented. The UMVUE of R and the UMVUE of its variance
are derived and also the Bayes point and interval estimator of R for conjugate priors are obtained. Finally,
we perform a simulation study in order to compare these estimators and provide a real data example.

1. Introduction

In reliability theory stress-strength models have been studied for many years, mainly due to their
applicability in engineering, meteorology, climatology, quality control, medicine, etc. In the most common
stress-strength model the system fails if the applied stress X is greater than strength Y, so the reliability
parameter R, where R = P{X < Y}, is a measure of system performance. For example, if X represents the
maximum pressure caused by flooding and Y represents the strength of the leg of a bridge, then R is a
measure of the bridge solidity. In a broader interpretation, R can be viewed as a measure of difference
between two populations. For example, in medicine, if Y represents the response of a treatment group, and
X refers to a control group, R is a measure of the effect of the treatment.

An exhaustive bibliography on the estimation of R is available in [17]. Some recent papers on this topic
include [22], [27], [14], [18], [Z], [16], [28], [33] and [2-4].

As far as the Weibull distribution is concerned, various point and interval estimators of R were studied in
[25], [20], [211], [19], [11, [26], [13] and [6]. Different cases were considered including two and three parameter
distributions, with equal and unequal shape parameters based on complete and censored samples.

Since the Weibull distribution is not flexible enough to model all lifetime data, many of its extensions
and modifications have been proposed. A review of such distributions can be found in [30], and some other
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papers on this topic include [5], [8] and [31]. Inferences on stress-strength reability of such extensions are
studied in, for example, [32] and [23].

Recently, in [29], a new extended Weibull distribution was introduced. This distribution has one more
shape parameter than standard two-parameter Weibull distribution and it can have both positive and
negative skewness, as well as both increasing and upside-down bathtub shaped hazard rate function.
As suggested by Peng and Yan, this distribution is very flexible and suitable for modeling data with
upside-down bathtub shaped hazard rate, which commonly appears in reliability analysis, for example,
the dynamic component data of the commercial vehicle engines [15], the maximum flood levels [24], the
guinea pigs data [11]. Moreover, it has a closed expression for the distribution function, which may make
it a preferred choice in practical applications in comparison to some other modifications of the Weibull
distribution.

Its distribution and density functions are

Fega,pA)=1-e " x>0,
FOoaBA) = a(d + praf-2e et s, (1)

where a, a > 0, is the scale parameter and g and A, § > 0, A > 0, are shape parameters.
Let X : PYEW(ay,f1,41) and Y : PYEW(ay, 52, A2) be independent random variables with Peng-Yan
extended Weibull (PYEW) distribution. The reliability parameter R is
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R=P{X <Y} :f f a (A +ﬁ1x)xﬂ1—2e—%—a1xﬂ1e Xlaz(/\z +‘Bzy)yﬁz—2€*7zfazyﬁze 7 dydx
0 X
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In the case f1 = > and A1 = A,, using change of variables s = —apxP e‘AT-] the equation above simplifies
to
a
R=—21 3)
a1+ an

The rest of the paper is organized as follows. In section 2 the maximum likelihood estimator (MLE)
of R and its asymptotic distribution are derived, and, based on it, the asymptotic, exact and bootstrap-p
confidence intervals are constructed. The uniformly minimum variance unbiased estimator (UMVUE) of R
and the UMVUE of its variance are obtained in section 3. Bayes estimator of R with respect to mean square
error as well as the credible interval is derived in section 4. In section 5 we perform a simulation study and
compare the obtained estimators, while in section 6 we present a real data example.

2. MLE of R and its Asymptotics

Let X = (X1,Xp,...,Xy) and Y = (Y1,Y>,...,Y,) be the samples from the distributions of random
variables X and Y. The log-likelihood function of the combined sample InL = In L(a1, az, f1, f2, A1, A2; X, Y)
is

n n n 1 n M
InL=nlna +Z In(Aq+p1xi)+(B1 — Z)Z lnxi—/hz ol aqz x;'e
i1 i1 =1 i1
m m m 1 m _Q
+minay+ Y In(o+foy)+(B2—2)) Inyi-A) | e W) e .
] j=1

j=1 j=1 j=1
The MLE'’s of the parameters are obtained from the system of likelihood equations:
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In general case there is no analytical solution for this system and it can be solved by numerical methods,
for example by the quasi-Newton algorithm. However, when f1, 2, A1 and A, are known, the MLE's for a4
and a, can be explicitly derived from the first two equations as

—~ n — m

ar = - s 2= -
¥ XPe % Y YPeT (5)

i=1 j=1

Then, using the invariance property of MLE, from equation (2) we get the MLE of R
~ °_ oM g e G R
R = ar(A + ﬁlx)xﬁ1 e~ TMIe T TR X gy (6)
0

When the corresponding known shape parameters are equal, using equation (3) we get

@

R==——.
a1+ ar
2.1. Asymptotic Distribution

The standard regularity conditions [12] for the asymptotic normality of MLE's are satisfied (see Appendix
for details). Hence, it holds

Vn(ay - 041,51 - ﬁlle - A1) 5 N30, I (a1, B1, A1) 8)

when n — oo, where I(a1, $1, A1) is Fisher information matrix

E(=5E%) E(Gndn) E(Gmon)

(a1, 1, M) = - E(azlﬁ?gf» E(QZIS,SJ;X)) E(BZ/I;H)(Z()) ’

SRR E(S) (5

f(x) = f(x, alr,Bl/Al)‘
It could be calculated using equalities

PInf(x) 1

2 27
Bal o



M. Jovanovié et al. / Filomat 35:6 (2021), 1927-1948 1930

*In f(x) i
R Y
EYSETS xPle” > Inx,
M = xﬁl_le_/\%,
81118/\1
*In f(x) X2 M,
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d*In f(x) x M
=_ pi-lo=%
o, M+ pp + a1 e Iny,
P1n f(x) 1
=- — a2,
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Similarly,
i@ - az, o — Ba, A — A2) 5> Na(0, 17 (az, B, A2)), 9)

when m — oo, where I(as, 2, A2) could be analogously calculated.
From equation (2) it follows that

B [T e e b et @
5_51 = f(; ) a1xﬁl‘2e‘/\7l‘“”‘ﬁ”'%‘“2"’526_%2 (x + (A + B1x) In x(l — agxP e‘/\Tl))dx,

5—/i = fom a1x51*3ej71*“1"‘31€7/\71*“Zxﬁzef%z (x - (M + ,le)(l - alxﬁle’%l))dx,

el R i B an
3—‘52 =- jom araa(Aq + Brx)xfrtF=2 In x e_%_%‘“lxﬂl‘f%_azxﬂzej%dx,

| " ann(ly + ettt o E gy

Using above formulae the asymptotic distribution of R can be determined.

Theorem 2.1. Let the ratio - converge to a positive number s when both n and m tend to infinity. Then

ViR - R) % N(O, V)
when n — oo, where V = BJBT,

B[R R R R R R
- (9(!1 Bﬁl 8A1 Haz 8ﬁ2 (9/\2

and

] _ [Il(allﬁll /\1) 0 ]
B 0 SI_l(Olz,ﬁz, /\2) ’

Proof. From expression (9) it follows that

\/EGZ - aZr.B; - .82/7\(2 - AZ) = \/%%@2 - D(Z/B; - ﬁzlr/iz - AZ) i) N3(0/ 51_1(a2/ ﬁZ' /\2))/
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when both n and m tend to infinity. Combining this with expression (8)) we get that

V(@ - CVl,,El - ,31111 - M, — Oéz,ﬁz - [32,}2 - A2) 4 N3(0,]),

when n — 0. Using the method from [12] Corollary 6.4.1.] we get the statement of the theorem. m|
In special cases the situation is much simpler.

Corollary 2.2. Let the ratio ;. converge to a positive number s when both n and m tend to infinity and let the shape
parameters B1, B2, A1 and Ay be known constants. Then

ViR - R) % N (0, V1)

when n — oo, where
OR \? OR \?
_ 29 2( 7
V1 B al(aal ) * Saz(aaz) (12)

and i—i and ;TR; can be determined using equations and .
Moreover, in the case when 1 = By and Ay = Ay, it holds

2.2
aja; ) (13)

= d
\/ﬁ(R —R) - N(O,(1 +S)m
when n — oo,

Proof. In the case when the shape parameters 81, f2, A1 and A, are known constants, expressions and
() become

Vi@ —a1) 5 N, )
and

V(@ - a2) 5 N(0,03),
ie

V(@ — as) 4 N(0,503).

a; 0 . .
Then, B = [i—i 3%2] and | = 01 saé}' Using previous theorem we get the statement of the corollary.

In the case when the shape parameters are known constants and 1 = , and A1 = A,, from equation
it is obtained that

MR__a@ R___a
80(1 B (CY1 + 0(2)2’ (90(2 a (CY1 + 0(2)2 '
Changing that in equation (12), we get expression (13). i

2.2. Confidence Intervals Based on MLE

2.2.1. Asymptotic Confidence Interval

Using the asymptotic distribution of R the asymptotic confidence interval of R can be constructed. In
what follows, z, denotes the ath quantile of the standard normal distribution.
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In general case, using Theorem 2.1 we get the asymptotic interval of confidence level 1 - y for R, which
is given by

I(ASYM) R Zl—’ ﬁ o ﬁ)’

y \/ﬁ R+zl_v (14)

b4 W
where R is the MLE of R given by equation (2) and V =BJBT. Using the invariance property of MLEs, Bis

obtained by replacing each parameter with its MLE, in the expression for B defined in Theorem while

T can be obtained in the same way, or by inverting the observed Fisher information matrix.
When the shape parameters are known, using Corollary 2.2 we obtain the asymptotic interval of confi-
dence level 1 -y for R, which is given by

45 = (R 2y ——=R+2y
1 \/E 1

(15)

where R is calculated using equations @ and (6)), and V; is obtained analogously to v by using equations

®. @0, and and invariance property.

In the case when the shape parameters are known and 1 = f; and A; = A, from expression follows
that the asymptotic interval of confidence level 1 — y for R is given by

1 ~2~2 1 522
T R (EE TSl SR (RSN SH) a9

no (g +ap) no(a +a)

where R, @; and a; are obtained using equations (5) and (7).

Remark 2.3. In case the lower or upper bounds fall outside the interval [0, 1], the confidence interval is appropriately
truncated.

2.2.2. Exact Confidence Interval

It is easy to prove that if XPe % has exponential E(a) distribution, then X has PYEW(q, 8, A) distribution.
In the case when the shape parameters are known and ; = f and A; = A, from equation (5) follows that
na; " and ma;”" have gamma I'(n,a1) and gamma I'(m, ay) distributions respectively. Then, 2a;na; ' and
20oman ! have chi- -square )(2 and chi-square )(2"1 distributions respectively, so that "2“1 has Fisher’s Fou 20
distribution.

Using this fact and equation (3) we get that the exact interval of confidence level 1 — y for R is given by

1 1
D = —, —) (17)
1+ FZm,Zn;l—% a 1+ FZm,Zn;% &

where Fa, 04, is ath quantile from Fisher’s Fy,,, distribution and a7 and a; are obtained using equations

(5).
This fact also enables us to create a test for testing Hy : R < Ry against H; : R > R for some fixed value
Ry. Since g—f = %, the test statistic

1-Rod;

T= —,
Ro [2%)

under Hy, has Fisher’s Fy,, », distribution. The critical region is {T > C}, where C is the appropriate quantile
of Fisher’s distribution, and the p-value is 1 — Fr(Ty), where T is the sample value of T.
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2.2.3. Bootstrap-p Confidence Interval

The confidence intervals based on the asymptotic distribution do not perform very well for small
sample sizes. Therefore, in the case when the shape parameters are known, we propose a construction of
the confidence interval based on parametric bootstrap-p method. The algorithm is illustrated below.

Step 1: From initial samples x = (x1, X2, ..., X,) and 'y = (y1, Y2, ..., Ym) calculate MLEs a; and a; using equations
©).

Step 2: Use those estimates to generate bootstrap sample x; from PYEW(a1, 1, A1) distribution and bootstrap
sample y; from PYEW(a3, B2, A) distribution. Based on these bootstrap samples compute estimates

a; and a;, using equation (5), and IF{ of R using equation (6), or, in the case of equal shape parameters,
equation (7)

Step 3: Repeat step 2, N boot times.

Step 4: Let Rv*(a) be the ath empirical quantile of the 1‘5: values obtained in step 3, that is, the Nath value in the

ordered list of the N replications of Ej If Na is not an integer, assuming a < 0.5, the largest integer
less or equal (N + 1)a should be used. The bootstrap-p interval of confidence level 1 —y for R is given

by

(BOOTp) _
L= (R Ray) (18)

3. UMVUE of R

In this section we find the UMVUE of R, denoted by E, and the UMVUE of the variance of R.
When § and A are unknown there is no complete sufficient statistics for parameters of Peng-Yan extended
Weibull distribution. Therefore we consider only the case when shape parameters are known. Then,

n m

_M _l2

Tx = E Xfle X and Ty = E Yfze Vi
i=1 =1

are complete and sufficient statistics for a; and a,. These statistics, as a sum of independent identically
distributed random variables with exponential distribution, are both gamma distributed with parameters
(n, 1) and (m, ap) respectively.

Theorem 3.1. For R and 1/2\2 hold

— -1 0 -2 -1 A 2 )
R ztﬁlt’"‘l f (tX xPre> )n (ty - xﬁze_%)m (A + ﬁlx)xﬁl_ze_%l{tx > xﬁle_%}l{ty > xﬁze_%}dx
Xty 0
(19)
and
= m-1n-2 _M _M\n-3
R = - 1:}11 1 )f f (M +ﬁ1xl)xl -2 Xl (M +[31xz)x *z( x’fle 5 —x‘gle i)
Ay
(ty—xﬁe e xge *2) I{tX> Pro~a +x’ge *; }I{l’y >xﬁze e +xﬁe ) })dxzdxl (20)

The UMVUE of the variance of Ris given by

—

Var(ﬁ) = (ﬁ)z - R2. (21)
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Proof. To calculate the UMVUE of R we shall use the procedure from [17, subsection 2.2.2]. Using the

A
transformation of independent random variables (X;, Tx — Xfl 6_711) to random variables (X1, Tx) we get

"
- (tX—xﬂl e ) _
p1-2 —*—a o B "1 -2 € an! A
gx, 1.(% tx; a1, B1, M) = a1(Ag + prx)x e = TN (t —xPe ) )

T(ni-1) Ity 2 e

and

A
n-2 _ —xP1 1)
(l‘x xPre~ *) €a1(tx T g

-1 iz e

Putting 1 as arbitrary value for a; we obtain

grax=x(tx; a1, f1, A1) =

grix,=x(tx; 1, B, A1)
31,1, A
1.1 Bo A LA

A
n=2 _ _B ——1)
(tX—xﬁ 67?\71) . (’X Ple” X
_ T'(n-1) 1 -1 p1-2 _’Ll_xﬁg-/‘%
= e I{tx > xPle™ }(Al + p1x)xt e

I'(n)

fr(x) =

n-— 1 _L n-2 B _L _L
- pn—1 (tX —afte ;) (A + ﬁlx)xﬁ1 2e ;I{tx > xPe },
X

and analogously

frlw) = - = Sty =y 3 T 4 By Tty 2 e Y,
Y

A2
Using Theorem 2.5 from [17], and change of variable s = ty — yf2e” v, we get
- [ 1< @ Awaxdy
M \n=2 A M
f f o = xﬁle_T) (A + ﬂlx)xﬁl_ze_ x I{tx > xPe = }

. 1 (i’y —yPe™ )m (A2 + Bay)yP2e™ I{i’y > yP2e” 0 })dydx

:ﬁ Lw (tX — Xﬁle_ x] )n—Z(tY — xﬁze_%)m_l(/\l + ﬁlx)xﬁl_ze_%l{tx > X‘Ble_%}l{ty > X}gze_%‘z}dx.

In order to calculate the UMVUE of R?, we apply the identical procedure as above. Putting &y = 1 we
obtain

2
ITxIX1=x1,X2=x, (tX/ 1, ﬁl; /\1

gr(tx; 1, B1, A1) H f(i;1, B, Av)

iz
-1n-2 9 _M
Z%G xﬁe *11 ge *2) (/\1+ﬁ1x1)x11 205
X

fx(xl, X) =

A A A
o M _M M
(A +ﬁ13€z)x§1 e = I{tx > x‘fle B +x§16 2 },



M. Jovanovié et al. / Filomat 35:6 (2021), 1927-1948

and analogously

-~ m—1)(m—2 ) m-3 o 2
Fr(y1, v2) :%( yf e 5 —y ‘e yz) (/\2+,32]/1)]/§ 2o70n
Y

B2

A A A
(A + ﬁzyz)ygz_ze_ﬁl{ty > y’jze_ﬁ +y, e_ﬁ}.

Using Theorem 2.5 from [17] we get

R2 :ffffl{x1 <yil{x; < yz}ﬁc(xl,xz)ﬁ(yl,yz)dxl dx, dy dy»

1935

-1 2 _M _M\n-3 o M o _M
f f f f (n t’z(? )(X_xfle 7 ~'e 2 )n (A + Brxn)xy %7 (M +/319fz)3‘§1 e

(m —1)(m — 2)(

= y;lsze—% _ygze‘%)n Ay + ﬁzyl)yﬁ n

‘I{tXZx’fl -5 +x e kz}

A Ao
(A + ‘Bzyz)yZZ—Ze_EI{tY >y, Zefﬁ + yﬁze_ﬁ})dyz d}/l dxy dxq
nm-1n-2 - LM  _h1yn-3
= ( ) f f (A +ﬁ1x1)x -5 (/\1 + ﬁlxz)x/ *z (tX — x’: e - xg e XZ)

tn 1tm 1
(ty xﬁe Xl xﬁe *2) I{tx> brg~ *1 +x’ge B }I{tYfozef% +x§26_%})dx2dx1.

The statement (21)) follows from Theorem 2.6 from [17].
In special case the situation is simpler.

Corollary 3.2. If the shape parameters are known and p1 = po = pand Ay = Ay = A, then expressions for R and R2

simplify to
~  n-1 Dy — )k k-1
R=—— (tgl(+k_1 - (max{O, tx — fy}) )
tg(lt';flkzo n+k-1
and

n+k-1
ML) by — b )L R —( max{0, tx—ty})

-1
7 =<n—1)<n—2)’”z( k
iyt — n+k-2 n+k-1

n+k—2
—minf{ty, ty}(max{O, tX—ty}) )

Proof. Putting B instead B; and B, and A instead A and A, in the equations and (20), after some

calculations we get

— n-—1 0 -2 -1 ]
R =T f (tx - xﬁe’%)n (i’y - xﬁe’%)m (A+ ﬁx)xﬁ’ze’%l{tx > xﬁe’%}l{ty > xﬁe’?\}dx
x fy
n-1 tx
=W f Sn_z(ty —tx + s)m‘ll{s > max{0, tx — ty}} ds
x ty Jew
—1 (m-1 ~1-k
n-1 v ")ty —tx)" n+k—1
- tn+k—1 _ O,t _t
el e k-1 (5 = (maxto, = tv1) )

and

- - ]. —2 0 © 2 A 2 _A _A\n-3
R2 =wf f (()\ +,Bx1)xf 26 x\l (A +‘Bx2)x§ 2@ X (tX —xfe *\1 —xﬁe vz)
0 0

n—=1gm-1
tX tY
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(ty - xﬁe M= xﬁe Y )m 1I{tx > xfeiﬁ + xge_%}l{ty > xfffﬁ + xge_%})de dxq

]
_A
txfx/fe 1

:—(n 1;711)::; 2) A+ ﬁxl)xf_Ze_%dxl f s" 3ty — tx + s)"’*ll{s > max{0, tx — ty}} ds
0 —o0
m—=1 (m-1 m—-1-k
(m=-Dn-2) v Oy —tx) f ( S
= A+ x
prTpn] kzz(; n+ k-2 (A + ) e

. ((tX - xfe_% e (max{O, tx — ty})"+k_2)l{tx - x/:e_% > max{0, tx — ty}})dx1

_(n=1)(n-2) § "Dty — b

—1gm-1 —
£ tﬂ; e n+k-2

tx n+k-2
f (Sn+k72 _ (max{O, ty — ty}) )I{s > max{0, tx — ty}}ds

)‘rl+k—1

:(n—l)(n—2>’"Z‘j(f",:l)(ty—txw-l-k(t’;:k-l{ max{0, fx—ty)

in{ty, t 0t —ty)) 7
n+k-2 n+k—-1 _mln{ X Y}(max{ X T Y}) )D

n—-1gm-1
tX tY k=0

4. Bayes Estimator of R

In this section we deal with Bayes estimator of R, denoted by R.

Since all our parameters are defined on (0, ), a popular prior for such parameters is the gamma prior.
Let, in the case when all parameters are unknown, the priors be a; : I'(a;, b;), Bi : I'(ci, di), Ai : [(e;, fi), i € {1,2}.
Let, for brevity, 91 = (a1, 1, A1) and 92 = (az, B2, A2). The joint posterior distribution of random vector 91 is

L

n(91x) = a1+n 1, m(bl+2x e T H(/\l + i /51 )ﬁcl 1 7d1ﬁ1)\el Al(f1+i)::1%i),
where

—ai|b +£ he i -A +Z E
K = f a e m(] A H(/\l + B )ﬁq Tlehbpal l(ﬁ = ’>d91,

with d9; = da1dB1d A4, is the proportionality constant. The analogous formula holds for 7(8,]y).
The Bayes estimator of R for mean square loss function is the posterior mean. Here it can be obtained as

R=ERNy) = [ ROy 9m(Enpon(@aly)isdss @)
(0,000
where R = R(91,9,) is given by equation (2), or, in the case of equal shape parameters, by equation (3).
The integral can be in general case solved using Markov chain Monte Carlo algorithm and numerical
integration.

In the case when the shape parameters are known, gamma priors are conjugate priors for rate parameters
a;, soletay : I'(a1, b1) and ay : I'(az, bp). We obtain the following posterior distributions

a|x: T a1+n b1+Zx e *1 , (23)

aly : T(a2 +m, by + Z y?ze_%). (24)
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Then, the Bayes estimator of R, in the case of unequal shape parameters, is

R = ERiy) = f f R, az)(an b me(aly)dandac,
0 0

where R = R(a1, a,) is given by equation (2).
When the shape parameters are known and ; = $; = f and A; = A, = A, the closed form expression for
R, from equation (3), enables us to obtain the posterior density for R and Bayes estimator of R. Calculation
n ) m _A
is similar as in [9]. Denote, for simplicity, a* = a; + n, b* = by + ), x‘?e_’%, ¢ =am+mandd =by + Y, y?e Yi,
i=1 j=1
Then, the joint posterior distribution is

G @) ot
T@)(c) " °

n(a, aslx,y) = a5 e,

an

Transformation of variables R = T

and W = a; + ay gives us

O @) s

1= =1, a +c*—1 —wd*(l—cr),
ere O

h(r, wix,y) =

0<r<1,w>0, wherec =% and ¢ < 1. The posterior density for R is

~ 00 B 1 b*a rg”—l(l _ r)c*—l
fina) = [0 y) o= g ()

0 < r < 1. Finally, using equation 3.197.3 from [10] we get

1
R =ER|x,y) = f r friy (r)dr
0

« (p\
u*ﬁ-c*(%) JFi(@ +c,a+La +c* +1;¢), for o<1,
a '

<\ C
u*w(%) 21-"1(51* +c,ca+ct+ 1, C%l), for c< -1,

where,F; is hypergeometric function.

When the shape parameters are known and 1 = 8, = fand A; = A, = A a credible interval can be
obtained. From relations and follow that, for integer-valued a; and a,, 2b*a1|x and 2d*a,ly have
chi-square x3,. and chi-square x3_. distributions respectively, so the ratio

ad* axly
bc* aq|x

has Fisher’s Fy o0+ distribution.
Using this fact and equation (3) we get that the credible interval of level 1 — y for R is given by

JBAYES) _ 1 1
R " \pykep 1+ ECF :
atd* " 2¢',2a%1—-5 o d T 20 2%k

Remark 4.1. The special case of Bayes estimators above, when all the hyperparameters are equal to 0, corresponds to
the Jeffreys non-informative priors.
5. Simulation Study

In this section we conduct a simulation study for different sample sizes and different values of known
shape parameters and unknown scale parameters. We choose various parameter combinations. The
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inference about values of R larger than 0.5 is the same as the inference about 1 — R with interchanged
parameters of X and Y, so we consider only the cases with R ranging from 0 to 0.5. For fixed values of
sample sizes and distribution parameters, we do the following procedure. We choose a sample and calculate
the MLE, using (6) and (7), as well as Bayes estimate using both non-informative Jeffreys priors (see Remark
i and informative gamma priors with hyperparameters 5 and 5 (means of these prior distributions are
equal to true parameter values), where we find the estimate from the posterlor distribution for R using
Monte Carlo method with 5000 replicates. For smaller sample sizes, n,m < 20, we also calculate the
UMVUE, using Theorem [3.1)and Corollary while in rest of the cases we are unable to do it due to the
computational limitations. For all these point estimates we calculate their standard errors.

We also calculate the 95% asymptotic confidence interval, using and (16), and 95% bootstrap-p
confidence interval, using with N = 1000 boot times, as well as 95% Bayes credible intervals based on
the Monte Carlo method mentioned above. In the case of equal shape parameters, we also calculate the
exact confidence interval, using .

This procedure is repeated for 500 samples and the averages for each estimate are calculated.

From Tables [If and 3| one can notice that the standard errors increase when R gets closer to 0.5. For
smaller values of R, the UMVUE, having the smallest bias, seems like the best estimator. For R = 0.5, the
biases are almost equal, so Bayes noninformative and MLE become slightly better, since they have a bit
smaller standard error. As expected, due to additional information, the informative Bayes estimate has the
smallest standard error.

From Tables [2] and [}, we observe that all interval estimators, with the exception of the asymptotic
confidence for smaller sample sizes interval, have good coverages. In the case of equal shape parameters,
the exact confidence interval and the Bayes noninformative credible interval have the best performance,
while in the case of unequal shape parameters, the Bayes noninformative credible interval is the best, while
the bootstrap-p interval is better than the asymptotic one. It is also noticable that the Bayes informative
credible interval is too conservative for smaller sample sizes.

6. Real Data Application

In this section we compare daily wind speeds in two Atlantic coast cities, A Corufia (Spain) and Bergen
(Norway), from January 1st 2010 till December 31st 2019, taken from the database of the European Climate
Assessment & Dataset project available at https://www.ecad.eu/dailydata/predefinedseries.php!

Most of our formulae are obtained for the case when shape parameters are known. In practice, the
parameters are usually fixed using some historical data or previous knowledge. Here, the values of the
shape parameters are obtained from the whole populations. They are ; = 1.2, 41 = 45,and 5, = 1.2, A, = 30.

For illustrative purposes random samples of the size 30 are taken:

X (A Coruna): 81, 33,39, 78, 28, 22, 53, 25, 25, 28,
17,44, 31, 28, 39, 22, 22, 42, 39, 31,
36, 39, 44, 33, 36, 25, 33, 36, 28, 44;
Y (Bergen): 36,57, 26,52,29,93,50,72,53,11,
31,27,37,15, 28, 38, 28, 26, 48, 17,

34,28, 35, 30, 45, 22, 100. 126, 21, 39.

To check that the PYEW(ay, 1.2,45) and PYEW(a5, 1.2, 30) distributions fit the data, we used a Lilliefors-
type modification of the Kolmogorov-Smirnov test with estimated parameter a. The null distribution of
the test statistic is obtained by simulation, exploiting the fact that it does not depend on scale parameter.
We were unable to reject the hypothesis that the data follow the PYEW distribution with shape parameters
given above (see Table|5).

The point estimates with their estimated standard errors, as well as interval estimates of R are given in

Table 6| The standard error of R is estimated as /¥ (see Section [2). The UMVUE of R and estimate of its
n
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Table 1: Point estimates for R and their standard errors for case 1 = =fand A1 = A, = A

1939

MLE UMVUE | Bayes noninf. | Bayes inf.

m a B A| R n m| R SER)| R SER) | R SE® | R SE®
10 10026 0.08 | 025 0.08 | 027 0.08 |026 0.07

10 20026 0.07 |025 007 |027 0.07 026 0.06

05 15 040 10| 025| 20 110|026 007 |025 007 |027 0.07 |026 0.06
20 201|026 006 |025 0.06 |0.26 0.06 026 0.05

100 100 | 0.25 0.03 025 0.03 | 025 0.03

10 10033 010 [033 010 [034 009 |[034 0.08

10 20034 0.09 |033 0.09 |034 0.09 034 0.07

05 1 040 110|033 20 110|033 0.09 |033 009 |034 0.09 034 0.07
20 20034 007 |034 007 [034 0.07 |034 0.06

100 100 | 0.33 0.03 0.33 0.03 033 0.03

10 10050 011 | 050 0.11 |0.50 0.10 0.50 0.09

10 20051 0.09 {050 0.10 |[050 0.09 |[050 0.08

1 1 040 10 20 101|048 0.09 |049 0.10 | 049 0.09 0.50 0.08
20 20| 050 0.08 | 050 0.08 |050 0.08 | 050 0.07

100 100 | 0.50 0.04 0.50 0.04 0.50 0.03

10 10050 011 | 050 0.12 | 0.50 0.11 0.50 0.09

10 20051 010 |[050 0.0 |[050 0.10 |[0.50 0.08

1 1 1 10 | 05 20 101|049 010 | 050 0.10 | 0.50 0.09 0.50 0.08
20 220|050 0.08 | 050 0.08 |050 0.07 | 050 0.07

100 100 | 0.50 0.04 0.50 0.04 0.50 0.03

10 10{050 0.0 | 050 0.11 |050 010 |0.50 0.09

10 20{050 0.09 |050 0.09 |050 0.09 |050 0.08

1 1 3 50 20 101|049 0.09 | 050 0.10 | 0.50 0.09 0.50 0.08
20 20049 0.07 | 049 0.08 | 049 0.07 | 049 0.07

100 100 | 0.50 0.04 0.50 0.04 0.50 0.03
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1940

exact asymptotic bootstrap-p Bayes noninf. Bayes inf.
ap ay P Al R n m| 1 u  cov 1 u  cov 1 u  cov 1 u  cov 1 u  cov
10 10{0.13 045 096|010 042 094 |0.13 045 096 |0.13 045 096 |0.14 041 0.99
10 201|015 044 097|012 040 094 |0.15 044 094 |0.14 041 096|015 039 0.98
05 15 040 10{025| 20 10|0.13 041 096|012 040 0.94|0.13 041 094|014 043 096 |0.16 040 0.98
20 20015 038 095|0.14 037 094|015 038 096 |0.15 0.38 094|017 037 0.98
100 100 [ 0.20 0.31 0.94|0.20 030 095|020 031 095|020 031 094|020 0.31 095
10 10(0.18 055 097|015 053 0.93|0.18 0.55 097|018 055 0.97|0.20 0.51 0.98
10 20(021 054 093|018 051 091|021 054 091|019 052 094|021 049 0.98
05 1 040 10(033| 20 10|0.18 050 095|017 049 0.93|0.18 050 093|020 052 0.95|0.22 050 0.98
20 220|021 047 096|0.19 046 094|021 047 096|021 047 096|023 047 0.98
100 100 | 0.27 0.40 0.94|0.27 039 094|027 040 094|027 040 094|028 040 0.95
10 10(030 070 094|029 071 091|030 0.70 093|030 0.70 0.94|0.33 0.67 0.99
10 20(034 070 092|033 0.69 090|034 070 090|032 0.68 0.94|0.34 0.65 0.99
1 1 040 10 20 10|0.30 0.65 096|030 0.67 094|030 0.65 0.94|032 0.68 0.96|0.35 0.66 0.98
20 20(035 0.65 094|035 0.65 092|035 0.65 0.94|035 0.65 0.94|0.37 0.64 0.98
100 100 | 043 0.57 0.94 | 043 057 094|043 057 094|043 057 094|043 0.57 0.96
10 101|029 070 0.95|0.28 070 091|029 0.70 094|029 0.70 095|033 0.67 0.98
10 20(033 0.69 094|032 069 091|034 0.69 091|031 0.67 094|035 0.66 0.97
1 1 1 10| 05| 20 10(0.30 0.66 0.95|0.31 0.68 093|030 0.66 093|033 0.68 0.96|0.35 0.66 0.98
20 20|035 065 094|035 0.65 093|035 0.65 094|035 0.65 095|037 0.63 0.98
100 100 | 0.43 0.57 0.94|043 057 094|043 057 094|043 057 094|043 0.57 095
10 10(030 071 095|030 071 091|030 071 094|030 0.71 0.95|0.33 0.67 0.98
10 20{034 070 094]0.33 070 092|035 0.70 092|032 0.68 0.95|0.34 0.65 0.98
1 1 3 50 20 10|0.30 0.66 094|031 0.68 092|030 0.66 0.92|033 0.68 0.94|0.35 0.66 0.98
20 20(0.34 0.64 094|034 064 090|034 064 093|034 0.64 093|036 0.63 0.97
100 100 | 043 0.57 0.96 | 043 057 096|043 057 096|043 057 096|043 057 0.97
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Table 3: Point estimates for R and their standard errors for case 1 # fp or A1 # A

1941

MLE UMVUE | Bayes noninf. | Bayes inf.

& B M|a P Al R | n m| R SER)| R SER)| R SE®R) | R SER)
10 10(0.10 0.04 [0.09 0.04 (011 0.04 |0.10 0.03

10 20({0.10 0.03 |0.09 0.03 {010 0.03 0.10 0.03

1 1 101 3 10|009| 20 10|0.09 0.03 009 0.03 |0.10 0.03 0.10 0.02
20 20010 0.02 |0.09 0.03 |010 0.02 |0.10 0.02

100 100 | 0.09 0.01 0.09 0.01 |0.09 0.01

10 10}0.11 0.07 {010 0.07 |013 007 |0.11 0.06

10 20(0.11 0.05 011 0.05 |0.12 0.05 0.12 0.04

05 3 1015 1 2]010| 20 10}0.11 0.06 |0.10 0.07 013 007 |0.12 0.06
20 20,011 0.05 |0.10 0.05 |012 005 |0.12 0.04

100 100 | 0.10 0.02 0.11 0.02 |0.11 0.02

10 10(0.11 0.06 [0.09 0.06 |012 007 |0.11 0.05

10 20({0.10 0.05 |0.09 0.05 |0.11 0.05 0.11 0.04

1 04 50,1 04 10010 20 10|0.10 0.06 |0.10 0.06 {012 0.07 |0.11 0.05
20 20,010 0.04 |0.09 0.04 |011 0.05 |0.10 0.04

100 100 | 0.10 0.02 0.10 0.02 |0.10 0.02

10 10}0.11 0.06 |011 0.06 |013 007 |012 0.05

10 20(0.11 0.04 |0.10 0.05 |0.11 0.05 0.11 0.04

15 1 10| 1 1 2]010f 20 10|0.10 0.06 |011 0.06 |0.12 0.06 0.12 0.05
20 20010 0.04 [0.11 0.04 |0.11 0.04 0.11 0.04

100 100|0.11 0.02 0.11 0.02 0.10 0.02

10 10]0.11 0.04 {011 0.05 012 0.04 0.11 0.04

10 20(0.11 0.04 |011 0.04 |0.12 0.04 0.11 0.03

1 04 50415 1 50(011} 20 10011 0.03 |0.11 0.03 |0.12 0.04 0.11 0.03
20 20011 0.03 011 0.03 |0.11 0.03 0.11 0.03

100 100 | 0.11 0.01 0.11 0.01 0.11 0.01

10 10(0.13 0.07 {012 0.08 |0.15 0.08 |0.14 0.06

10 20013 005 |012 0.06 014 0.06 0.13 0.05

05 1 1015 04 2 |012| 20 10|0.13 0.07 |0.12 0.07 |015 0.08 0.14 0.06
20 20013 005 |012 0.06 |014 005 |0.13 0.05

100 100 | 0.12 0.02 0.13 0.02 |013 0.02

10 10(026 0.07 [024 0.08 |026 007 |025 0.06

10 20]026 007 |{024 0.07 |026 007 |025 0.06

1 04 2|1 3 2024 20 10(/024 0.05 [024 0.06 |025 0.05 0.25 0.05
20 201025 005 (024 0.05 025 005 [025 0.04

100 100|0.24 0.02 024 0.02 024 0.02

10 10]0.25 0.10 {025 0.11 |0.26 0.10 0.26 0.08

10 20(025 007 [025 008 |026 0.07 |026 0.07

15 1 501 04 10{025| 20 110|025 0.10 |0.26 0.10 |0.27 0.10 0.26 0.08
20 20025 0.07 |025 0.08 {026 0.07 |0.25 0.07

100 100 | 0.25 0.03 025 003 |025 0.03
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Table 3: Continuation

1942

MLE UMVUE | Bayes noninf. | Bayes inf.

m p Mo B M| R n m| R SER)| R SER)| R SE®R) | R SE®
10 10(026 0.10 [0.27 0.11 (028 0.10 |0.28 0.08

10 201|027 0.08 |027 008 |027 0.08 |027 0.07

1 3 101 1 2)027| 20 10(026 0.10 |[025 010 [028 010 |0.27 0.08
20 20026 0.07 |027 0.08 {027 0.07 |0.27 0.07

100 100 | 0.27 0.03 027 003 |026 0.03

10 10(032 0.11 (032 0.11 (033 011 |033 0.09

10 20]033 008 |031 0.08 {033 008 |0.32 0.07

1.5 04 50|05 04 10|032| 20 10031 0.10 (032 011 [032 010 |033 0.09
20 20032 0.08 |032 0.08 {032 0.08 |033 0.07

100 100 | 0.32 0.04 032 004 |031 0.03

10 10033 0.09 [033 008 [036 009 |034 0.07

10 20(035 009 |035 0.09 {035 008 |0.34 0.07

15 04 2|1 3 2|033| 20 10034 007 |034 0.07 [034 0.07 034 0.06
20 201034 0.06 |033 006 [034 006 [034 0.06

100 100 | 0.33 0.03 033 003 |033 0.03

10 10035 0.09 {034 010 [035 0.09 |034 0.08

10 20]036 009 |034 0.09 {036 009 |035 0.07

15 04 10/ 1 1 10/0.34| 20 10|034 008 |0.34 0.08 {035 008 |0.35 0.07
20 201035 0.07 |034 0.07 |[035 007 [035 0.06

100 100 | 0.34 0.03 034 003 [034 0.03

10 10|046 0.11 |047 011 (047 011 |048 0.09

10 20|047 008 |048 0.08 |{0.48 008 |048 0.07

1 3 101 04 2|048| 20 10|046 0.11 |048 011 [047 010 |0.48 0.09
20 20048 0.08 |048 0.08 {048 0.08 |048 0.07

100 100 | 0.48 0.04 048 0.03 |048 0.03

10 10}052 0.11 [050 0.11 051 0.10 |049 0.09

10 20(052 011 050 0.11 051 010 |0.49 0.09

1 04 10({05 3 50[049| 20 10051 0.08 |049 0.08 |050 0.08 |049 0.07
20 20050 0.08 |050 0.08 {050 0.08 |049 0.07

100 100 | 0.49 0.03 049 003 |049 0.03

10 10(049 0.11 [050 0.11 (049 0.10 |049 0.09

10 20|049 008 |049 0.09 {049 008 |049 0.07

05 3 2|15 1 2(049| 20 110|049 0.10 [050 0.11 [050 0.10 |0.49 0.08
20 20048 0.08 |049 0.08 {049 0.08 |049 0.07

100 100 | 0.49 0.03 049 003 |050 0.03
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Table 4: Confidence intervals for R and their coverage for case 1 # o or A1 # A

1943

ax

p1

a Az

B2

asymptotic

1 u cov

bootstrap-p

1 u cov

Bayes noninf.

1 u cov

Bayes inf.

cov

10

10

0.09

10
10
20
20
100

10
20
10
20
100

0.03 0.17
0.04 0.16
0.04 0.15
0.05 0.14
0.07 0.11

0.94
0.94
0.93
0.94
0.94

0.05 0.21
0.05 0.19
0.05 0.16
0.06 0.16
0.07 0.11

0.95
0.95
0.94
0.95
0.96

0.05 0.19
0.05 0.17
0.05 0.17
0.06 0.15
0.07 0.11

0.96
0.96
0.95
0.95
0.95

0.05
0.05
0.06
0.06
0.07

0.16
0.15
0.15
0.14
0.11

0.99
0.98
0.97
0.98
0.93

05 3

15 1 2

0.10

10
10
20
20
100

10
20
10
20
100

0.01 024
0.02 020
0.00 0.23
0.02 0.20
0.06 0.15

0.88
0.92
0.87
0.90
0.93

0.02 026
0.04 022
0.02 0.25
0.04 0.21
0.07 0.15

0.94
0.96
0.92
0.94
0.94

0.03 0.31
0.04 024
0.03 0.31
0.04 024
0.07 0.15

0.95
0.96
0.96
0.94
0.94

0.04
0.04
0.04
0.05
0.07

0.26
0.22
0.26
0.22
0.16

0.98
0.97
0.99
0.99
0.96

50

1 04 10

0.10

10
10
20
20
100

10
20
10
20
100

0.00 0.23
0.01 0.19
0.00 0.21
0.02 0.18
0.06 0.13

0.90
0.92
0.87
0.90
0.94

0.02 0.25
0.03 0.21
0.02 0.23
0.03 0.20
0.06 0.14

0.94
0.95
0.92
0.93
0.94

0.03 0.29
0.04 0.22
0.03 0.28
0.04 0.22
0.06 0.14

0.94
0.96
0.95
0.95
0.94

0.03
0.04
0.04
0.04
0.06

0.24
0.20
0.24
0.20
0.14

0.99
0.98
0.99
0.98
0.96

15 1 10

0.10

10
10
20
20
100

10
20
10
20
100

0.01 0.23
0.02 0.19
0.00 0.21
0.02 0.18
0.07 0.14

0.88
0.91
0.87
0.90
0.95

0.03 0.26
0.04 0.22
0.03 0.23
0.04 020
0.07 0.15

0.93
0.95
0.93
0.94
0.96

0.04 03

0.04 0.23
0.04 0.28
0.04 022
0.07 0.15

0.95
0.95
0.95
0.95
0.96

0.04
0.05
0.04
0.05
0.07

0.25
0.21
0.25
0.20
0.14

0.99
0.98
0.99
0.97
0.95

50

1.5 1 50

0.11

10
10
20
20
100

10
20
10
20
100

0.03 0.20
0.04 0.19
0.04 0.18
0.05 0.17
0.08 0.13

0.95
0.95
0.93
0.96
0.95

0.05 0.23
0.06 0.22
0.06 0.20
0.07 0.19
0.09 0.14

0.95
0.95
0.95
0.95
0.95

0.05 0.23
0.05 0.20
0.06 0.21
0.06 0.18
0.09 0.14

0.95
0.96
0.96
0.95
0.96

0.06
0.06
0.06
0.07
0.09

0.19
0.18
0.19
0.17
0.14

0.98
0.98
0.98
0.96
0.95

05 1 10

1.5 04 2

0.12

10
10
20
20
100

10
20
10
20
100

0.01 0.26
0.03 0.24
0.01 0.26
0.03 0.23
0.08 0.17

0.86
0.93
0.88
091
0.96

0.03 0.28
0.05 0.25
0.03 0.27
0.04 024
0.08 0.17

0.91
0.96
0.93
0.94
0.96

0.04 0.33
0.05 027
0.04 0.33
0.05 0.26
0.08 0.18

0.94
0.96
0.95
0.94
0.97

0.04
0.06
0.05
0.06
0.09

0.29
0.25
0.29
0.25
0.18

0.99
0.97
0.99
0.96
0.95

0.24

10
10
20
20
100

10
20
10
20
100

0.12 040
0.12 0.39
0.14 0.35
0.15 0.35
0.20 0.29

0.94
0.93
0.94
0.95
0.95

0.15 045
0.16 045
0.16 0.37
0.17 0.37
0.20 0.29

0.94
0.92
0.96
0.96
0.94

0.13 041
0.13 0.40
0.15 0.36
0.16 0.35
0.20 0.29

0.95
0.94
0.96
0.96
0.95

0.15
0.15
0.16
0.16
0.20

0.37
0.36
0.35
0.34
0.28

0.98
0.98
0.99
0.96
0.95

15 1 50

1 04 10

0.25

10
10
20
20
100

10
20
10
20
100

0.06 0.44
0.11 0.40
0.06 0.45
0.11 0.39
0.19 0.32

0.90
0.92
0.90
0.92
0.96

0.07 0.43
0.12 0.40
0.08 0.43
0.12 0.39
0.19 0.32

0.93
0.94
0.93
0.94
0.96

0.10 0.49
0.13 0.42
0.11 0.50
0.14 042
0.19 0.32

0.95
0.95
0.97
0.95
0.97

0.12
0.14
0.12
0.14
0.19

0.45
0.40
0.45
0.40
0.32

0.98
0.97
0.99
0.97
0.95
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Table 4: Continuation

1944

a ﬁl A

ar ,32 Ay

asymptotic

1 u cov

bootstrap-p

1 u cov

Bayes noninf.

1 u cov

Bayes inf.

1 u cov

10

0.27

10
10
20
20
100

10
20
10
20
100

0.07 0.46
0.12 0.42
0.07 0.46
0.12 041
0.20 0.33

0.89
0.93
0.90
0.94
0.95

0.08 0.45
0.13 0.41
0.08 0.44
0.12 0.40
0.20 0.33

0.92
0.94
0.92
0.95
0.95

0.11
0.14
0.12
0.14
0.21

0.50
0.44
0.50
0.43
0.34

0.94
0.95
0.95
0.95
0.96

0.13 0.46
0.15 0.42
0.16 0.45
0.15 0.41
0.20 0.33

0.98
0.97
0.99
0.98
0.96

1.5 04 50

05 04 10

0.32

10
10
20
20
100

10
20
10
20
100

0.11 0.53
0.17 0.49
0.11 0.51
0.17 047
0.25 0.39

0.91
0.95
0.89
0.93
0.94

0.12 0.51
0.17 0.48
0.11 049
0.17 046
0.25 0.38

0.93
0.96
091
0.95
0.94

0.15
0.18
0.15
0.19
0.25

0.56
0.50
0.54
0.48
0.39

0.94
0.97
0.95
0.94
0.94

0.17 0.51
0.19 047
0.18 0.51
020 047
0.25 0.38

0.99
0.98
0.99
0.98
0.94

15 04 2

0.33

10
10
20
20
100

10
20
10
20
100

0.18 0.53
0.18 0.52
021 047
0.21 046
0.28 0.39

0.93
0.94
0.95
0.95
0.94

0.22 0.58
022 057
0.23 049
0.23 048
0.28 0.39

0.94
0.94
0.96
0.96
0.94

0.19
0.19
0.22
0.22
0.28

0.54
0.52
0.48
0.46
0.39

0.95
0.95
0.96
0.96
0.94

0.21 049
0.21 048
0.23 0.46
022 045
0.28 0.38

0.99
0.99
0.98
0.97
0.96

1.5 04 10

10

0.34

10
10
20
20
100

10
20
10
20
100

0.17 0.54
0.19 0.53
0.19 0.50
0.21 048
0.28 0.40

0.92
0.94
091
0.93
0.96

0.20 0.56
0.22 0.56
020 0.51
0.23 0.49
0.29 041

0.95
0.94
0.93
0.94
0.96

0.19
0.20
0.21
0.22
0.29

0.55
0.53
0.52
0.49
0.40

0.95
0.95
0.94
0.95
0.96

0.20 0.50
0.21 0.49
0.22 049
024 048
0.28 0.40

0.98
0.98
0.97
0.98
0.94

10

0.48

10
10
20
20
100

10
20
10
20
100

0.25 0.67
0.32 0.63
0.25 0.67
0.32 0.63
041 0.55

0.90
0.95
0.91
0.95
0.95

0.22 0.63
0.30 0.61
0.22 0.63
0.31 0.61
041 0.54

0.93
0.95
0.92
0.95
0.94

0.27
0.33
0.28
0.34
0.41

0.68
0.63
0.68
0.63
0.55

0.93
0.96
0.94
0.95
0.96

0.31 0.65
0.34 0.61
0.31 0.65
0.34 0.61
041 0.54

0.99
0.98
0.98
0.98
0.95

10

05 3 50

0.49

10
10
20
20
100

10
20
10
20
100

0.31 0.72
0.31 0.73
0.35 0.66
0.35 0.65
0.43 0.56

0.94
0.92
0.94
0.93
0.96

0.35 0.76
0.35 0.76
0.37 0.68
0.38 0.67
043 0.57

0.94
0.91
0.94
0.92
0.96

0.30
0.30
0.35
0.35
0.43

0.70
0.70
0.65
0.64
0.56

0.96
0.95
0.96
0.95
0.96

0.32 0.66
0.33 0.66
0.36 0.63
0.36 0.62
0.43 0.56

0.99
0.99
0.97
0.97
0.96

05 3 2

15 1 2

0.49

10
10
20
20
100

10
20
10
20
100

0.28 0.70
0.32 0.65
0.29 0.69
0.33 0.63
042 0.56

0.91
0.92
0.93
091
0.95

0.26 0.67
032 0.64
0.27 0.66
0.32 0.62
042 0.56

0.94
0.94
0.94
0.92
0.94

0.29
0.32
0.31
0.34
0.42

0.70
0.65
0.70
0.64
0.56

0.95
0.93
0.96
0.92
0.95

0.32 0.66
0.34 0.63
0.33 0.66
0.36 0.62
0.44 057

0.98
0.97
0.98
0.97
0.95
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Table 5: Results of KS tests

| sample a  KSstat p-value |

X 0.041 0.277 0.17
Y 0.020  0.199 0.35

standard error are calculated using Theorem while the Bayes estimates are obtained from the sample
of size 5000 from the posterior distribution with Jeffreys prior.

From the Table [f| we can see that the estimated probability is relatively close to 0.5. In addition, all
interval estimators contain 0.5, from which one may deduce that the daily wind speed in these two rather
distant Atlantic coast cities can be considered equal.

Table 6: Real data estimates

’ R SE(E) R SE(R) R SE®) asymptotic CI  bootstrap-p CI ~ Bayes CI ‘
’O.S7 004 057 0.05 057 0.06 (0.49,0.65) (0.45,0.69) (0.45,0.68)‘

7. Conclusion

In this paper we considered the estimation of the probability P{X < Y} when X and Y are two independent
random variables following the PYEW distribution. Various point and interval estimators were constructed.

A simulation study was performed and the obtained point estimates were compared. The UMVUE
seems the best for smaller (and larger) values of R, while the informative Bayes estimate is the best for R
closer to 0.5. A comparison of interval estimates was also done, and we concluded that exact and Bayes
noninformative interval estimates are the best, with bootstrap-p interval being close to them. For larger
sample size and equal shape parameters, the asymptotic confidence interval is also acceptable.

Appendix

Most of the conditions from [12, chapter 6 and appendix A] are obviously satisfied. Some further
explanations might be needed for conditions marked as (R7) and (R9). These conditions are essentially
interchanging of differentiation and integration in some neighborhood of the true parameter values, which
reduces to the convergence of appropriate integrals. For a density f(x; 61, ..., 0,) these integrals are:

of(x;04,...,0
fde, foriefl,...,ph

20;
Pf(x;64,...,0,) .
f 36,96, dx, fori,jef{l,...,p}
FlInf(x;04,...,0p) ..
f 30,30,00; f(x;04,...,0,)dx, fori, jkell,...,p}.

In our case all these integrals (19 in total) have very similar pattern. We shall prove convergence of one
of them, and the rest can be shown analogously. First we prove the following lemma.

Lemma 7.1. For m > 0 it holds .
f " f(xa, B, A)dx < +oo,
0
where f(x;a, B, A) is defined in equation (T).
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Proof.

00

00 1 00
f X" f(x;a, B, A)dx = f X" a, B, A)dx + f MG, B, A)dx <1+ f X" f(x; o, B, A)dx.
0 0 1 1

For x > 1 it holds that e < e % < 1. Using this fact and the change of variables s = axfe™, we obtain
that

00

f X fga,B,A)dx <A f X" g lemare gy f xm(xﬁxﬁ_le_“"ﬁﬂdx
1 1

1

m=1 m
Aer (% (ets\F ® rers\B
= — (—) e%ds + ¢ (—) e~°ds
ﬁ aeh \ & aer \ &

m=1

Aet e =1 A\
< i(e—) (= 1)+eﬂ(6—)ﬁr(E +1),
pla p al P
where I' is the gamma function. Hence the lemma is proven. m]

Without essential loss of generality we may consider interchanging of integration and differentiation
along f5.

j:o &ﬂ%ﬁ'ﬁ')\)dx :jom </\ -fﬁx +1Inx—ae s xP lnx)f(x;a,ﬁ,A)dx

X

=j;m)\+‘8xf(x;a,ﬁ,)t)dx+ Lm lnxf(x;a,ﬁ,/\)dx—fo‘ooae«Avxﬁlnxf(x;a,ﬁ,)t)dx.

It is clear that

. .
fo Afﬁxf(x;a’ﬁ’/\)dXSXfo xf(x; e, B, \)dx. (25)

00 1 00
f Inx f(x;a, B, A)dx :f Inx f(x;a, B, A)dx + f Inx f(x;a, B, A)dx (26)
0 0 1

The density function f is bounded on [0, 1], so there exists some positive constant C such that f(x; @, ,A) < C.
It follows that

1 1 1 1
‘f Inx f(x; a, 8, A)dx| < f |Inx| f(x; e, B, A)dx = —f Inx f(x;a, 8, A)dx < —Cf Inxdx=C. (27)
0 0 0 0

Using the inequality Inx < x, for x > 1, we further obtain

foolnxf(x;a,ﬁ, Adx < fooxf(x; a, B, A)dx < fmxf(x; a, B, A)dx. (28)
1 1 0

Since [xInx| < %, for 0 < x < 1, it follows that

‘f ae‘%xﬁlnxf(x;a,ﬁ,/\)dx saf xP|Inx|f(x; a, B, A)dx

0 0
1 o

=af xﬁllnxlf(x;a,ﬁ,)\)dx+af P Inx f(x;a, B, A)dx
0 1

1 )
< %f X f(x; a, B, A)dx + af P f(x; a, B, A)dx
0 1
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@ * B—1 £(n. * B+ £(n.
<€f(; b% f(x,a,ﬁ,)\)dx+aj(; T f(xa, B, A)dx. (29)

From the relations , , @, , and Lemma it follows that the integral fo ~ W“‘;_Oifﬂ)dx

converges.
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