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Abstract. In this paper, taking into account the recent contractive technique we present a new result of
Presi¢ type fixed point theorems. Then, we provide a comparative example to put forth the validity of our

theoretical result. Finally, considering a special case of the main theorem, we give some existence results
for the second order two point boundary value problems.

1. Introduction and preliminaries

There is absolutely no doubt that Banach contraction principal which was introduced in 1922 [3] is a
fundamental and powerful result to ensure the existence of solution in linear, non-linear, ordinary differ-

ential, partial differential, integral and difference equations. This principal has been extended by many
researchers in several different ways over last few decades.

In 1965, Presi¢ [8] generalized Banach contraction mapping principle as follows:

Theorem 1.1. Let (M, d) be a complete metric space, k be any positive integer, and let T : M¥ — M be a mapping
satisfying the following contraction condition: for all Cy,Cp, -+, Cer1 €M,

A(T(C1,Co,+ , C), T(C2, G35 Cir1)) < 1d(Ca, &) + G2d(Co, C3) + - -+ + qid(Crey Cir1), 1)

where q1,q2, - -+ , gk are positive constants such that g1 + go + - -+ + qx < 1. Then there exists a unique point C € M
such that C=T(C,C,--- ,C). Moreover, if C1, Cy,- -+, Ci are arbitrary points in M for n € IN,

C}’H-k = T(CTLI Cn+1/ Tty Cn+k—1)/
then the sequence {Cy} is convergent and lim C, = T(lim C,,, im Gy, - - - , lim C,,).

Note that for k = 1, Theorem 1.1 reduces to Banach contraction principle.

Later on, in 2007, Ciri¢ and Presi¢ [4] further generalized Pre$i¢ type contraction for complete metric
space which is stated as follows:
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Theorem 1.2. Let (M,d) be a complete metric space, k be any positive integer, and let T : M¥ — M be a mapping
satisfying the following contraction condition: for all C1,Cp, - -+, Cer1 €M,

A(T(C1,Cop ey C), T(C2, C3, - -+, Cp)) £ Amax{d(Cy, Cipr) : 1 <P <K}, )

where A € (0,1). Then there exists a point C € M such that C = T(C,C,-- -, C). Moreover, if C1, Cy, - -+ , (i are arbitrary
points in M for n € IN,

C?H-k = T(Cn/ CVI+1/ Tty C‘rl+k—1)/

then the sequence {C,} is convergent and lim C,, = T(im C,,, im Gy, - -+, im Cy,). In addition, if for all v,v € M with
v # v, the condition

d(T(U, Uyeery U), T(V/ Ve, V)) < d(v/ 1/)
holds, then C is the unique point in M such that C=T(C,C,--- , Q).

Some important applications of above stated result such as studying asymptotic stability of the equilib-
rium for non-linear difference equation and global attractivity of matrix difference equations can be found
in[1, 5].

On the other hand, Jleli and Samet [7] introduced a new class of contraction named as 6-contraction
which generalizes the Banach contraction. Let 6 : (0,00) — (1,00) be a function. We will consider the
following properties for 0:

(61) 0 is nondecreasing;

(6,) for each sequence {t,} C (0, 0), lim,_,. O(t,) = 1 and lim,,, t, = 0* are equivalent;

(03) there exist r € (0,1) and [ € (0, oo] such that lim;_,+ 9(?,_1 =

We denote by O the set of all function satisfying (01- 63). Some examples of the functions belonging ®
are 01(t) = eVt and 0,(t) = e Vi

Jleli and Samet [7] obtained the following result by considering the class ®.

Theorem 1.3. Let (M, d) be a complete metric space and T : M — M be a mapping. Suppose that there exist 0 € ©
and A € (0,1) such that for all C,n € M, d(TC, Tn) > 0 implies that

6(d(TC, Tn)) < [6(d(C, )T
Then T has a unique fixed point in M.

The organization of this paper as follows: In section 2, we have put forth the conditions on 6 to obtain
the 0 version of the Ciri¢-Pregi¢ type contractive inequality given in (2). Hence, we introduced the concept
of Ciri¢-Presi¢ type 0-contraction and then presented a generalization of Theorem 1.2. Also, we provided
a suitable example for our main result to show the validity and to compare with some previous results. In
Section 3, considering a special case of the main theorem, we gave some existence results for the second
order two point boundary value problems.

2. Main result
We will denote the class of all functions belonging to © satisfying the following property by ©":
(05) 0ty < [0 (£)] VP for allp € (0,1)and t > 0.

For example, if we consider the function 6 € © defined by 0(t) = e‘/g, then forall B € (0,1) and f > 0 we
have

\/E o F \/E L
] o

Therefore 6 € ®". Similarly, we can see that the function 8 defined by 0(t) = eVt belongs to ©".
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Definition 2.1. Let (M,d) be a metric space, k be any positive integer and 0 € ©. A mapping T : MK —
M is called Cirié-Presi¢ type O-contraction if there exists A € (0,1) such that for all C1,C, -+, Gk, Ces1 € M,
d(T(Cll CZ/ Tty Ck)/ T(C2/ C3/ trty Ck+1)) > 0 lmplles that

O(T(C1,Co, -, C), T(Ca, Gy, Cin))) < O(max{d(Cy, Civn) 1 € (1,2, kI V™. 3)

If we consider O(t) = e ‘/E, then the inequality (3) turns to (2).
Here, we present our main theorem.

Theorem 2.2. Let (M, d) be a complete metric space, k a positive integer and T : M* — M be a mapping satisfying
Cirié-Presic¢ type O-contraction condition with O € ©*. Then there exists a point C € M such that C = T(C,C,--- , O).
Moreover, if Cy,Cp, - - -, (i are arbitrary points in M, for n € N

Gk = T(Cny Cuvr, -+, Cuk-1),
then the sequence {C,} converges to C. In addition, if for all v,v € M with v # v, the condition

d(T(v,v,...,v), Tv,v,---,v)) <d(v,v) 4)
holds, then C is the unique point in M such that C=T(C,C,--- , Q).
Proof. Let Cy,Cy, -, Gk be arbitrary points in M. Define a sequence {C,,} by using these points as follows

Cn+k = T(Cn/ Cn+1/ Tty Cn+k71)-
Let d, = d(Cy, Cys1) for simplicity. We will prove

0(dy) < 10001 ™ ©
for all n € N, where

K= max{di/\*i‘ :1e€{1,2,--- ,k}}.
Firstleti € {1,2,--- ,k} then by (04) we have

2k

Vi 2
o) < [o(dA )] <1061 .
Therefore the inequality (5) is satisfied forn =1,2,--- , k. Let the inequalities

L i
O(dysia) < [60)]
holds fori € {1,2, - -, k} be the induction hypotheses. Then we have

O(dsx) O(d(Crsk, Crrke1))

Od(T(Cu, Cuvts 4 Crsr1), T(Cw1, Cuvz,+ 5 Cuki)
Omax{d(C;, Gur) si€fnn+1,-- n+k—1HV
O(maxid ;i€ {mn+1,-- ,n+k—1)¥"

= Omax{dusig i€ (1,2, k)Y

= (max{B(dpsict) i € 41,2, KIPWA

< (max{[@(K)] VT e (1,2, ,k}})vX

)\a

IA 1

s(wmn%“

(oG] 7
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Therefore, the inequality (5) is true for all # € IN. Now, by our claim, for any k, we have
% +1
0(dis) < [0G]
and
% +2
O(dis2) < (6601
and so on. Hence, for all n € N we have
% +n
Odin) < [0G9] ®)
By taking limit as n — oo, we get

lim O(djsn) = 1

n—oo
which follows by (6;)
lim dk+n =0.

Now by (63), there exist v € (0,1) and [ € (0, o] such that

li G(dn+k) -1
m ——

=1
n—0* [dn+k]r

Suppose [ < 00, and B = % > 0. By definition of limit, there exists 19 € IN such that

‘ O(di+n) — 1
[dkﬂz]r

This implies that, for all n > n,

O din) =1
———— >[-B=B.
[dk+n]r

Then, for all n > ny,

—l' < B,V¥n > ny.

Bn [din]” < n[0(djin) — 1.

Now, let | = oo and B be any arbitrary positive number. By definition of limit, there exists 1y € IN such that,
for all n > ny

G(dk+n) -1 > B.
[dk+n]y

It follows that for all n > ny,
Br[din]” < n[0(dgen) — 11
Considering these two cases and inequality (6), we get
;N n k1%
nldel” < 5 106 - 11 < B[ [10001 ] 1] 7)
for some B > 0. Letting n — oo in (7), we get

;}ij?o n[dgen]” = 0. (8)
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Thus from (8), there exists 19 € IN such that n[dy,,]" < 1 for all n > ny and consequently, we get

1
Aien < m for all

n = np.

In order to show that {C,} is a Cauchy sequence, consider m > n > ny, we have

d(CkJrn/ Ck+m) =

<

<

A(T(Cn, Gt v+ 5 Cuak=1), T(Comy Gt =+ 5 Cnri=1)
d(T(Cnr tty Cn+k—1)/ T(Cn+1/ Tty Cn+k))

+d(T(Cn+1/ N Cn+k)/ T(Cn+2/ Tty Cn+k+1))

+o+ d(T(Cn-1,  Curk=2), TCony -+ 5 Cink-1))
d(Cn+k! Cn+k+1) + d(Cn+k+1/ Cn+k+2) +-e+ d(Cm+k71/ Cm+k)
dn+k + dn+k+1 +--- dm+k—1

[e] (e8] 1
Zdi+kszi17—>0asn—>oo.
i=n

i=n

2261

©)

Therefore {C,} is a Cauchy sequence in (M, d). Since (M, d) is a complete metric space, there exists v € M

such that

lim d(Cy, Cp) = lim d(C,,v) = 0.

On other hand, by (61) and inequality (3), we get

d(T(Clr CZ/ Tty Ck)/

T(CZ/ C3/ Tty Ck+1)) < max{d(ci/ Ci+1) (i€ {11 2/ e rk}}

for all ¢,y € M. Therefore, we have

d(v/ T(U/ v,y 'U))

A, Cusx) +d(T(v, v, , ), Curx)

d, Cur) + d(T(, v, ,0), T(Cn, a1, 5 Cutk-1))
A, Cusk) +d(T(v, v, ,v), TV, v, ,v,Cy))
+d(T(v, v, ,v,8y), T(v, 0, , Ca, Cus1)) + -+
+d(T(, Cu, -+, Cutk=2), TGy Cuw1, o+ 5 Cuk-1)

d(v, Cusk) +d(v, Cy) + max{d(v, Cy), d(Cn, Cus1)} + -+
+max{d(v, Cy), d(Cn, Cus1), -+, A(Crvk-2, Cuk-1)}-

ININ A

IA

Taking limit as n — oo, we have d(v, T(v,v,--- ,v)) = 0and hence v = T(v, v, - - -, v). The uniqueness follows
by the condition (4). [

Remark 2.3. Note that for k = 1, Theorem 2.2 reduces to Theorem 1.3. Also, considering O(t) = e‘ﬁ, we can see that
Theorem 1.2 is a special case of Theorem 2.2.

Further, we obtain the following Corollaries from Theorem 2.2.

Corollary 2.4. Let (M,d) be a complete metric space and T : M?> — M be a mapping satisfying Cirié-Presic type
O-contraction condition with @ € ©*. Then there exists a point C € M such that C = T(C, C). Moreover, if Cy,Ca, C3
are arbitrary points in M, for n € IN

Cn+2 = T(Cnr Cn+1)r

then the sequence {C,} converges to C. In addition, if for all v,v € M with v # v, the condition

d(T(v,v), T(v,v)) < d(v,v)

holds, then C is the unique point in M such that C = T(C, C).
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Corollary 2.5. Let (M, d) be a complete metric space and T : M?> — M be a mapping. Suppose there exists A € (0,1)
such that

d(T(C, 1), T(n, &) ox
max{d(C, ), d(n, &) °F

forall C,n, & € M with d(T(C, 1), T(n, &)) > 0. Then there exists a point C € M such that C = T(C, C). Moreover, if
C1, Co, C3 are arbitrary points in M, forn € IN

Cn+2 = T(CH/ Cn+1)r

{d(T(C,m), T(n, &) —max{d(C, n),d(n, Y < A

then the sequence {C,} converges to C. In addition, if for all v,v € M with v # v, the condition
d(T(v,v), T(v,v)) <d(v,v)

holds, then C is the unique point in M such that C = T(C, 0).

Proof. It is enough to take k = 2 and O(t) = eV in Theorem 2.2. [

Corollary 2.6. Let (M, d) be a complete metric space and T : M?> — M be a mapping. Suppose there exists A € (0,1)
such that

d(T(C,m), T(n, &) < Amax{d(C, n),d(n, &)}

forall C,n, & € M. Then there exists a point C € M such that C = T(C, C). Moreover, if Cy, Cy, C3 are arbitrary points
in M, forn e N

Caz = TGy, Cur),
then the sequence {C,} converges to C. In addition, if for all v,v € M with v # v, the condition
d(T(v,v), T(v,v)) < d(v,v)
holds, then C is the unique point in M such that C = T(C, C).
Now, we provide an easy but effective example to show the validity of our results.

Example 2.7. Let M = IN be endowed with the metric d defined by d(C,C) = 0 and d(C,n) = C+nfor C#n. Itis
easy to see that (M, d) is a complete metric space. Define T : M?> — M by

0, C=n

T m = {max{c,n} -1, C#n '

Then, for & > 1, we have
d(T(0,1),T(1,&)) =d(0,E-1) =& -1
and

rnax{d(O, 1)/ d(]'l 5)} =&+ 1.

Therefore, since sup ., % =1, then there isn’t any A € (0, 1) such that

d(T(C,m), T(n, &)) < Amax{d(C, n),d(n, &)}

forall C,n,& € M. Thus, T is not a Presi¢ type contraction. So neither Theorem 1.1 nor Theorem 1.2 can be applied
to this example.



I Altun et al. / Filomat 35:7 (2021), 2257-2266 2263

Now we claim that T is Cirié-Presi¢ type O-contraction with O(t) = eV and A = exp(—1). To see the inequality
(3), we have to show that

d(T(E ), T(, <)
max{d(C, n),d(, &)}
forall C,n, & € Mwith d(T(C,n), T(n, &)) > 0. For the simplicity, we will denote the left side of inequality (10) by
E(C,n, &). By taking into account d(T(C, 1), T(n, £)) > 0, we have the following cases and without loss of generality

we will assume C < 1 < & in these cases:
Case 1. If T(C,n) =0and T(n,&) > 0, then C=n < &or C=0,n =1 < & and so we have

2 ;Tl] exp(—1 —1n) < exp(-1),

Case 2. If T(C,n) > 0and T(n, &) = 0, then C < 1 = & and so we have

exp{d(T(C, 1), T(n, &)) — max{d(C, n),d(n, E)}} < exp(-1) (10)

E(Cn,é) =

EC1,6) = Tz exp(-1 -0 < exp(-1),
Case 3. If T(C,n) > 0and T(n, &) > 0, then C < n < & and so
EQn = 222 exp(-2 - L= 1) < exp(-1),
C+2n+¢

Hence, by Corollary 2.5 or Theorem 2.2, there exists C € M such that C = T(C, C). Moreover, for all v,v € M with
v # v, we have

d(T(v,v), Tlv,v)) =0<v+v=d(,v)

and so the point satisfying C = T(C, C) is unique.

3. Application to second order boundary value problem

Now, by considering Corollary 2.6, we present two results about the existence of solution of the second
order two point boundary value problem as follows:

dZ
__g = f(t/ U(t)), te [0/ 1]
{ v(‘(i)t) =v(1)=0 ’ (11)

where f: [0,1] X R — IR is continuous function. By considering some certain conditions on the function f,
many existence results provided for problem (11) in the literature (see [2, 6, 9, 10]). Here, we will consider
some different conditions on f, we provide two new theorems. By considering the Green’s function defined

as
tl-s) , 0<t<s<1
G(t,s) =
s(1-t) , 0<s<t<1
we can see that the problem (11) is equivalent to the integral equation
1
v(t) = f G(t,s)f(s,v(s))ds, t € [0,1]. (12)
0

Therefore, v € C2[0, 1] is a solution of (11) if and only if it is a solution of (12). It is clear that

1
f G(t,s)ds = t(lz—_t)
0
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and thus

! 1
sup f G(t,s)ds = =.
te[0,1] YO 8

Consider M = C[0,1], which is the space of all continuous real valued functions defined on [0, 1], with
uniform metric d.., that is,

doo(vlv) = ||l) - 1/Hoo = Sup“U(t) - V(t)l (te [0/ 1]}
It is well known that the space (M, d,) is complete.

Theorem 3.1. The second order two point boundary value problem given by (11) has a solution under the following
assumptions:
(1) there exist two continuous functions g,h : [0,1] X R — R such that f(t,v) = g(t, v) + h(t, v) and there exists
a continuous function p : [0, 1] — [0, oo) satisfying, for all v,v,w € R
lgt,v) + (t,v) = g(t,v) = h(t, )| < p(t) max v = I, Iv - @],
(ii) there exists k < 1 such that fol G(t,s)p(s)ds < k.

Remark 3.2. Note that if maxsejo1]p(s) < 8k for k < 1 we have fol G(t,s)p(s)ds < k.
Proof. [Proof of Theorem 3.1] Consider the operator T : C[0, 1] x C[0,1] — C[0, 1] defined by

1
T(u(t), v(t)) = fo G(t, ){g(s, v(s)) + h(s, v(s))}ds.

Then for any v,v,w € C[0,1] and ¢ € [0, 1] we have

IT(u(t), v(t) = T(v(t), w(®))l

1
‘fo G(t,s)g(s, v(s)) + h(s, v(s)) = g(s, v(s)) = h(s, w(s))}ds

1
fo G(t,5) |9(s, v(s)) + h(s, v(s)) — g(s, v(s)) = h(s, w(s))| ds

<
1
< [ Gt apemaxive - vol, e) - s
0
1
< max{|lv = V|le, IV — @} j; G(t, s)p(s)ds
< kmax{l[v = Vlle , [V = @lle}-

Hence we have
IT(,v) = T(v, w)lle < kmax{[lv = Vlls, IV = @lls}.

Therefore the contractive condition of Corollary 2.6 is satisfied and so there exist v € C[0, 1] such that
v(t) = T(v(b), v(t))

or equivalently

1
v(t) f(; G(t,s){g(s, v(s)) + h(s, v(s))}ds

1
f G(t,s)f(s, v(s))ds.
0
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Example 3.3. Consider the boundary value problem
_1;273 =q(t) + r(t) arctan(%), t€[0,1] (13)
v(0)=v(1)=0 ’

where q and r are continuous functions on [0, 1] such that 0 < r(t) < 4k <4 forallt € [0,1]. Defineg,h : [0,1]xR —
R by g(t, v) = q(t) + r(t) arctan v and h(t, v) = r(t) arctan v, then

2u(t) )
1 - v2(t)

g(t,v()) + h(t, v(t)) = q(t) + r(t) arctan(

and for all v, v, € R we have

|g(t, v) + h(t,v) = g(t, v) = h(t, w)|

r(t) larctan v + arctan v — arctan v — arctan w|
r(t) (larctan v — arctan v| + |arctan v — arctan w|)
@) (lv = v+ v — wl)

2r(tymax {lv —v|, v — wl|}.

IN AN

Also we have

1
f G(t,s)2r(s)ds < k < 1.
0

Therefore by Theorem 3.1 the boundary value problem (13) has a solution.

Theorem 3.4. The second order two point boundary value problem given by (11) has a solution under the following
assumptions:
(i) there exist two continuous functions g, h : [0,1] X R — R such that f(t,v) = g(t, v)h(t, v) and there exists a
continuous function p : [0,1] — [0, o0) satisfying, for all v,v,w € R
|9(t, V)1(t, v) = g(t, VIR, w)| < p(t) max (v —v], v - ]},
(ii) there exists k < 1 such that fol G(t,s)p(s)ds < k.

Proof. Consider the operator T : C[0, 1] x C[0, 1] — C[0, 1] defined by

1
T(v(t),v(t)):f0 G(t,s)g(s, v(s))h(s, v(s))ds.

Then for any v,v,w € C[0,1] and ¢ € [0, 1] we have

IT(u(t), v(t)) = T(v(t), 0(D)]

1
‘ j; G(t, s)g(s, v(s))h(s, v(s)) = g(s, v(s))h(s, w(s))}ds

1
fo G(t,5) |g(s, v()) (s, v($)) — gls, v(s)h(s, w(s))|ds

<
1
< fo G(t, s)p(s) max{lv(s) — v(s)|, v(s) — w(s)l}ds
1
< max{l|v = V|, [V — wllo} fo G(t, s)p(s)ds
< kmax{|lv = Ve, IV = @lle}-

Hence we have

IT(,v) = T(v, w)lle < kmax{[v = Ve, [IV = @lls}-
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Therefore the contractive condition of Corollary 2.6 is satisfied and so there exist v € C[0, 1] such that

v(t) = T(v(t), v(t))

or equivalently

v(t)

1
| Gt spats ot v
0

1
| ctsss e
0
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