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Abstract. This paper is concerned with a kind of non-Newtonian filtration equation with nonlinear sources
and singularities. Based on the mountain pass theorem and variational methods, a sufficient criterion for the
new results on the periodic wave solutions has been provided. Here not only the structure is more general
and practical than the existing works but the conditions imposed are concise. Consequently, compared
with the previous results on the singular equations and non-Newtonian filtration equations, the results we
established are more generalized and some previous ones can been complemented and improved. Finally,
the effectiveness of the established results are validated via two numerical examples and simulations.

1. Introduction

In this paper, we consider the periodic wave solutions for the following non-Newtonian filtration
equations with nonlinear sources and singularities

dq 9 (9dq9,,97\ 1
G e N2 e )
5 ax(ax| ax) p g(t,x), £20, (1.1)

wherep>1,a>1, ge C(RXR,R).
In the past few decades, the non-Newtonian filtration equation

)

a—'z = div(VgP2Vy), xeRY, £ >0, (1.2)
has been widely studied in literature, see for example, [5], [15], [16], [17], [18], [21], [22]. Equation (L.2) is also
called evolutionary p-Laplacian which is one of most widely researched equations in the class of nonlinear
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degenerate parabolicequations. The particular feature of evolutionary p-Laplacian isits gradient-dependent
diffusivity. Suppose a compressible fluid flows in a homogeneous isotropic rigid porous medium. Then

_)
the volumetric moisture content 0, the seepage velocity V and the density of the fluid are governed by the
continuity equation

0%+ div(pV) =

o TavipV) =

For non-Newtonian fluid, the linear Darcy’s law is no longer valid, because of the influences of many factors
such as the molecular and ion effects. Instead, one has the following nonlinear relation:

3 y-2
pV = —5|VP]'~2VP,

where pv and P = np denote the momentum velocity and pressure respectively, 6 > 0 and y > 1 are some
physical constants. After changing variables and notations, the non-Newtonian filtration equation is
derived. Such equations and their stationary counterparts appear in different models in non-Newtonian
fluids, turbulent flows in porous media, certain diffusion or heat transfer processes and recently in image
processing (for a more detailed physical background see [1], [4]).

Recently, Jin and Yin in [10] studied the traveling wavefronts for the one-dimensional non-Newtonian
filtration equation with Hodgkin-Huxley source as follows:

g 9q (g
a—‘z aZ('axlp 2 q)+f(q,qT X€R, £>0, (1.3)

where p > 1, f(q,9) =q"(1-q)(v—a), r >0, a is a constant with a € (0,1), and g, = q(x,t —7) for 7 > 0.
By establishing some necessary and sufficient conditions, the authors obtained some existence results of
monotone nondecreasing and nonincreasing traveling wavefronts of equation (1.3).

After that, on the basis of work of [10], the authors in [11] furthered studied solitary wave and periodic
wave solutions for the following non-Newtonian filtration equations with nonlinear sources and a time-
varying delay:

’;’Z (| - 2‘9‘7)+f(q5 )+g(tx), £20, x€R. (14)
where p > 1, f € C(IR,R), g € C(RXR,R), gs¢(t,x) = q(t = 6(t),x) and 6 € C(IR,IR). By using an extension of
Mawhin’s continuation theorem and some analysis methods, the authors proved that has at least one
periodic wave solution and one solitary wave solution.

Singular equations appear in a great deal of physical models. For example, in paper [20], the singularity
models in which the restoring force caused by a compressed perfect gas; in paper [23]], [24], [25], the singular
term can be regarded as a generalized Lennard-Jones potential or Van der Waals force and it is widely found
in molecular dynamics to model the interaction between atomic particles. During the last few decades,
different kinds of singular equations have been proposed by many authors, see for example [3], [6], [7Z], [9],
[12], [13], [14].

Compared with the classical non-Newtonian filtration equations or singular equations, non-Newtonian
filtration equations with singular effects have been scarcely studied. Therefore at this stage, it is crucial and
necessary to further research the dynamical relationship between the two models.

Motivated by the above fact, in this paper, by applying the mountain pass theorem and variational
methods, we discuss the existence of periodic wave solutions for Eq.(L.T).

Looking for wave solutions, i.e., functions of the form g(x, ) = u(&) with & = x—ct, Eq.(L.1I) leads to the
following equation

(Pp(t' ©)) +eu' (&)= —= =e(&), E€R, (15)

1
u*(&)
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where @, (1/(&)) = |u'(§)F~2u’ (&), p > 1, c € Riis a constant.

It is well-known that periodic solutions of Eq.(1.5) correspond to periodic wave solutions of Eq.(L.1).
Hence, in order to study the existence of periodic wave solutions for Eq.(L.I), it reduce to prove the existence
of periodic solutions for Eq.(L.5).

2. Preliminaries
Define the space
H=WY(0,T]) = {u :[0, T] — R|u is absolutely continuous,u” € LP([0, T], R)
and u(&) =u(E+T) for & € IR}

equipped with the norm

T T 1/p
||u||H=( fo )P + fo |u<5>|Pda) .

Note that H is a Banach space.
Throughout this paper, we let g € (1,+00) such that 1/p+1/q=1.
Define

T 1/p
el :(f Iu(é)l”dé) and |[ull.» = sup [u(¢)l.
0 £€[0,T]

In order to study the periodic solutions for the Eq.(L5), for any A € (0,1), we consider the following
modified problem:

(@p (' (&) + W (&) + fau(&)) = (&), @1)
where W € CY(R,R) and W(u) = cu, f, : R — R is defined by
—&, 521
Jae) = {—A%, s<A.

In the following, we introduce the following concept of a weak solution for problem (2.1)).

Definition 2.1. We say that a function u € H is a weak solution of problem .1)) if

T T T T
f (1 () (E)d — f W (u(E)o(E)d — f Fu(E)o()E + f e(E0(E)dE = 0,
0 0 0 0

holds for any v € H.
Let F) € C}(R,R) be defined by
S
RO = [ fuoe,
1

and consider the functional
pr:H—-R,

which is defined by

1 T T T T
. (E)PdE - _ , 22
Pa(0):= fo W ()P de fo W((©)de fo Fa(u(&)dé + fo e(Eu(E)dE 2.2)
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Clearly, ¢, is well defined on H, and is a continuously Gateaux differentiable functional whose Gateaux
derivative is the functional ¢’ (1), given by

T T T T
o= [ g e eas- [ wiuemes- [ awenedss [ o (3)
for any u, v € H. Moreover, it is easy to verify that ¢, is weakly lower semi-continuous.

Definition 2.2. Suppose that H is a Banach space and ¢ € C'(H,R). If any sequence {u,}uen C H for which (u,) is
bounded and ¢’ (u,) — 0 as n — 400 possesses a convergent subsequence in H, we say that ¢ satisfies (PS) condition.

The following theorem will be used to prove the main results in the next section.

Theorem 2.3. [19] [Theorem 4.10] Let H be a Banach space and let ¢ € CY(H,R). Assume that there exist xg, x; € H
and a bounded open neighbourhood CQ of x¢ such that x; € H\ Q and

max{p(xp), p(x1)} < xie%f) P(x).

Let
T ={heC([0,1],H): h(0) = xo, k(1) = x1},

and

T=inf h(s)).
c ;grg;g,ﬁ@( (s)

If @ satisfies the (PS)-condition, then ¢ is a critical value of ¢ and ¢ > max{p(xo), ¢(x1)}.

3. Main results
Now, we state our main results.
Theorem 3.1. Assume that ¢ <0 and the following condition holds:
1 . .. T
(A) ee L([0,T],R) is T-periodic and fo (e(é) —c)dé <0.
Then Eq.(1.1) possesses at least one periodic wave solution.

Proof. Step 1. We verify that the functional ¢, satisfies the Palais-Smale condition.
Let a sequence {uy}nen C H satisfy that ¢, (u,) is bounded and

@) (un) =0,

i.e., there exist a constant c; > 0 and a sequence {€,},en € R* with €, — 0 as n — +co such that, for all n,

T
fo (51O = Wl (€)= Faun(&) + @]tz < 1, (3.1)

and, for everyve H,

< éullvllg- (3.2)

T
fo [0 (10" (&) = W (1 (E))0(E) ~ fi(ata(E)0(E) +e(E)0(E)]d

Now we show that {u,} is bounded in H.
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Let () = -1 in (3.2), one has

<TY?e¢,, foralln.

T
“fo [W,(u"(é))+fA(un(é))—e(5)]dé

It follows from (A) that

T T
< TPe, +1cl f lun(E)lAE + f le(&)lde.
0 0

T
fo Jaun(£))dé

From the definition of f), we can see that f;(u,(£)) <0 for any & € [0,T]. Thus

T T
<Te, 4 [ (el + fo e€)ME.
0

T T
f L (un(E)IdE = f Fulin(©)dE
0 0

Let
0(&) = @n(&) = un(&) —un

in (8:2), where i, = 2 [ 1,(£)dE. By Proposition 1.1 of [19] and the Holder inequality, we have
coll@nlli fo ' | 9p ()@}, (E) = W (1 (E))Dn(E) = fr(un(E))Dn(E) +e(E)n(E)]dE
= fo ' | 9p(@1(E)D(E) = @ (E)Dn(E) = fr(un(E)@Dn(E) +e(E)Dn(E) |dE
= fo ' (103, = F1 (1 ()Du(E) +e(E)dn(E) |

T T
> (||l ~ (Tl/r’en + ICIf Iu'(é)ld5+f Ie(é)ldé)llcvnllm = llellptll@nllre
Lo
> [l |If, (T””en +leT 7 flo"ll, + ||3||L1)||(Dn||L°° = llellp1ll@nllze
= 11, —IlTT @ lllnllis — (TV7e, + 2lell: ) lonlle
> [}ty =3l lpll@allir = call@allir,
where ¢y, ¢3 and ¢4 are positive constants. Thus,
loslly < cslloglla
Consequently, using the Wirtinger inequality, we have that there exists ¢s > 0 such that
llnllp < ce. (3.3)
Now, suppose that
[lunllg — +o0 as n — +oo.
Since holds, we have, passing to a subsequence if necessary, that either
M,, :=maxiu,, = +00 as 1 — +oo, (3.4)
or

My = minu, — —00 as 1 — —oo. (3.5)
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We shall discuss the following cases:
case 1. Assume that holds. By (A) and the fact that f) <0, we have

T
[ [Wonen +Fatunen —ecm)ae

T M, M,
= I) [( : fa(s)ds— © f/\(s)ds) + cuy(&) —e(é)un(é)] dé

Un

T T M T
= fo FA(My)dé - fo [ fu n@(ﬁ\(s)—e(g)Jrc)ds]dg—Mn fo (e(&)—c)de
T T T
> fo FA<Mn)d5—£r33>T<]|Mn—un<é>|-( fo |e(5)|da+|c|T)—Mn fo (e(€)—c)de

T
> Fp(My)T = [My = myllc - (Il + lelT) = M, fo (e() —c)de
én T
L O\ =M, fo (e(&) ~c)ac

T T
> Fp(My)T = (llellga + IcIT) - fo 3 (E)dE — M, fo (e() —c)de,

= Fo(M)T = (llells +1cIT)-

where u(én) = M,, and u(&,) = my. Thus, by using Sobolev and Poincaré’s inequalities, we can have
T T
My [ (e©)=c)e < [ [Wln©)+Fun(e) - @t~ Faa)T
0 0
+ T9(Jlel 1 + el )l 1y

T
= [ [+ Fatun(e) —eteyun(e) o

T 1
1/q / - —
+ T2 + el T )l I a—1(Mg—1 1)-

Furthermore,

T 1
_— —1]—>0 as n— +oo,
a-1\pmg!

then from and (3.3), we see that the right-hand side of the above inequality is bounded, which is a
contradiction.

case 2. Assume that holds, that is, m,; — —co as n — +o00. We replace M, by m,, in the preceding
arguments, and we also get a contradiction. So {u,} is bounded in H.

Since H is a reflexive Banach space, there exists a subsequence of {u,}, still denoted by {u,} for simplicity,
and u € H such that u, — u in H; then, by the Sobolev embedding theorem, we get u, — u in C([0,T]) and
uy — u in LP([0, T]). Thus, we get

((P’A(”n) - @;\(”))(un —u)—0, asn— oo,

T
j; e(E)(un(&)—u(é))dé =0, asn— oo,

T
fo (f/\(un(é)) _f/\(“(é)))(un(é) —u(&))dé -0, asn— oo.
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Then, by (2:3), we have
(¢ (1) = 0, ) )1t — 0) = fo T(Iu;(é)l”’2u;(c§)—Iu’(é)l”’zu’(é))(u;(é)—u’(é))dcf
-/ el - e
- fo ' (£1(un(©)) = F1((E))) Wn(E) - u(E))dE

T
2(&)— dé&.
N fo (&)1 (E) — u(E))E
Then, we can have
T
[ (w@r2ue - wor2 ©)uo-wEnde -0, asn—w.
0

Moreover, since u, — u in LF([0, T]), we have ||u, —u|lg — 0 as n — oo, thus {u,},eN strongly converges to u
in H. Therefore, ¢, satisfies the Palais-Smale condition.
Step 2 Let

Qz{ueH

min u(&) > l},

&e[0,T]
and
9Q = {u € Hu(&) 2 1 for all £ € (0,T), 3&, € (0,T) : u(&y) = 1.

We show that there exists d > 0 such that irég2 @a(1) = —d whenever A € (0,1).
Ue

For any u € dQ), there exists some &, € (0, T) such that

5@3}}#(&) =u(&) =1.

By and extending the functions by T-periodicity, we have
Eu+T 1
Pau) = fé [}; ' (E)F —cu(&) — Fa(u(&)) + e(é)u(é)] dé

EutT utT bt
z% L u /()P + L u (e(&) — o)(u(&) - 1)dE + fé u (e(&) —c)de

1 Ey+T
- ’ P _ . — -
> p‘f: [ ()P = (llell 1 +¢T) g}g}l(u(é) 1)+ (llellpr —cT)

1 , gu ,
= EIIM 17, =l +CT)'f w'(E)dE + (|lellpr —cT)
Ell

1 aet
> 2l = (llls +¢)- f W (E)E + (Il —T),
Eu

where &, €[0,T] and én}g)T(]u(é) = u(&,). By applying the Holder inequality, we get
€lo,

1 ’ ’
Pa) 2l 1P, = lells +cT) T || + (llells —T),
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which implies that
@A) = +o0 as [|u’lly — +oo.

Since min u(&) =1, we have
£€[0,T]

& T T 1/p
u(&)-1= f u'(s)ds < f i/ (s)|ds < T/ (f |u’(s)|"’ds) ,
Eu 0 0

then we can see that |[u(-) — 1||g — +o0 is equivalent to ||u’[|;» — +0co. Hence
Pr(u) = +oo as |ullg — +oo, Yu € 9Q,

which shows that ¢, is coercive. The weak lower semicontinuity of ¢, yields
inf @p(u) > —oo.
uedQ (PA( )

It follows that there exists d > 0 such that 1r$fQ @r(u) > —dforall A € (0,1).
UE

Step 3. We prove that there exists Ag € (0,1) with the property that, for every A € (0, Ag), any solution u
of problem (2.1)) satisfying ¢, (1) > —d is such that én[%r}] u(&) = Ap, and hence u is a solution of problem (1.5).
€

’

Assume on the contrary that there are sequences {A,},en and {u,;},eN such that
(1) An < %}

(2) uy is a solution of with A = A,;

3) ¢, (n) = —d;l

(®£%¢A®<%

Moreover, from , we can know that

fo (et + i ) — e = fo (e e =0
Since f;, <0, we have that
lfa, n(D)l;1 < c7, for some constant c7 > 0.
Hence
||lu|lL < cg, for some constant cg > 0. (3.6)
From @, (4,) > —d, we can see that there must exist two constants 111 and hy with 0 < h; < hp, such that
max {uy(€) : £ € [0, T1} € [, o]
If not, u, would tend uniformly to 0. In both cases, by (A) and (3.6), we have
P2, () = —00 as n— +oo,

which contradicts ¢, (1,) > —d.

Let ’5}1, 7:% be such that, for n large enough,

1
Wub:;<mzwuﬁ
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Multiplying the the following equation

(9p(r' (€))) + W' ((©) + fu(u(©)) = e(€)
by u/, and integrating it on [7},72], or on [72,7}], we can obtain

72

wis [ @y [ dnordss [ @

_ f - (@pla ) () + f el ()2 de + f € e

n

2 2 2 (3.7)
1n(T3) Th T
= [ Nneass [ [ e

n(T;)
2

- [ emere

n

It is easy to verify that

un(T%)
(s

n

V=V, +W¥,+ b’ﬁ

up(t
where

v = [ et

n

and

R N EITAGLE

From (A), and (3.7), it follows that W is bounded, thus W, is bounded.
On the other hand, it is easy to see that

Fu () = 22 [Fr, n (€]

Thus, we have

1
Wy =F,,(h)-F;, (E)
From the fact that F,, (%) — 400 as n — +oo, we obtain Wy, — —oo, ie., W, is unbounded. This is a
contradiction.

Step 4. ¢, has a mountain-pass geometry for A < Ag.
Fixing A € (0, Ap], one has

0 1 A 1 1
F0)= [ s == [ s == [ fiods= [ s = - [ e

which implies that

1 A
£~ [ fios= [ fiods=Fa,
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Thus we have

(e -1), a>,

a—1

1
A, a=1.

¢1(0) = =TF)(0) < =TFA(A) = {Ti*n (3.8)

1/(a-1
Consider A € (0,A9]N(0,e7%) N (0, (%) @ )), then it follows from that ¢,(0) < —d.

Also, using (A), we can choose a constant R > 1 large enough that

—fT(e(t)—c)dt-R—L(l— ! )>d >1
. a—1\" Ra-1)7 A7

and
T
—f (e()—c)dt-R-TInR >d, a =1.
0

Then, by and (3.8), we have

T T T 1
PA(R) = —TcR—TFA(R)+Rf0 e(t)dtsfo (e(t)—c)dt-R+m(1— Ra_1)< 4,

and
T T
@(R) = =TcR—TF,(R) +R f e(H)dt < f (e(t)—c)dt-R+TInR < —d.
0 0
Thus the set Q) is a neighborhood of the constant function R, 0 ¢ Q and
0),pa(R inf .
max{pA(0),pa(R)} < inf pa(w)
Steps 1 and Steps 2 imply that ¢, has a critical point u, such that

=inf > inf
pa(uy) inf max Ppr(h(s)) = Inf pa(u),

where
T ={heC([0,1],H) : h(0) = 0,h(1) = R}.

Since ir(;g @a(uy) = —d, it follows from Step 3 that u, is a solution of problem (1.I). Therefore, we can
UE
conclude that Eq.(1.1) has at least one periodic wave solution.

Theorem 3.2. Assume that ¢ > 0 and the following condition holds:
(A) e € LN([0, T),R) is T-periodic and [, (e(€)—c)de > 0.
Then Eq.(L.1)) possesses at least one periodic wave solution.

Proof. Step 1. We verify that the functional ¢, satisfies the Palais-Smale condition.
Let a sequence {u,},enN in H satisfy that ¢, (1) is bounded and

(P;\(un) - 0/
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i.e., there exist a constant c; > 0 and a sequence {€,}y,en € R* with €, — 0 as n — +co such that, for all n,

<ci, (3.9)

T
‘ fo [0 = W)~ a2 + (]

and, for every v e H,

< €ullvlla- (3.10)

T
‘ fo [ 9o (147, (E))0" (€)= W' (n(£))0(E) = fr(1a(£))0(E) +e(E)0(E)|dE

Now we show that {u,},en is bounded in H.
Let v(t) = -1 in (3.10), then we can have

<TY?e¢,, foralln.

T
fo [ W (0a(E) + fr(un(€)) —e(&)|dE

It follows from (A) that

T T
<Te, +c [ (ole s f e(E)dE.
0 0

T
Lh%@%

From the definition of f;, we can see that f) <0 for any & € [0,T]. Thus,

T T
<TYe, +c f W/ (E)E + f e(E)dE.
0 0

T T
f fultn () = ‘ f Fulitn(E)dE
0 0

Taking v(&) = @4 (&) := uu(&) —uy in (3.10), where u,, = % fOT uy(&)dé. By Proposition 1.1 of [19] and the Holder
inequality, we have

T
THloull > [ [0 (6) = W1 )0n(6) ~ ()0 (€) +ele)on(6) o
T
= [ [ont@ierane—coy(©10n(6) - fiu@an + e i
T
= [ llon@r - e+ ool

T T
1
> I, - (T ey +c f (S + f e(E)dé) @l ~ el Il
0 0
P 1 el
’ T ’
> [0}, = (77w + T @'l + el J@lis = ell ol
p L 1
’ 5 ’
= llopllf, = cT 7 110 llpll@ulle — (T 7€y + 2llells ) ll@nllpes
> ||, I}, = Gl lpll@nll — Call@ullm,
where ¢, ¢3 and ¢4 are positive constants. Thus,
@} lly < csll@nllg-
Consequently, using the Wirtinger inequality, we get the existence of ¢4 > 0 such that

lluplley < Ce. (3.11)
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Now, suppose that
||lunllg — +00 as n — +oo.
Since holds, we have, passing to a subsequence if necessary, that either
n = maxi, — +00 as 1 — +0oo, (3.12)
or
My :=minu, — —o0 as n — —co. (3.13)

(i) Assume that occurs. By (A) and f) <0, we can have
T
[ [Wonen + Fatunten-eom(e)ae

T M, M,
= fo [( - ids- (g)fA(S)dS)+Cun(é)—€(é)un(£)]dé

T T Mpn
- [ Fanae- [ [ | PRGCRECERE

T T T
> m(%)dt—;;;%mn—un<é)|( | IE(E)IdéHT)—Mn INCEREE

T
d&— M, f e(E)dE +cTM,
0

T
> Fp(Mi)T = 1My = myllc - (llell1 +T) = M, fo (e(@) —c)de

En T
ﬁ up (E)dE| - M, fo (e&) —c)ae

T T
> FAMT = (lelly+T) [ €=M [ (e6)=)ae,

= Fy(M)T —(lell +¢T)

where u(én) =M, and u(&,) = my. Thus, using Sobolev and Poincaré’s inequalities,

T T
_Mnf(; (e(é)—c)dé SL‘ [W(un(é))+F}\(1/ln(£))—E(é)un(é)]dt—FA(Mn)T+Tl/q(lle”Ll +CT)||u;l||L}7
T
=f(; [W(u"(é))"'l:)\(un(é))—€(£)un(§)]d5

T 1
1/q ’ . _
+ T9({lell 1 + )il a—l(M;lH 1)

From (3.9), and the fact that 1/M%~! — 0 as n — +00, we see that the right-hand side of the above
inequality is bounded, which is a contradiction.

(ii) Assume that occurs, that is, m, — —co as n — +o0. We replace M,, by m,, in the preceding
arguments, and we also get a contradiction. Then, by a similar argument in proof of Theorem we can
see that ¢, satisfies the Palais-Smale condition.

Step 2 Let

Q= {u € H| min u(&) > 1},
£€l0,T]
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and
9Q = {u € Hu(&) 2 1 forall £ € (0,T), 3&, € (0,T) : u(&,) = 1}.
We show that there exists d > 0 such that uier(;g @ (1) = —d whenever A € (0,1).
For any u € dQ), there exists some &, € (0, T) such that

ég[lgglu(é) =u(&y) =1.

By and extending the functions by T-periodicity, combining with (A)’, we have
Eu+T 1
Pa(u) = f L;Iu’(é)l” —cu(&) = Fa(u(&)) + 6’(5)“(5)] d&
Eu

1 Eu+T Eu+T Eu+T
> f W@ + f (6() = Y u(&) — e + f (e(&) - o)

éll Ell ‘EM

1 Eu+T
Z 4 4 — . —
pr [ ()P + (llell 1 —cT) éré}%(u(é) 1)

g
Cu

1 gll
=EIIM'II’{ﬁ(II@IILl—CT)'ﬁ u'(E)dE

Gu

1 Eu+T
> —|lu’[I7, + (llells —cT) f u'(&)dé,
P Eu
where &, € [0,T] and grr[l(.?)T(]u(é) = u(évu). Applying the Holder inequality, we get
€[o,

p-1
P

1 !’ 4
@A) 2 Sl I, = el =) T -,

which implies that
Pa(u) = +oo as |||y — +oo.

Since min u(&) =1, we have
£€[0,T]

3 T T 1/p
u@&)-1= fé u'(s)ds < fo Iu’(s)ldssTl/q( fo Iu’(s)l”ds) ,

then we can see that |[u(-) — 1|lg — 400 is equivalent to ||u’||p — +c0. Hence
@a(u) = 400 as ||ullg = +oo, Yu € 9Q),
which shows that ¢, is coercive. The weak lower semicontinuity of ¢, yields
inf > —o00.
sk, PA(H) > —e0
It follows that there exists d > 0 such that 1r$fQ @A(u) > —dforall A € (0,1).
UE

The rest of proof is similar to Theorem Therefore, we can conclude that Eq.(1.1) has at least one
periodic wave solution.

Theorem 3.3. Assume that ¢ <0 and the following condition holds:
(A) e € LX([0,T],R) is T-periodic and [ (e(&) - )& = 0.

Then Eq.(L.1)) possesses at least one periodic wave solution.

Proof. The proof is similar with that in Theorem 3.2l We omit it.
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4. Examples and numerical simulations

In this section, we consider two numerical examples, with which the non-Newtonian filtration equation
with nonlinear sources and a singularity, to show the effectiveness of the theoretical results given in the
previous sections. We will see that it is not hard to verify the conditions stated in our main theorems.

Example 4.1. We consider the following one-dimensional non-Newtonian filtration equation with nonlinear sources
and a singularity as follows:

@_%O 3‘1 P~ -2 Qq)_l

2, t
5 = o\l 3% E qa+7:cos (x+f),xe]R, t>0. (4.1)

Eq.@1) can be regarded as a problem of the form (L), where g(x,t) = —# cos? <x+ %) Let q(x,t) = u(&) with
E=x+4, g(t,x) = e(é) = e(x— %), then Eq.(@&1) is transformed into the following ordinary differential equation

al(é) = —% cos?(&), (4.2)

where @1’ (£)) = [/ (E)P2u’(£). Then, we can have e(&) = —-cosz(é) ¢ =%, T =mn. Furthermore, by a simple

(pp(u’(£))) + = u "(&)-

calculation, we can see that fo (e(é) - c)dé < 0. Thus, Theorem |3.3| guarantees the existence of at least one periodic
wave solutions for equation @-1). Let Eq.(&2) be rewritten equivalently to the following equations:

W' (&) = [0 (&)1 (),
V(&) = — 71 (&) + g — 7 C0s*(£),

where % + % = 1. Without loss of generality, let p = 3 and a = 3, then (@I) possesses at least one m-periodic wave
solutions. This fact can be presented in the following Figures

value

0 2‘0 4‘0 Gb 8‘0 100
Figure 1: Time-domain behavior of the state variables u and v of system (@I).

Example 4.2. We consider the following one-dimensional non-Newtonian filtration equation with nonlinear sources
and a singularity as follows:

Bq aq agy 1 1 . 2t
p—2 - —Zgin?x-=
i (I E 8x) p sin (x T) 3, xeR, t>0. (4.3)

Eq.(3) can be regarded as a problem of the form ([I.1)), where

g(x, t) = —sm2 (x— ¥)+3.
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Let q(x,t) = u(&) with & = x— %, g(t,x) =e(&) = e(x— %), then Eq.(@.3) is transformed into the following ordinary
differential equation

’ ’ 2 ’ 1 _ 1 2
(Pplal ) + 30 €)= 1oy = 5 =3, (44)
where @p(u'()) = [u’ (E)P~2u’ (§). Then, we can have e(&) = %sinz(é) -3,c= %, T = nt. Furthermore, by a simple
calculation, we can see that fOT (e(cf) - c)dcf > 0. Thus, Theorem guarantees the existence of at least one periodic
wave solutions for Eq.(@.3). Let Eq.(4.4) be rewritten equivalently to the following equations:

{ul(é) = [0/ ()T’ (8),

V(&) = =3 (&) + gy + 15In*(€) =3,

where % + % =1. Without loss of generality, let p = % and a = 3, then (4.3) possesses at least one m-periodic wave
solutions. This fact can be presented in the following Figures |

value

time

Figure 2: Time-domain behavior of the state variables u and v of system (#3).

5. Conclusion

In this paper, the existence of periodic wave solutions for non-Newtonian filtration equation with
nonlinear sources and singularities is discussed. By using variational methods and mountain pass theorem,
we obtain the existence of at least one periodic wave solution for the considered equation. The novelties
of this paper is that it is the first time to discuss the existence of periodic wave solutions for the singular

non-Newtonian filtration equations by using variational methods and mountain pass theorem. Our results
enrich and extend some corresponding results in the literature.
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