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Hermite-Hadamard-Mercer Type Inequalities for Fractional Integrals
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Abstract. In the present note, we proved Hermite-Hadamard-Mercer inequalities for fractional integrals
and we established some new fractional inequalities connected with the right and left-sides of Hermite-

Hadamard—Mercer type inequalities for differentiable mappings whose derivatives in absolute value are
convex.

1. Introduction

Let 0 < x1 < xp < .. < x, and let A = (A4, A3, ...4,) nonnegative weights such that Z?:l Aj = 1. The

well-known Jensen inequality [13] in literature states that if f is a convex function on an interval containin
x, then

f ZA]'X]‘ < Z/\]‘f(x]').
j=1 j=1

The inequalities discovered by Hermite and Hadamard for convex functions state thatif f : ] CR — Risa
convex mapping defined on the interval I of real numbers and a,b € [ with a < b, then

b b
f(#) < ﬁf Fx)dx < M

Both inequalities hold in the reversed direction if f is concave [5].
In [12], Mercer proved the following variant of Jensen inequality known as the Jensen-Mercer inequality:

1)

Theorem 1.1. If f is a convex function on [a,b], then
f a+b—Z)\jx]- sf(a)+f(b)—Z/\jf(xj) )
j=1 =1

foreach x; € [a,b]l and A € [0,1] ( j= L_n) with Z';zl Aj = 1. For some recent results connected with Jensen—Mercer
inequality, see ([1], [9], [11], [12], [14]).
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After these important inequalities about convex functions, we will now give the definition of Riemann—
Liouville integrals which we will use in this paper.

Definition 1.2. Let f € L[a, b]. The Riemann-Liouville integrals |7, f and ]’ f of order a > O with a > 0 are defined

by
o) = ﬁf(x—t)“‘lf(t)dt,x>a
and
1 b
RI® = o [ @-0 pod <

respectively. Here, I («t) is the Gama function and 2+ fx) = ]2_ f(x) = f (x).For more details, one can consult ([8],
[10] [15]).

For some recent results connected with fractional integral inequalities see ([2], [3], [4], [6], [7], [16], [17],
[18]).

In this paper, by using the Jensen—-Mercer inequality, we proved Hermite-Hadamard’s inequalities for
fractional integrals and we established some new fractional inequalities connected with the right and left-
sides of Hermite-Hadamard type inequalities for differentiable mappings whose derivatives in absolute
value are convex.

2. Hermite-Hadamard-Mercer’s inequalities for fractional integrals

By using the Jensen-Mercer inequality,Hermite-Hadamard’s inequalities can be represented in fractional
integral forms as follows.

Theorem 2.1. Suppose that f : [a,b] — R is a convex function. Then we have

flaso-"3E) = @ ro- S R w1 )] ®
< f(a)+f(b)—f(T)
and
xX+y I'(a+1)
Flast="30) < oy o iy f @004 i f @ 0-0)
(4)
< f(a+b—x);f(a+b—y)Sf(a“f(b)_f(x);f(y)
forallx, y € [a,b] and a > 0.
Proof. Using the Jensen—Mercer inequality, we have
flave-22H8) < F@+ - L0 5)
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for all x1, i1 € [a,b]. By changing of the variables x; = tx+ (1 —t)yand y; = (1 — ) x + fy for x, y € [a,b] and
t € [0,1] in (5), we obtain

Flavo- )< p@ + pp - LEEAZONH @203 ) ©

Multiplying both sides of (6) by *~! and then integrating the resulting inequality with respest to t over
[0,1], we have

flare-2Y) < @+ fw

_§f0 FUf (4 (L= D)+ F (L= D+ ty)]dt
= é[f(a)+f(b)]_2(y+x)a

X fy(y—u)“_lf(u)du+fy(u—X)“1f(u)dt]

1 M@ 1 a
= U@+ fOl- = e f )+ Iy f W)
flosv=- )< @+ FO) - 3 R RS )+ 1 ) 7)

and so the first inequality of (3) proved. For the proof of the second inequality in (3), we first note that if f
is a convex function, then, for ¢t € [0, 1], it yields

x+y\ tx+(1-Hy+(Q-fHx+ty
f( 2 ) - f( 2 )

(8)
flx+A-Hy)+ f(A-Hx+ty)
< > .
Multiplying both sides of (8) by t*~! and then integrating the resulting inequality with respest to t over
[0,1], we obtain

YY) < 4 [ erea-on s s@-nrsmla

I( N
Z(y—ax) [J8.f () + 1% f )]
and then
x+y I'a+1) 1., "
-f(52)2 - o W) ©)

Adding f (a) + f (b) to both sides of (9), we find the second inequality of (3).
Now we prove the inequality (4). From the convexity of f we have

f(a+b—x1;yl) f(a+b—x1+a+b—y1)

. (10)

IN

%[f(a+b—x1)+f(a+b—y1)]
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for all x4, i1 € [a,b]. By changing of the variablesa+b—x1 =t(a+b—-x)+(1-t)(a+b-y)anda+b—-y; =
1-tH@+b-x)+t(@@a+b-y)forx, yelablandt€[0,1] in (10) we find that

f(a+b—¥) (11)
< %[f(t(a+b—x)+(1—t)(a+b—y))+f((1—t)(a+b—x)+t(a+b—y))].

Multiplying both sides of (11) by t*~! and then integrating the resulting inequality with respest to t over
[0,1], we have

1 xX+y
Ef(“”’_ 2 )

1
%[j(; T f(t@a+b-x)+(1—t)(a+b—y))dt

IA

1
+f ta—lf(t(a+b—x)+(1—f)(ﬂ+b—y))dt]
0

a+b—x
. %U (u—(a+b—y)*" £ (uw)du

2 (y - X) a+b-y
+b—x
+ f ((a+b—-x)-— u)"“1 f (u) du]
a+b-y
T(a)

= Yy [(M )f(a+b x)+](a+b_x),f(a+b—y)]

and so

f(u+b—x; ) 21“((;+xl) [a+byf(a+b X)+a+bxf(a+b—y)].

The proof of first inequality of (4) is completed. On the other hand, using the convexity of f we can write

f@a+b-x)+A-t)@@a+b-y) < tfla+b-x)+A-t)f(a+b-y)
f(@A-H@+b-x)+t@@a+b-y) < A-bHf(a+b-x)+tf(a+b-y).

By adding these inequalities and using the Jensen-Mercer inequality, we have

f@+b-x)+QA-H@+b-y)+f(A-H@+b-x)+t(@+b-y))
(12)

IA

fla+b-x)+f(a+b-y)

IA

2[f @+ fO] = [f &) + fW)]-

Multiplying both sides of (12) by t*! and then integrating the resulting inequality with respest to t over
[0, 1], we obtain second and third inequalities of (4). [
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Remark 2.2. Under the assumptions of Theorem 2.1 with a = 1, we have

fooa- 3

IA

1
f(a)+f(b)—j(; fltx+ (1 —t)y)dt
f@+fro-f(=2)

IA

and

f@+b—x;y) < wixyﬁaﬂa+b—ﬂm

f+f()
2

(13)

IA

f@+f0)-
forall x, y € [a,b] .The proof of Remark 2.2 is proved by Kian and Moslehian in [9, Theorem 2.1] .
Similary, we obtain the following Hermite-Hadamard-Mercer inequalities for fractional integrals:
Theorem 2.3. Let f : [a,b] — R be a convex function. Then we have
X+ y)
f@+b .

2017 (g + 1)
(y-x)°

fla)+f(b) -

I:]?”*'b—%yf(a +b-x)+ ]aa_'_b_%),f(a +b-— y)] (14)
f@)+fy)
2

IN

forallx, y € [a,b] and a > 0.
Proof. To prove the first inequality of (14), by writing x; = tx + &ty and y; = Zix + Ly forx, y € [4,b] and
t € [0,1] in the inequality (10), we get

2f(a+b—x+Ty)

)

And then, multiplying both sides of (15) by #*~! and then integrating the resulting inequality with respest
to t over [0,1], we have

%f@+b—x+y)

(15)

2
o [l B [ (e e
na 4h— Y B
R Ua;_y (= (a+b-y)"" f(u)du
’ f b (@+b-x)—w)"" f () du}
By

= @TEJ@%TVNM”_w+ﬁwﬁwﬂ“”_%



H. Ogiilmiis, M. Z. Sarikaya / Filomat 35:7 (2021), 2425-2436 2430

and so
x+y
Flaro-57)
2017 (@ + 1)
(y—x"

The first inequality of (14) is proved. For the proof of second inequality of (14), by using Jensen—-Mercer
inequality, we obtain

[]‘(‘M_%)ff(a +b-y)+ ]?m—%)*f(“ +b- x)] ,

flavo-(32+255) < r@+ro-[5rw+ 2w

flaro-(Br+59)) < f@+f0 -5 rw+ 570

By adding these inequalities, we have

loeo= (5o o sloss- (e 30)

f@+f)
—

(16)
< 2[f@+ f®)]

Multiplying both sides of (16) by t*~! and then integrating the resulting inequality with respest to ¢ over
[0,1], we find second inequality of (14). O

Remark 2.4. If we take a = 1 in Theorem 2.3, then the inequality (14) reduces to the inequality (13).

3. Hermite-Hadamard-Mercer type inequalities for fractional integrals
Now, we give the new following lemmas for our results.

Lemma 3.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f’ € L|a, ], then the following
equality for fractional integrals holds:

fla+b-x)+fla+b-y) T(a+1) [a

2 2ty Vg T OO0+ Ty fas b= y)]

(17)
_ 1
. %fo(ta—(l—t)“)f'(a+b—(tx+(1—t)y))dt
forallx,y €la,b],a>0andte[0,1].

Proof. It suffices to note that

I

[) E-Q-D)f(a+b-(tx+(Q -t y))dt

1 1
ft“f’(a+b—(tx+(1—t)y))dt—f(1—t)“f’(a+b—(tx+(1—t)y))dt
0 0

L - L.



H. Ogiilmiis, M. Z. Sarikaya / Filomat 35:7 (2021), 2425-2436 2431

Integrating by parts, we get

I

1
f Ffr@a+b—-(x+Q-1ty))dt
0

N _ _ 1 1
_ faxb y(t_xx+<1 Hy) _yfxfota—lf(a+b-(tx+<1—t>y))dt
0
fla+b-x) T(a+1) ,
B y=x (y—x (wroonf @0 =1)

Similary we get

I

1
fo(1—t)“f'(a+b—(tx+(1—t)y))

Q-0 f@a+b-(tx+(Q1
y—x
fla+b-y) T(a+1)

RN <a+by>f””’ 9

f(l D> fa+b—(tx+ (1 —1t)y))dt

We can write

I L+D

b b
_ fl~+ x;ti(cw ) (I};(f;)aljl[(ﬁb )f(a+b x)+](a+bx)f(a+b—y)].

Multiplying the both sides by &=, we have the equality (17). [

Corollary 3.2. If we choose @ = 1 in Lemma 3.1, then we have the following equality:

(18)
a+b—x
fa+b-x)+fla+b-y) 1
> ) ff(u)du
a+b-y
_ 1
_ yTx @t—1)f (a+b—(tx + (1 - ) y))dt.
0

Remark 3.3. If we take x = a and y = b in Corollary 3.2, then the equality (18) reduces to the equality

b
1
f(a);f(b)_biaff(u)duzbzifo @t -1)f (1~ Ha+th)dt

which is proved by Dragomir and Agarwal in [6].
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Lemma 3.4. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f’ € L|a, ], then the following
equality for fractional integrals holds:

20717 (@ + 1) [

a a x+y
G Vs FOHD =04y far b y)] - f(a . T)

(19)
[l (5ten o) foso- (e 25
forallx,y €[a,bl,a >0.andte]0,1].

Proof. It is proved similar to the proof of Lemma 3.1. [

Remark 3.5. If we take x = a and y = b in Lemma 3.4, then Lemma 3.4 reduces to Lemma 3 proved by Sarikaya et.
al in [17].

Theorem 3.6. Let f : [a,b] — R be a differentiable mapping on (a, b) with a < b. If
following inequality for fractional integrals holds:

f/

is convex on [a, b], then the

fm+b—m+fW+b—yy_rm+1>[
2 2(y-x)°

(Z;i)(l_zla)[

forallx, y € [a,b] and a > 0.

l(1a+b—y)+f (ﬂ +b- x) + ](01(1+b—x)_f(cZ +b- 3/)”

(20)

f @)+

£ o) |f @) ; i (y)l}

Proof. By means of the Lemma 3.1 and Jensen—Mercer inequality, we find that

f(a+b—x)+f(a+b—y)_ T'(a+1) [
2 2(y-x)°

gfolw—(l—t)ﬂ Fra+b—(tx+(1-Dy)|dt
y;xf01|t“—(1—t)“[
_ y;x{j:((l—t)a—t“)—[
+]:(t“—(1—t)“)[

- X
= yz (A1+A2).

oy f @D T farb y)”

IN

IA

f @]+ ®|-(t

)|+ @-1

£ ()])]at

f @|+|f ®)-(t

f@)|+@-t)

£ W)))]dt

f @]+

f®) - (tf @]+ @ -

f@Mﬁ
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Calculating A; and A, we obtain

_ ’ / % P\ g _ ’ % _ P\ _ %LHl
A= f(b)))j; (1 =% — %) dt { Uo t(1— 1) dt fot dt]
% _ patl _ % _ a
L£(1 ) dt\ﬁ (1 ﬂtﬂ”
e : 1 >
B ( f(b)))[a+1_a+1]
_ /x 1 2a1+1 2‘3+1
(a+1)(a+2) a+1 (a+2) a+1
and
1 1 1
A, = (' +ﬁwmfkﬁ—u4Ww—{’ fmm—ftOJVq

[ (1—#)t%dt — 1a )“%ﬂ}
1

- (f%my+f%m0(a+l__ail)
, 1 Pl -

- * (@+2) a+1 (oz+1)(a+2) a+1]|[’

By adding A; and A;, we obtain the inequality (20). O

Remark 3.7. If we take x = a and y = b in Theorem 3.6, then Theorem 3.6 becomes Theorem 3 proved by Sarikaya
et. al in [16].

Remark 3.8. Ifwe take « =1, x = a and y = b in Theorem 3.6, then Theorem 3.6 gives [6, Theorem 2.2].

Theorem 3.9. Let f : [a,b] [a, b], then the
following inequality for fractional integrals holds:
24717 (a + 1) . x+y
(y—x)[( Ly @b+ fatb- w|-flero-=7)
(1)

(a)] +

y - |F @] +|f )
2(a+1) B 2

forallx, y € [a,b] and a > 0.
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Proof. Using the Lemma 3.4 and Jensen-Mercer inequality, we find

a-1
e ?ffm+b_@+rlw?wf@+b‘yﬂ‘f@+b‘fgzﬂ

(y—x" Lot
f (a +b- (éx + %y))‘ dt}

[ s B o [
%F{fﬁ[ )|
[l )|}

y—x
2(a+1)

IA

ol - (317 e+ 5

£ @|+

Fe)+ 2

f @)+

|

which completed the proof. [

7 ol-(3

| (0] +
2

f @]+

£ o) - f (y)l]

Corollary 3.10. If we let a« = 1 in Theorem 3.9, then we have the following inequality:

a+b—x

1
(y—x)

f f(u)du—f(a+b— “Ty)

a+b-y

o) |f @) ; i (y)l]_

Y=X|
< —jl—— Df'(a)|+

Theorem 3.11. Lef f : [a,b] — R be a differentiable mapping on (a,b) witha < b. If | f’ I
then for all x, y € [a,b] and a > 0O, the following inequality for fractional integrals holds:

is convex on [a,b], g > 1,

a-1
w [][(xm—%)*f(“ +b- x) + ]aa+b—%)_f (61 th- y)] B f(a th- x;_y)‘

(y—x)"
(22)
NPT AL
< I 1 [f'(ﬂ)|q+ f'(b)|q‘3f(X)| 4+f(y)|}
4(ap+1)»
Col + 3l ()
+[f/ (a)|q+ I (b)|q_ |f @) +4 £ () ] ]

1,1
where - + = = 1.
p g
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Proof. From Lemma 3.4, using the Holder’s inequality, we have

20-1T (@ + 1)
(y—x)°

<2 (|
[

[(a+b W)f(‘“rb x)+]abw)f(a+b y)] (a+b—x+Ty)‘

TR =) )

th)é}.

[( W)f(a+b x)+]abw)f(a+b y)] (a+b—x+Ty)‘

q
I, we have

2471 (a + 1)
(y-x)"

: %%Y{(f;v
([ ror-tror-(o- e )1}

1
P

1

)) dt)q

’ (a)ri

£ o - (

= (y- )(

and so the proof is completed. [

(ap + 1))
3@ >|q

IF )| +3
B 4

) f i

Remark 3.12. If we take x = a and y = b in Theorem 3.11, then Theorem 3.11 reduces to Theorem 6 proved by
Sarikaya et. al in [17].

Corollary 3.13. If we choose o = 1 in Theorem 3.11, then we have the following inequality:

a+b—x

1x ff(u)du—f(a+b—x+Ty)

a+b—y

y—x ,
1

4(p+1)r

IA

3lF @[+
- 4

w

|q]5

I o +3
a 4
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