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Abstract. In this paper, the authors defined a new general class of functions, the so-called strongly
(h1, hp)-nonconvex function involving ?’p ;1 () (Raina function). Ultilizing this, some Hermite-Hadamard

type integral inequalities via generalized fractional integral operator are obtained. Some new results as a
special cases are given as well.

1. Introduction

Definition 1.1 ([9]). A function ¥ : I C R — R s said to be convex on I if
F (@l + (1= 0)tp) <1F (6) + (1 = 1)F (£2)

holds for every {1,¢, € I and 1 € [0, 1].

Definition 1.2 ([5]). A function ¥ : 1 € R — R s called strongly convex with modulus 6 € R*, if
F by + (1 = 1)b) < 1F (€1) + (1 = )F (L2) — Ou(1 — 1)(€2 — £1)?

holds for every €1, €, € I and 1 € [0,1].

Strongly convex functions have been introduced by Polyak, see [5] and references therein. Since strong
convexity is a strengthening of the notion of convexity, some properties of strongly convex functions are just
stronger versions of known properties of convex functions. Strongly convex functions have been used for
proving the convergence of a gradient type algorithm for minimizing a function. They play an important
role in optimization theory and mathematical economics.
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The most significant inequality is the Hermite-Hadamard integral inequality, see [10]. This double inequal-
ity is expressed as:

51 + 52 1 b2 7:(51) + 7:(62)
> )S o6, F(r)dt < — 1)

d
The double inequality (1) became a very important foundation within the field of mathematical analysis and
optimization, several applications of these inequalities have been found in number of settings. Furthermore,
several inequalities of special means can be discovered for the specific options of the function . Due to large
applications of double inequality (1), literature is growing and giving its some new proofs, augmentations,
improvements and generalizations, see [1-4, 8] and the references therein.
In [6], Raina R. K. introduced a class of functions defined formally by

@) = F 00 () = &, 2)

Z F(pk + /\)

where p,A > 0,|x| < R and ¢ = (0(0),...,0(k),...) is a bounded sequence of positive real numbers. Note

that, if we takein (2) p =1,A = 0and o(k) = % fork=0,1,2,...,where a, f and y are parameters which

can take arbitrary real or complex values (provided that y # 0,-1,-2,...), and the symbol (a); denote the

quantity

Fa+k)
I'(a)

and restrict its domain to |x| < 1 (with x € C), then we have the classical hypergeometric function, that is

@) = =a@+1)...a+k-1), k=0,1,2,...,

= (a)(B)k "
< Ky

F,(x) = Fla, By x

Also, if 0 = (1,1,...) with p = a, (Re(a) > 0), A = 1 and restricting its domain to x € C in (2) then we have
the classical Mittag-Leffler function

+00
1
Eo(¥) = Y ———2"
)=} T +ak)
k=0
Now we are able to define a new general class of function involving 7"; 1 () (Raina function).

Definition 1.3. Let hy,hy : [0,1] — [0, +00) be two functions and G : I — R. If function G satisfies the following
inequality

Gl +1F ), (6 = ) < (OG(6) + (G (L) — Ol (Dha(1)(62 = &),

forall1 € [0,1] and {1, €, € I, where 7—'; (62— ty) > 0, then G is called strongly (hy, hy)-nonconvex with modulus
value 6 > 0.

Remark 1.4. Taking hy(1) = 1—1, hy(1) = 1and 7—'{ Y (la=t) ==t > 0inour definition, then we obtain definition
1.2.

Remark 1.5. Choosing 7—“’;’ (—0)=6-0>0, let us discuss some special cases in our definition 1.3 as follows:

(I) Taking h1(1) = hy(1) = 1, then we get strongly P-convex functions.
(II) Taking hy(1) = h(1 — 1) and hy(1) = h(1), then we get strongly h-convex functions.
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(II1) Taking hy(1) = (1 —1)° and hy(1) = #° for s € (0, 1), then we get strongly s-Breckner-convex functions.
(1V) Taking h1(1) = (1 —1)™° and hy(1) = 17° for s € (0, 1), then we get strongly s-Godunova-Levin-Dragomir-convex

functions.
(V) Taking hi(1) = ha(1) = 1(1 — 1), then we get strongly tgs-convex functions.
(V1) Taking hy(1) = 1= and hy(1) = Vi then we get strongly MT-convex functionss
ST Ty MR T gy T e |
Definition 1.6 ([7]). The left and right side generalized fractional integrals for a function G are defined as
_ fP
elpG(r) = G)di, T > £,
%
G-t
t1oG(n) = gb( )Q(z)dz < b,

T

Our main goal during this paper is to prove some Hermite-Hadamard type integral inequalities for strongly
(h1, hp)-nonconvex functions by using the generalized fractional integral operator. We will prove several
corollaries as a special cases of our main results. At the end, a briefly conclusion is given as well.

2. Main results

Throughout this section the following notation is used:

O=[t,6+F2 (62— 01)] where F7,(lr—tr)>0.
Theorem 2.1. Let hy, hy : [0,1] — [0, +00) be two continuous functions and G : O — (0, +00) a strongly (h1, hy)-
nonconvex function with modulus value 6 > 0. Then the following inequality for the generalized fractional integral

holds:

tloG(O + T, (6= 0)) + (€1+7fpﬁ/‘(£2—el))fl¢§(fl)

< G(O)H: + G(lo)H, = 0( — )My + Ma), 3)
where

H; = fh(z+h - )| ———

(P(TUA(fz — 1))
1, Vi=1,2

and

1 1 (F (b2 = 1))
M = fo [hl(z)hz(z)] di, My = fo [hl(l—z)hza—z]q”%dz.

Proof. Since G is strongly (h1, hy)-nonconvex function, then we have

O(F )\ (b= b))
1

Gl +17 7, (6 — ) < (WG(6) + ()G (L) = Ol (o ()(E2 — 61)? (4)
and

Gl + (1 =DF ) (L= ) < (1= 0G(6) + ha(1 = DG(L) = Ol (1 = Dha(1 = 1)(62 = &), (5)
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Adding (4) and (5), we obtain

Gl +1F ), (L= 0) + GG + (1= 0)F ), (L = 0))

< (m@G() + h®)G(t) — Ol (W) - 01)?)
+ (hl(l —10)G(0) + ha(1 = 1)G(62) — O (1 - )ha (1 = 1)(62 - 51)2)
= G@)[m@ +m1-0]+G&)[n() + (-1
~0(6 = O [ Oha() + (1 = Dha(1 - )], (6)
Multiplying (6) with w on both sides and integrating the resultant inequality with respect to 1 over

[0, 1], we have our required result (3). [
We point out some special cases of Theorem 2.1.

Case 1. Taking ¢(1) = 1, we obtain the following inequalities for the Riemann integral:

Corollary 2.2. Under assumptions of Theorem 2.1, choosing hy(1) = ha(1) = 1, we get

1 0O+F ), (=6)
— Glr)d < G() + G(lr) - (6 — 6. %
[ - o]

Corollary 2.3. Under assumptions of Theorem 2.1, choosing h1(1) = h(1 — 1) and hy(1) = h(z), we get

1

O+F )\ (=)
— Gt < A[G(t) + G(&2)] - OB(Lz - &), ®
[7aea = 0] o

where

1 1
A:fo h(1)ds, Bz[) h(D)h(1 — 1)da.

Corollary 2.4. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)° and hy(1) = 1°, we get

0+F ), (=0)
;2 f G(t)dt < M —OB(s+ 1,5+ 1)(tr — ), 9)
[Fae-af o

where f(.,.) is beta function.

Corollary 2.5. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)™° and hy(1) = 17°, we get

O+F )\ (G=0)
;2 f G(r)d < M - 0B(1—5,1=5)(ta — &r)*. (10)
ECEIDIR

Corollary 2.6. Under assumptions of Theorem 2.1, choosing hy(1) = hy(1) = 1(1 — 1), we get

1 (45 (60 5]6(0) + G(&)] - 0(L2 - 1)?
f G(t)dt < .
4

_ (1)
7o, - 6] 30
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Corollary 2.7. Under assumptions of Theorem 2.1, choosing hy(1) =

1
7o -]

Case 2. Taking ¢(1) =

Corollary 2.8. Under assumptions of Theorem 2.1, choosing hy(1) = hy(1) = 1, we get

Fa)I'(a+1)

and ho(1) =

4

(47, 6=0) () + G(t2)] - 6(6: - &r)?
| Gy < .

F(a) ’

27, (6~ )]

Corollary 2.9. Under assumptions of Theorem 2.1, choosing h1(1) = h(1 — 1) and hy(1) = h(z), we get

I*(a)

m [ LG(6 + TU/\(fz {1)) + I?EQ(&)]
pAN2 T

< H[G(6) + G(6)] - 26M (6, - 1),

where

H = fo 1 1) + 1 = 1)|d, M= f [r@n(1 = 1)]d.

\[
217

2 [I?;Q(fl +F (b~ 0) + I?EQ(&)] < G(ly) + G(b) — O(Lr — £1)%.

we get

we obtain the following inequalities for the Riemann fractional integral:

Corollary 2.10. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)° and hy(1) = 1°, we get

I*(a)

m [ LG(6 + Tﬂ/\(fz £1)) + I‘;Eg(fl)]
pANZ T

<[6(6) + 6(@)] (plas + 1)+ —) 208(s +a,5 + 1)(E2 — £1)2.

Corollary 2.11. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)™° and hy(1) = 17°, we get

I(a)

<[6(6) + 6(e)] (pla,1 -9 + ——) - 20p(a -

Corollary 2.12. Under assumptions of Theorem 2.1, choosing hy(1) = hy(1) = 1(1 — 1), we get

I*(a)

[Fo -t |16+ 75,6 - ) + 16(@)
ol —h

270 (6 - &)

. G +G(&)

T (a+D(a+2)

= |+ 76 - )+ )]

- 0B(a +2,3)(t, — £1)*.

—s)(6 — (1)~

2441

(12)

(13)

(14)

(15)

(16)

(17)
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Corollary 2.13. Under assumptions of Theorem 2.1, choosing hy(1) = and hy(2) =
I (a
16+ 75,6 - ) + 16|
RN
11 6t — ¢
<|pfa+33)+8(a- 33 loen + sre] - 208 (18)
Case 3. Taking ¢(1) = ,%, we obtain the following inequalities for the k-Riemann fractional integral:
Corollary 2.14. Under assumptions of Theorem 2.1, choosing h1(1) = hy(1) = 1, we get
KT i(@)Tk(a + k
(@K j 12,460 + Tl = )+ Ty e 9y 460
270, (6 - )]
<G(6) + G(6) - 0(6 — ) (19)
Corollary 2.15. Under assumptions of Theorem 2.1, choosing hy(1) = h(1 — 1) and hy(1) = h(z), we get
S () . ,
|12, 6(6 + G = ) + I ) 4600
70,6 - 0)]
< T[G(6) + G()] - 26N (6 - &1, (20)
where
T = f 7 n() + b1 - p)d, N = f En@h( - 1))
0
Corollary 2.16. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)° and hy(1) = 1°, we get
T2 (cv) .
z [If;,kg(gl +F (b= 0) + I(msf“ (l=01)) kg(gl)]
[ o l2 = 51)]
a k a 9
< [ﬁ (Fs+1)+ = a][g(fl) +G()] - 268 (s +Ts 1)(52 — o). (21)
Corollary 2.17. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)™° and hy(1) = 1%, we get
kT3 (cv) ; .
2« [ e, kg(gl + 7: ( 51)) + I((I_,_gl:;/\(gz_gl))—/kg(gl)]
[Fo6- )"
a k a 5
< [ﬁ (%, 1- s) — ks][g(el) +G(0)] - 295(% —s1- s) (2 — )% 22)
Corollary 2.18. Under assumptions of Theorem 2.1, choosing hy(1) = hy(1) = 1(1 — 1), we get
kT3 (cv) . )
% [Iq,kg(gl + 7:‘0,/\(52 51)) + 1(514_7: (L—t1)" kg(gl)]
2[F 0, (6 - &)
_Hle@+éw) 0p(% +2,3) (6 - 01)? 23
@+ R@+20 ﬁ(EJF ’)(2_1)' @3
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Corollary 2.19. Under assumptions of Theorem 2.1, choosing hy(1) = and hy(2) =

kZFi(oz) [

= |15 G0 + T (6 - 51))+I(€1+¢a (L)) kQ(&)]
[Fo -]

s[ﬁ(i 2a)+8(% - )][g<a>+g<fz>] 'M (24)

Case 4. Taking ¢(1) = 1(61 + 7—'p b =6) - )% ! and a € (0,1), we obtain the following inequalities for the
conformable fractional integral:

Corollary 2.20. Under assumptions of Theorem 2.1, choosing hy(1) = hy(1) = 1, we get

1
[+ 7o -] - &

X[IL G + T, (o = ) + I e 1,1 G(0)]

< G(6) + G(t2) — O(6r — 51)2.

. 25)
Corollary 2.21. Under assumptions of Theorem 2.1, choosing hy(1) = h(1 — 1) and hy(1) = h(z), we get
I?Irg(gl + 7:;,\(52 gl)) + I(€ +(F" (ba—=t))~ g(fl)
< H[G(6) + G(62)| - 2M°0(6 - 1), (26)
where
1 a-1
= f [ + w1 = )][e+ A= )F 2 (G- )] ds
0
and
1 a-1
= fo [rona - o][t6r + 1 =0T (- 6)] dr.
Corollary 2.22. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)° and hy(1) = 1°, we get
I?Tg(fl + ?’:/\(52 [1)) + 1(514_7—-0 (bo— [l))—g(gl)
<H”[G(0) + G(6)] - 2M*°0(62 - ()7, (27)
where
1 0+F ) (G—6) s
H® = ——————— f - by +(a+ Foulla— ) — 1)
70,6 - )]
and
1 O +F 7 (E2=t) s
M = — f a— ) (0 +Fo, (6 - 0)—1) [ d.

[Fo.(6- )]
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Corollary 2.23. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)™° and hy(1) = 17°, we get

I?TQ(& + TF;A(KZ gl)) + I(gl_'_q—-ﬁ (br- 51))—6(51)

2444

< P[G(tr) + G(6r)] - 2RO(L — &), (28)
where
b +F) ) (=)
P = —1 - f 14 [(Z _1€ )s + 1 s]dl
70— ] e R R AACEIORY)
and
1 1+ F 7 (La—r) a1
= TR f - ~d1.
[Fo -] e (=t (6+73, - ) -1) ]
Corollary 2.24. Under assumptions of Theorem 2.1, choosing hy(1) = hp(1) = 1(1 — 1), we get
I?}g(& + 7:;,\(52 fl)) + I(gﬁ_?*o (6=01))~ g(gl)
<L[G(t) + G(&)] - 2ub(t2 - (1), (29)
where
2 b +F ) (=)
f ' = 0) (b + T2 — ) — 1) dr
[ (-6
and
1 O +F ) (G=6) 2
Us ———— f e e-a) (G TG - ) - )|
70,6 - 0)]
Corollary 2.25. Under assumptions of Theorem 2.1, choosing hy(1) = \7 and hy(1) = 2\# we get
I?}g(fl + 7:;/\(52 gl)) +1 (51+'}‘u (6r—1))" g(fl)
T[6(6) + 6(62)] - 2Wee. - &), (30)
1
T=—Fr——
2F (6 = 6)
y ffﬁﬁ 2(6=6) o -0 . L+F ) (G- b)) -1 N
o 0 +7:pa,)\(€2_€1)_1 1—0;
and
1 (2 & o
el o
Case 5. Taking ¢(1) = £+ exp(—A1), where A = =2 and « € (0, 1), we obtain the following inequalities for the

fractional integral with exponential kernel:
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Corollary 2.26. Under assumptions of Theorem 2.1, choosing h1(1) = hy(1) = 1, we get
-
2[1 —exp (—ATP[’A(@ - fl))]

2

X [I@}Q(fl +F (b= 0)) + I&1+ﬁ{A(eﬂl>)—g(fl)

< G(6) +G(L) — 0(Lr — 61)2.

Corollary 2.27. Under assumptions of Theorem 2.1, choosing hy(1) = h(1 — 1) and hy(1) = h(z), we get
LG+ T3l = ) + I g 1,-0)-G(6) < Q[G(61) + G(E)| - 2V0(lr — (1),
where
F (6 - )
Q= +——

a

1
fo [1@) + h(1 = )] exp (~AF (62 - €1)r) e

and

Fo (f - ¢ ) 1
V= Zea2 7Y j(; [h(z)h(l - z)] exp (—A?ﬂpﬁ,\(fz - 51)1) di.

Corollary 2.28. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)° and hy(1) = 1°, we get
LG+ T3l = ) + Iy e 1,0 G(0) < Q[G(00) + G(2)| - 2V°0(2 - 1),
where
Fol—0)
* p//\ o
Q= j; [+ (1 =1y exp (-AF 2, (2 — tr)1)
and
Fill—t)
. pA s o
V= fo [11 =) exp (-AF 2, (&2 — b)) dr,

Corollary 2.29. Under assumptions of Theorem 2.1, choosing hy(1) = (1 —1)™° and hy(1) = 17°, we get

.66+ F 7, (6L = () + I?Zﬁ#rp"/‘(&ffl))’g(fl) < Q**[Q(f)l) + g(fz)] —2V*0(6, - ),

where
Fo (52 - [1) 1 1 1
w_ _pAT T 1 e
Q" = a L [ZS + 1- Z)S]GXP( Afcp,)\(fz fl)l) di
and
e Tone- 0 fl oxp (AT (G- )
a 0 [1(1 _ l)]s

Corollary 2.30. Under assumptions of Theorem 2.1, choosing hy(1) = hy(1) = 1(1 — 1), we get

LG+ Ty 0l = () + Iy e 1,0 -G(0) < Q°[G(6) + G(2)| - 2v° 016 — (1),

2445

(31)

(32)

(33)

(34)

(35)
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where

27,6 - 1) fl
o

Q= | [ =)o (A7) 6 - ty)a

and

~ Foalla =)

24

j; [1(1 - z)]2 exp (—A?—‘p"ﬂ(fz - 51)1) di

Corollary 2.31. Under assumptions of Theorem 2.1, choosing hy(1) = \ZE\; and h(1) = 2\/\%, we get

LG+ Tl = ) + I e 1,-0y)-G(6) < Q°[G(0) + G(62)| = 2V°°0(2 - 1), (36)

where

I k) fl exp (-AF (6 - )
0

Za N
and
oo _ [1 —exp (_ATpU,A(& - 51)1)]

41-a)

Theorem 2.32. Let hy, hy : [0,1] — [0, +00) be two continuous functions and G1,G> : O — (0, +00) be strongly
(h1, hp)-nonconvex functions with modulus value © > 0. Then the following inequality for the generalized fractional
integral holds:

a+loGi(G+ 57, (L = )Gl + T, (b = Q) + (a7, (6-0)-10G1(61)Ga(61)
< P+ CoPy — O(6 — ()Y CaPs + CuPy] + CsPs +(0(6 — (1)2) P, (37)
where
G =G1()G:(0), C=Gi(2)Ga(lr), Cs=Gi(h) +Ga(lr), Cu=Gi(L2) +Gal2),
Cs = G1(61)G2(82) + G1(L)Ga (1)

and

P(F 7 (b = tr)r)

1
P, = f O R ) R —" )
0 1

PF (L= ))
P, = f [ + 31 - ]%m,
Fo (b~
Py = f [hz(z h2(1)+h2(1—z)hz(l—z)]wdz,

Fo (b~ ¢
Py = f [m@m0) + m(1 -1 (1—1)]Mdz,

Fo (b=t
Ps = f [m@ hz(z)+h1(1—z)hz(l—z)]wdz,
¢(F a fz—fl)l)d

1.

Pe = f [ @@ + 1A -3 -1)
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Proof. Since G1, G are strongly (h, hy)-nonconvex functions, we have

IN

and

Gi(l +17 )\ (L = 0)Go(C +1F ), (62 = 1))

(1 G1(6r) + ()G (€2) — Ol (Da(1)(E2 — €1)?)

(1 Ga2(tr) + ha()Ga(l2) — O (D (1)(E2 — £1)?)

H ()G (61)G2(61) + B3(1)G1(£)Ga(62) — O (2 (1) (62 — £1)*(G1(61) + Ga(6r))

O ()5(1) (L2 — 01)*(G1(62) + Ga(£2)) + I (D2 (1))(G1(6)Ga(L2) + G1(£2)Ga (1))

(Om@ha)(2 ~ 0)) (38)

Gi(l+ (1 =9F (L= t))Ga(b + (1 = 0)F ), (2 = &)

(h1(1 - 1)G1(61) + ha(1 = 1)G1(62) = O (1 = Dha(1 — 1) (62 — 51)2)
(h1(1 = 1)G2(61) + ha(1 = 1)Ga(6r) = O (1 = Dha(1 — 1) (62 — 51)2)
W (1 = )G1(6)Ga(6) + (1 = )G1(£2)Ga(L)

O3 (1 = ha(1 — 1)(62 — £1)*(G1 (&) + Go(61))

Ol (1 = )51 = )6 = 6 (G1(62) + Go(62)

h (1 = Dha(1 = 1)(G1(61)G2(L) + G1(2)G2(61))

(6111 = a1 = 0(E2 - 1) (39)

Adding (38) and (39), we have

IA

+

+

Multiplying (40) with

Ql(fl + 17:;/\(52 - fl))gz(fl + 17:;/\(52 - 51))
Gi(l+ (1 =9F ) (L= t))Ga(br + (1 = 0)F ), (6 = &)
Gr(0)G(E)[IE @) + (1 = )] + G1(L)G2(E)[I30) + H(1 1)
062 = {(G1(1) + Ga(E))[ I (Dha(1) + (1 = )ha(1 = 1)
(G1(62) + Ga (L)) @I3() + I (1 = h3(1 =)}
[G1(E)G2(62) + Gr(E)Ga(E) ][I Wa() + I (1 = a1 = 1)]
2
(006 = £02) [IBME@) + W1 = 31 = 1)]- (40)

(F (L= 01)1) . . . . . . .
w on both sides and integrating the obtained inequality with respect to 1

over [0, 1], then we have our required inequality (37). O

We point out some special cases of Theorem 2.32.

Case 1. Taking ¢(1) = 1, we obtain the following inequalities for the Riemann integral:

Corollary 2.33. Under assumptions of Theorem 2.32, choosing hy(1) = hy(1) = 1, we get

2[¢ng L — b

<C+C-06(6 - 51)2[C3 + C4] +Cs + (9(52 — 51)2)

1 G+ F )\ (G=6)
| G1(1Gx (0T
)| e

2
. (41)
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Corollary 2.34. Under assumptions of Theorem 2.32, choosing hy(1) = h(1 — 1) and hy(1) = h(1), we get

1 O+F,), (L=6)
— G1(0G(D)r
|70t - 0)]

< L[C1 + o] - 6Lals — [ Cs + Ca] + CsLa + L (662 - £27), (42)

where

1 1
=2 f WRG)d, L, = f h(h(1 = )[h(G) + (1 = 1)]dz,
0 0

L3=2 fo 1 hWh(1 - 1)di, Ly = fo 1 [nna —1)]2dz

Corollary 2.35. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)° and hy(1) = 1°, we get

1 O+F,), (L=6)
— G1(0G(D)r
70,6 - 0)]

2[C1 + Cz]
PO |
STt
42CsB(s+ 1,5+ 1)+ B(2s +1,25+ 1) (66 - )2) .

—20B(s + 1,25 + 1)(£, — €1)2[C3 + c4] (43)

Corollary 2.36. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)™* and hy(1) = 1%, we get

1 (457, (Gt)
S S f G\(1Ga (DT
70,62 - 0)]
2[C1+ G
1-2s
+2CsB(1 - 5,1-5) + (1 - 25,1 -25) (662 - €1)?) .

—-20B(1 —s,1—2s)(£, — fl)z[cg, + G (44)

Corollary 2.37. Under assumptions of Theorem 2.32, choosing h1(1) = hy(1) = 1(1 — 1), we get

1 (457 (=)
f G1(DGa(D)dt
[ o l2 = 51)]

< w - 7%(52 — 6)?[Cs + Ca] +

Case 2. Taking ¢(1) = ¢,

(662 - )’

315 (45)
we obtain the following inequalities for the Riemann fractional integral:

Corollary 2.38. Under assumptions of Theorem 2.32, choosing h1(1) = hy(1) = 1, we get

T(@)T(a+1) Pg?gl(fl +F (G = 0))Gb + T (G = 6))
277, (b= )P +IE"€1+¢0 (tr—tr)-G1(01)G2(01)

<C+C-06(6 - 51)2[C3 + C4] +Cs + (9(52 — 51)2)2 . (46)
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Corollary 2.39. Under assumptions of Theorem 2.32, choosing hy(1) = h(1 — 1) and hy(1) = h(z), we get
Ia+1) | 161G+ T2 (G = 0)Galr + F3, (L - )
[F 7, (6 = Q)P +I, +m([2_€1»_§1(&)Qz(é’l)
2

< Li[Cy + Co| = OLa(lr — 1)?[Cs + Ca] + CsLa + Ly (0(L2 — £1)?) (47)

where L1, Ly, Ly and Ly are defined as in Corollary 2.34.
Corollary 2.40. Under assumptions of Theorem 2.32, choosing h1(1) = (1 —1)° and hy(1) = 1°, we get
T +1) | GG+ T (G- )G (b +F]) (6~ &)
[F 7, (6 — )] +1f21+¢mfz,[l))fg1(&)gz(fl)
2[Cy + G
< = -
25 +1
42CsB(s+ 1,5+ 1)+ B(2s +1,25+ 1) (06 - )2) .

—20p(s + 1,25+ 1)(l2 — ()| Cs + G4 (48)

Corollary 2.41. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)™* and hy(1) = 17°, we get

T@@+1) [ LG+ T (6= )Gl + T, (6 = )
R s (60 G1(EDG2()

- 2[C1 + Cz]
1-2s
+2Csp(1 — 5,1 —5) + (1 - 25,1 = 25) (0(L2 — 1)?)

—20B(1 —5,1 = 25)(£s — fl)z[c3 + c4] (49)

2

Corollary 2.42. Under assumptions of Theorem 2.32, choosing hy(1) = hy(2) = 1(1 — 1), we get

Tla+1) | GG+ Forlla = 0)Go(Or + F ), (6 = £1))
[7:;//\(52 - 51)]3a +I?[1+(}7:’§T'A([2_€1))—gl(fl)QZ(’gl)

4[C1 +Cy + C5]

. (02 - 07)"
B 3

315 0

- 7%(52 — 0)[Ca+ ] +

Case 3. Taking ¢(1) = 1#%((1)' we obtain the following inequalities for the k-Riemann fractional integral:

Corollary 2.43. Under assumptions of Theorem 2.32, choosing hy(1) = hy(1) = 1, we get
Te(@)Tk(a + k) I%/kgl(fl + 77;7,,\(52 - 0))Ga(l1 + ?;A(& - 6))
A7 (62 - )] s (a1 (G2

<Ci+GCp - 9(52 — 51)2[C3 + C4] +Cs+ (9(52 — 51)2)2 . (51)

Corollary 2.44. Under assumptions of Theorem 2.32, choosing hy(1) = h(1 — 1) and hy(1) = h(z), we get
Ti(@)T(a + k) I?}/kgl(fl +F (G = 0))Gal + F ] (G = 6)
W [ +Ift€1+ﬁ/\(527€1))7,kg1(51)62(51) }
< Li[C1 + o] - 6La(ls — [ Cs + i + Gl + L (0062 - 627),
where L1, Ly, L and Ly are defined as in Corollary 2.34.

(52)
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Corollary 2.45. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)° and hy(1) = *, we get

L@+ k) | GGG+ 57, (L= ))GA(b + ), (6~ ()
[77;}\(52 _ gl)]% +I&1+7:;A(€z_€1))—,kgl(fl)gz(gl)
2[C1 + Cz] )
S =5 " 20B(s+ 1,25+ 1) (62 - ) [Cs+ G

$2CsB(s+ 1,5+ 1)+ B(2s + 1,25+ 1) (06 - )2 .

Corollary 2.46. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)™* and hy(1) = 1%, we get

Tk + k) | LG+, — )Gl + T, (G~ ()
[?';A(€2 _ 51)]37,? +I(a€1+‘7”’;f/‘(€27€1))—’kgl(fl)gz(fl)

- 2[C1 + Cz]
1-2s
+2Csp(1 5,1 —5) + B(1 = 25,1 = 25) (0(L2 — 1)?)

—20B(1—5,1-25)(C2 - (1)[C5 + Ca]

2

Corollary 2.47. Under assumptions of Theorem 2.32, choosing hy(1) = hp(1) = 1(1 — 1), we get

L 61+ F )G = t)Ga(b + F ) (2 — 1)) }

e, +F A([z—fl))’,kg 1(61)G2(6)

[F0, (6 = e F

4[C1 +Co+ C5] 0

_Yarerc] o (e -ar)
- 3 70

(62— 51)2[C3 + C4] + 315

2450

(53)

(54)

(55)

Case 4. Taking (1) = 1(6r +F 7, (G — 1) = 1)1 and a € (0,1), we obtain the following inequalities for the

conformable fractional integral:

Corollary 2.48. Under assumptions of Theorem 2.32, choosing h1(1) = hy(2) = 1, we get

Ig}gl(& +F 5, (b= t)Galy + T (L2 = £1))
+I€2’1+TpfA([2_fl))—gl([1)62(51)

014
2 + Fo (b - 51)]“ - e}

<Ci+Co 0l - Y Cs+ Ca] + Cs + (06— 1))

Corollary 2.49. Under assumptions of Theorem 2.32, choosing hy(1) = h(1 — 1) and hy(1) = h(1), we get

3G+ F ), (L = t))Ga(G+ F 7 (G = &)
77 (-0 G1(0)G2(0)

1
Foalla =)

< AL[C1+ o] - 0Aa(lr — [ Cs + Ca] + Cos + A4 (0062 - 012,
where

a-1

1
i= [ IFora-allea-re -]

1
ao= [ oo+t~ ol + 0 - a7 - 0] e
0

(56)

(57)
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1
a-1
A3 =2 f hh( =16+ (A= DF (G- )] dy,

Ay = f [n(n(1 - z)] |6+ - 0Fg (6 - 51)] ',

Corollary 2.50. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)° and hy(1) = 1*, we get

LGl + F ) (b = 0)Ga(b + F ) (6 = )
+10271+7:a ([2_[1))7g1(€1)g2(€1)

1
Tyl =)

<A} [Cl + Cz] OA;(Lr — 1) [C3 + C4] + C5AS + AS (e(f,_ - €1)2) (58)
where
. 1 (4T (=0) N ) s
Al = [7-_0 (6 — 51)]25+1 f . 1 1[(1 - 51)2s + (51 + 7’;,/\(52 -0) - 1)2 ]dl/
1 G+ (G-6) .
Ay = 265+1) ‘f[ a_l[(l - ) (51 + F° (b2 =) = )]

70,6 - 0)]
X[ b + (6 + 72, (6~ ) = 1) Jab,
2

X 0O+F ), (G=6) » s
AS = - 51)]25” f Na- o) (0 +Fo (G- 0)-1) | d,

R 2 O+F 0 (=0) B N
Ay = [7__0 by — gl)]4s+1 f “ [(l -{) (fl + 7:;/\(62 —0) — 1)] di.

Corollary 2.51. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)™° and hy(1) = 1%, we get

1 .G+ T 7, (6 - f))Ga(lr + F ol =)
7:;}\(52 - 51) +I&1+T;/‘(€2—Zl))‘gl(51)g2(€1)

< AP[Cr+ G| - 0A3° (62 — 12[Ca + Ca + CsAS + A (0(L2 - 51)2)2, (59)
where
A<1><> — 1 _ f[] +F 7 (b—t) la—l [(l _ 51)—25 + (51 i 7:;/\(52 _ 51) B l)_ZS ]dll
[T;A({’z - fl)] O
€1+7'- (L— 51 s
A = —t) (6 +F0 (b - ) -
2 [TGA({?Z—&) 09, He-aar e - -]

x[a— &)=+ (51 +F (b= ) - 1) |

1+ (=) -s
Ago_[ 7. (& f)lzs p a1(1_51)(514-?"({2_&)_1)] 4,
P/\ 2 — 1 !
f]‘FTP,/‘(ZZ_[l) 45
e e [ -
ANE2 T 1 '
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Corollary 2.52. Under assumptions of Theorem 2.32, choosing hy(1) = hy(2) = 1(1 — 1), we get

12,616+ 706 = )G + T3,(C2 = ) + By 4y Gr(E)G(61)]

<Ay + Gy + Cs| - 0B (62 — 01)*[Ca + Ca + C* (0(L2 - 51)2) , (60)
where
) 0+F ) (G—6) 2
A = —4f ’ e-0) (a6 + Foolla— ) — )],
[Tpﬁ(fz - fl)]
i 2 G+ F ) (=) 3
B = —6f ’ zH[(z -0) (6 +F (b~ ) - z)] d,
7o, - 0] e
2 0+ (=) 4
C = f ’ 1 a- ) (0 +Fo (G- 0)-1) ] du
[ A(ZZ - {1 )]
Case 5. Taking ¢(1) = - exp(—A1), where A = =% and a € (0, 1), we obtain the following inequalities for the

fractional integral with exponential kernel:
Corollary 2.53. Under assumptions of Theorem 2.32, choosing hy(1) = hp(1) = 1, we get
(1-a)
2[1-exp (—AT;A({’Z - 0))]

[ GG+ T (6= 0)Ga(O + T (=) + I(gl+7- (- gl))—gl(gl)gz(fl)]
<Ci+Cr—0(6 — 51)2[C3 + c4] +Cs + (062 - 51)2) . (61)

Corollary 2.54. Under assumptions of Theorem 2.32, choosing hy(1) = h(1 — 1) and hy(1) = h(1), we get

__a
7:;)\ ({2 - [1)

X [I?Tgl(gl +F (b= 0))Go (O + T, (62— ) + IE)}l_;_y»‘/iA(gz_gl))—gl(51)g2(€1):|

<P[Ci + Gy - 0Q(L: — 17[Cs + Ca] + R+ T (062 - €12, (62)

where
_ 1
P= fo [12() + (1 = 1)) exp (-AF 3, (62 — 1)) do
_ 1
0= L h(@h(1 = 1)[ () + h(1 = 1)] exp (~ATF 7, (6 = b)) s
1
R=2 j; [1(r( = 1)) exp (-AF S, (62 - (1)) di

_ 1 2
T= 2f [h(z)h(l - 1)] exp (—AT;A(ZZ - 51)1) d
0
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Corollary 2.55. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)° and hy(1) = °, we get

__a
7:;)\ (52 - {1)

X [I?Tgl (51 + 7:;/\(52 - 51))92(51 + 7:;)\({2 - 51)) + IEX[] +¢pﬂ/\(gz_[1))—g1(gl)QZ(fl)]

) ol 2 B o.T 2)?
<Pi[C1+ G| - 00162 — 6| Cs + Cu] + CsRy + T4 (0(62 - 01)?) (63)
where
_ 1
Py = f %+ (1-1)%|exp (-AF°, (6, — £1)1)ds,
= [P =P e (ars, - )
J— 1 S
Q= f [1(1 - z)] [zs +(1- z)s] exp (—A?—"F‘)’,A(Zz - 51)1) di,
0
J— 1 S
Ry =2 f |11 = )] exp (-AF 2, (62— b)),
0
— 1 2s
T, =2 f [1(1 =] exp (AT, (62 - 1)) d.
0
Corollary 2.56. Under assumptions of Theorem 2.32, choosing hy(1) = (1 —1)™* and hy(1) = 1%, we get
>
TISA ([2 - [1)
X [1?+Q1(51 +F (b= 0))G (O + F ), (b= 0) + [ o (gz_gl))—gl(gl)QZ(fl)]
1 pA
5 o 2 B LT 2)?
<P[C1+ G| - 00,62 — 6| Cs + Cu] + CsRy + T (0(62 - 01)?) (64)
where
_ 1
P, = f [1*25 +(1- 1)’25] exp (—A;ﬁ;{A(z’Z — b)) dy,
0
J— 1 —s
0, = f [t =] [+ @ =] exp (-AF (2 - 1)),
0
— 1 -5
R, =2 f [1(@-1)] exp (—A?;A({fz — b)) d,
0
— 1 -2s
T, =2 f [11 =] " exp (-AFS, (62 - C1)r) dh.
0
Corollary 2.57. Under assumptions of Theorem 2.32, choosing h1(1) = hy(1) = 1(1 — 1), we get
2
27‘-; (= 60)
X [I?}gl(fl +F (b= 0)Go (b + T (6= ) + Iz;l+¢;/‘(gz,gl))—gl(gl)QZ(fl)]
_ —_ — 2
< P3[C1 +Cy + C5] — 9Q3(€2 - fl)z[C3 + C4] + T3 (9(62 - 61)2) , (65)
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where

1

Ps = fo (10— 0] exp (~AF, (62 - o)) i
1

0, = fo (10 0] exp (~AF, (62 — 1))

1
Ty = f(; [1(1 - z)]4 exp (—AT;A(KZ - 51)1) di

Corollary 2.58. Under assumptions of Theorem 2.32, choosing hy (1) = and hy(2) = F we get

__a
?dpg/)\ (52 - fl)

X[ 1616 + Tl = 00)Ga(e + Tl = ) + T -1y G1(E)G2(0)|

(66)

(662 - )
=1

<PyfC1+ G| - 00462 — 6| Ca + Cu + E[CS +

where

1

- 1 1 .
Py = fo [1—_1 + T]exp(—ATM({’z — i),

5 1 fl exp (-A?;A(fz - €1)z)d o o (—A?;A(fz — b))
T8 o Vi@ =) b 247 ), (6L = 6)

Theorem 2.59. Let hy, hy : [0,1] — [0, +00) be two continuous functions and G1,G» : O — (0, +00) be strongly
(h1, ho)-nonconvex functions with modulus value O > 0. Then the following inequality for the generalized fractional
integral holds:

tloGr(b +F (6 = 0))Ga(b + F )\ (6 = 6)) + (a+¢;A(£2—f1))—Lpgl(fl)gz(&)

IN

%[p1 G2(6r) + P2G2(62) + 2DPs = 20(6x — £1)2[P3Cs + PCi] (67)
2
+ 2(6(6 - 07 P,
where
D = G1(61)G1(62) + G2(61)Ga(62)

and Cs, Cq and P; for all i = 1,6are defined as in Theorem 2.32.
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Proof. Since G1, G are strongly (h, hy)-nonconvex functions, we have
Gi(6 + z?“;A(fz —61))G2 (6 + z?p‘f,\(fz — 1))
(@61 (01) + ha()G1(6) — Ol W2 ()(C2 — €1)?)
X (m@Ga(6r) + ha()Ga(l2) = Ol (Dha()(E2 — 61)?)
1] (M0G0 + h0)G1(6) — OmOha()(E — 6)2)
2] + (hl(l)gz(fl) + I (1)G2(C2) — O (ha(1)(L2 - 51)2)2
= %[hi(z)g%wl) + B0Gi(6) + 2 (G1 ()G (6)
—20(6, - (1) (I O)h0)G1(6) + OB 0G1(62))
b (OmOhE - 0)2) + ROGHE) + BOGHE) + 2m0(0G)G(6)
2606~ 6 (BOR0)GA6) + OBOGAE)) + (Bl ~ 6 | (68)
In a similar way, we have
Gl + A =0F (L = 0)Ga(l + (1 = )F 7, (L2 — )
%[hf(l - 1)G1(61) + (1 = )G3(62) + 2h1 (1 = Dha(1 — 1)G1(6) G (62)
=206, = &) (31 = Dha(1 = DGr (1) + (1 = DAL - DG (62))

+ (9711(1 = )hy(1 = 1)(62 - 51)2)2 + (1 - 0G5(6) + (1 — 1)G5(62)
+2h1(1 = ha(1 — 1)Ga2(61) G2 (L)
- 206 - 6) (h%(l —Dha(1 = 1)Ga(6r) + h(1 = )h5(1 - l)gz(fz))

+(0m( - (1 - ) - 0)) | (69)

IA

IA

IN

7‘.” fz—[ll
Adding (68) and (69), multiplying with il on both sides and integrating the obtained inequality

with respect to 1 over [0, 1], we have our required inequality (67). [

Remark 2.60. Under assumptions of Theorem 2.59, using the same idea as corollaries of Theorem 2.1 and Theorem
2.32, we can derive some new integral inequalities. The details are left to the interested reader.

Remark 2.61. If we tend to suppose O = 0 in all proved results of this paper, then all results holds for the (h1, hy)-
nonconvex functions.

Remark 2.62. Tuking 7—'[) C(b-0)=6-6>0in Theorem 2.1, Theorem 2.32 and Theorem 2.59, then all results
holds for the strongly (h1, hy)-convex functions.

Remark 2.63. For different positive values of p, A, where o = (6(0), ..., o(k), . ..) is bounded sequence of positive real
involving T; 1 () (Raina function) in our theorems, we have different fascinating inequalities of Hermite-Hadamard

type.

3. Conclusion

In this paper, the authors defined new class of functions, the so-called strongly (%1, h;)-nonconvex function
involving 7—; ¢ () (Raina function). Utilizing this, some Hermite-Hadamard type integral inequalities via

generalized fractional integral operator are provided. Interested reader can establish new inequalities
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via fractional operators or multiplicative integrals. We believe that our results can be applied in convex
analysis, optimization and different areas of pure and applied sciences.
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