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Abstract. In domain theory, by a poset model of a T; topological space X we usually mean a poset P
such that the subspace Max(P) of the Scott space of P consisting of all maximal points is homeomorphic
to X. The poset models of T; spaces have been extensively studied by many authors. In this paper we
investigate another type of poset models: lower topology models. The lower topology w(P) on a poset
P is one of the fundamental intrinsic topologies on the poset, which is generated by the sets of the form
P\ Tx, x € P. A lower topology poset model (poset LT-model) of a topological space X is a poset P such
that the space Max,,(P) of maximal points of P equipped with the relative lower topology is homeomorphic
to X. The studies of such new models reveal more links between general T; spaces and order structures.
The main results proved in this paper include (i) a T; space is compact if and only if it has a bounded
complete algebraic decpo LT-model; (ii) a T; space is second-countable if and only if it has an w-algebraic
poset LT-model; (iii) every T space has an algebraic dcpo LT-model; (iv) the category of all T; space is
equivalent to a category of bounded complete posets. We will also prove some new results on the lower
topology of different types of posets.

1. Introduction

The primary motivation for the study of domains, which was initiated by Dana Scott in the late 1960s,
was to search for a denotational semantics of the lambda calculus. Domain theory also provides a platform
to study the interlinks between topology and order. One of the most important topologies in domain
theory is the Scott topology: a topology on a poset with respect to which every directed subset converges
to its supremum. In general, the Scott space of a poset is only Ty. However, if we take the set Max,(P) of
maximal points of P with the relative Scott topology, a more abundant number of spaces can be obtained.
A poset model of a topological space X is a poset P with a homeomorphism ¢ : X — Max,(P). Spaces
with a domain model enjoy many favourable properties and have been studied by many authors. See
[T, 11], 12, 17H19] for more details.

Zhao [24] and Erné [3] independently proved that every T; space has a bounded complete algebraic
poset model. Therefore, the T; spaces are exactly those spaces which have a poset model. Recently, Xi
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and Zhao [25] further proved that every T; space has a directed complete poset model. The Xi-Zhao dcpo
models have been used in several other recent work ([8) 20| 22, 26]]).

Note that the poset models based on other topologies, such as Lawson topology and the strong Scott
topology have also been studied by other people ([12, 16, 27]).

Besides the Scott topology, there are also other intrinsic topologies defined on a poset P, one of them is
the Iower topology of which {P \ Tx : x € P} forms a subbase, denoted by w(P). We write QP = (P, w(P)).

The set Max(P) of maximal points of P with the relative lower topology will be denoted by Max,,(P).

A natural question arising here is: which topological spaces are homeomorphic to Max,(P) for some
poset P?

We call a poset P a lower topology poset model (poset LI-model, for short) of a space X if Max,(P) is
homeomorphic to X. This notion is not new, and was originally called the totally space by Kamimura and
Tang [10] (see Section 5). They proved that a space X is second-countable compact T; if and only if it has a
bounded complete w-algebraic dcpo LT-model.

Recently Hui Li and Qingguo Li also studied such model [14] and obtained the following;:

(1) Every T; space has a bounded complete algebraic poset LT-model;

(2) A T; space has a dcpo LT-model if and only if it has a local dcpo LT-model, where a local dcpo is a
poset that every upper bounded directed subset has a supremum.

As every bounded complete poset is a local dcpo, thus combing the above results (1) and (2), one can
immediately deduce that every T; space has a dcpo LT-model (note that the authors did not state this most
important result on LT-models explicitly in [14]). We have also obtained this result independently and
presented at the Third Pan-Pacific International Conference on Topology and Applications. But here we
shall focus on the new results on the lower topology model listed in the abstract.

In Section 3, we prove that a topological space X is second-countable if and only if (C*X, 2) is second-
countable; X is compact if and only if )(C*X, D) is compact, where C*(X) is the set of all nonempty closed
sets. The main results proved in Sections 4 include (i) T; spaces are precisely the spaces that have a poset
LT-model; a Ty space X is second-countable if and only if it has an w-algebraic poset LT-model; (ii) A
T; space X is compact if and only if it has a bounded complete dcpo LT-model. In Section 5, we prove
that every T; space has an algebraic dcpo LT-model, which strengthens the result deduced from [14]. In
Section 6, based on the results in the previous sections we explore the existence of functors derived from
lower topology models. We prove that the category of all T spaces is equivalent to a category of bounded
complete posets. This result indicates some advantages of considering lower topology models.

2. Preliminaries

We first recall some basic notions and results to be used later. We refer readers to [2] 16 [7] for more
details.

For a set X, the family of all finite subsets of X will be denoted by X(<w),

Let P be a poset. A nonempty subset D of P is directed if every two elements of D have an upper bound
in D. A poset P is a directed complete poset, or dcpo for short, if for any directed subset D C P, \/ D exists.

A poset P is bounded complete if for any A C P, \/ A exists whenever A has an upper bound in P, or
equivalently, A A exists whenever A # 0.

For x,y € P, x is way-below y, denoted by x < y, if for any directed subset D of P for which \/ D exists,
y <V D implies x < d for somed € D. Denotetx = {y € P:x < ylandyx = {y € P: y < x}. A poset P is
continuous, if for any x € P, the set {x is directed and x = \/ {x. A continuous dcpo is also called a domain.

An element x in a poset P is compact if x < x, and we use K(P) to denote the set of all compact elements
of P. A poset P is algebraic, if for any x € P, the set K(P) N |x is directed and x = \/(K(P) N |x). An algebraic
poset P is called w-algebraic if K(P) is countable.

A subset U of a poset P is Scott open if (i) U = TU and (ii) for any directed subset D of P for which \/ D
exists, \/ D € U implies D N U # 0. All Scott open subsets of P form a topology, and we call this topology
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the Scott topology on P and denote it by o(P). The space P = (P, o(P)) is called the Scott space of P. In an
algebraic dcpo P, the family {Tx : x € K(P)} forms a base for the Scott topology on P.

For any T space X, the specialization order < on X is defined by x < vy iff x € cl({y}), where cl is the
closure operator. A subset S of X is saturated if S = 1S with respect to the specialization order.

Remark 2.1. For each poset P, the specialization order on LP (resp., (QP) is exactly the (resp., dual of) partial
order on P.

Definition 2.2. A Tj space X is called well-filtered if for any filtered family {Q; : i € A} of compact saturated
subsets of X and any open set U C X, (;cp Qi € U implies Q;, € U for some iy € A.

Definition 2.3. A nonempty subset A of a topological space X is irreducible if for any closed sets Fy, F, of X,
A CFyUF, implies A C Fy or A C F5. ATy space X is sober, if for any irreducible closed set F of X there is a
point x € X such that F = cl({x}).

3. The Lower Topology

The standard name ‘lower topology’ was originally given by Gierz and Lawson [5] as the open sets are
lower sets. In [9], it is called the INF-topology while in [13] it is called the closure of points (COP) topology.
Two recent results on the lower topology are due to Wen and Xu [21], who proved that for any bounded
complete dcpo P,

(i) the lower topology on P is sober;

(ii) the Scott closed sets of P are exactly the compact saturated subsets of P with the lower topology.
In this section, we prove some more properties of the lower topology.

Lemma 3.1. Let X bea Ty space and Q C X. Then Q is compact saturated if and only if Q = TMin(Q) and Min(Q)
is compact, where Min(Q) is the set of minimal elements of Q with respect to the specialization order.

Proof. Note that for any A C X, A is compact iff TA is compact (see [6] after Definition O-5.7]). Thus the
Sufficiency is trivial.

Suppose now that Q is a compact saturated set. To prove Q = TMiIn(Q), it suffices to prove Q € TMin(Q).
Let x € Q. Then there is a maximal chain C € Q (with respect to the specialization order) that contains x,
here we use the Hausdorff Maximality Theorem. As Q is compact and |yNQ # 0 for all y € C, we have that
ﬂyec lynQ # 0. Letxp € ﬂyec ly N Q. Since xj is a lower bound of C and xp € Q, C U {xp} is also a chain
in Q. By the maximality of C, we deduce that xo € C and xg = A C. It follows that xy € MinQ and xj < x,
implying that x € TMin(Q). Thus Q € TMin(Q). It is straightforward to check that Min(Q) is compact. Thus
the necessity follows. [

Lemma 3.2. Let P be a bounded complete dcpo. Then both spaces QP and Max,,(P) are compact.

Proof. We first show that QP is compact. Let {Tx; : i € A} be a family of subbasic closed subsets of QP such
that for any | € A?), M,;; 7x; # 0. Then {x; : j € J} has an upper bound, and since P is bounded complete,

xy:= \/{x; : i € J} exists. Note that {x] ] € A(<“’)} is a directed subset of the dcpo P, so x := \/ {x] ] € A(<“’)}
exists. It follows that x = \/{x; : i € A}, which implies that x € ;5 Txi. Thus (;cp Tx; # 0. Using Alexander

Subbase Lemma, we obtain that QP is compact.
By Remark [2.1|and Lemma 8.1} Max,,(P) is compact. (]

Theorem 3.3. For any bounded complete poset P, the following statements are equivalent.
(1) Pisadcpo.
(2) QP is compact.
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Proof. (1) = (2) is immediate by Lemma 3.2}

(2) = (1). Assume D is a directed subset of P. Then {1d : d € D} is a filtered family of closed sets in
QP. Since QP is compact, we have that (,cp Td # 0, showing that D has an upper bound, Thus \/ D exists
because P is bounded complete. Therefore, P is a dcpo. [

Definition 3.4. A subset B of a poset P is called join-dense (resp., directed-join-dense) if for each x € P, (resp.,
lx N Bis directed and) x = \/(lx N B), and L € B whenever the least element L of P exists.

Remark 3.5. Let P be a poset and B a join-dense subset of P. Then for any x € P, [x N B # 0. It is trivial if
x # L. Forthe casex = L, wehave L € |1 NB.

Proposition 3.6. Let P be a poset. If B is a join-dense subset of P, then B is dense in QP, that is, clop(B) = P.

Proof. It suffices to verify that every nonempty basic open set meets B. Let F be a finite subset of P such that
P\ TF # 0. We need to show (P\TF) N B # 0. Take x € P\ 1F. By Remark we have that [x N B # (. Let
b € |xN B. Note that P\ TF is a lower set that contains x, so b € (P \ TF). Thus b € (P\ TF) N B # (. Therefore,
Bis dense in QP. [

The converse conclusion of Proposition [3.6]is not true in general.

Example 3.7. Let P be an infinite set with the discrete order (i.e., Vx,y € P, x £ y and y £ x). Fix an element
Xo € P,and let S := P\ {xo}. Then S is a dense subset of QP, but |xy NS = 0, whose supremum does not exist
in P. Thus S is not join-dense in P.

Proposition 3.8. Let P be a poset and B C P. Then the following statements are equivalent:
(1) B is join-dense.
(2) {Tx: x € B} is a subbase for the closed sets in QP.
3) {TF :Fe B<(“))} is a base for the closed sets in QP.

Proof. (2) & (3) is trivial.
(1) = (3) For the sake of convenience, we denote 8 = {TF :Fe B<(w)}. Suppose Fy = {x1,x,...,x¢} is a

finite subset of P. Without loss of generality, we assume the least element of P (when it exists) is not in Fy.
Since B is join-dense, we have that xx = \/({xx N B) for all 1 < k < n. It follows that

TFo = Uickan T = Urshen TV (Lxk N B)
= Uisken myeixkﬁb’ Ty = m(pEA Ur<ken To(K),

where A = [];4<, lxx N B. Since for any ¢ € Aand 1 <k <n, p(k) € B, we have that | J;, Te(k) = {Te(k) :
1 <k <n} CB. So TF can be expressed as the intersection of some subfamily of 8. Since {T F:Fe P(<“’)= is
a base for the closed sets in QP, we conclude that 8 is a base.

(3)= (1) Letx € P. As Txisclosed in QP and 8 = {TF :Fe B<(w)} is a base for the closed sets in QP, there
exists a subfamily {F; : i € A} € B such that Tx = (;ea TF;. Then for each i € A, x € 1F;, and thus there exists
a; € F; such that x € Ta;. It follows that Tx C (Nica T9i € Niea TFi = Tx, 50 Tx = (Niep Tai- Thus x = Vicp a5,
implying that {a; : i € A} € lx N B. Thus x = V,ca < V({xNB) <x,s0x =\V(xnNB). Therefore, B is a
join-dense subset of P. [

Lemma 3.9. Let P be a bounded complete poset. If B is a join-dense subset of P, then

By = {\/ F : Fis a finite subset of B such that \/ F exists}

is a directed-join-dense subset of P.
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Proof. We prove this in two steps.

Step 1. For each x € P, [x N By is directed. First, from Remark and the fact B C By, it follows that
lxNBy # 0. Let x1,x2 € lxN By. Then x is an upper bound of x1, x, which implies that x; V x, exists because
P is bounded complete. Since x1,x; € By, there exist two finite subsets F1, F; C B such that x; = \/ F; and
x, = \/ Fp. Now let F3 = F{ UF,. Then F3 is a finite subsetof Band x; Vx, = \/ F1VV F, = \/(F1UF,) = \/ F3,
showing that x1 V x, € |x N By. Therefore, |x N By is directed.

Step 2. By is join-dense. For each x € P, since B C By and B is a join-dense subset of P, we have that
x=VIlxNnB<V]|xNBy<x,s0x =\ lxNBy. Hence, By is a join-dense subset of P.

All these show that By is a directed-join-dense subset of P. [J

It is important to note that the set By in the proceeding lemma is countable whenever B is countable.

Lemma 3.10. ([2, Theorem 1.1.15]) If the minimal cardinality of the bases for a topological space X is < m, then for
every base B for X, there exists a base By C B such that |By| < m.

Recall that a topological space is said to be second-countable if it has a countable base.

Theorem 3.11. Let P be a poset. The following statements are equivalent:
(1) QP is second-countable.

(2) P has a countable join-dense subset.

If P is bounded complete, these are equivalent to

(3) P has a countable directed-join-dense subset.

Proof. (1) = (2) Assume QP is second-countable. Since {TP :Fe P(<“’)} is a base for the closed sets in QP

and by Lemma there exists a countable subfamily 8 C {TF :Fe P(<“’)} which is a base for the closed
sets in QP. We may assume 8 = {1F, : n < w}. Let B = ,;«,, Fn, which is countable. Since 8 is a base for
the closed sets in QP and B C {TF :Fe B(<“’)}, we conclude that {TP :Fe B(<“’)} is also a base for the closed
sets in QOP. Thus by Proposition[3.8} B is a join-dense subset of P.

(2) = (1) Assume B is a countable join-dense subset of P. By Proposition the family 8 =

{T F:Fe B(<“’)} is a countable base for QP, completing the proof.
If P is bounded complete, then (2) = (3) is a direct consequence of Lemma and (3) = (2) is trivial. O

For a topological space X, denote by C*(X) the set of all nonempty closed subsets of X. Consider the
poset (C*(X), 2).

1. The poset (C*(X), 2) is bounded complete: for each nonempty subset A C C*(X),

NAa=d(l JA).

2. If Bis a base for the closed sets in X, then 8 is a join-dense subset of (C*(X), 2). This is because for
each C € C*(X),

C=()BeB:CcBl=\/lewCnB.
By the above arguments and Theorem we deduce the following.

Corollary 3.12. For any topological space X, the following statements are equivalent:
(1) X is second-countable.

(2) Q(C*(X), 2) is second-countable.
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(3) (C*(X), 2) has a countable join-dense subset.
(4) (C(X), 2) has a countable directed-join-dense subset.

Note that a topological space X is compact if and only if the intersection of each filtered (under the
set inclusion order) subfamily of C*(X) is nonempty, which is equivalent to that (C*(X),2) is a (bounded
complete) dcpo. Thus by Theorem we obtain the following result.

Corollary 3.13. Let X be a topological space. The following statements are equivalent:
(1) X is compact.

(2) O(C(X), D) is compact.

(3) (C*(X), 2) is a bounded complete dcpo.

4. Bounded Complete Poset LT-Models of T; Spaces

In this section, we prove that T; spaces are exactly the set of maximal points of posets with the relative
lower topology. Furthermore, we show that some topological properties can be characterized via lower
topology poset models.

Definition 4.1. A lower topology poset model (poset LT-model) of a topological space X is a poset P with a
homeomorphism ¢ : X — Max,(P), where Max,,(P) is the set of maximal points of P with the relative
lower topology.

Remark 4.2. Forany poset P, the space Max,,(P) is always T} because for every x € Max(P), TxnMax(P) = {x}.
Thus topological spaces having a poset LT-model must be T;.

Given a T; space X, let C*(X) be the set of all nonempty closed subsets of X. The poset (C*(X), 2) is
bounded complete by the argument before Corollary The set of maximal points of (C*(X), 2) are the
singleton sets:

Max(C*(X), 2) = {{x} : x € X}.

The following result shows that the space Max,,(C*(X), 2) is homeomorphic to X.
Lemma 4.3. Let X be a T space. The mapping ¢ : X — Max,,(C*(X), 2) defined by
o(x) ={x}, Vxe X
is a homeomorphism.
Proof. Clearly, ¢ is a bijection. For any closed set C C X, we have that
P(C) = {{x} : x € C} = Te € N Max, (C(X), 2),

which is closed in Max,,(C*(X), 2). So ¢ is a closed mapping. It is also a continuous mapping since for any
CeC(X),
¢ (Te:0C N Max,(C'(X),2)) = x:x e C} = C,

which is closed in X. Thus ¢ is a homeomorphism. [

As a consequence, we obtain the following result.

Theorem 4.4. Every Ty space has a bounded complete poset LT-model.
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The above theorem and Remark 4.2|show that the T; spaces are precisely the spaces that have a poset
LT-model.

Recall that a subset I of a poset P is an ideal if I is directed and I = |I. In the following, we use Id(P) to
denote the set of all ideals on the poset P. For a subset B C P, let Idy(B) = {I € Id(B) : \/ I exists in P}. We
should note that the sets Id(B) and Id (B) coincide whenever P is a dcpo.

Lemma 4.5. Let P be a poset and B a directed-join-dense subset of P. Then Max (Idy(B), ) = {laNB : a € Max(P)}.

Proof. First, as B is a directed-join-dense subset of P, we have that for each x € P, |x N B is directed and
x =V (lx N B). Since |x N B is a lower subset of B, we have that |x N B € I1dy(B).

Let I € Max(Idy(B),©). Then \/ I exists and I € (| \/ I) N B. Since (| \/ I) N B € Id(B) and I is maximal,
we have that I = (| \/ I) N B. We now show that \/ I € Max(P). Let x € Pwith \/ I < x. ThenI C |xN B. Since
lxN B eIdy(B) and I is maximal, we have that I = |x N B. This implies that \/ I = \/({x N B) = x. Therefore,
\/ I € Max(P).

Conversely, assume that 2 € Max(P). Let I € Idy(B) such that lanB CI. Thena = \/(lanB) <\ 1. Asa
is maximal in P, it follows that a = \/ I. Thus we have that Jan B C I C (| \VI) N B = la N B, implying that
lan B =1 Hence laN B e Max(Idy(B),<). O

Lemma 4.6. Let P be a poset and B a directed-join-dense subset of P. Then Max,(P) and Max,(Idy(B), C) are
homeomorphic.

Proof. Define ¢ : Max,(P) — Max,,(Idv(B), €) by
¢(a) = lan B, Ya € Max(P).

By Lemmal4.5] ¢ is a bijection. Since B is a directed-join-dense subset of P, we have that for any x, y € P,
x < yiff lxN B C ly N B. Thus for any x € P, we have
¢(Tx N Max(P)) {lanB:x <aanda e Max(P)}
{lanB: lxNBC lan Band a € Max(P)}
{I e Max(Idy(B),S): lxnBC I}
T, {x N B) N Max(Idy(B), ©),

which is closed in Max,,(Idy(B)). Thus ¢ is a closed mapping. For any I € Idy(B), we have

¢~ (T1a, 8] N Max(Idy (B), ©)) {a € Max(P) : I C lan B}
{a e Max(P) : \/ I < a}

T(V 1) nMax(P),

which is closed in Max,,(P). Thus ¢ is a continuous mapping. Therefore, ¢ is a homeomorphism. [

Let B be a directed-join-dense subset of a poset P. Then (Idy(B), C) is an algebraic poset whose compact
elements are b, b € B. In particular, P is a directed-join-dense subset of itself. Thus we obtain the following
result.

Corollary 4.7. Let P be a poset. Then Max,,(P) and Max,,(Idy (P), C) are homeomorphic.
Lemma 4.8. Let P be a bounded complete poset and B a join-dense subset of P. Define

By = {\/ F : Fis a finite subset of B such that \/ F exists}.

Then (Idv(Bo), ©) is a bounded complete algebraic poset.
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Proof. nLet {I, : « € A} C Id\(Bp) be a nonempty family. We prove the following.

(c1) By N Nyen Lo # 0.

As I, # 0 and P is bounded complete, A I, exists. Similarly, xo := A{A L, : @ € A} exists. Since By is a
directed-join-dense subset of P, by Remark we have 0 # Bo N |xo € By N (gea Lo, S0 Bo N (gen In # 0.

(€2) Maea Lo is an ideal of By.

Let x,y € (e Lo Fix an arbitrary f € A. Since x, y € Ig C By and I is an ideal, there exists z € Ig which
is an upper bound of {x, y}, thus x V y exists because P is bounded complete. From the definition of By,
it follows that x V y € Bg. Note that x V y < z € Ig and I3 is a lower subset of By, so x V y € Iz. By the
arbitrariness of f, we have that x V y € (,ea Io. It is trivial that (,ca I, is a lower subset of By because I, is
lower for each a € A. By (c1), (e I« is an ideal of By.

(€3) V MNgen Ly exists.

For a fixed g € A, since Iz € Idy(By), we have that \/ Ig exists and (\,ex I € Ig € |V I3, implying that
V Ig is an upper bound of (,ep ln, 50 V (en Lo exists because P is bounded complete.

All these show that (,e Lo € Idy(Bo), and thus Ay g)ila : @ € A} = (\sep Lo Therefore, (Idy(Bo), C) is
bounded complete. It is algebraic by the argument before Corollary d

The following corollary is an immediate consequence of the above lemma.

Corollary 4.9. If P is a bounded complete poset, then 1d (P) is a bounded complete algebraic poset.
By Lemma Corollary [£.7/and Corollary 4.9} we deduce the following.

Corollary 4.10. Every T; space has a bounded complete algebraic poset LT-model.

Remark 4.11. Compared with proof for the result in [14], the above construction provides a more straight
forward method to the bounded complete algebraic poset LT-models.

Theorem 4.12. Let X be a T space. The following statements are equivalent:
(1) X is second-countable.
(2) X has a bounded complete poset LT-model that has a countable directed-join-dense subset.

(8) X has a bounded complete w-algebraic poset LT-model.

Proof. (1) = (2) is immediate by Corollary 3.12]and Lemma

(2) = (3) Let P be a bounded complete poset LT-model and B a countable directed-join-dense subset
of P. Then the set By constructed from B in Lemma [3.9|is a countable directed-join-dense subset of P, and
by Lemma (Idv(Byp), ©) is a bounded complete w-algebraic poset with the compact elements |b, b € By.
Then by Lemma (Idv(Bp), ©) is a bounded complete w-algebraic poset LT-model of X.

(3) = (1) Suppose P is a bounded complete w-algebraic poset LT-model of X. Then the set K(P) of
all compact elements of P is a countable directed-join-dense subset of P. From Theorem Q(P) has a
countable base, so is Max,,(P). As X is homeomorphic to Max,(P), X is second-countable. [J

The two families Id(P) and Idy (P) coincide whenever P is a dcpo. Then by Corollary@ we deduce the
following.

Corollary 4.13. For any dcpo P, Max,(P) and Max,,(Id(P), C) are homeomorphic.
The above corollary need not be true for a general poset.

Example 4.14. Let IN be the set of natural numbers with the usual order. Define P = IN U {a} such that a is
incomparable with any element of N. Then Max(P) = {a}, while Max(Id(P), €) = {IN, {a}}. Hence, they are
not homeomorphic.

Lemma 4.15. If P is a (resp., bounded complete) dcpo, then (Id(P), C) is an (resp., bounded complete) algebraic dcpo.
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Proof. First, note that for any poset P, (Id(P), €) is an algebraic dcpo with the compact elements |x, x € P.
Now assume P is a bounded complete dcpo. Then Id(P) = Idy(P). Since P is a directed-join-dense subset of
itself and Py constructed from P in Lemma {4.8|is exactly P, we have that (Id(P), €) is a bounded complete
algebraic dcpo. [

The following is a corollary of Lemma Lemma and Corollary

Corollary 4.16. If a topological space has a (resp., bounded complete) dcpo LT-model, then it also has an (resp.,
bounded complete) algebraic dcpo LT-model.

Xi and Zhao proved that spaces that have a bounded complete dcpo model must be well-filtered and
coherent [22]. Later, they showed that every Hausdorff k-space has a bounded complete dcpo model [26].
However, there is still no characterization for the spaces that have a bounded complete dcpo model, while
there is a fully description for the case of LT-model shown as follows.

Theorem 4.17. Let X be a T space. The following statements are equivalent:
(1) X is compact.
(2) X has a bounded complete dcpo LT-model.

(3) X has a bounded complete algebraic dcpo LT-model.

Proof. (1) = (2) follows from Corollary and Lemma[4.3|
(2) = (3) is an immediate consequence of Corollary [4.16]
(3) = (1) is an immediate consequence of Lemma O

The following result, originally proved by Wen and Xu (2018), will be used later. Here, we give a simpler
proof.

Lemma 4.18. [21]] Let P be a poset. Then the following statements are equivalent:
(1) QP is sober.

(2) For each irreducible closed subset A of QP, \ A exists.

Proof. (1) = (2) Let A be an irreducible closed set. As QP is sober, there exists x € P such that A = Tx with
respect to the partial order on P. Hence, A A = x.

(2) = (1) Let A be an irreducible closed set. By assumption, x := A A exists. To prove A = Tx, it suffices
to prove x € A. Otherwise, x € P\ A. Since P \ A is open in QP, there exists a finite subset F of P such that
x € P\TFCP\A. It follows that A C 1F = UyeF Ty. Since A is irreducible, there exists yy € F such that
A C Ty, implying that x = A A € Tyo C 1F, a contradiction. Thus x € A and A = Tx. Therefore, QP is a
sober space. [

Corollary 4.19. Every bounded complete poset is sober with respect to the lower topology.

The following example shows that neither the sobriety nor the well-filteredness of P endowed with the
lower topology is inherited by its maximal point space Max,,(P).

Example 4.20. Let X be an infinite set equipped with the co-finite topology (the proper closed sets are
finite subsets). It is easy to verify that X is not a well-filtered space, hence not sober. Let P = (C*(X), 2).
By Theorem the T; space X is homeomorphic to Max,(P), implying that Max,(P) is not well-filtered.
However, since P is a bounded complete poset, by Corollary [£.19, QP is a sober space.
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5. Algebraic dcpo LT-Models of T; Spaces

It is well-known that spaces that have a domain model must be Baire [17]. In this section, we show that
every Ty space has a domain LT-model. This means that spaces having a domain LT-model need not be
Baire.

In [24], Zhao (2009) proved that every T, space has a bounded complete algebraic poset model. Sub-

sequently, from a bounded complete algebraic poset (P, <p), Zhao and Xi (2016) constructed a dcpo P as
follows:

—

P ={(x,a) : x € P,a € Max(P) and x <p a}

ordered by
(x,a) < (y,b) iff eithera =band x <py, ory =band x <p b.

It was proved that a bounded complete algebraic poset P and the dcpo P has the homeomorphic maximal
point space relative to the Scott topology, therefore every T; space has a dcpo model [25].

We elaborate the construction of P by the following simple example.
Example 5.1. ([8]) Let P = {ay,a2,...,a,,...} U {d1,d>,...,dy,...} with the partial order <p on P defined by
a; <pd;and a; <p a;1

forany i = 1,2,.... Then (P,<p) is a bounded complete algebraic poset, shown in Figure 1. The dcpo P
constructed from P is shown in Figure 2.

d, d> d3 d,

as
a
daq 2

Figure 1: The poset P

* (ct,d,) - - -
o (cta.dl,)
(tz,dl,)
(a1,d,)

Figure 2: The dcpo P

It needs to be reminded that P need not be a dcpoif P is only a poset, which can be seen from Proposition

5.5

Remark 5.2. The following facts on the poset P constructed from a poset P will be used later. They can be
proved by using a similar approach to [25, Lemma 1].
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(i) The directed subset D of P has two cases: either VD eDorD = {(x;a):1iel}for somea € Max(P)
and some directed subset {x; : i € I} of P.

(ii) The set of maximal points of Fequals {(a,a) : a € Max(P)}.

We call a poset P conditionally directed complete if for every directed subset D, \/ D exists whenever D has
an upper bound. Clearly, every bounded complete poset is conditionally directed complete.

Proposition 5.3. If P is a conditionally directed complete poset, then Pisa dcpo.

Proof. Let D be a directed subset of P. By Remark we may assume D = {(x;,a) : i € I}, where {x; : i € I}
is a directed subset of P and 4 € Max(P). As P is conditionally directed complete, \/,; x; exists, and then

VD = (Vigxi,a). Hence Pisa dcpo. O

Lemma 5.4. Let (P, <p) be a poset and {(x;,a) : i € I} a directed subset of P. If Vie1(xi, a) exists, then \/ ;o x; exists
and \ ig/(xi,a) = (V ey xi, a).

Proof. For the sake of convenience, let \/,¢;(x;,a) = (y, b). We prove this in two steps.

Step 1. Vg xi =y. Since (y,b) is an upper bound of {(x;,a) : i € I}, y is an upper bound of {x; : i € I}. If
z € P is another upper bound of {x; : i € I}, then (z,4) is an upper bound of {(x;,a) : i € I}, which implies that
(y,b) < (z,a), hence y <p z. Therefore, ;o x; = y.

Step 2. a =b. Suppose, on the contrary, that a # b. Since (x;,a) < (y,b), we have that y = b. Note that
a is an upper bound of {x; : i € I}, so y = b = ;g xi <p a. Thus b <p 4, contradicting that b is maximal.
Therefore, a = b holds. [

Proposition 5.5. Let (P, <p) be a poset such that P = |[Max(P). Then P is a conditionally directed complete poset if
and only if P is a dcpo.

Proof. Assume Pisa dcpo. Let D be a directed subset of P with an upper bound y. As y € P = |Max(P),

there exists a € Max(P) such that y <p a. It follows that {(x,a) : x € D} is a directed subset of P. Thus by
Lemma \/ D exists in P. Therefore, P is a conditionally directed complete poset. The converse is trivial

by Proposition5.3 [

The following lemma shows that for a poset P, the maximal point spaces of P and Pare homeomorphic
when each equipped with the relative lower topology.

Lemma 5.6. Let (P, <p) be a poset. Then Max,,(P) and Maxa,(I?) are homeomorphic.

Proof. Define f : Max,(P) — Maxw(l?) by f(a) = (a,a) for each a € Max(P). Then f is a bijection. Let x € P
such that Tx N Max(P) # 0, and fix an element ay € Tx N Max(P). Then

f(Tx " Max(P)) = {(a,a) : a € Max(P) and x <p a}.

We claim that f(TxNMax(P)) = T(x, ao)ﬂMax(ﬁ). Suppose (a,a) € f(TxNMax(P)). Thena € Max(P) and x <p
a. By the definition of the order on P, we have that (x,a0) < (a,a), implying that (a,a) € T(x,a0) N Max(ﬁ).
Conversely, suppose (b,b) € T(x,a0) N Max(ﬁ). Then b € Max(P) and (x, a9) < (b, ), implying that x <p b, so
(b, b) € f(Tx N Max(P)). All these show that f(Tx N Max(P)) = T(x,a0) N Max(ﬁ), which is closed in Maxa,(ﬁ).
So f is a closed mapping.

For any (x,4) € P, we have f~'(1(x,a) N Max(P)) = {b € Max(P) : (x,a) < (b,b)} = Tx N Max(P), which is
closed in Max,,(P). So f is a continuous mapping. Therefore, f is a homeomorphism. [

Remark 5.7. The above lemma has been proved by H. Li and Q. Li [14] when (P, <p) is assumed to be a
conditionally complete dcpo. Here, we generalize the result to any poset.
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Given a T; space X, P = (C*(X), 2) is a bounded complete poset such that P = |[Max(P). By Proposition
P is a dcpo. Further, by Lemma4.3|and Lemma it follows that

X = Max,(P) = Maxa,(ﬁ).
As a consequence, we obtain the following result.
Theorem 5.8. Every Ty space has a dcpo LT-model.

Remark 5.9. As pointed out in the introduction, the above result is an immediate consequence of the results
in [14], though the authors did not state it.

In the following, the dcpo LT-model constructed above for a T; space X will be denoted by D(X), that is,
D(X) = (C*(X),2)-
By Corollary [.16|and Theorem 5.8} we deduce the following result.

Corollary 5.10. Every Ty space has an algebraic dcpo LT-model.

Remark 5.11. The referee pointed out that the above result was also obtained by H. Li and Q. Li in [15],
which was published after our submission to this journal.

In the next part, we study some properties of the dcpo LT-model D(X) of a T; space X.
For each a € Max(P) and Q C P, denote

Qu=1{(x,a) €Q:x <pa).
Lemma 5.12. Let P be a bounded complete poset and Q C P\ Max(P). The following statements are equivalent:
(1) Q is compact saturated in Q(F).

(2) For each a € Max(P), Q, is compact saturated in Q(F).
(3) For each a € Max(P), Q, is Scott closed.

Proof. We first prove a useful result:

(F) If {T(x;,a;) : i € A} satisfies that for each | € A®), Miey T(xi,ai) N Q # 0, then there exists a € Max(P)
such thata; = aforalli € A.

Let iy € A. By assumption that T(x;,a;) N Q # 0, there exists (x,a) € Q such that (x;,a;,) < (x,a). Note
that QN Max(A) = (, so x # a. From the definition of the order on IJ\, it follows that a;, = a. Now take an
arbitrary i € A. Then

Txi, ai) N T ey, ai) N Q = T(xi,a:) N T(xiy,a) N Q # 0,

so there exists (y,b) € Q such that (x;, a;), (xi,,a) < (y,b). Since Q N Max(P) = 0, we have that y # b. By the
definition of the order on IJ\, it holds that a; = b = a. Therefore, a; = a for all i € A.

We now prove the lemma.

(1) = (2) Suppose {T(x;, ;) : i € A} satisfies that for each ] € A®), Miey T(xi,a:)N Qs # (. By the proceeding
argument, we deduce that a; = a for all i € A. Since Q is compact such that ﬂie] T(xi,a) N Q # 0 for all
] € A9, we have that (;cy T(t;,2) N Q # 0, s0 let (y,b) € Miea T(xi,a) N Q. Note that Q N Max(P) = 0, hence
y # b. By the definition of the order on ’P\, it holds that b = a, so (y,b) = (y,4) € Niea T(xi,4) N Q. # 0. By
Alexander Subbase Lemma, Q, is compact.

(2) = (3) By remark Q, is a lower set. Now let D be a directed subset of Q,. We need to prove
VD e Q,. ltis trivial when \V D € D. Otherwise, by Remark D = {(x;,a) : i € A}, where {x; : i € A}
is a directed subset of P and a € Max(P). Then for each | € A'=?, there exists ij € A such that x; is an
upper bound of {x; : i € J}, implying that (x;,a) € ﬂie] T(xi,a) N Q, # 0. Since Q, is compact, we have that
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Miea T(xi,a) N Q, # 0. Note that TV D = (N;ea T(xi,a), implying that (TV D)NQ, #0,s0 VD € [Q, = Q..
Therefore, Q, is Scott closed. -

(3) = (1) Since Q, is Scott closed, Q, is a lower set. Thus by Remark Q, is saturated in Q(P), so is
Q = Usemaxp) Qu- Now suppose {T(x;,a) : i € A} satisfies that for each | € A=), M, T(x;,a) N Q # 0. Let
(y,b) € Nigj T(xi,a) N Q. Then y # b because Q N Max(ﬁ) = (. Since (x;,a) < (y,b) for each i € J, it follows
thata = b.

Thus for each | € A®), there exists (v,,a) € Q (y, # a) such that (x;,a) < (y,,a) for alli € ], so y, is
an upper bound of {x; : i € J}, and this implies that \/;.; x; exists because P is bounded complete. Since
D = {(\/ie] x;,a): ] € A(<‘“)} is a directed subset of the Scott closed set Q,, we have that \/ D € Q,, thus
V D € Nica T(xi,a) N Q. Therefore, Q is compact. [

Corollary 5.13. Let X be a Ty space. The following statements are equivalent:
(1) Xis finite.
(2) QD(X) is sober.
(3) QD(X) is well-filtered.

Proof. (1) = (2) Assume X is finite. Then D(X) = (C*(/XT D) is also finite. Note that every finite Tj space is
sober, thus QQD(X) is a sober space.

(2) = (3) is trivial (see [6, Theorem II-1.21] for detail).

(3) = (1) Assume X is infinite. Then there exists a countable subset {x, : n < w} of X. For each n < w,
define Q, = {(X, {x«}) : k = n}. Since for each 1 < w, (X, {x,}) is a minimal element of D(X), the singleton set
{(X, x4)} is Scott closed. Then by Lemma m {Qn 1 n < w} is a filtered family of compact saturated subsets
of QD(X), which satisfies that (,,., Qn = 0. Therefore, QD(X) is not well-filtered. O

Remark 5.14. The order intrinsic topology on a poset dual to the lower topology is the upper topology.
The reader may wonder why we did not consider the upper topology poset model. An easy check will
show that the set Max,(P) of maximal points of a poset P with the relative upper topology is precisely the
co-finite topology, thus it does not provide models for general spaces.

The notion of co-sober spaces is introduced by Escardé, Lawson and Simpson in order to study of the
dual Hofmann-Mislove Theorem (see [4} [21] for more results).

For a Ty space X, it is easy to check that X is co-sober whenever D(X) is co-sober. While we still don’t
know whether the converse conclusion is true. Thus we leave it as an open problem.

Problem 5.15. Is it true that for any co-sober Ty space X, the set D(X) equipped with the lower topology is co-sober?

6. A Functor from the Category of T; Spaces to a Category of Bounded Complete Posets

In section 4, we constructed a bounded complete poset from each T; space. In this section, we show
that this construction can be extended to a functor from the category TOP; of T spaces to a category of
bounded complete posets. This result shows some advantages of considering lower topology models, as
there is still no analog result established for poset models (using the Scott topology).

For monotone maps f : P — Q and g : Q — P between posets, f is a left adjoint of g and g is a right
adjoint of f if

flp)<qgep<g@)

forallpe Pg € Q.

Proposition 6.1. ([6]) Let P and Q be two bounded complete posets, g : Q — P a monotone mapping. Then the
following are equivalent:
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(1) g has a left adjoint.
(2) Foreachp € P, g~} (Tp) = 14 for some g € Q.
(3) Foreach B € Q, if \ B exists, then g(/\ B) = A\ g(B).

We call a monotone mapping g : P — Q lower continuous if it has a left adjoint such that g(Max(P)) €
Max(Q).
Denote by BCPOSET the category of bounded complete posets and lower continuous mappings.

Theorem 6.2. The assignment C* defines a functor from TOP; to BCPOSET. On morphisms g : X — Y in TOPq,
C(g) : (C(X),2) — (C(Y), D) is defined by C*(g)(A) = cly(g9(A)) for each A € C*(X), as shown below:

X —(C'(X),2)
g LC*(W
Y ——(C(Y),2)
Proof. We first show that C*(g) is a lower continuous mapping. On one hand, we have

C'(9)Max(C*(X), 2) fely(g(ix)) : x € X}
gl : x € X}
Max(C*(Y), 2).

N1l

On the other hand, for any B € C*(Y), it follows that

C(9) (T B)

{AeC(X): 7(A) C B)
{AeC(X):g9(A) C B
[AeC(X):ACg'(B)
Te09 (B).

By Proposition[6.1, C*(g) has a left adjoint. Thus C*(g) is a morphism in BCPOSET. It is straightforward to
check that C* preserves identities and composition. Therefore, C* is a functor. [J

Lemma 6.3. The assignment Max,, defines a functor from BCPOSET to TOPy. On morphisms g : Q — P in
BCPOSET, Max,(9) : Max,(Q) — Max(P) is defined by Max,(9)(q) = g(q) for each q € Max(Q), as shown
below:

Q — Max,(Q)

g j L Max,,(g)

P —— Max,(P)
Proof. 1t is trivial by the definition of the lower continuity. [J
Proposition 6.4. There is a natural isomorphism ¢ : I1op, — Max,, o C* defined as follows: for each Ty space X,
¢x : X — Max,(C*(X), 2), px(x) = {x}, Vx € X.

Proof. First, by Lemma each ¢x is an order-isomorphism. In addition, since for each x € X, Max,, o
C'(N)px(x)) = Max,(f)({x}) = {f(x)} = ¢y (f(x)). Thus the following diagram commutes.

X 2 Max, (C*(X), 2)

fL jMaxa,oC*(f)

Y T> Max, (C*(Y), 2)

Therefore, ¢ is a natural isomorphism. [
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Theorem 6.5. The functor C* is a left adjoint of Max,.

Proof. Let X be a T; space. Define ¢x : X — Max,(C*(X),2) by ¢x(x) = {x} for each x € X. Let P be a
bounded complete poset and f : X — Max,,(P) a continuous mapping.

Define g : (C*(X),2) — P by g(A) = A f(A) for each A € C*(X). Since A # 0, it follows that f(A) # 0
and since P is bounded complete, A f(A) exists, so g is well-defined (refer to the following diagram).

dx
X — = Max,,(C*(X), 2) (C(X),2)
f jMaxm(q) Vg
Max,,(P) P

We now prove this result in three steps.
Step 1. g is a lower continuous mapping.
First, we have that

gMax(C*(X),2)) = {g({x}) : x € X} = {f(x) : x € X} € Max(P).
Additionally, for each p € P, it follows that

g7 (1p) {AeC(X): g9(A) = A f(A) € Tp}
{AeC(X): f(A) C Tp N Max(P)}
{AeC(X): AC f1(Tp NnMax(P))}

= To-f71(Tp N Max(P)).

Since Tp N Max(P) is closed in Max,(P) and f is continuous, we obtain that f~}(Tp N Max(P)) € C*(X). Thus
by Proposition[6.1} g has a left adjoint. Therefore, g is lower continuous.

Step 2. Max,(9) o ¢x = f.
This is easy since for each x € X, we have

Max,,(g) o px(x) = Max,(9)({x}) = g({x} /\ fO} = f().

Step 3. g is the unique lower continuous mapping such that Max,(g) o ¢x = f.

Suppose h : (C*(X), 2) — P is a lower continuous mapping such that Max,(h) o ¢x = f. Let A € C*(X).
Since h is monotone, it follows that h(A) < h({x}) = f(x) for all x € A, so h(A) < A f(A) = g(A). Additionally,
since h has a left adjoint, by Proposmon there exists B € C*(X) such that h™1(Tg(A)) = Te:xB. Then for
each x € A, we have that h({x}) = f(x) > A f(A) = g(A), showing that h({x}) € Tg(A), so

{x} € i1 (1g9(1AD) = Tex B,

implying that {x} € T¢c.(x)B, i.e., {x} C B. It follows that A C B, and thus A € T¢:x)B = h~Y(Tg9({A})). This
shows that h(A) € Tg(A), that is, g(A) < h(A). Therefore, g(A) = h(A).
All these show that C” is a left adjoint of Max,,. [

Lemma 6.6. Let P be a bounded complete poset and B € Max(P). Then A\ B = A clyax, p)(B).

Proof. Since B C cluax, p)(B), it follows that A cluvax,@)(B) < A B. Additionally, since BC T ABand T A Bis
closed in QP, it follows that clop(B) € T A B, hence clyax, p)(B) = clap(B) N Max(P) € T A B, implying that
/\ B < /\ClMaxw(P)(B)- Therefore, /\ B = /\ClMaxa,(P)(B)- [

Proposition 6.7. There is a natural transformation ¢ : C* o Max,, — Iscposer defined as follows:

Up : (C'(Max,(P)),2) — P, ¥p(A) = A\ A, YA € C*(Max,(P)).
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Proof. First, note that for each A € C*(Max,(P)), A # 0, and since P is bounded complete, A A exists, so ¢p
is well-defined. We prove the result in two steps.

Step 1. ¢p is lower continuous.

(c1) Let A, B € C*(Maxy(P)). If A 2 B, then yp(A) = A A < A B = ¢p(B), hence 1p is monotone.

(c2) Since Max,(P) is a T; space, it follows that Max(C*(Max,(P), 2)) = {{p} : p € Max(P)}. For each
p € Max(P), Yp({p}) = Alp} = p € Max(P). Thus p(Max(C*(Max, (P), 2))) € Max(P).

(c3) For each p € P, we have that

¥ (Tp)

{A € C"(Max,(P),2): A A € Tp}
{A € C"(Max,(P),2) : A C Tp}
= Tc:(Max, (2 TP N Max(P).
Therefore, yp is a lower continuous mapping.
Step 2. Suppose g : Q — P is a morphism in BCPOSET. We need to verify that the following diagram
commutes.

(C*(Max,(Q), 2) —2= Q
C*OMaXm(y)l lg

C*(Max,(P)), 2) T P

Let A € C*(Max,,(Q)). Since g has left adjoint, it follows that A g(A) = g(A A). Then by Lemmal6.6| we have
A chviax, ) (9(A)) = A g(A), thus

Pp(C"(Max, (9)(A)))

Pp(C*(9)(A)) = Pp(chviax, ) (9(A)))
/\ ClMaxm(P) (!](A)) = /\ g(A)
= g(A\A) = g(Yo(A)).

Hence, the above diagram commutes.
All these show that i is a natural transformation. [

We call a poset P lower topology determined (LT-determined) if (i) for each x € P, x = A Tx N Max(P); (ii) for
each A € C*(Max,(P)), A = T(A\ A) N Max(P).

Remark 6.8. For a T space X, it is trivial to check that (C*(X), 2) is an LT-determined bounded complete
poset. Therefore, C* is also a functor from TOP; to LTD — BCPOSET.

Proposition 6.9. Let P be a bounded complete poset. Then the following statements are equivalent:
(1) yp is an order-isomorphism.
(2) Pis LT-determined.

Proof. Let f be the left adjoint of ip. By Proposition for each x € P, g71(1x) = Tc:(Max, ()2 TX N Max(P),
hence f(x) = A g7 }(Tx) = Tx N Max(P).

(1) = (2) Since ¥p is order-isomorphic, it follows that f is the inverse of p. Then for each x € P,
x = g(f(x)) = A Tx N Max(P), and for each A € C*(Max,(P)), A = f(g(A4)) = T(A\ A) N Max(P). Hence P is
LT-determined.

(2) = (1) By assumption, for x € P, we have g(f(x)) = A Tx N Max(P) = x, and for each A € C*(Max,(P)),
f(g(A)) = T(A A) N Max(P) = A. Thus f is the inverse of {'p, so Yp is an order-isomorphism. [

Let LTD — BCPOSET be the category of LT-determined bounded complete posets and lower continuous
mappings.

By Proposition the natural transformation ¢ : C* oMax,, — Z7p-BcPoseT is a natural isomorphism.
By Proposition ¢ : Ttop, — Max,, o C" is also a natural isomorphism. As a consequence, we obtain the
following result.

Corollary 6.10. The categories LTD — BCPOSET and TOP, are equivalent.
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