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Abstract. Let B(W)Id be the set of all projections on a Hilbert space H. The necessary and sufficient
conditions are presented for the existence of the supremum, as well as the infimum, of two arbitrary pro-
jections in B(HH)" with respect to the minus order < . For a projection Q in B(H)", the properties of the sets

{P : P is an orthogonal projection on H and Q < P} and {P : P is an orthogonal projection on H and P < Q}
are further explored.

1. Introduction

Let H and K be separable complex Hilbert spaces, B(H, K) be the set of all bounded linear operators
from H into K, and abbreviate B(H, H) to B(H). For an operator T € B(H,K), T*, N(T) and R(T) denote
the adjoint, the null space and the range of T, respectively. An operator A € B(H) is said to be positive,
if (Ax,x) > 0 for all x € H, where (-, -) is the inner product of H. The set of all positive operators in B(H)
is denoted by B(H)" and we write A < Bif B— A € B(H)". For A € B(H), A is said to be a projection (or
idempotent) if A> = A. Let B(?’{)Id be the set of all projections in B(H) and P(H) be the set of all orthogonal
projections (self-adjoint projections) in B(H). Also, Py denotes the orthogonal projection of H onto the
closed subspace M.

The minus partial order for matrices was introduced by Hartwig ([12]) and independently by Nam-
booripad ([19]), as a generalization of some classical partial orders. It was extended to operators on infinite
dimensional Hilbert spaces in [4, 7, 21]. In particular, the minus partial order on B(H) is defined by A < B
if there exist E,F € B(H )Id such that A = EB and A" = FB" (see [7]). It is clear that A < B if and only if
A* < B*. Djiki¢ et al. also proved in [7] that A < B if and only if R(A) € R(B) and there exists a projection E
in B(?—()M such that A = EB. So A < B implies the inclusions R(A) € R(B) and N (B) € N(A). Moreover, for
P,Q € B(H)",

P<Q & PQ=0QP =P R(P) CR(Q) and N(Q) € N(P).
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Also, if E, F € P(H), it is trivial that E < Fifand only if E < F.

For the usual operator order, the lattice properties of 8(/H) have been studied in different contexts (see
[2, 10, 11, 15]). In [15], Kadison showed that for self-adjoint operators A and B, the infimum A A B exists in
the set of all self-adjoint operators with respect to operator order < if and only if A and B are comparable
(A < Bor B < A). After many years, the characterization of pairs of positive bounded operators that admit
the infimum over the cone of positive operators was given in different contexts by Ando ([2]), Gheondea
et al. ([11]) and Du et al. ([10]). In recent years, the lattice properties of B(H) endowed with the star
partial order were studied thoroughly in [3, 8, 9, 22]. Moreover, with respect to the star partial order, it was
showed that the lattice properties of B(H ) is different from the lattice properties of B(H), and necessary

and sufficient conditions were given for the existence of the supremum within B(H )Id (see [23]). However,
the lattice properties of the minus order seem not have been revealed earlier, though the minus order is a
well known order defined and studied for matrices and later on for operators in 8(H) by many authors
(see [4,7,19, 20]).

In this paper we study the minus order on B(H)", and the lattice properties of the poset (BH)", <) is
a subject of our interest. For P,Q € B(H )Id, we denote by P v Q the least upper bound (the supremum) of

P and Q within B(H )[d, if it exists. To be more precise, P M Qe B(?—()M is an upper bound of P and Q such
that P M Q < Rfor every other upper bound R € B(H )M of P and Q. Analogously, P A Q denotes the greatest

lower bound (the infimum) of P and Q within B((H)Id, if it exists.

The contents of this paper are as follows. In Section 2, we study the lattice properties of the poset
(B(?‘()M, <). For P,Q € B(H )[d, we present some necessary and sufficient conditions for the existence of
P M Q, as well as of P A Q. In this case, P M Qand P A Q are given.

" InSection 3, we exi)lore the properties_ of thesets {P: P € P(H)and Q < P}and{P: P € P(H)and P < Q}

for a given projection Q in B(?-()Id. We first show that the sets {P : P < Qand P € P(H)} and {P : Q <
P and P € P(H)} have the maximum and the minimum with respect to the minus order, respectively. Then
we study in detail the maximum mgx{P : P < QandP € P(H)} and the minimum m<in{P :Q=<PandP €

P(H)}.

2. Pv dPA
sQan sQ

If Mand N are closed subspaces of H and M NN = {0}, the direct sum of M and N is usually denoted

by M+ N. If more M+ N = H, then there exists a (unique) projection in B(H ) with range M and
nullspace N, say Pp/,x. In this case, Py, n is called the projection onto M along N. On the other hand, the
orthogonal sum of M and N is denoted by M& N, and Mo N := Mn (Mn N)*.

It is well known that M + N is a closed subspace of H if M is a finite dimensional subspace and N is a
closed subspace of H. Moreover, we have the following result.

Lemma 2.1. Let M be a finite dimensional subspace of H and let N be a closed subspace of H such that MON = {0}.
Then M+ [Ne(M-NN+)]=H.

Proof. Since ( M+ N = M NN M+ (N (M- NNLY)=M+N)ds (M- NN =H.

It remains to prove that M N (N & (M* N N*t)) = {0}. Suppose that x € M N (N & (M*+ N N*)). Then
x e N® (M*+ N N*)implies x = y + z for some y € N and z € M+ N N+ It follows thatz=x -y € M+ N,
and sincez € M* NN+, z=0. Thus x(= y) € MN N, and hencex =0.So MN(N @ (M NN*+) ={0}. O

Lemma 2.2. Let P,Q € B(H)".
(@) Py Q = Iifand only if N(P) N N(Q) € R(P) + R(Q).

(0) PV Q = Py neonio i and only if (N(P) N N(Q) + R(P) + R(Q) = H.



Y. Li et al. / Filomat 35:8 (2021), 2761-2774 2763

Proof. (a) Assume N(P) N N(Q) € R(P) + R(Q). If R is a projection in B(H )Id such that P < Rand Q <R,
then
NR) S N(P)N N(Q) € R(P) + R(Q) € R(R).

It follows that N(R) = {0}, and hence R = I. Thus P v Q=L

For the converse, assume P v Q=LIENP)NNQ) £ R(P) +R(Q), then we can pick a nonzero element
x € (N(P) N N(Q)) \ R(P) + R(Q). Let M := {x} be the one-dimensional subspace spanned by x. It is clear
that M N R(P) + R(Q) = {0}, and by Lemma 2.1,

M+ [RP) + R(Q) & (M N R(P) +R(Q) )] =

Then the projection P,
N(P

R TROBM-NRPI RO M is a common upper bound of P and Q. Moreover, since

’EORQeM-RERG W) = M # 0L

< .
PvQ = Prmrrgem: rrmrr@ wm *

We have arrived at a contradiction.

()IfPVQ Pom—es then

RP)+RQ)/IN(PINN(Q)’

R(P) +R(Q) + (N(P) N N(Q) = R(Pzmriro)

P)+R(Q)/IN(PYNN(Q) ) + N(PVQ(PHR(Q)//N(P)HN(Q)) =H

Now assume (N(P)NN(Q)) +R(P) + R(Q) = H.Itis easy to check that the projection P(R(P) TR INP)ONQ)
is a common upper bound of P and Q. Moreover, if R is a common upper bound of P and Q, then

NR) € N(P) 0 N(Q) = N (Primrmayivennio)

and

R(R) 2 R(P) + R(Q) = R(Prsms:
<RS0 PV Q = Prayzy

RP)+R(Q)/INPINN( Q))

and hence P

RP)+RQ)/IN(P)NN(Q) RP)+R(Q)/IN(PINN(Q)* U

Lemma 2.3. Let P,Q € 8(‘H)Id. Ifp M Q exists, then either N(P) N N(Q) € R(P) + R(Q) or (N(P) N N(Q)) +
R(P) +R(Q) =

Proof. LetR =P v Q. Then N(R) € N(P) N N(Q) and R(P) + R(Q) € R(R). In light of Lemma 2.2, it suffices

to prove that R = I or R = Par i/ /INeNNQ)

Claim 2.4. IfR # I, then N(R) = N(P) N N(Q).

We only need to prove N(P) N N(Q) € N(R). Let x € N(P) N N(Q). Without lose of generality, we may
assume R(x) # x. Indeed, if R(x) = x, then we can find a nonzero element y € N(R) because R # I, and
consider x + y € N(P) N N(Q). Clearly, R(x + y) = R(x) = x #x + y.

Since {x} N R(P) + R(Q) C {x} N R(R) = {0}, we conclude by Lemma 2.1 that

(] + [RP) + RQ @ (3] NRP)+RQ) )] = H

Then the projection P ROTROe( "RPITRO)) /& 1S @ common upper bound of P and Q, and hence R =

PYQ = P g nrerr@" ) 1t follows that

N(P )— {x} S N(R).

RE)+RQe(x] "RORQ )/ /I«
This implies x € N(R). So N(P) N N(Q) € N(R).
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Claim 2.5. IfR # I, then R(R) = R(P) + R(Q).

Conversely, if R(P) + R(Q) & R(R), then we can find a nonzero element x € R(R) \ R(P) + R(Q). It is clear

that {x} N R(P) + R(Q) = {0}. Let M = R(R) © ({ } + R(P) + R(Q)). For a nonzero element y in N(P) N N(Q),
we have

(fx + y} + R(P) + R(Q) & M)) + (N(P) N N(Q))
= ((Ix} + R(P) + R(Q)) & M) + (N(P) N N(Q))

and by Claim 2.4, we see that

(fx + y1 + (R(P) + R(Q) ® M) + (N(P) N N(Q)) = R(R) + N(R) =

Then the pro]ectlon p is a common upper bound of P and Q, and hence R =

(et y+( R(P)+R(Q)€BM))/ INPINN(Q)
x+y}H+RP)+RQ@M))/ /N (PINN(Q)*

R(R) € R(P ) = {x+yl + (R(P) +RQ) e M),

(be+yl+RPY+RQ@M)/ IN(P)NN(Q)

which yields x € {x + ¥} + (R(P) + R(Q) ® M). Then x = 0 follows from the fact ((fx} + R(P) + R(Q)) ® M) N
(N(P) N N(Q)) = {0}. This contradiction indicates R(R) = R(P) + R(Q).

By Claim 2.4 and Claim 2.5, we have R = I or R = Pgprza vioon): D

In the finite dimensional case, the existence of P v Q has been considered in [21]. Combining Lemma

2.2 and Lemma 2.3, we have the following theorem.

Theorem 2.6. Let P,Q € B(H )Id. Then P v Q exists if and only if either N(P) N N(Q) € R(P) + R(Q) or (N(P) N
N(Q)) + R(P) + R(Q) = H. Moreover, if N(P) N N(Q) € R(P) + R(Q), then P\(/Q =Lif N(P)Nn N(Q)) +

R(P) + R(Q) = H, then PN Q = Priprzoy inenn):

Lemma 2.7. Let P,Q € B(‘H)Id. Then P v Q = Rifand only if (I - P) /<\(I -Q)=I-R

Proof. AssumethatP\</Q=R.ThenwehaveP5RandPﬁR,andhenceI—RﬁI—PandI—RﬁI—Q.

So I — R is a lower bound of I — P and I — Q. Moreover, if S is projection in B(?—()M such that S < [ — P and
S<I-Q,thenP <I-Sand Q < I-S. It follows that R = P\</Q < I-S5, or equivalently, S < I - R. So

(I-P) /<\(I — Q) =1-R. The converse follows by a similar proof._ a

Theorem 2.8. Let P, Q € B(H)"™. Then P AQ exists if and only if either R(P) N R(Q) € N(P) + N(Q) or (R(P) N
R(Q)) + N(P) + N(Q) = H. Moreover, if R(P) N R(Q) € N(P)+ N(Q), then P/<\ Q = 0; if (R(P) N R(Q)) +

N(P)+ N(Q) = H, then P /S\ 0= PQ(P)QR(@//iN(PHN(Q).

Proof. By Lemma 2.7, P A Q exists if and only if (I — P) \</(I — Q) exists, and by Theorem 2.6, this is the case if

andonly if NU-P)NN(I-Q)CRUI-P)+RUI-Q)or(NI-P)NN(I-Q)+RI-P)+R(I-Q)=H,or
equivalently, if and only if R(P) N R(Q) € N(P) + N(Q) or (R(P) N R(Q)) + N(P) + N(Q) =

Moreover, if R(P) N R(Q) € N(P) + N(Q), that is, NI -P)n N(I — Q) € R(I - P) + R — Q), then by
Lemma 2.7 and Theorem 2.6, P A Q=I-(-P) \</(I -Q)=0.
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Similarly, (R(P) N R(Q)) + N(P) + N(Q) = H implies (NI -P)NN(I-Q)) +RUI-P)+R(I-Q) =H,
which yields

PAQ=I1-(I-P)VI-Q) =I-P

) ) =1-P

RUI-P)+R(I-Q)/IN(I-P)AN(I-Q)
NP)+NQ)//RIPINRQ)
=P RIPINRQ)/INP)HN(Q)

O

Corollary 2.9. Let P € B(H)™.

(@) PV(I-P)=Iand P AL~ P) = 0.

(b) P \S/ P = PW and P /ﬁ\ P = Pr]{(p)mqg(p»).
Proof. (a) Since N(P) N N(I - P) = N(P) N R(P) = {0}, we have P \</(I — P) = I by Theorem 2.6. Moreover,
Lemma 2.7 yields P /<\(I -P)=1-(I-P) M P=0.

(b) Since (N(P) N N(P*)) ® R(P) + R(P) = H, we conclude by Theorem 2.6 that

P Y P = Prarrmyinenne) = Proery

On the other hand, since (R(P)NR(P*))®N (P) + N(P*) = H, Theorem 2.8 yields P A Pr=P
Prpynrey- O

RP)NRP*)//N(P)+N(P*)

By Lemma 2.2, P v Q = I if and only if N(P) N N(Q) € R(P) + R(Q). The following corollary gives
characterizations of P, Q € B(H )Id such that P v Qe P(H)\ {I}.

Corollary 2.10. Let P, Q € B(H ). Then the following statements are equivalent.
(@) PV QeP(H)\ I}
(b) N(P) N N(Q) = N(P*) N N(Q%) # {0}.
(c) R(PP* + QQ*) = R(P*P+ QQ) # H.
(d) {0} # N(P)NN(Q) UINP)NNQ)) S NP+ P)n N(Q" + Q).

Proof. (a) & (b) : By Theorem 2.6, P M Q € P(H) \ {I} if and only if

N(P)NN(Q) # {0} and (N(P) N N(Q)) @ R(P) + R(Q) = H,

and this is the case if and only if

0} £ N(P) N N(Q = RP)+RQ) = N(P) N N(Q).

(b) © (c) : Since
R(PP* + QQ) = (N(PP" + QQ))* = (N(P)N N(Q)*
and
R(PP+QQ)=(NPP+QQ) =NP)NNWQ)*,
R(PP* + QQ*) = R(P*P + Q*Q) # H if and only if N(P) N N(Q) = N(P*) n N(Q") # {0}.
(b) © (d) : We observe that N(P* + P) = N(P) N N(P*). Indeed, it is clear that N(P* + P) 2 N(P) N N(P").
For the converse, assume x € N(P* + P). Then we have

(P* + P*P + PP* + P)x = (P* + P)’x = 0,
and hence (P*P + PP*)x = 0. It follows that x € N(P) N N(P*). So N(P* + P) € N(P) n N(P*).
Now, we see that {0} # (N(P)NN(Q))UN(P)NN(QY)) € N(P*+P)NN(Q*+Q)if and only if {0} # (N(P)N

N(Q) € IN(P)n N (P")) N (N(Q) N N(Q)) and {0} # (N(P*) N N(Q)) € (N(P) N N(P*)) N (N(Q) N N(Q)),
or equivalently, if and only if {0} # N(P) N N(Q) = N(P") N N(Q*). O
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An operator | € B(H) is said to be a symmetry (or self-adjoint unitary operator) if ] = J* = J~!. In this
case, [* = I;—] and |~ = I;—] are mutually annihilating orthogonal projections. If | is a non-scalar symmetry,
then an indefinite inner product is defined by

[x,yl:={xy)  (x,yeH)
and (H, ]) is called a Krein space (see [1]).

Corollary 2.11. Let P,Q € B(H )M and ] be a symmetry in B(H). If P and Q commute with | and P M Q exists, then
P v Q commutes with | and B

P v Q= m<in{Q' € BH):P,Q < Q' and Q' commutes with J}.

Proof. 1f the symmetry ] is represented as a 2 X 2 operator matrix relative to H = N(I - J) ® N(I + ]), then

]=(é _OI).

Since P and Q commute with ], P and Q can be written as 2 X 2 operator matrices

(P 0 (o 0
P—(O Pz)andQ—( 0 Qz)'
where P;, Q; € B(N(I-]))" and P,, Q, € B(N(I+]))™. Moreover, since P V Qexists, we conclude by Theorem
2.6 that P; \</ Q; exists fori =1,2, and -

P\S/Q:(Pl\ﬁ/Ql)@(PZ\S/QZ)-

Thus P M Q commutes with | and

P v Q= m<in{Q’ € BH)" : P,Q < Q' and Q' commutes with J}.

O

3. Q,r and Q°"

LetQ € B(W)M. In this section, we study thesets {P : P < Q and P € P(H)}and {P : Q < P and P € P(H)}.
Firstly, we show that the sets {P : P < Q and P € P(H)} and {P : Q < P and P € P(H)} have the maximum
and the minimum with respect to the minus order, respectively.

Theorem 3.1. Let Q € B(‘H)M.

(a) mizx{P :P<Qand P e P(H)} = Pro)nr@)-

(b) m<in{P :Q=<Pand P € P(H)} = Pnio+q):-
PTOOf. (a) Since QP’R(Q)O’R(Q*) = PR(Q)(]‘R(Q*) = PR(Q)QR(Q*)Q, P(R(Q)QR(Q) < Q MOI’eOVGI‘, ifPe P(?’{) and P < Q,
then PQ = QP = P. This implies R(P) C R(Q) N R(Q"), and hence P < Pgg)nr(Q)- SO mgx{P :P<QandPe

P(H)} = Proinr@)-
(b) Using (a) and the equality N(Q) N N(Q*) = N(Q + Q"), we have

mjn{P:QﬁPandPeP(?-()} :I—mgx{P:Qﬁl—PandPeP(?{)}
) =I—m£zx{P:P$I—QandPeP(7{)}

= I = Pru-Q)nr(-0)
=1 - Pn@on@) = Prngrg):
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LetQ e B(W)M. We write Q,, := mgx{P :P<Qand P e P(H)}and Q" := m<in{P :Q<PandP € P(H)}.
By the proof of Theorem 3.1 (b), we have Q" =1-(I- Q) Moreover, if P € SDZ?{ ), then

P<Q&=P=Qy = P=<Qy

and
QP =Q"<P= Q" <P

Remark 3.2. Let E,F € P(H). According to [13], E and F have the least upper bound E V F within the set P(H)
(with respect to the operator order <), and EV F = PW' Moreover, we have

EVF=EVE
=<

Indeed, it is clear that E,F < E'V F. If Q is a projection in B(‘H)Id such that E,F < Q, then E, F < Q,. It follows that
EV F < Qy, and since E V F and Q,, are orthogonal projections, EV F < Qy. S0 EV F < Q. Thus E \</ F=EVF

Analogously, E and F have the greatest lower bound E A F within the set P(H) (with respect to the Z)pemtor order
<) and
E /<\F =EAF= PQ(E)QR([:).

So we obtain
(I = E) Al = F) = Pra-pora-p = Py@one = -EVE

Then it follows from Kaplansky formula ([14, Theorem 6.1.7]) that E VE-F ~E-EAF where ~ represents
Murray-von Neumann equivalent of two orthogonal projections (see [6]). )

The following result shows the specificity of Q — P € B(H)*, when P < Qfor P, Q € B(‘H)Id.

Proposition 3.3. Let P, Q € B(H)". If P < Q, then the following statements are equivalent.
(@) Q-P=>0.
(b) Q — P is self-adjoint.
(c) Q — P is an orthogonal projection.
(dQ+Q >2P+P.

Proof. 1t is clear that (a) = (b).
(b) = (c) : As PQ = QP = P, we know that

(Q-P=(Q-P(Q-P)=Q*~-QP-PQ+P*=Q-P.

Thus (b) implies that Q — P is an orthogonal projection as desired.
(c) = (d) : Itis clear that

Q+Q -P+P)=Q-P)+(Q-P)=2(Q-P) 20,

soQ+Q">P+P.
(d) = (a) : Let A = Q — P. Since A? = A, A has the operator matrix form

(I A
2=(o %)
with respect to H = R(A) ® R(A)*. It follows that

A+A*:( 2L A )

Al 0

andsince A+ A*=(Q+Q)—-(P+P)>0,wehave A1 =0.ThusQ-P=A>0. O
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Let | be a symmetry in B(H). A projection P € B(H ) is said to be a J-projection, if P = JP*]. The
existence of J-projections and its properties are studied in [16-18].

If A € B(H) and M is a closed subspace of H, say that M is a reducing subspace for A if AM C M and
AM* € M*. Mis a reducing subspace for A if and only if AM € Mand A*M € M, or equivalently, if and

only if APy = PpA (see [5, Chapter II, Section 3]).

Theorem 3.4. Let | be a symmetry in B(H) and let Q € B(H )Id be a J-projection.
(a) max{P: P<Q, P e P(H), P is a J-projection} = Prq)nr(0-)-

(b) m;in{P :Q =P, PeP(H), Pisa J-projection} = PnQ+q):-

Proof. (a) By Theorem 3.1 (a), it suffices to show that Pgg)nr(o-) is a J-projection. Let x € R(Q) N R(Q"). Then
we have Qx = Q"x = x, and since Q is a J-projection,

QJx=]Qx =]x and Q'Jx = JQx = Jx.

It follows that [x € R(Q) N R(Q"). So J(R(Q) N R(Q*)) € R(Q) N R(Q*), and since | is self-adjoint, R(Q) N R(Q*)
is a reducing subspace for ]. Now, we have [Pro)nr@) = Pro)nr(@)), and hence Pr)nr(q) is a J-projection.
The proof of (b) is similar. [J

IfQ e B(?’{)Id is a J-projection, then Theorem 3.4 yields that Q” is a J-projection. Conversely, the

following theorem study the problem of whether there is a J-projection Q € B(H )Id\{P(?{)} such that
Q" =P, if P € P(H) is a J-projection.

Theorem 3.5. Let | be a symmetry in B(H) and let P € P(H) be a J-projection.
(a) There exists a [-projection Q € B(H)\{P(H)) such that Q" = P if and only if dimR(P) > 2 and (I +])P # 0.
(b) There exists a [-projection Q' € B(?-()Id\{P(‘H)} such that Q). = P if and only if dimR(I — P) > 2 and
(I+])I-P)#0.

Proof. (a) Assume dimR(P) > 2 and (I + J)P # 0. Then PJ = JP # +P, and hence | has the operator matrix
form

=1 9 ) =y erE),
0 Ja
where J; € B(R(P)), J> € B(R(P)*) are symmetries with J; # +I;. Thus there exist unit vectors x1,x, € R(P)
such that x; L xp,
Jx1 = Jix1 =x1 and Jxp = [1xp = —xp.

With respect to H = {x1) @ {2} ® (R(P) © {x1, x2}) ® R(P)*, ] has the operator matrix form

1 0 0 O
o -1 0 o0
=10 0 1 o
00 0

|
OONIHN|3
O~ O
oo o O

with respect to H = {x1) ® (0o} @ (R(P) © {x1,x2}) ® R(P)*. Then it is easy to check that JQ = Q'] and
Qe B(W)Id\{fo((ﬂ)}, and hence Q is a J-projection. Moreover, we see that N(Q + Q) = R(P)*, and by
Theorem 3.1 (b), Q" = P.



Y. Li et al. / Filomat 35:8 (2021), 2761-2774 2769

For the converse, assume that Q € B(H)"\{P(H)} is J-projection and P = Q” = Py(g+0:- Then Q < P,
and hence R(Q) € R(P).
If dimR(P) = 1, then dimR(Q) = 1. So there exist a unit vector x and non-zero vectors y and z in H such
that
P=x®xand Q=y®z,

where u ® v is the rank-one operator in B(H) defined by (u ® v)w = (w, v)u for all w € H. It follows that
QP =(y®2)(x®x) =(x,2)(y®x) =y®z=Q

and
POQ=x®x)(y®z)=(y,0)x®z)=y®z=Q.
Thus z = (z,x)x and y = (y,x)x, and hence Q = y®z = A(x ® x) for some 0 # A € C. So we have
Q* = A*(x®x) = A(x®x) = Q. This implies A = 1, and hence Q = x ® x € P(H). This is a contradiction with
the fact Q € B(H )Id\{P(?{ )}. So dimR(P) = 2.
It remains to show that JP # +P. If [P = P, then PJ] = JP = P. So | has the operator matrix form

1=(é ﬁ):ﬂﬂ®ﬂ@V,

where ]’ € B(R(P)*) is a symmetry. Let

_{ Qu Q). N
Q—( o o ).R(P)EBR(P) .

Since P = Py(g+0):, we get that N(Q + Q) = R(P)*. So for x € R(P)*, we have

a0 _( Qu+Qy Qu+Q; ) -
<Q+Q)(x)‘(Qm+Qi Qn+9i)(x)_a

It follows that
Qu+Q5 =0 and Qxn+Q;, =0. )
On the other hand, since JQ = Q*J,
( Qu Qun ) _ ( Qn Qi )
JQn J'Qx QL Q)
So we have
Qu =04 and Qu=05/. )

Combining (1) and (2), we see that
[ Qu QT \_( Qi QS 1d
Q= ( =J'Qn Q2;z ) - ( —]'521 —(22132 ) € BH)"

By a direct calculation, we obtain

02 = ( 1 —Q5,Qm QuQyJ + Q5 Qn )
—J'Q21011 — Q2J'Qa1 Q3 — J'Qu Q3

[ Qu Qu )\ _
_(Q21 sz)_Q'

which implies

1= QQ01 = Qn and Q3 — J'Q21Q5) = Qao. 3)
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So Qu = Q3, = J'QuQ5, )" = (Q3,)* = J'QuQyJ" = Q5,- Then by (1), Q = 0, and hence J'QxQ;,J" = 0, that
is, Qo1 = 0. Thus we get Q%l = Q11 by (3). Using (2) again, Q1 = 0 and Qi1 € P(R(P)), which means

[ Qu O
Q_( 0 0 )EP(W).
This is a contradiction with the assumption Q € B(?—()M\{P(W)}. Therefore, [P # P. In a similar way, we can
prove that JP # —P.
Part (b) follows by (a) and the equality Q" =1 - (I = Q),. O
Lemma 3.6. Let Q € B(H )Id and let M = R(Q) N R(Q*). Then Q has the operator matrix
L 0 0
Q=10 L (4)
0 0 O

with respect to the space decomposition H = M®(R(Q)oM)BR(Q)*, where Qy is an operator in B(R(Q)*+, R(Q)eM)
with dense range.

Proof. It is easy to check that M reduces Q, Prg:Q = 0 and Q |gg)= I. So Q has the operator matrix form

(4). We are left to prove N(Q7) = 0.
If y € RQ)©M and Qjy = 0, then
0 0 0
Qv |=|lv |=Q] v |
0 0 0
It follows that y € M, and hence y = 0. So N(Q}) =0. O
For A € B(H), let |A| := (A*A)% be the absolute value of A. If Q is a projection as in (4), then
I 0
1Ql = L Qi |
o |5 9)
The following result is an extension of [18, Proposition 1].

Proposition 3.7. Let Q € B(?’()M Then Qor = Pn-iq) = Pnei-0-0)-

Proof. Write Q in (4). If
L 0 _ Uy Up L 0 _ Uy U (12 + QlQ;)% 0
Q 0 U Ux Q 0 Uy Ux 0 0

is the polar decomposition of ( 5* 8 ), we have
1

Up = (I + Qi1Q)) " and Uy = Qi(L + Q1Q) 2.

Since Q;(I + Q1Q}) = (I3 + Q:Q1)Q; implies Q; (I + Q1Q})? = (I + Q;Q1)?Q;, we also have

Uy = (I + QQ1) 2 Q..
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Then polar decomposition theorem yields that

(5 9)
0 0

=( L 0)(% Uzl)z( L+OQ)} (h+QQ) i )

Q o)\ u;, u, Qi +Qi1Q)7 (L+Q,0)7 Q%
and hence
L 0 L 0 0
IQI=[ 0 ’( L Ql) ]= 0 B+QQ)F  (+QQ):Q ]
0 0 0 Qi+Q1Q)2 (L+Q1Q1)2Q7Q
Let

3= ( (L+QiQ)F  (R+QiQ) )
Qi+ 1Q) 2 (5 +Qj0Q1)2Q1

It is clear that N'(I — |Ql) = (R(Q) N R(Q*) @ N(I - Q).
Claim 3.8. N(Q-1) = {0}.

=~ x| _ | x
IfQ( y )—( y ),thenwehave
{ (o + QY 2+ (b + QiQ) QY =,
Qi+ Q1Q)) 2x+ (I3 + Q1Q1)2QQ1y = v.
Since Q;(I, + Q1Q}) 2x = (I; + Q;Q1)"2Q}x, we get that

x+Qiy = (L +QiQ))*x and Qjx+QiQy = (I + QQ1)*y,
and hence : ) )
(I3 +Q;Q1)y = Q112 + Q1Q7)x = (I3 + Q1Q1)2Q}x,
which means y = Q]x. Using the first equation of (5), we see that

(o +QQ)ix = (lh + QIQ) tr + (L + Q1Q)  QiQjx = .

This implies Q;Qjx = 0, and since Q; is injective, x = 0. It follows also that y = Qjx = 0. So N (é - 1) ={0}.
So N(I - 1Q) = (R(Q) N R(Q")), and by Theorem 3.1, we have

Qor = Prni-joy and Qor = I = (I = Q)" = Pnr-0-0)-
[

Lemma3.9. Let P, Q € B(?—()Id. Then P < Q,, if and only if there is a projection Qi in B(W)M such that
PQq = QiP” = 0and Q = P” + Q;.

Proof. If P7Qq = Q1P =0and Q = P + Qy, then P”" < Q; hence P < Q,.
For the converse, assume P < Q,,. Let Q; = Q — P°". Then we have

Q% — (Q _ Por)2 — Q2 _ onr _ PorQ + PO = Q — P = Ql/
and hence Q7 € B(?—()M. Moreover, since P < Q,,, we get P” < Q. It follows that

porQ1 — PorQ — P =0= onr —_po = leor‘



Y. Li et al. / Filomat 35:8 (2021), 2761-2774 2772

Let P € B(H)". The following theorem gives necessary and sufficient conditions under which P < Q,,
forallQ e B(W)M with P < Q, where P < Q signifies that P < Qand P # Q.

Theorem 3.10. Let P € B(H)™. Then P < Q,, forall Q € BH) with P < Q if and only if P € P(H) or
dimR(P)* < 1.

Proof. If P € P(H) and P < Q, then P = P < Q. If dimR(P)* = 0, then P = I; hence there is nothing to
prove. If dimR(P)* =1and P < Q, then Q = and P” < = Q.

Now assume P < Q,, for all Q € B(?’()M with P < Q. By Lemma 3.6, we can represent P as a 3 X 3
operator matrix

b 0 0
P=| 0 I, P, |: M®(RP)o M) oRD)",
0 0 O

where M = R(P) N R(P*) and P; € B(R(P)*, (R(Q) © M)) has dense range.
Case 1. N(P;) = 0. If dimR(P)* > 2, then there exists Q, € B(R(P)*)™ such that Q, # 0, I. Let

Q=

I 0O 0

0 L Pi—-PiQ:

0 O Qs

with respect to H = M@ (R(P) © M) @ R(P)*. By a direct calculation, we have
Q*=Q and PQ=QP =P,

and hence P < Q. So P” < Q,, and by Lemma 3.9, P”(Q — P”") = (Q — P")P" = 0.

On the other hand, since N(P;) = {0} and N(P]) = {0}, N(P + P*) = {0}. We conclude by Theorem 3.1 (b)
that P = [, and hence (Q — P”)P*" = Q — [ # 0. This is a contradiction. So dimR(P)* < 1.

Case 2. N(P1) # 0. We have

H = Ma (RP)e M) N(P))* @ N(Py),

and with respect to this space decomposition, P has the operator matrix form

L 0 0 0
oL Py oo
P=1o 0 0 ol
00 0 0

where Py; € B(N(Py)*, R(P) © M) is injective and has dense range. Since N'(P11) = {0} and N(P},) = {0}, we
see that N(P + P*) = N(P1) Then Theorem 3.1 (b) yields P = PN(Pl)* = diﬂg(ll,IQ, I, 0)
If P ¢ P(H) and dimR(P)* > 2, then there exists 0 # Q11 € B(N(P1), N(P1)*). Let

L, 0 O 0
Q= 0 L 0 -PuQn

0 0 & Qu

0 0 O 0

with respect to H = M@ (R(P) © M) & N(P1)*" & N(P1), where 0 # Q11 € B(N(P1), N(P1)*). A direct
calculation shows

Q?*=Q and PQ'=QP=P,
and hence P < Q". So P < Q,,, and by Lemma 3.9, P"(Q" — P”) = (Q — P”)P” = 0. However, since
P = diag(I1, I, I, 0), it is clear that P’ (Q’'—P") # 0. This contradictionimplies P € P(H) ordimR(P)* <1. O
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In closing this section, we present a result about the continuity of the map: Q — Q. Let {Q,] be a

sequence in B(H). Then {Q,} converges to Q in weak operator topology (in symbols, Q, wor Q)if(Qux, y) —
WOT
(Qx,y) for all x,y € H. If more Q, < Qui1 (resp. Qus1 =2 Qp) forn =1,2,---, we write Q, ,/ Q (resp.
WOT

Qn N Q)
Proposition 3.11. Let | bea symmetry in B(H), and let Q,, be a sequence of J-projections in B(H )Id and Q € B('H)Id.
WoT WOT
(@) If Qn /" Q, then Q is a [-projection and Q" / Q.

WOT

o
(D) If Qn W\,T Q, then Q is a J-projection and (Qn)or v Qor-

Proof. (a) For vectors x,y € H, we have

JQux, y) = (Qux, Jy) = (Qx, Jy)

and
(QuJx, vy =Jx, Quy) — (Jx,Qy).

Since JQ, = Q;J for all n = 1,2,---, it follows that (Qx, Jy) = (Jx,Qy). So JQ = Q'J, and hence Q is a
J-projection.
For any ny € Z*, if n > ng, then Q,, < Q,, implies Q,;,Qy = QuQuy = Qpy- SO

<Qn0xl y> = <QVLO anl y> - <QVIO Qx/ y>/
and we see that (Q,, X, ) = (Qn, Qx, y). Analogously, we get (Qn,x, y) = (QQn,x, ¥). Thus QQ,, = Qs Q = Qy, -

It follows that Q,,, < Q, and hence Q) < Q. Since {Q;/} is an increasing sequence, there exists an orthogonal

WOT
projection P in B(H) such that QY 7 P (see [5, Chapter IX, Section 1]), and hence P < Q°". On the other
hand, it is clear that

(PQR-Q)x,y) =(PQ—PQux, y)+{(PQu - Q)x, y)
=(P(Q = Qu)x, y) +(PQyQn = Q)x, )
=(PQ-Qux, ) +{(Qn—Qx,y) > 0,

so PQ = Q. Similarly, we get QP = Q. Therefore, Q < P, and it follows that Q" < P. Now we have P = Q"
woT
and QY " Q. The proof of (b) is similar. [
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