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Abstract. The main purpose of this article is to study the bivariate approximation generalization for
Baskakov-Durrmeyer-operators with the aid of non-negative parametric variants suppose 0 < a;, a, < 1.
We obtain the order of approximation by use of the modulus of continuity in terms of well known Peetre’s
K-functional, Voronovskaja type theorems and Lipschitz maximal functions. Further, we also discuss here
the approximation properties of the operators in Bogel-spaces by use of mixed-modulus of continuity.

1. Introduction

In 1912, for functions g € C[0,1] and u € [0, 1] S. N. Bernstein [11] gave the Bernstein polynomials by
m
m r _ m-r L
Bm@,u)—;(r)u (1-uyrg(r), meN, M

where m € IN. Cai et al. [14] introduce the sequence of Bernstein operators by introducing the a € [-1,1].

Recently, for all g € Cp[0, o0) and u € [0, 0), A. Aral et al. [7] study the sequence of Bernstein operators via
aid of a— parametric extension by:

(o) r u
Lm,a(g; M) = Z 9(%)7751,2@1)/ m €N, (2)
r=0

where g belongs to Cg[0, o) and its denote the classes of all continuous as well as bounded functions defined
on [0, o) and

T ()

wt {au m+r—1
1+ w111 +u r

(1- a)u(m +: N 1)}

2020 Mathematics Subject Classification. Primary 41A36; Secondary 441A25, 33C45.

Keywords. Baskakov operators; Simultaneous approximation; Peetre’s K-functional; Voronovskaja type theorem; Mixed-modulus
of continuity; Bogel functions.

Received: 14 July 2020; Revised: 25 August 2020; Accepted: 26 August 2020

Communicated by Dragan S. Djordjevié

Email addresses: nasir3489@gmail . com (Md Nasiruzzaman), nadeemrao1990@gmail . com (Nadeem Rao), Lakramonu7@gmail . com
(Manish Kumar), kumar.ravi.iitg@gmail.com (Ravi Kumar)

) —(1-a)1+ u)(m +_72_ 3)

+




M. Nasiruzzaman et al. / Filomat 35:8 (2021), 2783-2800 2784

Many mathematicians have obtained various classes of modifications of operators in several functional
spaces, i.e., T. Acar et al. ([1]- [6]), Mohiuddine et al. ([22]-[24]), Alotaibiet al. ([8]-[10]), Srivastava et al.
([32, 33]) wafi et al. [31, 34], Kadak et al.[18, 19], Mursaleen et al. ([25]-[29]) and [20, 21]. Very recent a
parametric extension of Baskakov Durrmeyer operators in terms of a— Bernstein operators for functions in
Lebesgue measurable space were designed(see [30] ) such that

oo 00 tr
L, (g;u) = @ f t)dt.
na(@;10) ;Tm,r(»o  BerTmas e ©)

Lemma 1.1. Take the functions g(t) = 1,t, 12, then
Ly (Lu) = 1

. _ m 2(a—-1) 1

Lnaltiv) = (m—l+ m—1 )u+m—1'

. 3 m? n(4a — 3) ,  (4m+10a —10) 2
Emal5m) = ((m—2>(m—1>+<m—2>(m—1>)” Y m =D T w1’

In this manuscript, our main purpose is to consider the a- Baskakov type Durrmeyer-operators by
[30] and then we study an extension in terms bivariate generalization of this operator. In order to get
approximation results for bivariate operators we obtain results by the modulus of continuity and mixed-
modulus of continuity in Voronovskaja type theorems, K-functional and Lipschitz maximal functions.
Moreover, we also discuss the GBS type operators via aid of mixed-modulus of continuity and obtain
results for Bogel continuous functions.

2. The a— bivariate-Baskakov-Durrmeyer-Operators
and their Moments Estimation

Take 72 = {(uy,u2) : 0 < 1y < 00, 0 < up < oo} and C (IZ) is the class of all continuous functions on 72 and

satisfies the norm by ||gllc(r2) = sup lg(u1,uz)|. Then forall g € C(IZ), 0<aj,ap <landny,n, €N,

we define

1y, Up)EL?

L) = Y, S [ [ @t o, oas, @
k,1=0 0 Jo
where ]2 = [O/ OO) X [0/ 00), S::l:::zzlk,l(ulluZ) = ‘ﬂzllrk(ul)gzz,l(uZ) and Qm,nz(t/ S) = Cm,k(t)DVlz,l(s) with
aq _ a1y 7’11+k—1 _ _ 7’11+k—3
A i) = {(1 +u1)( k ) 1 al)(1+u1)( k-2 )
k-1
n + k-1 1/[1
1-— .t
+ ( al)ul( k )} (1 + u1)”1+k‘1 ’
a0y _ AoUp 7’12+l—1 _ _ 1’12+l—3
T R o
-1
_ ny + -1 } uz
+ ( aZ)uz( i ) (1 + up)at-1
and
1 tk 1 s
Cnl,k(t) = Dnz,l(s)

Bk +1,m7) (1 + t)m+k+D)” T B(+1,12) (1 +5)mr+D)”
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Lemma 2.1. For the operators L, 2(g; u1, uz) defined by (4) we demonstrate here

Loy (g5 u1,u2) = U ((VZ;,(% uy, Mz)) =V (W:;/k(g; uy, u2))
where,
U (giur,u2) = kﬁ:ﬂzllk(m) fo"" Cu k(B)g(t, s)dt ()
=0
Vi (g w1, u2) = iﬂzi/l(uz) fom D, 1(8)g(t, 5)ds. (6)
=0
Proof. We easily see that
u, ((VZ:,,(Q; u1,u2)) = '”fff,k(iﬂii,z(“z)fom Z)nz,l(s)g(t,s)ds)
=0
= iBZ;z(”Z)wz:,k( jo‘ ) Dy, 1(8)g(t, s)ds)
=0
=Y S, () f ) f " Qb 9)g(t, s)dtds
k=0 0 0

= Lyni(g; u1, u2).

Similarly, we prove (Vz;l ('UO” (g, uz)) =Ly (g u,up). O

ny,

Fori,j=1{0,1,2,3,4} we let g(t,s) = u;; and consider the test functions and central moments as follows

wij="ts and Wi (ts)=(t—u1)i(s - uz)l. )

a,02

Lemma 2.2. Forall ny,n; € N\ {1,2}, operator L,}",2(. ; .) satisfying the following identities:

(D) Lut (oo tr, uz) = U, (o5 11, 12)

Vo (uoo;ur,u2) = 1;
ni 2(0[1 - 1) 1
+ + ;
(1’11—1 7’11—1 " 1’11—1

( np +2(012—1))u2+ 1

np,—1 np,—1 le—l;

(@) Ly (ur0;ua, u2) = U (u,0; 1, 12)

3) Lgllfzf(ﬁlo,ﬂuhuz)Z(Vif;,l(#o,l;ul,uz) =

n2 +ny (4o — 3) 2y (4 +10a; -10)

m-Dm-2) ' (m-Dm-2)
2

(m =2)(n - 1)’

13 + ny(4a — 3) 2 (4n, + 10a, — 10)

(m=2)(np—1) 2 (np—2)(np—1)
2

(n2 =2)(nz = 1)

@) Ly (uaorun, uz) = U (U011, 12)

(5)  Lu2(uoz;ur, up) = (Vz;l(yo,z} Uy, Up) 1y
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Proof. Fori,j=0we take

Lfi} nzz([JO 0; U1, Ua)

Z Szl:gzz,k,l(ul’ uz) f f in,nz (t/ S)g(f, s)dtds
0 0

k,1=0

o]

= A ()82 (12) f Co, ((t)dt f D, 1(s)ds
= ’ > 0 0

B(k +1,m) B(l +1,n7)
B(k + 1,711) B(l +1, 7’12)

k,1=0

= ) A ()BE (1)
k,1=0
1.

Fori=1,j=0

Ln} nzz(Hl,O;ulru2) Z 111 115 kl(ul,uz)f f tQy, 1, (£, 5)dtds

k,1=0

o]

= ) AN (0)BY () f tC,, k(D f Dy, (5)ds
k=0 ' 0 0

o

Bkk+2,n—-1)B(l+1,n
= Y A B ) ) )

B(k -1,nm-1) B(l +1,m)

(k+1) B(k+1,n)
(n1 —1) Bk + 1,n7)

k,1=0
= Y A ()B (u2)
k,1=0

k+1
— ﬂalk( 1)( + ) Z‘anl

k=0
1 1
= —— (M +2m -1 + —
-1 (m +2(a1 - 1) =1
Similarly,
L& 2([.101'1/11 1/[2) = # (Vlz +2(6¥2 — 1))u2 + ;
e (n2 - 1) (n—1)

Fori=2,j=0

ag,a .
Lyt (2,05 U1, u2)

XSZ: :sz(“lf“Z)f f £2Qu, 1, (£, 5)dtds

k1=0

[e9]

- 2 AL (12)B (1u2) f £2Cp, k(D) f D, (s)ds
k,1=0
B(k +3,n — 2) B(l +1, 7’11)
Bk+1,n1) B(+1,m)

= ) A ()BY (1)
k,1=0

(k+2)(k+1) B(k+1,m) Z,

— (5] 1053
= LG = B 1) 4 O

k=0

na, 1
=



M. Nasiruzzaman et al. / Filomat 35:8 (2021), 2783-2800 2787

00

a (k+2)(k+1)
— ﬂ 1 —_
LA G D n 2
ni+ni(dar =3) ,  (4ny +10a; — 10) 2

m-Dm-2 "1 m-2m-1) " - -2
Similarly

n3 + ny(day — 3) o, (4n+100; - 0, 2
m-Dm-1) 2" m-m-1) 2" m-2)m-1)

ai,o .
Ln} nzz (IJO,Z/ ui, 1/[2)
|

Lemma 2.3. Let n1,n, € N\ {1,2}. Then for operator Ly,"2(. ; .) given by (4) we have

ny,ny

201 — 1 1
(1) Ltnyi 222(\11141 uyr U1, le) = q/{ﬂl (\yul s U1, 1/[2) = ! Uy + ;

ny — 1 ny — 1

200 — 1 1
(2) Lg: zj(\yul uyr U1, Mz) (Vaz l(\yul ur U1, uZ) = o — 1 U + 1y — 1;

2nq + 2(40{1 — 3) 2 + 2ny + 2(50(1 - 3)

m-Dm -2 1" (m-Dm-2) "
2

(3) L‘r):]l zj(‘pul pr U1, Z/lz) = (L[m (\ym uyr U1, u2) =

+ —;
(m - 1)(1-2)
2n2+2(4a2—3) 21’12+2(50€2—3)
4) Ly (Wi g, Vo2 (Wit ih, = 3
@ Lnts (Vi i) = Vo (Widsaitn )= G =~ 1) "2+ Gt = 2 = 1)
2
+

(n2=2)(np - 1)

Lemma 2.4. Forall uq,uy € I and sufficiently large n1, ny € IN the operators Sn1 11y ; .) satisfying

[
©)

(1) Lﬁ} ilyzz(wul Uy s y Ui, Ll2) (ul + 1)2 < Cl(ul + 1)2 as ni,ny — o9,

|
O

(2) Ly ,‘fj(‘l’m 15 U1, U2) (U2 + 1)* < Co(up + 1)* as ny, np — oo;

(B)  Livi (Wi, 1, o) (1 + 1! < Ca(un + 1)  as my,my — oo;

[ [
o O

SI-5|~§1=5|-

~—— — ~—— ~——

4) Ly gj(\yul 1ups U1, U2) (u2 + 1)* < Ca(up + 1)* as ny, np — oo.

3. Some approximation results in weighted space and their degree of convergence

Let ¢ be weight function such that ¢(u,12) = 1+ uf + u5 and satisfying B ( ) {g ] glur,up) I<

Cop(u1,u2), C,4 > 0}, where B, (I 2) is the set of all bounded function on 72. Suppose C™ (I 2) be the

m-times continuously differentiable functions defined on 72 = {(u1,uz) € I? : u,us € [0, 0)}. The equipped
|g(u1,u0)|

norm on B, defined by || g ||,= SUP,,, ,er Moreover we have classified here some classes of function

o(u1,uz)
as follows: ( |
¢ ?) = : 2); gul/MZ )
Cr(1*)=1g:9€Cp(I?); such that Jim T - _k, < ool
QO (P)=1f: feh(r); suchthat tim L)

(uq,up)—>00 (p(u1, 1/[2)
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Cy(I?) =1g: g€ By NCy (12}
Suppose w,(g; 61, 02) is the weighted modulus of continuity for all g € Cg) (I 2) and 61,6, > 0, defined by
| g(uq + 61, uz + 02) — g(uy, uz) |

we(g;61,02) =  su su . (8)
o (Mlﬂfiz)EI[)O,OO) 0§\61|§61,(I))5|62|362 P(ur, u2)p(61, 02)

For any 11,1, > 0 one has
We(; MO1,1202) < 4(1 + M) + (1 + &)1 + 5)we(g; 61, 62),
| g(t,s) —g(ur,uz) | < @uy,ux)p(t—urlls—uzwy (g1 t—urlls—usl)
< A+ +w)A+ (- m))L+ (s — w))wp (g1 E—ur || s —uz ).

Theorem 3.1. Let g € C(% (I 2) , then for sufficiently large n1, ny € IN operator Ly,",* satisfying the inequality

ny,ny

| L s (g, ) — g(u1, 1) | _ _ 1) (-1
(1ot ool )

where W, 4, = (1 +(u + 1)+ Ciy + 1)+ VC(uq + 1)3)(1 + (p + 1) + Co(up + 1)% + VCaluy + 1)3) and
C1, Cz, C3, C4 > 0.

Proof. For all 6,,, 64, > 0 we have

| g(t,s) —g(ur,uz) | < 41+ u% + u%) (1 + (t - ul)z) (1 +(s— uz)z)

X (1 L I)(1 MLl I)(l + 03, )(1 + 87 ) (95 00y, On,)
6n1 6”2

= 41+ 13 +12)(1+82)(1+62)
_ 1

% (1+—|t | +(t—wm)+— |t—m W‘”l)z)
On, Ony

|s—u |

S—Uu
X (1+M+(s—u2)2+
6112 2

(S - uZ)z) We (g/ 61’11/6"2) .

1,02

Therefor apply operator Ly 7,2 and then use Cauchy-Schwarz inequality,

IN

| Lo (9 41, ) — g(u1, uz) | Lyvez (1 9(., ) = gur, up) |; un, 12) 4L + 15 + u3)

[ t—u | 1

X Lif},’ifi(l +——+ (t— )+ — [ty | (= ur)5ur,
61’11 6”1

|s—up|

|'s—uy | 2
X L2 (1 + . + (s —up)” + 5,
2 2

(s— Mz)z;uhuz)
x (1+ 6ﬁ1)(1 + 652)0)@ (9 Ony 0n,)
= 41+ uf + )+ 6,1 + 85wy (95 60y, On,)

1
x (14 L = ) + LA = ), 2)

6n1 ny,ny

1
+ 6_in:522(| t—up | (t—u1)%; M1,M2)
n

1
X (1 + ;Lﬁifﬁfﬂ s =y [; U1, 12) + LEE2((s — )% U, Un)
2

1
L= | 6 - ), n)
ny
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| Lt (g, u2) = glur,u2) | < AQU+ 2y + 1) (1 4+ 67)(1 + 87, )0p (95 0m O0)
X [1 + 6%1 \/L%}:f}:((t — )% un, tp) + L2 ((F = u1)%; uq, 1)
T, Lons (¢ = un)%5 w1, u2) A [ Ly (8 = 1), uz)J
X [1 + % \/Lii},’;’:((s — )2 Uy, ) + LE92 (s — )% uy , 142)
+ 6%2 L2 ((s — u2)?; u1, ) AL n2 (s — ua)%; u, uz)J.

If we apply the Lemma 2.4 and choose 6,, = O ("1_%) and 6, = O (n;% ) , then

| L2 (g; 11, 1u0) — glur, u) | < 41+ 3 + u3)(1 + 83)(1 + 62 ) (g 6ny, Ony)

X

[1 + é O(nll)(ul +1)2 + O(nll)(ul +1)2
; 5L \/o(nll)(u1 +1)2 \/o(nll)(u1 ; 1)4]
X [1 + 6%,2 A /O(nlz)(m +1)2 4 O(nlz)(uz +1)?

1 1 1
- - 2 i 4
+ o O(n2)(u2+1) \/O(nz)(u2+1)]
< 40+ uf + )1+ 81+ 65w (g; Ony, Ony)

X [1 T (i + 1) + Ca( + 1) + \Calur + 1)3][1 + (i +1)

+ Co(up + 1) + \/Calun + 1)3].

Which completes the proof. O

Lemma 3.2 ([15, 16]). For the positive sequence of operators {Ly, u,}n, n,>1, which acting C, — B, defined earlier
then there exists some positive K such that

Il Liny iy (5 111, 12) llp< K.

Theorem 3.3 ([15, 16]). or the positive sequence of operators {Ly, u, }n, n,>1 acting C, — B, defined earlier satisfying
the following conditions

(1) hm || Lnl,nz(l; ul/MZ) - 1 ”(p = 0/
ny,NMy—00
(2 Lm || Ly, (ur,u2) —ur lly = 0;
11,11y —00
@) Hm || Ly (s5u,u2) —uzllp = 0;
nq,Nny—00
@ UM || Ly (#8701, u0) = uf +u3) ll, = 0.

ny,Mp—00

Then for all g € C°,

lim “ Lnl,nzg -9 ”(P: 0

Mnq,Mpy—00
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and there exists another function f € C, \ C, such that

lm | Ly f = f llp> 1.

ny,np—
Theorem 3.4. If g € C,, (Z' 2) , then we have

lim || Ly72(9) — g lly= 0.
1n1,NMp—00

Proof.

| Lal2 (U + 12 + 351, 102) |

| Lyt (s u1,12) Mg sup

2 2
(tr,up)eT? 1+ uj + us

1+ sup [—
(11, u)€T? 1+ M% + M%
n2 + ny(4ay - 3) u

e 1
n-2m -1

N (417 + 10a; — 10) Uy
(1 =201 = 1) | e 1+ 12 412
N S R S
(nl - 2)(”1 - 1) (ul,uz)I:IZ 1+ M% + M%
p |Brme-d) G 6
(nZ - 2)(1’12 - 1) (u1,up)el? 1+ M% + ué
(4ny + 10a, — 10) Uy
+ sup —————
(n2 =2)(n2 = 1) 1y ez 1+ 1 + 13
2]y L
(n2 —2)(n2 — 1) (ul,uz)IZIZ 1+ uf +u3

1”1% +nq(4aq — 3)

2

p 2 2
(ug,u2)€1? 1+ Ml + T/lz

(47’11 +10aq — 10)

g, 2. a0 2.
(1 + Lml,nzz (ulr Uy, uZ) + Ln;,nzz(MZI U, MZ))

2

+
3(m = 1)(m1 - 2)
1’[% + 1ny(4ay — 3)

3(m — 1)(m —2)
(4n7 + 10ay — 10)

+ ’

3(n1 — 1)(m —2)
2

3(n2 = 1)(n2 — 2)

| Lyt (s u1, u2) llp< K.

3(n2 = 1)(1n2 — 2)

Now for all n1, 1, € IN '\ {1,2}, there exists a positive constant K such that

+ ‘

3(ny = 1)(n2 = 2)|

]

2790

Therefore, in order to prove Theorem 3.4 it is sufficient from the Lemma 2.2 and Theorem 3.3. Thus we

led to prove of Theorem 3.4. [

For any g € C(Z?) and 6 > 0 modulus of continuity of order second is given by

@ (7; 6, 0n,) = supll g(t,8) — glur, ) I: (¢, 5), (1, u2) € 1%

with | £ —uy [< 0y, | s — U2 |< O, with the partial modulus of continuity defined as:

w1 (g;0) = sup sup {| g(x1,u2) — glxz,u2) I},

0<up<1 |x1—x2|<0

wz(g;0) = sup sup {| g(uy, y1) — g(u1, y2) I}-

0<u1 <1 |y1-y2|<6
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Theorem 3.5. For any g € C(I?) we have

| Ly (g w1, u2) — g(u1, uz) |< 2(w1 (; 6uymy) + w2(g; 6712,1,2))-

Proof. In order to give the prove of Theorem 3.5, in general we use well-known Cauchy-Schwarz inequality.
Thus we see that

| Lyl (gsun, u2) — g(un, ua) | < Ly (1 g(t,s) — g(un, un) | us, un)
< Luvt (1 gt s) = g(us,s) |; u, uz)
+ Ly (1 g(ua, s) = g(u, un) |11, 12)
< Ly (gt = ug 1) un, u2) + Lyt (w2(g; | s — uz 1); w1, uz)
< wi(g;0n) (148, Ltz £ = wn 1, w2))
+ @2(g300) (1+ 05 L0 s = w2 1, 10)
<

1
w1(g;9n,) (1 5 VERAEE ) )

] 1
+ a)z(g; bnz) (1 + 6_ Lg}fg ((S - u2)2,~ ui, 1/[2)) .
ny

2 _ <2 _rama 2. 2 _ 2 _rma 2. :
If we choose 6y, = 0y, ,, = Lyl s ((E — 1) u1, u2) and 65, = 0, ,, = L) 2 (s — u2)7; U, up), then we easily

to reach our desired results. [

Here we find convergence in terms of the Lipschitz class for bivariate function. For M > 0 and
p1, p2 € [0, 1], Lipschitz maximal function space on E X E C 12 defined by

Lo,,p,(EXE) {g ssup(l + )7 (1 +5)* (gpwz(t, S) = Gpup2 (111, Mz))

1 1
M(l +11)P1 (1 + up)P2 }
where g is continuous and bounded on 7?2, and

| g(t,s) — g(u1, u2) |

2
t—1 |p1| S—1p |p2 ’ (t/ S)/ (ull 1/!2) erl”. (9)

Gprpa(t8) = Gpupo (U1, 12) = |

Theorem 3.6. Let g € L, ,,(E X E), then for any p1, p2 € [0, 1], there exists M > 0 such that

g )~ g | < M{{@on DY+ (5,)° ) @B+ (5))
+ @, E) @, B ,

where Oy, 1, and Oy, u, defined by Theorem 3.5.

Proof. Take | uy — xo |= d(u1,E) and | us — yo |= d(up, E). For any (u1,us) € 12, and (xo, Yo) € E X E we let
d(u1, E) = inf{| u1 — uy |: up € E}. Thus we can write here

| g(t,s) — g(ur, u2) < M| g(t,s) — g(x0, yo) | + | 9(x0, yo) — g(ur, u2) | . (10)
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ag,a

Apply L;",2, we obtain

| Lniins (9541, 112) = g (i1, u2) | Lo (| g(ur, u2) — g(xo, Yo) | + | g(xo, yo) — g(u1, u2) 1)
ML (|t = x0 1P s = yo P2 11, uz)

M | uy —xo [P up —yo | .

INIA

+

Forall A,B > 0 and p € [0,1] we know inequality (A + B)? < AP + BP, thus

[t —x0 IPP<[t =1y [PY + | ug —x0 [P,

ls—yolP'<|s—up [P+ uz—yo | .

Therefore

IN

ML 2 (|t = uy 1P s = up 1P 11, up)
M| ug —xo |P" Lys (s — up |72 11, u2)
M | uz —yo [P Ly 2 (|t = uy 1P uq, up)

2M | uy = xo [P uz = yo |P? Lyt a2 (oo; 1, u2) -

| Listns (95 1, u2) = g1, u2) |

+ + +

ag,02

On applying the Holder inequality on L; "2, we get

Ltz (| £ = up 1P s = up P25 1, 12) Uy (It =ur 175 u,u2) V2 (s =z 1211, 10)

2-pg

2 2
< (L - Prun,ug)” (Lo (oo i, 1)
2 2 =3
X (L‘,ﬁ m(ls—uzl ;Mlluz)) (Lﬁ} ns (L0,05 eruz))

Thus we can obtain
2
| L3 (g;u, ) — g(ur, 1) | < M(éﬁm) (62,.,) 7 +2M (d(ur, E)* (d(uz, E))?

+ M(d(ul,E))pl( i, uz)Pz +L(d(112 E))p2< n u1)p71 .

We have complete the proof. [

Theorem 3.7. If g € C'(I?), then for all (u1, uz) € I?, operator L;,"n? satisfying

[SIE

1
| L2 (g; w1, 12) = (a1, 42) 11| Gy Vo) (62,0)7 + 1l 91 ey (82,,)°
where Oy, 1, and Oy, ., are defined by Theorem 3.5.

Proof. Let g € C’(I?), and for any fixed (u1,uz) € 7> we have

g(t,5) — gluus, 12) f 90,90 + f gutin, )

aq,0

On apply L,

t S
Lital 222 (g(t/ S); Ui, uz) - g(ul, uZ) = Li} 322 (f g@(@/ S)dQ,‘ Uy, uz) + Lﬁ} 322 (f gy(ulr [Ll)d!,l, Ui, uz|. (11)
up U
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From the sup-norm on 72 we can see that

t
f 9(0,9)d0
ul

S
gy(ul/
U

t
< f | 90(0,9)do ||l guy lle)l t—ua |
Uy

< f | gu(ur, wdp || gu, eyl s — u2
i

In the view of (11), (12) and (13) we can obtain

IN

| Lz; ZZZ (g(ull u2); ui, M2) - g(ul/ 1/{2) |

IA

IA

O

an,az
LH] 1) (

t
f 90(0,9)do

;ulluZ)

S
Lz}fg(f!]p(ul,,li)d[i,‘ulluz)
Lm sl

| gu loezy Loy s (Lt — 1 |1, u2)
Il gus llezy Lt (1 = ua 511, ua)

1
I Gun Nozzy (Lo (( = ) un, up) L (1 1, 2) )

(NI

I 9u ey (Lt (s — wa)s ur, up) Lt (L1, un))
1

I g, lle2) ( " u1> + 11 gu, llez2) (6"2 uz)2 :

Theorem 3.8. For any f € C(I?), if we define an auxiliary operator such that

Ry2(fru,up) = Lyln2(g;ur, up) + f(ur, uz) —f(ﬂ,‘fjlk(yl,o; Uy, U), (Vz;l(}lo,l;ulluz))-

m

where, from Lemma 2.2, (lellk(‘ul,o; Uy, Up) = (

("1

2(0{1—1)

i) <n1—1>) uy + gl and

o . _ n 2(ap—-1)
(anll([-lo,ll U, MZ) - ((nzil) + (,,22_1) )uZ + nz

Then, for all g € C'(I?), Ry satisfying

ny,

Rot (g3t,8) = gl 1) - < {5%1 WO+ (%
—

D

2

) (1 +2(a1 = 1)) ug + ﬁ - Ml)

2

1 1
(m (n2 +2(a2 = 1) up + =1 Mz) } Il g llczzy -

Proof. In the light of operator Ry!72(f;u1,uz) and Lemma 2.2, we obtain Ry!2(1;u1,up) = 1,

uy; 1, uz) = 0 and Ry72 (s — ug; u1, uz) = 0. For

711 Ny

any g € C'(Z?) the Taylor series give us:

0 , Pg(A,
69 =gt = LDy f - 0Lz an
8!](”1,112) o 9(”1,1,0)
N f -Gy

2793

(12)

(13)

Rt)q sl (t _

ny, Ny
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a0

On apply R;.,2, we see that

Ryz (g(t,s); ur, u) — Ryl 2 (g(uy, uz)

2 S 2
Rave: ( f (t = 1y 20 1) ”Z)da,-ul,uz) Rae ( f (5—¢)Md¢;u1,u2)

oz 202
Lo (j;(t - /\)%d)\; ul,uz) Lo (f (s -y 20 ¥) 9{;”(;12’ LI ul,uz)
- ful(nl szt (ﬁ (ny +2(a1 — 1)) ug + (nll— 0 /\)azg(gj\\;”ﬁd/\
_ fu Z(”Z T e (ﬁ (5 +2(cts = 1) up + (nzl_ - q))aZg ;:12 ¥) dy.
From the hypothesis we easily obtain
[e-nZ2 ) < |- 0T ] g e - 07,
[e- waz%;"”)dw] < [ e- ¢>82P{§Lﬂd¢| <l g ey 6 - w2,

o (m 2 =D+ 1 1 g(A, uz)
— (1 +2(a7 — 1) uq + -A d d/\‘
fu‘l ((nl—l)(l (v = 1)) uy oD )

A2
1 1 ’
< (2 — 1 — -
< g llex ((m -y (m +2(1 — 1) ug + =) Ml)
71_ (Vlz+2(dz—1))llz+7l_ 2
-1 1,-D 1 1 a ul/ l/’) ’
——— (my+2(ay - D)) up + - d
L (g 20 e o)
2
np 2 -1) 1
< 2(72 - .
< ||!7||C(I)((n2_1+ o1 |2t T
Thus,
()(1 D

IA

R (g:t,8) — g(u, up) | {Lfﬁ w2t = w)%5u1, 1) + L2 ((s — u2)?5 1, 1)

2
1 1

(m (1 +2(ay = 1) ug + -1 ul)

2

1 1
((nz -1 (ny +2(ar — 1)) up + oD uz) } gl -

We complete the proof of Theorem 3.8. [
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4. Some approximation results in Bogel space

Take any function g : 71 X 7, — R for a real compact intervals of 71 X 7,. For all (t,s), (u1,u2) € 11 X1,

suppose Azt 9 g(u1, up) denotes the bivariate mixed difference operators defined as follows:

N 91, u2) = g(t, ) — g(t, uz) = g(u, ) + g(ur, uz).

Ifatany point (i1, 1) € 11X1 the function g : 71X, — Rdefined on 71 x1 5, thenlimyg - u) Ay, 91, 42) =
0.

If set of all the space of all Bogel-continuous(B-continuous) denoted by Cp(Z1 X J5) on (u1,u2) € 11 X 15
and be defined such that Cp(£1 X 1) = {g, such thatg: 71 X I, —» Ris g, B—Dbounded on 7 X 7,}. Next,
the Bogel-differentiable function on (u1,u;) € 71 X I, be g : 11 X I, — R and limit exists finite defined by

1

lim —— (A7, ) = Dgg(uy, up) < co.
(t,8)—>(u1,u2), t#uy, s#uy (t - ”1)(5 - Mz) ( (t,s)) Bg( ! 2)

Let the classes of all Bogel-differentiable function denoted by D, g(u1, u2) and be D,(Z1X1 ) = {g, such that g :
I x I, - R is g, B-differentiable on 77 X I,}. Suppose the function g is B-bounded on D and
be g : 71 x I, — R, then for all (t,5), (u1,uz) € 11 X I, there exists positive constant M such that
| AZt,s)g(ul'MZ) |< M. The classes of all B-continuous function is called a B-bounded on 77 X 7,, whene

Iy x I, is compact subset. Let By (1 X I,) denote the classes of all B-bounded function defined on 77 X 15
which equipped the normon Bas|| g |Iz= SUP (1 5) (11 12)e Ty < T | AZt,s) g(u1,uz) |. As we know to approximate the
degree for a set of all B-continuous function on positive linear operators, it is essential to use the properties
of mixed-modulus of continuity. So welet forall (t,s), (u1,u2) € 11xX1,and g € B,(Z,,), the mixed-modulus
of continuity of function g bt wp : [0, 00) X [0, ) — R and be defined such as:

wp(g;01,02) = sup{Ay,  g(ur, u2) [ £ =1 [< 61, |'s — uz |< b2}
For any 7% = [0, ») X [0, o), we suppose the classes of all B-continuous function defined on 72 denoted by
Co(I 2). Moreover, let set of all ordinary continuous function defined on 72 be C(Z?) . For further details on

space of Bogel functions related to this paper we propose the article [12, 13].

Let (u1,uz) € 7% and 13,1 € N then for all g € C(Z?) we define the GBS type operators for the positive

: ay,an
linear operators L, ",>. Thus we suppose

Kt (g(t, 8);un,u2) = Lﬁﬁjﬁﬁ(g(t, uz) + g(u, ) — g(t,9); M1,M2)~ (14)
More precisely, the generalized GBS operator for bivariate function is defined as follows:

K;;(llf‘:fzz (g(t/ S)/ uy, uZ) = Z Szlllzzz k l(ull uZ) f f in,nz(t/ S)Pul,uz (t/ S)Q(t/ S)dtdsl (15)
k=0 0 o
where P, ,,,(,5) = (g(t, u) + g(uq,s) — g(t,s)).
Theorem 4.1. Forall g € C,(I?), it follows that

| K(r):ll,,gzz (g(t, S); Ui, u2) - 9(”1, MZ) |< 4wp (9, 6n1,u1/ 6n2,uz) ’

where 8y, 4, and Sy, 4, are defined by Theorem 3.5.
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Proof. Let (t,s), (u1,uz) € T 2, For all ny,n, € N and 6,,,6,, > 0, it follows that
| ALy mdEs) | < wp(glt—urlls—ual)

(1 + [t=m |)(1+ [s—u |)w3(g;5nl,6nz).
6”1 6712

From (14) and well-known Cauchy-Schwarz inequality, we easily conclude that

IA

A

| K (gt )1, 1) — glur,w) | < Ltz (1 A7, g (t9) L, un)

1
(Lﬁllffg((l)o,o; Uy, Up) + 5 (L‘Z},’%((t — )%, uz))
n

IN
ST

[SIE

1
o (L — w) i, w)
np

1 1
e (L = m)sm, w))
m

1 1
X o (infﬁf((s - )% Ml,uz))z )wB (956, 0ny) -
2
In the view of Theorem 3.5 we easily get our results.
0

If we let x = (t,5), y = (u1,u2) € I?, then the Lipschitz function in terms of B-continuous functions
defined by

Lipfy = {7€ C%) i 8, aep) 1S M1 x -y IF, |

where M is a positive constant, 0 < £ < 1, and Euclidean norm || x — y [|= \/(t —u1)? + (s — up)2.

S0

Theorem 4.2. For all g € Lip;, operator Kj's2 satisfying

&
| Koz (g(x, y); ua, up) — glur, up) |< MSR, . + 62,17,
where Oy, 1, and Oy, ., are defined by Theorem 3.5.

Proof. We easily see that

Kalm2 (9(x, y); ua, uz) Lyt (9(u1, y) + g(x, u2) — g(x, 5); uy, u)
Lytns (9(“1, U2) = Ay 906, 8); 101, uz)

g(uy, uz) — L2 (AZul,uz)g(x,S); uy, uz).

Therefore,

A

| K2 (g0c, y)wn, u0) = glu, ) | < Ly (1A, g y) |, 12)
MLz (Il x = y 15 1, 112)

IA

, 2.
m{L: (1= y 1P, ) |

IA

IA
Nlr

M{Liz (0= P, ) + Lz (5 = wa P, )
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Theorem 4.3. If g € Dy,(I?) and Dgg € B(I?), then

| Kot (951, u2) — gur,uz) | < C{3 | Dgg lloo +@umixed (DBG; Oy, Ony) }(ul +1)(up + 1)
+ {1 + \/C_z(ul +1)+ \/C_l(uz + 1)}
X Omixed (DBgr' 6111/6712) (ul + l)(uZ + 1)/

where 0y,, 04, defined by Theorem 3.5 and C is any positive constant.
Proof. Suppose p € (u1,t), & € (uy,5) and
A’(*ul,uz)g(t, s) = (t —u1)(s — u2)Drg(p, &),

Dgg(p, &) = A, uyPB9(p, &) + Drag(p, y) + Dpg(x, &) — Dpg(uy, u2).
For all Dgg € B(I?), it follows that

| Kt (A, 9t 8)s 01, 102) |

| Kt (¢ = 1)(s = 42)Dig(p, £); 1, 12) |
Kz (1= s —us || A, . Dig(p, &) |;ur, ua)

(11,1

IA

+ k(1= lls =] ( Daglp, )|

+ 1 Daglun, )| +1 Daglun, ) i, )

< Kn(lt-m s -

X @mixed (Dg; 1 p— 11 |,1 & —up I);ulfuz)

+ 31 Dpg llo Kz (1t —uq || s = ua |;uy, uz) .
Here @ixeq, is mixed-modulus of continuity and it follows that

Omixed (DBgrl p—u |/| 5 — Uz D
< @mived (Dpgi | t =11 |15 —uz )
< (1480 1= |)(1+06,) |'s — 112 |) @mised (D5 | Sy, O, -

Therefore, it is obvious that

| Ky iy (9511, U2) = g(u1, 12) | | AL, 9t 5);ua, 102 |

1
2

IA

3| Dgg |l (Kz;’zzz ((t - ul)z(s - u2)2,. Ui, Mz))
+ (K e s = )

-1 ray,a2 2 .
+ 6711 Knl,nz ((t - M1) | S—Up I/ ui, uZ))

+ S K (1= | (s = ua)un, 12)

+ O O K (= un)(s — )% 101, 142) @ixed (DB Oy Oy 5
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| K:llﬂ’lz (91 Uy, UZ) - 9(“1/ 1/[2) | I Azul,uz)g(t/ S), Uy, Up |

1
2
, 22
311 Do e (K (W22 01, 12)

<
1
2
a0 22 .
+ {(K‘ﬂll,‘ﬂzz (\pul/uzf uy, 1/[2) )
1 1
2 2
=1{ o, 42 =1{ a1, 24
+ 6”1 (K"L"z (\yul,uz’ Uy, u2) ) + 6112 (Km,nz (\I]ul,uz/ Ui, Mz) )
—-1¢-1 g0, 2,2, .
+ 6;11 6712 Knll,nzz (\Ilul,uzr 1/[1, Mz) }(Dmixed (DB% 6n1/ 6712) .
Which follows that
1
| K . _ | = 3 ” D ” K212 \112,0 . K322 \110,2 . :
11,12 (!7, Ui, Mz) g(ulr MZ) = BY lleo 11,12 uy iy W1 U2 ) Ky g 1y upr U1, U2
1
2
a0 20 . o, 02 .
+ {(Kmlnzz (\Ijul,uzf Uy, ”2) Kn},nzz (\yul,uzf Uy, uz) )
1
2
-1 praz,a 40 | a0 02 |
+ 6111 (Kﬂl,flz (\yul,uz’ Ui, uz) Kﬂl,nz (\yul,uz’ uy, 1/{7_) )
1
2
=1 pa1,a2 2,0 . 1,00 04 .
" 6n2 (Knl’"z (\y”l'”z’ i, uz) K”llnz (\yulluz’ U1, uz) )
-1 ¢—1 a0 2,0 ., 1,00 0,2 .
+ 6711 6,,2 Kiajn, (\Pumtz' 1, ”2) Ky, (‘I’Mwlz’ Uy, ”2) }

X Omixed (DBgr' Ony,s 6”2) .

From Lemma 2.4, we demonstrate

| K (35000,12) — g(un, 1) | < 3 1l Dig llo (\/clcz(ul + 1) + 1))

A

+ {(VECatm + 1)z + 1)
+ 5;}(\/6, /o(nll)(u1 12 + 1))
+ 6,;21(\/c_1, /o(nlz)(u2 + 12y + 1))

+ 6;116;21(, ,O(nll)‘ /O(nlz)(ul + 1)(uz + 1))}

X Omixed (DB{]/' 6711/ 5n2) .
Which complete the proof of Theorem 4.3. [

5. Conclusion and Remarks

This type of generalization the Baskakov-Durrmeyer operators is a new generalization by aid of non
negative parameter a. In this, manuscript our investigation is to generalize the parametric variant of
Baskakov-Durrmeyer [30] by introducing the bivariate functions. We study the bivariate properties of
a-Baskakov-Durrmeyer operators with the help of the modulus of continuity, mixed-modulus of continuity
and then find the approximation results in Peetre’s K-functional, Voronovskaja type theorem and Lipschitz
maximal functions for these bivariate operators. Next, we also construct the GBS type operator of these
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generalized operators and study approximation in Bogel continuous functions by the use of mixed-modulus
of continuity.
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