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Abstract. There are presented two methods for approximation of generalized Urysohn type operators. The
first of them is the natural generalization of the method considered first by Demkiv in [1]. The convergence
results are given in quantitative form, using certain moduli of continuity. In the final part there are given a

few exemplifications for discrete and integral type operators and, in particular, for Bernstein and Durrmeyer
operators.
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1. Introduction

We use the following notations. If [4,b] and I are real intervals, we denote by C([a,b], 1), the set of

continuous functions f : [4,b] — I. In the case I = R we denote simply, C[a, b]. On Cla, b] we consider the
sup-norm, denoted by ||  ||.

If we apply an operator L to a partial function say u — g(u, v, ...,vy), where vy, ...,v,, are parameters
we usually denote L(g(e,v1, ..., 7). The symbol e denotes always a real variable. In the proof of Theorem

4.1 bellow, where a superposition of operators appears and the above notation is not possible we use also

the alternative notation of the type L,(g(u, v1, ..., vn)), instead of L(g(e, vy, . .., Uy)).
Denote monomials functions by e;(t) =/, =0,1,2,....

The classical Urysohn operators are non-linear operators F : C([a, b], [a, b]) — C([a, b], [a, b]) defined as

b
F(x)(t) = f f(t,s,x(s))ds, tela,b], xeC(a,b]Ila,b]) (1)

where f : [4,b]> > Ris a continuous function.

In [1], in the case [a,b] = [0,1], Demkiv used Bernstein type operators to approximate the Urysohn
operator. The approximation operators were constructed as follows:

1[ n
(B.F)(0)(t) = j; [Z f (t, s, S) pn,k(x(s))l ds,
k=0

()
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with p,(x(s)) = ()x(s)(1 - x(s))" ™, x € C([0, 1], [0, 1]), £ € [0, 1].
Moreover, Stancu type operators have been used in 2012 by Makarov and Demkiv, in [5], to approximate
Urysohn operator (1):

PR = f [Z f(ts )pnk(x(s))lds, o

where p?, is the Polya distribution and again x € C([0, 1], [0, 1]), t € [0, 1].
Also, recently, in [3], Meyer-Konig-Zeller type operators were used to approximate the operator (1) in
the form:

MY = f[Zf(t 5 )mnkoc(s))} s @

with 11, (x(s)) = ("F Dx(s) (1 — x(s))", x € C([0,1],[0, 1), t € [0, 1].

In these papers, the approximation operators given in (2), (3) and (4) received interpretations in dis-
tribution theory which show that they can be regarded as extensions of the classical linear operators for
approximation, when we replace functions by generalized functions, i.e. by distributions and functionals.
We refer the reader to these papers for details, because it is not our intention to follow this way. The
nonlinear form of the Urysohn type Bernstein operators (2) and its properties can be found in [4].

We are motivated by these papers, but we intend to apply direct methods in two types of approximation
of generalized Urysohn operators. The results are given in quantitative form, using generalized moduli of
continuity.

2. Preliminaries
Let {ut}tesp) be a family of Borel positive measures such that it is possible to define the operator

® : Cla, b] — C[a, b] of the form

b
B(g)(t) = f g(s)du(s), g € Cla,b], t € [a,b]. (5)

This operator is linear and positive.
Let f € C([a,b] X [a,b] X I). If t € [a,b] and x € C([a, b],I) then we can define the continuous function
s = f(t,s,x(s)), s € [a,b]. Then, define a generalized Urysohn operator F : C([a, b],I) — Cla, b], by

b
F@)(t) = ©(f(t o, x(e)))(£) =f f(t,s,x())due(s), x € C([a,b],1), t € [a,D]. (6)

Denote by ¥ < Hom(C([a, b], I), Cla, b]) the set of operators F defined in (6).
Particular cases of generalized Urysohn operators are the Urysohn operator given in (1) and the Volterra
operator defined as

F@) = f K, 9)x(s)ds, teabl, x e Cla,bl, )

where K € C([a,b]?). In this case y is the restriction of the Lebesgue measure on the interval [a, ], and

ft,s,y) = K(t,9)y.
In order to approximate the operators given in (6), choose an arbitrary sequence of positive linear
operators (L,),, L, : Cla, b] — Cla, b], with the properties:

O-i) Ly(eg) = eg, where eg(u) =1, u € [a, b];
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O-ii) lim ||L,(x) — x|]| = 0, for all x € Cla, b].
n—oo

In the next two sections, with the aid of a sequence of operators (L,),, we construct two types of
approximation operators for the operator defined in (6). In order to obtain quantitative estimates of
approximation we use the moduli of continuity defined bellow. For their definition it is necessary to
suppose that f € C([a, b] X [a,b] X I) is uniformly continuous in the second and in the third argument. For
such a function f and for a number i > 0 define:

w((f)2,h) = supllf(t,s1,u) = f(t,s52,u)l, t € [a,b], u€l, 51,5 €[a,b], Is1 —s2|l <h}; 8)
w((f)s,h) = supllft s u)—f(t,sv) ts,€labl, u,vel lu—vl <h )

From the assumptions made for the function f one has:

lim w((f);,7) =0, j=2,3. (10)

Notice that ()2, 1) = supla(f(t, o, u), k), t € [a,b], u € [}and w((f)s, 1) = supla(f(ts, &), k), 5 € [,b]),
where w is the usual modulus of continuity. By taking into account this fact, from the properties of the
usual modulus w we deduce, in an obvious mode:

2
w((f)j,h) < (1 + (g) )a)((f)j, ), forh,6 >0, j=2,3. (11)

3. Afirst type of approximation

In this section we take I = [a,b]. Then, the function f, which is used in definition of the operator F in
(6), is automatically uniformly continuous in the second argument.

With the aid of the sequence (L,),, define the sequence of operators £, : ¥ — Hom(C([a, b], [a, b]), Cla, b])
given as follows. If F € F is associated to a continuous function f : [4,b]° = R, see (6), then define

b
(L B)()(H) = f Lu(f(t,s, @))(x(s))dps(s), x € C([a, D], [a,D]), t € [a,D]. (12)

Here L,(f(t, s, »)) means the image of the function u — f(t,s,u), u € [a,b] by operator L,, when t and s are
fixed and L, (f(t,s, ®))(x(s)) is the value of this resulting function at the argument x(s).

Note that the sequences of operators defined in (12) generalize the sequences of operators defined in
Introduction in relations (2), (3) and (4). Indeed, if we make, for instance, the choices: [a,b] = [0,1], L, = B,
(Bernstein operators), and p; is the Lebesgue measure for any ¢ € [0, 1], then:

b 1 _n k
f La(f(t,5, ) (x(s))dpu(s) = f Zf(t,s,;)pn,k(x@))ds.
@ 0 k=0

Theorem 3.1. Let operator F given in (6), where I = [a,b] and f € C([a, b]?). Let the sequence of operators (L,F),
defined in (12). Define n(t) = L,((e — t)?)(t), t € [a, b].
Then

(LaF))(®) = FE)(®)] < (Oeo)(t) + h 2O x(e))(®))w((a, ), (13)

forany h > 0,n €N, x € C([a, b], [a,b]), and t € [a,b]. In norm, there holds

I(LnF)(x) = FQ)Il < 2[1©(eo)|lw ((f)3, \/I|®(T}%(X(°)))I|/II®(60)I|) , (14)

forany n € N and x € C([a, U], [a, D]).
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Proof. Letx € C([a,b], [a,b]), t € [a,b]. Take into account that L,(ep) = eg. One obtains
(L F)(x)(t) = F(x)(1)]

b
[ a7, 9@ = 765,560 duats)

b
< [ [t s, pe - s, x|
b
= [ [t 9@ - 5, 1M e
ab
< [ L1059 = 1,5, KON

From relation (11) it results, for u € [a,b] and h > 0

If(t,s,u) — f(t,5, %)) < @((f)3, [u—x6)) < (1 + k2w - x(5)))((f)3, h).

Hence, we have

b
(LP)@)(E) ~ FER)(©) f Li(eo() + 172(e = x(s))? ) (x(s))dpae(s) - (), 1)

IA

b
f (1 + H 2R3 (x(s)))dp(s) - w(f)a, h)
(©(eo)(t) + K 2OMA(x(eN)(E)) - w(f)a, h).

Then relation (13) follows. From (13) one obtains

I(LaF)(x) = F@)I < (IOl + H @GR (@) - @((s, h).

2 L) . .
If we take h = W, we obtain relation (14). O

Corollary 3.2. In conditions of Theorem 3.1 we have
lim (£, F)(x) = F(x), uniformly for x € C([a, b], [a, b]). (15)

Proof. Since the operators (L,),, which are used for construction of the operators, satisfy condition O-ii) one
has lim, e 73(t) = 0, uniformly with regard to t € [a, b]. The lim,_c [|©(73(x(e)))l| = 0. O

4. A second type of approximation

Let (L,), be a sequence of linear positive operators L : C[a,b] — C[a, b] which satisfies conditions O-i)
and O-ii). In what follows we consider the problem of approximation of operators F € ¥, given in (6) by

operators ZHF € Hom(C([a, b],I),Cla, b]), defined by

_ b
(LaE)x)() = f Lu(f(t, o, x(2)))(s)dpus(s), x € C([a, ], 1), t € [a, D], (16)

where I C Ris an interval and f : [a,b]* X I — R is the continuous function asociated to F. Here the notation
L.(f(t, o, x(®)))(s) means that operator L is applied to function u — f(t, u, x(u)) when number ¢ and function
x are fixed. Then the image of this function by operator L is calculated at point s. In other words, if we vary

the operator F € ¥, then we obtain the application £, : ¥ — Hom(C([a, b],I), Cla, b]), defined by (16).
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From some point of view, this problem of approximation is more natural, because the result of such
approximation depends on the properties of function f, but also on the properties of function x. Also, in
this problem we have an arbitrary interval I which is independent on interval [a, b]. By our knowledge this
kind of approximation was not considered in previous papers.

Theorem 4.1. Let operator F given in (6), where f € C([a, b] X [a, b] X I) is uniformly continuous in the second and

the third arguments. Let the sequence of operators (ZnF)n defined in (16) and let %(y) = L.((® — y)%,v), y € [a,b].
Then

(ZaF)()(®) = FE)(B)] < (Oeo)(t) + 2O (1)) ((f)2, ) (17)
2
+© (Eo(o) + é (eo(o) + % A /nﬁ(o)) (w(x, h))z] (Haw((f)3, ).
foranyh>0,0>0,neN, x € C([a,b],I),t €la bl Consequently,

(SR
l1©(eo)ll

(SRl
1©(eo)ll

IL.F)(x) = F)ll < 210(eo)llw [(f )2, (18)

+ 5/|O(eo)llew [(f)s, w

forany n € N and x € C([a, ], I).

Proof. Letx € C([a,b],1),t €[a,b],n€e Nand h >0, 6 > 0.

In what follows it is necessary to use a different notation because a superposition of two operators
appears. In order to avoid confusions, we give here certain explanations. So, to denote fa ! g(s)duy(s), for
g € C[a, b] we have also the possibility to use the notation ®,(g(s))(t) instead of the normal notation ®(g)(t).
So, the notation O (Ln (f(t,o, x(O)))(s))(t) means that, firstly L, is applied to function u — f(¢, u, x(u)) and the
image is computed for the value s. As a result it is obtained a function in arguments t and s, say G(t,s).
Here x is considered fixed. Then © is applied to the partial function s — G(t,s). But the normal notation

O(G(t, ®))(t) cannot be applied because the symbol ”  ” was used in construction of G to denote argument
u. Then we use the notation ©,(G(t, s))(t). With this preparations we obtain:

(LP)@)(1) = F)(®)]

(La(F(E 0, X(0))S))(0) = O ft,5, x(5))) 1)
(La(f 0, x(O))E) = £t,5, X(5))eo) 1)
(Lt @, x(0) = £t 5,x(6))eol(s)) 1)
O(ILuLf(t, o, x(9)) = f(t,5,x(s))eol(s))(¢)
< Ou(LaIf(t, o, x(9)) = f(t,5,x(5))eol)(s))(1)-

IA

A

For any u, s € [a, b] it results

|f(tr u, x(”)) - f(t/ S, X(S))|

< Af(tu,x() = £t s, x))] + |f(Es,x(u)) = f(E,s,x(5))]
< ()2 lu = sl) + w((f)s, Ix(u) — x(s)])
< (T+ 20 =sP)w((a k) + (1 +572(x(w) — x(5)) (s, 0)
We have
(1+0672@) = x6)?) (A3, 0) < (14672 (@, lu = sD)?) w((f)3, 6)
<

(1 4572 [(1 + '”‘h;S') (x, h)] )a)((f )3, 6
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Then

(L:F)@)(E) = Fx)(@)]
Oy(Luleo + h2(er = se0)2)(s) ) (D ((f)z, 1)

+0. (L 0 + 572 (eo + 71 = seol)” @, P ) 9)) (s, )
= T1+7T» (19)

IA

Since L, (ep) = eg and n2(s) = L,((e1 — sep)?, 9), first we have:

T = (Oe)t) + OB (f)2 h)- (20)

Then, applying Schwarz inequality we get

L, ((eo , sl _hsed )2) (s)

o(9) + FLaller = se0)(s) + 27 )

< @)+ 2 JRE) +
2
V()
= leo(s) + P .
Consequently,
2
T, < @)(60 ‘o (eo - \/r?) (@, h))z] ()3, ). @)

From relations (19), (20) and (21) it follows (17).
Then, from relation (17) it results

IZsB)x) ~ E@) < (0ol + B2 )w((F)2, )

o

it + 5 1o+ &

1
+ ﬁll(@(ﬂﬁ)ll) (@(x, h))z] @((f)3,0)-
From Schwarz inequality we have

H@(\/E) < JIeaR)- 19l

Consequently

IZ:B)x) ~ E@) < (11©(eo)l + h 2O )w((F)2, )

2
O+ 55 (\/”@(@0)” + \/H@(n%)ll) (@, h))Z} ()3, 0)

+
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If we choose I = ‘I‘Ig((zf))llll in this we obtain
2
— [ClURIl 2 [Cunll
L, F)(x) — F(x < 2||©( Al ———— |+ O |1+ ]| =w]|x, ,0).
IZHE -F@I < 200w [(f» oo |+ 1€e |1+ 50 x g || |«
Finally, if we choose 6 = w (x, llllg((';f))” ), we get
- [Cunll SRl
L,F)(x)-F < 2@ A= |+ 51O ,w|x, .
IR - FIl < 2100w [(f» o |+ 3@l (s | x \[ge
O
Corollary 4.2. In conditions of Theorem 4.1 we have
lim |ICL,F)) = F@)ll = 0, for x € C([a, b, D). (22)

Remark 4.3. There exists two main cases in the choice of interval I:

i) I is compact. Then, conditions (10) are satisfied automatically, but it is necessary to have the condition
x € C([a, b],I) which can be reduced by a linear transformation to condition x € C([a, b], [a, b]), and then the
same conditions as in Theorem 3.1 are necessary.

ii) I = R. Then x € Cl[a, b] is not subject to any restrictions, but conditions (10) are now necessary.

5. Applications

5.1. Approximation with discrete operators. The case of Bernstein operators
Let (O,)>1 be a sequence of linear and positive operators, defined as

n

O, (x)(t) = Z x(k(i,n))oin(t), x € Cla,b], t € [a,b], (23)

i=0
with k(i, n) € [a,b], 0;n € Cla, b], 0, > 0, such that

Z 0i,(t) =1, and lim ||O,(x) — x|l =0, ¥x € Cla, b]. (24)

i=0

The two types of approximation operators for the generalized Urysohn operator are of the form:

p[ n
O, )@ = f Zf(t, s, k(i, 1))0; »(x(5)) | du(s), x € C([a, b, [a,b]), t € [a,b],

L i=0

where f € C([a,]®), and

J— b [ 2
OuF) () = f zf(f, k(i, n), x(k(i,n)))of,n(S)l du(s), x € C([a,b], 1), t € [a, 1],
L )

where f € C([a, b]* x I), respectively.
We exemplify only with the case of Bernstein operators, when [a,b] = [0, 1]:

n

Bu(x)(t) = Z x(%) (Z)tk(l — "% xeClo,1], t € [0,1].

k=0
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The first type of approximation operators is

1 n
@neo = [ |) f(t,s,S)pn,k(x@))ldut(s),xeC<[o,1],[o,11),te[o,l],
=0

where f € C([0,11%).
From Theorem 3.1 we get:

Corollary 5.1. Let operator F given in (6), with [a,b] = [0,1], I = [0,1] and f € C([0,1]%). Then

1(BnF)(x) = Fx)ll < 2[|O(eo)llw ((f)3, ﬁ) , (25)

forany n € N and x € C([0, 1], [0, 1]).

n

notice that ©(n; (x(e)))(t) = fol TX(E)(1=x()dui(s) < 7;0(e0)(t) < 7;1O(eo)ll. Then \/H@(TI%(X))II/ IOl < 57
Consequently, relation (25) holds. [J

Proof. Tt is well know that B, (ey) = e and B, ((® — t)?)(t) = t(lft), t € [0,1]. Theorem 3.1 can be applied and

In the particular case of Urysohn operators, when O(g)(f) = fol g(s)ds, g € C[0,1], t € [0, 1], one obtains a
quantitative form of the convergence result given in [2]:

Corollary 5.2. Let operator F given in (1), with [a,b] = [0,1], where f € C([0,1]%). Then

1(B.F)(x) = F®)Il < 2w ((f)s, ﬁ) , (26)

forany n € N and x € C([0, 1], [0, 1]).
In the particular case of Volterra operators one obtains

Corollary 5.3. For operator F given (7), with [a, b] = [0, 1], we have
1
B, F)(x) — F(x)|| < —|IK]|. 27
(B, F)(x) = F(x)lI \/r_lll | (27)
forany n € N and x € C([0, 1], [0, 1]).

Proof. In this case O(g)(t) = fot g(s)ds, for any g € C[0,1]. Then O(ep)(t) = t and hence [|®(ey)|| = 1. Also,
f(t,s,u) = K(t,s)u, for (t,s,u) € [0,1]* and hence w((f)3, h) = |K|| - h, for h > 0. Then, from (14) it follows

CIGAI! 1
M) <2—|KK]I.

I(B.F)) = Pl < 200Gl IKI- g <25

O

For the choice [4,b] = [0,1] and I = R, the second type of approximation operators is:

@heo = | 1 [Zn',f(t,
k=0

where f € C([0,1]* X R).
Applying Theorem 4.1, it follows:

Q=

x(%)) pn,k(S)} dui(s), x € C[0,1], £ € [0,1],
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Corollary 5.4. Let operator F given in (6), with [a,b] = [0,1] and I = R. If the function f € C([0,1]*> X R) is
uniformly continuous in the last two arquments, then

1B,E)x) - F@ < 210(e0)llw ((f)z, ﬁ) +510(e0)lw ((f)s,w (x, ﬁ)) . (28)

e f—_ 1
Bt = VI = 25

5.2. Approximation with integral operators. The case of Durrmeyer operators

foranyn € N and x € C[0, 1].
Proof. We have

O

Consider a sequence of integral operators (U,), which can be defined as follows

b
00 = [ vl Dxtu)d, x € Cla bl 1 €[ 8, (29)
where A, (e, ) are positive and integrable functions for each t € [a,b] and are such that U,(ep) = ey and

lim U, (x) = x, uniformly for each x € C[a, b].
n—oo

Corresponding to the sequence (U,),, we can build the following two types of approximation operators
for generalized Urysohn operators F given in (6).
i) In the case f € C([a,b]°):

b b
(UF)x)E) = f f An(u, x(8)) f(t, 5, u)dudu(s), x € C([a, b], [a,b]), t € [a,b]

ii) In the case f € C([a, b]* x I):

b b
(ﬂnF)(x)(t) = f f Nn(u,8)f(t, u, x(u))dudp(s), x € C([a,b],1), t € [a,b]

respectively.
We exemplify only with the Bernstein-Durrmeyer operators, defined as

n 1
Du(x)(H) = (n+1) [Z Puilt) fo x(u)pn,kw)du], xec[o,1], te[0,1] (30)
k=0

We have D,,(ey) = ¢y and n%(t) =D, ((e - t)z)(t) = (21(1;_2;21”:2;2 < 2(n+nz+)—(1n+3)’ fort € [0,1], n > 3. In this case we
have:

1 1 n
DOHDO = fo fo (n+1) ; PPN £, 5, w)dudyas),
for f € C([0, 1]3), x € C([0,1],10,1]), t €[0,1];

1 1 n
@) = [ [ 0+ DY s 00,
=0
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for f € C([0,1]*> X R), x € C([0, 1]), t € [0, 1].
Since

! n+1 ! n+1
O(m)(t) =f0 Ma(s)dpe(s) < 2+ D +3) dus(s) < mll@(%)ll-

it follows [|@(M2)I/1®(eo)ll < (n + 1)/(2(n + 2)(n + 3)). From Theorem 3.1 and Theorem 4.1, one can deduce:

Corollary 5.5. Let operator F given in (6), with [a,b] = [0,1], I = [0,1] and f € C([0,1]?). Then

I(DF) ) = Fll < 210(eo)le [(f)3, ‘/2<n+)(111+3>]’ (31)

foranyn € N, n > 3 and x € C([0, 1], [0, 1]).

Corollary 5.6. Let operator F given in (6), with [a,b] = [0,1] and I = R. If function f € C([0,1]*> X R) is uniformly
continuous in the last two arguments, then

1@, - @Il < 2100w ((f)z, w/z<n+)(i+3>) +510(eo)llw ((f)a,w(x, w/z(n%)é”))], (32)

foranyn € N, n > 3 and x € C[0,1].

Acknowledgments The authors are grateful to the anonymous reviewer for the remarks that led to a better
presentation of the paper.
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