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Strong Super Convergence of the Balanced Euler Method for a Class of
Stochastic Volterra Integro-Differential Equations With Non-Globally

Lipschitz Continuous Coefficients
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aSchool of Mathematical Sciences, Heilongjiang University, Harbin, Heilongjiang, China

Abstract. In this paper, we propose the balanced Euler method of a class of stochastic Volterra integro-
differential equations with non-globally Lipschitz continuous coefficients. The moment boundedness is
studied and the strong convergence is shown to be 1. Moreover, the theoretical results are illustrated by a
numerical example.

1. Introduction

Volterra integral equation (VIEs) has been widely used in many fields. Due to the effects of random
noise and uncertain factors, such problems are modeled by stochastic Volterra integral equations (SVIEs).
Recently many researchers have paid great interest in the theoretical analysis of SVIEs (see [13] and the
references cited therein). However, most of SVIEs can not obtain the theoretical solutions because of the
complexity of such equations, numerical methods become an important tool. The numerical solutions of
SVIEs have been studied by many authors (see [1],[2], [8], and more references cited in it).

Especially recently, some researchers have paid more attention to stochastic Volterra integro-differential
equations (SVIDEs). In 2000, Mao [9] considered the stability of a SVIDE as follows:

dX(t) = f (X(t), t)dt + 1

(∫ t

0
G(t, s)X(s)ds, t

)
dw(t).

Mao and Riedle [10] later studied the stability of a more generalized type of equation as follows:

dX(t) =

[
f (X(t), t) + 1

(∫ t

0
G(t, s)X(s)ds, t

)]
dt + h

(∫ t

0
H(t, s)X(s)ds, t

)
dw(t).

SVIDEs can be regarded as the more generalized type of SDEs. The theoretical and numerical analysis of
SDEs have been well investigated (see, for example, [5–7, 11, 12, 17]). Up to now, there are some numerical
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results about SVIDEs (see [3, 4, 15] and references cited therein). In 2020, we (see [18]) considered the
Euler-Maruyama method for generalized SVIDEs

dX(t) = f
(
X(t),

∫ t

0
k1(t, s)X(s) ds,

∫ t

0
σ1(t, s)X(s) dw(s)

)
dt

+ 1

(
Y(t),

∫ t

0
k2(t, s)X(s) ds,

∫ t

0
σ2(t, s)X(s) dw(s)

)
dw(t),

under global Lipschitz condition and showed that the strong convergence order is 1/2. In the same year,
the convergence of the truncated Euler-Maruyama method for a class of SVIDEs is studied (see [19]) under
non-globally Lipschitz condition and its strong convergence is close to 1/2. In 2019, Yang et al. (see [16])
studied the semi-implicit Euler method for the following nonlinear SVIDEs:

dX(t)
dt

= f (X(t)) +

∫ t

0
σ(t, s)X(s)dw(s). (1)

for t ∈ [0,T] with initial data X(0) = X0 ∈ R. Here f : R → R. The kernel σ: D → R are continuous on
D := {(t, s) : 0 ≤ s ≤ t ≤ T}. Set ‖σ‖∞ = max

(t,s)∈D
|σ(t, s)|.

In this paper, we will further consider SVIDE (1), the classical Euler methods of SDEs can not converge
when the coefficients do not satisfy the linear growth conditions (see [5]), due to the cheap computation
costs and acceptable convergence orders of explicit methods and motivated by [14] and [20], the balanced
Euler method of SVIDE (1) is proposed in Section 3. Its boundedness is considered in Section 4 and its
strong convergence rate is shown to be 1 in Section 5. Finally, we will give an example in Section 6 to
illustrate the theoretical results of SVIDE (1).

2. Preliminary

Let (Ω,F ,{F t}t≥0,P) denote a complete probability space with a filtration {F t}t≥0 satisfying the usual
conditions (i.e, it is right continuous and increasing while F0 contains all P-null sets), and let E be the
expectation corresponding to P. Let w(t) be a 1-dimensional Brownian motion defined on the probability
space. The family of R-valued Ft-adapted processes {x(t)}t∈[0,T] such that E|x(t)|p < ∞ (p ≥ 1) is denoted by
L

p([0,T];R). LetM2([0,T];R) be the family of processes {x(t)}t∈[0,T] in L2([0,T];R) such that E
∫ T

0 |x(t)|2dt <
∞. For a, b ∈ R, we use a ∨ b and a ∧ b for max{a, b} and min{a, b}, respectively. If G is a subset of Ω, let χG
denote its indicator function. b·c denotes the greatest-integer function.

Define

Zx0 (z) :=
∫ z

0
σ(z, s)Xx0 (s)dw(s).

The integration of SVIDE (1) is written as the following form

Xx0 (t) =x0 +

∫ t

0
f
(
Xx0 (z)

)
dz +

∫ t

0

(∫ z

0
σ(z, s)Xx0 (s)dw(s)

)
dz

=x0 +

∫ t

0
f
(
Xx0 (z)

)
dz +

∫ t

0
Zx0 (z)dz, t ∈ [0,T]. (2)

We impose three assumptions as standing hypotheses:

Assumption 2.1. There is a pair of constants γ ≥ 1 and K1 > 0 such that

| f (x) − f (y)|2 ≤K1

(
1 + |x|2γ−2 + |y|2γ−2

)
|x − y|2 (3)

for all x, y ∈ R.
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Remark 2.2. Due to (3), we have

| f (x)|2 ≤ K̄1

(
1 + |x|2γ

)
for all x ∈ R, where K̄1 =

(
2| f (0)|2

)
∨

2K1(γ+1)
γ .

Assumption 2.3. There is a constant K2 > 0 such that

(x − y)[ f (x) − f (y)] ≤ K2|x − y|2

for all x, y ∈ R.

Remark 2.4. See from Assumption 2.3, we have

x f (x) ≤ K̄2

(
1 + |x|2

)
for all x ∈ R, where K̄2 =

(1
2
| f (0)|2

)
∨

(
K2 +

1
2

)
.

Assumption 2.5. There exists a constant K3 > 0 such that

|σ(t, s) − σ(t̂, ŝ)| ≤ K3(|t − t̂| + |s − ŝ|)

for all (t, s), (t̂, ŝ) ∈ D. Moreover, set σ(t, t) = 0, for (t, t) ∈ D.

A known result (see [16]) is stated as the following lemma.

Lemma 2.6. Let Assumption 2.1 and Assumption 2.3 hold. If Xx0 (t) is a solution of SVIDE (1), for p ≥ 1, then

E|Xx0 (t)|2p
≤ KE|x0|

2p, t ∈ [0,T],

where K depends on σ, T, K1, K2 (but independent of h later) and its value may change between occurrences.

Let Xx(t + h) denote the solution of (1). Then

Xx(t + h) = x +

∫ t+h

t
f (Xx(s))ds +

∫ t+h

t
Zx(s)ds,

where x = Xx0 (t) and

Zx(s) :=
∫ s

0
σ(s, z)Xx(z)dw(z). (4)

Remark 2.7. Due to the flow property of SVIDE (1), under Assumption 2.1 and Assumption 2.3, for p ≥ 1, SVIDE
(1) has a unique global solution Xx(s) = Xx0 (s) and, moreover,

E|Xx(s)|2p
≤ K

(
1 + E|x|2p

)
, ∀t ≤ s ≤ T.

3. The balanced Euler method

Let the step size h ∈ (0, 1), T = Nh, tn = nh, n = 1, 2, · · · ,N and N ∈ N. Motivated by [20], we introduce
the one-step approximation Ȳx(t + h), for the solution Xx(t + h), which is defined as follows

Ȳx(t + h) = Xx(t) + sin(h f (Xx(t))) + sin
(
hZ̄x(t)

)
,
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for 0 ≤ n ≤ N − 1, with the initial point x, a time step h, where

s := tn, for s ∈ [tn, tn+1),

Xx(s) := Yn, for s ∈ [tn, tn+1),

Z̄x(t) :=
∫ t

0
σ(t, s)Xx(s)dw(s). (5)

We propose the following balanced Euler scheme Ȳx0 (tn) = Yn ≈ Xx0 (tn) for tn = nh by setting Y0 = x0
and computing

Yn+1 = Ȳx0 (tn+1) = Yn + sin(h f (Yn)) + sin (hZn) , (6)

where

Zn :=
n−1∑
l=0

σ(tn, tl)Yl∆wl, (7)

where ∆wl = w(tl+1) − w(tl) are GaussianN(0,
√

h) i.i.d. random variable.

4. Moment boundedness of the balanced Euler method

Define

Ω̃R,n := {ω : |Yk| ≤ R(h), k = 0, 1, 2, · · · , n},

where γ > 1 and Rγ(h) < 1/h.
In order to obtain the moment boundedness of the balanced Euler method, we present the following

lemma.

Lemma 4.1. Let Assumption 2.1 and Assumption 2.3 hold. For p ≥ 1, then we have

hp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)
≤K‖σ‖2p

∞T2p−1h2
n−1∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

and

n−1∑
l=0

hp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)
≤K‖σ‖2p

∞T2ph
n−1∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)
.

Proof. By the definition of σ and (7), we get

hp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)
≤‖σ‖2p

∞hp+1E

χΩ̃R,n
(ω)

∣∣∣∣∣∣∣
n−1∑
l=0

Yl∆wl

∣∣∣∣∣∣∣
2p .

It is known that E (∆wk) = 0,

E
(
∆wi∆w j

)
=

{
0, i f i , j,
h, i f i = j

and E
(
|∆wk|

2n
)

= (2n − 1)!!hn.
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Hence, we have

hp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)
≤‖σ‖2p

∞hp+1E

χΩ̃R,n
(ω)

∣∣∣∣∣∣∣
n−1∑
l=0

Yl∆wl

∣∣∣∣∣∣∣
2p

≤‖σ‖2p
∞n2p−1hp+1

n−1∑
l=0

(
χΩ̃R,n

(ω)E |Yl∆wl|
2p
)

≤K‖σ‖2p
∞n2p−1h2p+1

n−1∑
l=0

(
χΩ̃R,n

(ω)E |Yl|
2p
)

≤K‖σ‖2p
∞T2p−1h2

n−1∑
l=0

(
χΩ̃R,n

(ω)E |Yl|
2p
)
.

Therefore, we get

hp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)
≤‖σ‖2p

∞T2p−1h2
n−1∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

(8)

and

n−1∑
l=0

hp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)
≤K‖σ‖2p

∞T2p−1h2
n−1∑
l=0

l−1∑
r=0

E
(
χΩ̃R,n

(ω)|Yr|
2p
)

≤K‖σ‖2p
∞T2p−1h2n

n−1∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

≤K‖σ‖2p
∞T2ph

n−1∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)
.

In the similar way of [20], we obtain the following lemma.

Lemma 4.2. Let Assumption 2.1 and Assumption 2.3 hold. Define G(γ) = max
{
2(γ − 1), χp>1

3(γ−1)
2

}
, for p ≥ 1, we

have

E|Yn|
2p
≤ K

(
1 + E|x0|

2pβ
)
,

where β ≥ 2 +
(2p+1)G(γ)

p .

Proof. We divide the proof into two cases.
Case (I) If γ > 1, let Λ̃R,n denote the compliments of Ω̃R,n.
By (6), we have

|Yn+1| ≤ |Yn| + 2 ≤ |x0| + 2(n + 1). (9)

For any integer p ≥ 1, we get

E
(
χΩ̃R,n+1

(ω)|Yn+1|
2p
)
≤E

(
χΩ̃R,n

(ω)|Yn+1|
2p
)

=E
(
χΩ̃R,n

(ω)| (Yn+1 − Yn) + Yn|
2p
)

=E
(
χΩ̃R,n

(ω)|Yn|
2p
)

+ E
(
χΩ̃R,n

(ω)|Yn|
2p−2B

)
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+ K
2p∑
l=3

E
(
χΩ̃R,n

(ω)|Yn|
2p−l
|Yn+1 − Yn|

l
)
, (10)

where B := χΩ̃R,n
E
[
2pYn(Yn+1 − Yn) + p(2p − 1)|Yn+1 − Yn|

2
|Ftn

]
.

Since ∆wn are independent of Ftn , we have

χΩ̃R,n
(ω)E

(
hZn

∣∣∣∣Ftn

)
=0,

χΩ̃R,n
(ω)E

(
|hZn|

2
∣∣∣∣Ftn

)
=χΩ̃R,n

(ω)E |Zn|
2 h2.

Using the asymmetry of the sine function, we get

χΩ̃R,n
(ω)E

(
sin (hZn)

∣∣∣∣Ftn

)
=0.

Noting that | sin x| ≤ |x| and for some θ ∈ [0, 1],

|x − sin x| = |(1 − cos(θx))x| ≤ 2|x|
∣∣∣∣∣sin

(
θx
2

)∣∣∣∣∣2 , (11)

together with the elementary inequality, we have

B = 2pχΩ̃R,n
(ω)E

[(
Yn(Yn+1 − Yn) +

2p − 1
2
|Yn+1 − Yn|

2

) ∣∣∣∣∣∣Ftn

]
= 2pχΩ̃R,n

(ω)E
[(

Yn f (Yn)h + (2p − 1)
∣∣∣sin( f (Yn)h)

∣∣∣2 + (2p − 1) |sin (hZn)|2
)∣∣∣∣∣∣Ftn

]
+2pχΩ̃R,n

(ω)E
[(

Yn
(
− f (Yn)h + sin( f (Yn)h)

)) ∣∣∣∣∣∣Ftn

]
≤ 2pχΩ̃R,n

(ω)E
[(

Yn f (Yn)h + (2p − 1) |hZn|
2 +

∣∣∣ f (Yn)
∣∣∣2 h2

)∣∣∣∣∣∣Ftn

]
+4pχΩ̃R,n

(ω)E
(∣∣∣Yn f (Yn)

∣∣∣ h∣∣∣∣Ftn

)
.

Applying Assumption 2.3 and Remark 2.2, we get

B ≤ KχΩ̃R,n
(ω)h

(
1 + |Yn|

2 + |Yn|
2γh + h |Zn|

2
)
. (12)

Consequently, we have

E
(
χΩ̃R,n

(ω)|Yn|
2p−2B

)
≤ KhE

[
χΩ̃R,n

(ω)|Yn|
2p−2

(
1 + |Yn|

2 + |Yn|
2γh + h |Zn|

2
)]
.

Using (6) and Remark 2.2, we obtain

E
(
χΩ̃R,n

(ω)|Yn|
2p−l
|Yn+1 − Yn|

l
)
≤ KE

[
χΩ̃R,n

(ω)|Yn|
2p−l

(
|h f (Yn)|l + |hZn|

l
)]

≤ KE
[
χΩ̃R,n

(ω)|Yn|
2p−lhl

(
1 + |Yn|

lγ + |Zn|
l
)]
. (13)

Substituting (12), (13) into (10), by the Young inequality, we have

E
(
χΩ̃R,n+1

(ω)|Yn+1|
2p
)
≤E

(
χΩ̃R,n

(ω)|Yn|
2p
)

+ K
2p∑
l=3

E
[
χΩ̃R,n

(ω)|Yn|
2p−lhl

(
1 + |Yn|

lγ + |Zn|
l
)]

+ KhE
[
χΩ̃R,n

(ω)|Yn|
2p−2

(
1 + |Yn|

2 + |Yn|
2γh + h |Zn|

2
)]
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≤E
(
χΩ̃R,n

(ω)|Yn|
2p
)

+ KhE
(
χΩ̃R,n

(ω)|Yn|
2p
)

+ Kh

+ Khp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)

+ KhE
(
χΩ̃R,n

(ω)|Yn|
2p+2γ−2h

)
+ K

2p∑
l=3

E
(
χΩ̃R,n

(ω)|Yn|
2p−lhl

)
+ Khp+1

2p∑
l=3

E
(
χΩ̃R,n

(ω)|Zn|
2p
)

+ Kh
2p∑
l=3

E
(
χΩ̃R,n

(ω)|Yn|
2p+l(γ−1)hl−1

)
≤E

(
χΩ̃R,n

(ω)|Yn|
2p
)

+ KhE
(
χΩ̃R,n

(ω)|Yn|
2p
)

+ Kh

+ Khp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)

+ KhE
(
χΩ̃R,n

(ω)|Yn|
2p+2γ−2h

)
+ Kh

2p∑
l=3

E
(
χΩ̃R,n

(ω)|Yn|
2p+l(γ−1)hl−1

)
.

Choose R = R(h) = h−1/G(γ), where G(γ) = max
{
2(γ − 1), χp>1

3(γ−1)
2

}
, we get,

χΩ̃R,n
(ω)|Yn|

2p+2γ−2h ≤χΩ̃R,n
(ω)|Yn|

2p,

χΩ̃R,n
(ω)|Yn|

2p+l(γ−1)hl−1
≤χΩ̃R,n

(ω)|Yn|
2p.

Consequently, we have

E
(
χΩ̃R,n+1

(ω)|Yn+1|
2p
)
≤E

(
χΩ̃R,n

(ω)|Yn|
2p
)

+ KhE
(
χΩ̃R,n

(ω)|Yn|
2p
)

+ Khp+1E
(
χΩ̃R,n

(ω)|Zn|
2p
)

+ Kh.

Using Lemma 4.1, we obtain

E
(
χΩ̃R,n+1

(ω)|Yn+1|
2p
)
≤E

(
χΩ̃R,n

(ω)|Yn|
2p
)

+ KhE
(
χΩ̃R,n

(ω)|Yn|
2p
)

+ Kh

+ K‖σ‖2p
∞T2p−1h2

n−1∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

≤|x0|
2p + Kh

n∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

+ Kh

+ K‖σ‖2p
∞T2p−1h2

n∑
r=0

r−1∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

≤|x0|
2p + Kh

n∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

+ Kh

+ K‖σ‖2p
∞T2p−1h2n

n∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

≤|x0|
2p + Kh

n∑
l=0

E
(
χΩ̃R,n

(ω)|Yl|
2p
)

+ Kh.

The well-known Gronwall inequality yields that

E
(
χΩ̃R,u

(ω)|Yn|
2p
)
≤ K(1 + E|x0|

2p).
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Noting that (see [14])

χΛ̃R,n
=1 − χΩ̃R,n

= 1 − χΩ̃R,n−1
χ|Yn |≤R

=χΛ̃R,n−1
+ χΩ̃R,n−1

χ|Yn |>R = · · · =

n∑
k=0

χΩ̃R,k−1
χ|Yk |>R,

where we put χΩ̃R,−1
= 1, and using (9), the Hölder inequality and the Markov’s inequality, we get

E[χΛ̃R,n
(ω)|Yn|

2p] ≤
(
E (|x0| + 2n)4p

)1/2
n∑

k=0

(
E

(
χΩ̃R(h),k−1

(ω)|Yk|
2(2p+1)G(γ)

))1/2

R(h)(2p+1)G(γ)

≤K
(
E (|x0| + 2n)4p

)1/2 (
E(1 + |x0|)2(2p+1)G(γ)

)1/2
nh2p+1

≤K
(
1 + E|x0|

2pβ
)
,

where β ≥ 2 +
(2p+1)G(γ)

p .
Case (II): If γ = 1, it can be proved in the similar way of the case (I).
The proof is complete.

Remark 4.3. Due to the flow property of the SVIDE (1), under Assumption 2.1 and Assumption 2.3, for p ≥ 1, we
have

E|Ȳx0 (tu)|2p
≤ K

(
1 + E|x0|

2pβ
)
, ∀

⌊ t
∆

⌋
≤ u ≤ N,

where x0 ∈ R and β ≥ 2 +
(2p+1)G(γ)

p .

5. Convergence order of the balanced Euler method

Lemma 5.1. Let Assumption 2.1 and Assumption 2.3 hold. Then for all 1 ≤ l and 0 ≤ t ≤ s ≤ T, we have

E
∣∣∣ f (Xx(s)) − f (Xx(t))

∣∣∣l ≤ K
(
1 + |x|l(2γ−1)

)
(s − t)l, (14)

where x ∈ R.

Proof. For all 1 ≤ l and t ≤ s, by Assumption 2.1, we have

E| f (Xx(s)) − f (Xx(t))|l ≤ KE
[(

1 + |Xx(s)|γ−1 + |Xx(t)|γ−1
)
|Xx(s) − Xx(t)|

]l

≤ KE
[ (

1 + |Xx(s)|γ−1 + |Xx(t)|γ−1
) ( ∣∣∣∣∣∫ s

t
f (Xx(z))dz

∣∣∣∣∣l +

∣∣∣∣∣∫ s

t
Zx(z)dz

∣∣∣∣∣l )].
Applying Hölder inequality and Remark 2.7, we get

E
∣∣∣ f (Xx(s)) − f (Xx(t))

∣∣∣l ≤K
(
1 + E|Xx(s)|2l(γ−1) + E|Xx(t)|2l(γ−1)

)1/2

·

(
E

∣∣∣∣∣∫ s

t
f (Xx(z))dz

∣∣∣∣∣2l

+ E

∣∣∣∣∣∫ s

t
Zx(z)dz

∣∣∣∣∣2l )1/2

. (15)

Due to the Hölder inequality and Remark 2.7, we obtainE ∣∣∣∣∣∫ s

t
f (Xx(z))dz

∣∣∣∣∣2l1/2

≤

(
(s − t)2l−1E

∫ s

t

∣∣∣ f (Xx(z))
∣∣∣2l

dz
)1/2
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≤ K
(
(s − t)2l−1

∫ s

t

(
1 + E|Xx(z)|2lγ

)
dz

)1/2

≤ K(s − t)l
(
1 + |x|2lγ

)1/2
. (16)

By (4), we get

Zx(z) :=
∫ z

0
σ(z, s)Xx0 (s)dw(s).

Using the Itô isometry, we have

E|Zx(z)|2l
≤‖σ‖2l

∞T sup
0≤u≤s

E|Xx(u)|2l
≤ K sup

0≤u≤s
E|Xx(u)|2l

≤ K|x|2l. (17)

Hence, we getE ∣∣∣∣∣∫ s

t
Zx(z)dz

∣∣∣∣∣2l1/2

≤

(
K(s − t)2l−1

∫ s

t
E|Zx(z)|2ldz

)1/2

≤K(s − t)l
|x|l. (18)

Substituting (16), (18) to (15), we have (20). The proof is complete.

Lemma 5.2. Let Assumption 2.1, Assumption 2.3 and Assumption 2.5 hold. Then for p ≥ 1 and s ≥ t, we have

E
∣∣∣Zx(s) − Z̄x(t)

∣∣∣2p
≤ K

(
1 + |x|2pγ

)
h2p, (19)

where x ∈ R.

Proof. Using σ(t, t) = 0, we have

E

∣∣∣∣∣∣
∫ s

t
σ(t,u)Xx(u)dw(u)

∣∣∣∣∣∣2p

= 0.

By (2), the elementary inequality, Remark 2.2 and (17), we get∫ s

0
E|Xx(u) − Xx(u)|2pdu =

∫ s

0
E

∣∣∣∣∣∣
∫ u

u
f (Xx(z))dz +

∫ u

u
Zx(z)dz

∣∣∣∣∣∣2p

du

≤ Kh2p−1
∫ s

0

∫ u

u
E

(
| f (Xx(z))|2p + |Zx(z)|2p

)
dzdu

≤ Kh2p−1
∫ s

0

∫ u

u
E

(
1 + |Xx(z)|2pγ + |Zx(z)|2p

)
dzdu

≤ K
(
1 + |x|2pγ

)
h2p.

Applying (4), (5), the elementary inequality and Assumption 2.5, we get

E
∣∣∣Zx(s) − Z̄x(t)

∣∣∣2p
= E

∣∣∣∣∣∣
∫ s

0
σ(s,u)Xx(u)dw(u) −

∫ t

0
σ(t,u)Xx(u)dw(u)

∣∣∣∣∣∣2p

≤ 52p−1E

∣∣∣∣∣∫ s

0
σ(s,u)Xx(u)dw(u) −

∫ s

0
σ(s,u)Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∫ s

0
σ(s,u)Xx(u)dw(u) −

∫ s

0
σ(s,u)Xx(u)dw(u)

∣∣∣∣∣2p
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+52p−1E

∣∣∣∣∣∫ s

0
σ(s,u)Xx(u)dw(u) −

∫ s

0
σ(s,u)Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∫ s

0
σ(s,u)Xx(u)dw(u) −

∫ s

0
σ(t,u)Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∣
∫ s

t
σ(t,u)Xx(u)dw(u)

∣∣∣∣∣∣2p

≤ 52p−1E

∣∣∣∣∣∫ s

0
[σ(s,u) − σ(s,u)]Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∫ s

0
σ(s,u)[Xx(u) − Xx(u)]dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∫ s

0
[σ(s,u) − σ(s,u)]Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∫ s

0
[σ(s,u) − σ(t,u)]Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∣
∫ s

t
σ(t,u)Xx(u)dw(u)

∣∣∣∣∣∣2p

≤ 52p−1E

∣∣∣∣∣∫ s

0
K3(u − u)Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1
‖σ‖2p
∞hp

∫ s

0
E|Xx(u) − Xx(u)|2pdu

+52p−1E

∣∣∣∣∣∫ s

0
K3(s − s)Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∫ s

0
K3(s − t)Xx(u)dw(u)

∣∣∣∣∣2p

+52p−1E

∣∣∣∣∣∣
∫ s

t
σ(t,u)Xx(u)dw(u)

∣∣∣∣∣∣2p

≤ K
(
1 + |x|2p

)
h2p + 52p−1

‖σ‖2p
∞hp

∫ s

0
E|Xx(u) − Xx(u)|2pdu

≤ K
(
1 + |x|2pγ

)
h2p.

The proof is complete.

Lemma 5.3. Let Assumption 2.1, Assumption 2.3 and Assumption 2.5 hold. Then we have∣∣∣∣∣∣E
∫ t+h

t
[Zx(s) − Zx(t)] ds

∣∣∣∣∣∣ = 0, (20)

where x ∈ R.

Proof. Applying (4), (5), the elementary inequality, Assumption 2.5 and the properties of the Paley-Wiener-
Zygmund integral, we get∣∣∣∣∣∣E

∫ t+h

t
[Zx(s) − Zx(t)] ds

∣∣∣∣∣∣ =

∣∣∣∣∣∣E
∫ t+h

t

(∫ s

0
σ(s,u)Xx(u)dw(u) −

∫ t

0
σ(t,u)Xx(u)dw(u)

)
ds

∣∣∣∣∣∣
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≤ 2‖σ‖∞

∣∣∣∣∣∣E
∫ t+h

t

∫ s

0
Xx(u)dw(u)ds

∣∣∣∣∣∣
≤ 2‖σ‖∞ sup

0≤u≤s
E|Xx(u)|

∣∣∣∣∣∣E
∫ t+h

t

∫ s

0
dw(u)ds

∣∣∣∣∣∣
= 0.

The proof is complete.

Theorem 5.4. Let Assumption 2.1, Assumption 2.3 and Assumption 2.5 hold. For p ≥ 1, we have∣∣∣E [
Xx(t + h) − Ȳx(t + h)

]∣∣∣ ≤ Kh2
(
1 + |x|3γ

)
(21)

and

E
∣∣∣Xx(t + h) − Ȳx(t + h)

∣∣∣2p
≤ Kh4p

(
1 + |x|6pγ

)
. (22)

where Ȳ(t) = X(t) = x ∈ R.

Proof. We divided the proof into to three steps.

Step 1: We consider the one-step approximation to the explicit Euler scheme:

X̃x(t + h) = Xx(t) + h f (Xx(t)) + hZ̄x(t).

Define

ρ̃(t + h) := Xx(t + h) − X̃x(t + h).

By Lemma 5.1 and Lemma 5.3, we have∣∣∣Eρ̃(t + h)
∣∣∣ ≤ ∣∣∣∣∣∣E

∫ t+h

t

[
f (Xx(s)) − f (Xx(t))

]
ds

∣∣∣∣∣∣ +

∣∣∣∣∣∣E
∫ t+h

t
[Zx(s) − Zx(t)] ds

∣∣∣∣∣∣
≤ E

∫ t+h

t
| f (Xx(s)) − f (Xx(t))|ds

≤ Kh2
(
1 + |x|2γ

)
. (23)

Using Lemma 5.1 and Lemma 5.2, we obtain

E
∣∣∣ρ̃(t + h)

∣∣∣2p
≤ E

∣∣∣∣∣∣
∫ t+h

t
[ f (Xx(s)) − f (Xx(t))]ds

∣∣∣∣∣∣
2p

+ KE

∣∣∣∣∣∣
∫ t+h

t
[Zx(s) − Z̄x(t)]ds

∣∣∣∣∣∣
2p

≤ Kh2p−1
∫ t+h

t
E| f (Xx(s)) − f (Xx(t))|2pds + Kh2p−1

∫ t+h

t
E|Zx(s) − Z̄x(t)|2pds

≤ Kh4p
(
1 + |x|2p(2γ−1)

)
. (24)

Step 2: We give the one-step approximation to the balanced Euler scheme

Ȳx(t + h) = Xx(t) + sin(h f (Xx(t))) + sin
(
hZ̄x(t)

)
.

Define

ρ̄(t + h) :=X̃x(t + h) − Ȳx(t + h)

=h f (Xx(t)) − sin(h f (Xx(t))) + hZ̄x(t) − sin
(
hZ̄x(t)

)
.
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Using (11), we get

|Eρ̄(t + h)| =
∣∣∣E [

f (Xx(t))h − sin(h f (Xx(t)))
]∣∣∣

≤ KE
∣∣∣ f (Xx(t))h

∣∣∣3
≤ Kh3

(
1 + |x|3γ

)
(25)

and

E|ρ̄(t + h)|2p
≤ 22p−1E

∣∣∣ f (Xx(t))h − sin(h f (Xx(t)))
∣∣∣2p

+ 22p−1E
∣∣∣∣hZ̄x(t) − sin

(
hZ̄x(t)

)∣∣∣∣2p

≤ KE
∣∣∣ f (Xx(t))h

∣∣∣6p
+ KE|hZ̄x(t)|6p

≤ Kh6p
(
1 + |x|6pγ

)
. (26)

Step 3. Define

ρ(t + h) := Xx(t + h) − Ȳx(t + h) = ρ̃(t + h) − ρ̄(t + h).

Applying (23) and (25), we get∣∣∣Eρ(t + h)
∣∣∣ ≤ ∣∣∣Eρ̃(t + h)

∣∣∣ +
∣∣∣Eρ̄(t + h)

∣∣∣
≤Kh2

(
1 + |x|3γ

)
.

Using (24) and (26), we have

E
∣∣∣ρ(t + h)

∣∣∣2p
≤22p−1E

∣∣∣ρ̃(t + h)
∣∣∣2p

+ 22p−1E
∣∣∣ρ̄(t + h)

∣∣∣2p

≤Kh4p
(
1 + |x|6pγ

)
.

The proof is complete.

Lemma 5.5. Let Assumption 2.1, Assumption 2.3 and Assumption 2.5 hold. Define

Xx(t + θ) − Xy(t + θ) = x − y + Ux,y(t + θ) (27)

for θ ∈ [0, h], where X(t) = x ∈ R, X(t) = y ∈ R. For p ≥ 1, we have

E
∣∣∣Xx(t + h) − Xy(t + h)

∣∣∣2p
≤ |x − y|2p(1 + Kh), (28)

E
∣∣∣Ux,y(t + h)

∣∣∣2p
≤ K

(
1 + |x|2γ−2 + |y|2γ−2

)p/2
|x − y|2php. (29)

Proof. Define

Sx,y(s) := S(s) := Xx(s) − Xy(s). (30)

Hence , Using the Hölder inequality, (27) and (30), we have Ux,y(s) := U(s) := S(s) − (x − y).∫ t+θ

t
E

∣∣∣Zx(s) − Zy(s)
∣∣∣2p

ds =

∫ t+θ

t
E

∣∣∣∣∣∫ s

0
σ(s, z)Xx(z)dw(z) −

∫ s

0
σ(s, z)Xy(z)dw(z)

∣∣∣∣∣2p

ds

≤

∫ t+θ

t
E

∣∣∣∣∣∫ s

0
σ(s, z)(Xx(z) − Xy(z))dw(z)

∣∣∣∣∣2p

ds

≤ ‖σ‖2p−1
∞ s(2p−2)/2

∫ t+θ

t

∫ s

0
E |S(z)|2p dzds
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≤ ‖σ‖2p−1
∞ s(2p−2)/2T

∫ t+θ

t
E |S(s)|2p ds.

Applying the Itô formula, Assumption 2.3 and the Young inequality, for θ ≥ 0, we get

E |S(t + θ)|2p

≤ |x − y|2p + 2pE
∫ t+θ

t
|S(s)|2p−2

(
S(s)

[
f (Xx(s)) − f (Xy(s))

]
+

2p − 1
2

∣∣∣Zx(s) − Zy(s)
∣∣∣2 )

ds

≤ |x − y|2p + 2pE
∫ t+θ

t
|S(s)|2p−2

(
K2

∣∣∣Xx(s) − Xy(s)
∣∣∣2 +

2p − 1
2

∣∣∣Zx(s) − Zy(s)
∣∣∣2) ds

≤ |x − y|2p + (4p − 2)K
∫ t+θ

t
E|S(s)|2pds + 2K

∫ t+θ

t
E

∣∣∣Zx(s) − Zy(s)
∣∣∣2p

ds

≤ |x − y|2p + K
∫ t+θ

t
E|S(s)|2pds.

By the Gronwall inequality, we have (28).
Applying the Itô formula and Assumption 2.3, for θ ≥ 0, we get

E |U(t + θ)|2p
≤2pE

∫ t+θ

t
|U(s)|2p−2

(
U(s)

[
f (Xx(s)) − f (Xy(s))

]
+

2p − 1
2
|Zx(s) − Zy(s)|2

)
ds

≤2pK̄1E

∫ t+θ

t
|U(s)|2p−2

(
S(s)

[
f (Xx(s)) − f (Xy(s))

]
+

2p − 1
2
|Zx(s) − Zy(s)|2

)
ds

− 2pE
∫ t+θ

t
|U(s)|2p−2(x − y)

[
f (Xx(s)) − f (Xy(s))

]
ds

≤2pK̄1E

∫ t+θ

t
|U(s)|2p−2

(
|S(s)|2 +

2p − 1
2

∣∣∣Zx(s) − Zy(s)
∣∣∣2) ds

− 2pE
∫ t+θ

t
|U(s)|2p−2(x − y)

[
f (Xx(s)) − f (Xy(s))

]
ds.

Using the Young inequality, we obtain

2pK̄1E

∫ t+θ

t
|U(s)|2p−2

(
|S(s)|2 + |Zx(s) − Zy(s)|2

)
ds

≤K
∫ t+θ

t
E|U(s)|2pds + K

∫ t+θ

t
E|S(s)|2pds

≤K
∫ t+θ

t
E|U(s)|2pds + K|x − y|2p.

Applying the Hölder inequality, Assumption 2.1 and Lemma 5.1, we get

− 2pE
∫ t+θ

t
|U(s)|2p−2(x − y)[ f (Xx(s)) − f (Xy(s))]ds
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≤2pE
∫ t+θ

t
|U(s)|2p−2

|x − y|| f (Xx(s)) − f (Xy(s))|ds

≤K|x − y|
∫ t+θ

t

(
E|U(s)|2p

)(p−1)/p (
E| f (Xx(s)) − f (Xy(s))|p

)1/p
ds

≤K|x − y|
∫ t+θ

t

(
E|U(s)|2p

)(p−1)/p (
E
[
(1 + |Xx(s)|2γ−2

+ |Xy(s)|2γ−2)p/2
(
|Xx(s) − Xy(s)|2

)p/2 ])1/p
ds

≤K|x − y|
∫ t+θ

t

(
E|U(s)|2p

)(p−1)/p (
E|Xx(s) − Xy(s)|2p + E|Zx(s) − Zy(s)|2p

)1/2p

×

[
E

(
1 + |Xx(s)|2p(γ−1) + |Xy(s)|2p(γ−1)

)]1/2p
ds

≤K|x − y|2
(
1 + |x|2γ−2 + |y|2γ−2

)1/2
∫ t+θ

t

(
E|U(s)|2p

)(p−1)/p
ds.

Hence, we have

E|U(t + θ)|2p
≤ K|x − y|2

(
1 + |x|2γ−2 + |y|2γ−2

)1/2
∫ t+θ

t

(
E|U(s)|2p

)(p−1)/p
ds

+K
∫ t+θ

t
E|U(s)|2pds. (31)

By the Young inequality and the Gronwall inequality, we get (29).
The proof is complete.

Theorem 5.6. Let Assumption 2.1, Assumption 2.3 and Assumption 2.5 hold. For some p ≥ 1, we have

E
∣∣∣Xx0 (tn) − Ȳx0 (tn)

∣∣∣2p
≤ K

(
1 + E|x0|

12pβγ
)

h2p+2. (32)

Proof. Define

ρn+1 := Xx0 (tn+1) − Ȳx0 (tn+1) = XXx0 (tn)(tn+1) − ȲȲx0 (tn)(tn+1)

=
(
XXx0 (tn)(tn+1) − XYn (tn+1)

)
+

(
XYn (tn+1) − ȲYn (tn+1)

)
. (33)

Recalling (33), we get

Sn+1 := SXx0 (tn),Ȳx0 (tn)(tn+1) = XXx0 (tn)(tn+1) − XȲx0 (tn)(tn+1)

= (Xx0 (tn) − Ȳx0 (tn)) + UXx0 (tn),Ȳx0 (tn)(tn+1)

= (Xx0 (tn) − Yn) + UXx0 (tn),Yn (tn+1)
:= ρn + Un+1.

Define

rn+1 := XYn (tn+1) − ȲYn (tn+1).

See from Theorem 5.4, for l ≥ 2, we have

E |rn+1|
l
≤ Kh2l

(
1 + E|Yn|

3lγ
)

≤ Kh2l
(
1 + E|x0|

3lβγ
)

(34)

and

E |rn+1| ≤ Kh2
(
1 + E|Yn|

3γ
)
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≤ Kh2
(
1 + E|x0|

3βγ
)
. (35)

Hence, we get

E
∣∣∣ρn+1

∣∣∣2p
= E|Sn+1 + rn+1|

2p

= E
(
|Sn+1|

2 + 2Sn+1rn+1 + |rn+1|
2
)p

≤ E|Sn+1|
2p + 2pE

[
|Sn+1|

2p−2(ρn + Un+1)rn+1

]
+K

2p∑
l=2

E
(
|Sn+1|

2p−l
|rn+1|

l
)
. (36)

Applying Lemma 5.5, we have

E |Sn+1|
2p
≤ E|ρn|

2p(1 + Kh) (37)

and

E
(
|Sn+1|

2p−2(ρn + Un+1)rn+1

)
= E

(
|ρn|

2p−2ρnrn+1

)
+ E

[(
|Sn+1|

2p−2
− |ρn|

2p−2
)
ρnrn+1

]
+E

(
|Sn+1|

2p−2Un+1rn+1

)
. (38)

Due to Ftn -measurability of ρn, by the elementary inequality, the Young inequality, (34) and (35), we get

E
(
|ρn|

2p−2ρnrn+1

)
≤ E

[
|ρn|

2p−1E
(
|rn+1||Ftn

)]
≤ E

[
|ρn|

2p−1
(
1 + E|x0|

3βγ
) ]

h2

≤ KhE|ρn|
2p + K

(
1 + E|x0|

6pβγ
)

h2p+1. (39)

Noting that

|Sn+1|
2p−2
− |ρn|

2p−2 = |ρn + Un+1|
2p−2
− |ρn|

2p−2

= |ρn|
2p−2 +

2p−2∑
l=1

|Un+1|
2p−2−l

|ρn|
l
− |ρn|

2p−2

=

2p−2∑
l=1

|Un+1|
2p−2−l

|ρn|
l,

together with the elementary inequality and the Young inequality, we have

E
((
|Sn+1|

2p−2
− |ρn|

2p−2
)
ρnrn+1

)
≤ E

|Un+1||ρn||rn+1|

2p−3∑
l=0

|Un+1|
2p−3−l

|ρn|
l


= E

|rn+1|

2p−3∑
l=0

|Un+1|
2p−2−l

|ρn|
l+1


≤

2p−3∑
l=0

E
[
E

(
|rn+1|)2

|Ftn

)1/2
E

(
|Un+1|

4(2p−2−l)
|Ftn

)1/4
E

(
|ρn|

4l+4
|Ftn

)1/4
]

≤ K
2p−3∑
l=0

E
[
|ρn|

2p−1
(
1 + |XYn (tn+1)|(γ−1)/2 + |XYn ([tn+1])|(γ−1)/2

)
(1 + E|x0|

3βγ)hp+1−l/2
]

≤ KE
[
|ρn|

2p−1
(
1 + |XYn (tn+1)|(γ−1)/2 + |XYn ([tn+1])|(γ−1)/2

)
(1 + E|x0|

3βγ)h5/2
]
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≤ KE
[

2p − 1
2p

(
|ρn|h(2p−1)/2p

)2p
]

+KE
[

1
2p

((
1 + |XYn (tn+1)|(γ−1)/2 + |XYn ([tn+1])|(γ−1)/2

)
(1 + E|x0|

3βγ)h5/2−(2p−1)/2p
)2p

]
≤ KhE|ρn|

2p + K
(
1 + E|x0|

pβ(7γ−1)
)

h3p+1, (40)

E
(
|Sn+1|

2p−2Un+1rn+1

)
≤ E

[
E

(
|Sn+1|

4p−4
|Ftn

)1/2
E

(
|Un+1|

4
|Ftn

)1/4
E

(
|rn+1|

4
|Ftn

)1/4
]

≤ E
[
|ρn|

2p−1
(
1 + E|Xx0 ([tn+1])|2(γ−1) + E|Un|

2(γ−1)
)1/4 (

1 + E|x0|
12βγ

)1/4
h3

]
≤ KhE|ρn|

2p + K
(
1 + E|x0|

pβ(7γ−1)
)

h4p+1 (41)

and

K
2p∑
l=2

E
(
|Sn+1|

2p−l
|rn+1|

l
)
≤

2p∑
l=2

E
[
E

(
|Sn+1|

4p−2l
|Ftn

)1/2
E

(
|rn+1|

2l
|Ftn

)1/2
]

≤ K
2p∑
l=2

E
[
|ρn|

2p−l(1 + Kh)
(
1 + E|x0|

6lβγ
)1/2

h2l
]

≤ KEh|ρn|
2p + K

(
1 + E|x0|

12pβγ
)

h6p+1. (42)

Substituting (37) − (42) into (36), we obtain

E|ρn+1|
2p
≤E|ρn|

2p + KhE|ρn|
2p + K

(
1 + E|x0|

12pβγ
)

h2p+2.

By the Gronwall inequality, we get (32).
The proof is complete.

6. A numerical example

In this section, a numerical example is given to illustrate the result of Theorem 5.6. We use discrete
Brownian paths over [0, 1] with ∆ = 2−15. Let Xi

h(T) be the numerical solution of the balanced Euler
method along the ith sample path at t = T with step size h. Let Xi

∆
(T) be the numerical solution to be an

approximation of the analytic solution and compare this with the numerical approximation using h = 23∆,
h = 24∆, h = 25∆ and h = 26∆ over N = 500 sample paths. Here the mean-square error is denoted as follows:

Errorh :=

 1
N

N∑
i=1

∣∣∣Xi
h(T) − Xi

∆(T)
∣∣∣2

1/2

.

The strong convergence order is defined numerically by

Order = log
Errorh

Errorh/2
/ log(2).

Consider the following example:

Example 6.1. Consider the following SVIDE

dX(t)
dt

= −X3(t) +

∫ t

0
sin(t − s)X(s)dw(t) (43)

on t ≥ 0 with initial data X0 = 1, where w(t) is a 1-dimension Brownian motion.



W. Zhang / Filomat 35:9 (2021), 2997–3014 3013

Here σ(t, s) = sin(t − s), f (x) = −x3. It is obvious that all the assumptions are fulfilled.
Define the balanced method as follows:

Yn+1 = Yn + sin( f (Yn)h) + sin (hZn) ,

where

Zn :=
n−1∑
l=0

sin(tn − tl)Yl∆wl.

Table 1: Strong convergence order for Example 6.1.
step size Error order

25∆t 0.0518 -
26∆t 0.1110 1.0995
27∆t 0.2295 1.0479
28∆t 0.4667 1.0240
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Reference line with order  =1

Figure 1: Mean square errors of the balanced Euler method of SVIDE (43)

In Table 1 and Figure 1, we can see that the strong convergence order of balanced method for SVIDE
(43) is 1.

7. Conclusion

In this paper, we present the balanced Euler method of the nonlinear SVIDE (1). We give its moment
boundedness and show a strong convergence order of 1 under polynomial growth coefficients and one-sided
Lipschitz condition. Moreover, the theoretical results are illustrated by a numerical example.
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