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On Expansions of Graded 2-Absorbing Hyperideals in Graded
Multiplicative Hyperrings
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Abstract. Let G be an abelian group with identity e. Let R be a graded multiplicative hyperring and
0 : I9(R) — I7(R) be an expansion function of 79'(R), where 77 (R) is the set of all graded hyperideals of
R. In this paper, we introduce and study the concepts of graded §-primary hyperideals of R and graded
2-absorbing 6-primary hyperideals of R which are the extended classes of graded prime and graded 2-
absorbing hyperideals of R, respectively. Moreover, we give the basic properties of these new types of
graded hyperideals and investigate the relations among these structures.

1. Introduction

Hyperstructure theory was first introduced by the French mathematician F. Marty in 1934 [27]. He, at the
8th Congress of Scandinavian Mathematicians, defined hypergroups, as a natural generalization of groups,
based on the notion of hyperoperation, and has since then been studied by many authors ( see for example
[16, 17, 32]). In a classical algebraic structure, the composition of two elements is an element, while in an
algebraic hyperstructure, the composition of two elements is a set. Algebraic hyperstructures are a suitable
generalization of classical algebraic structures, with broad applications in the mathematical foundations of
geometry, lattices, cryptography, automata, graphs and hypergraphs, fuzzy set, probability and rough set
theory, physics, chemistry and so on (see [16, 17]). The notion of hyperrings was introduced by M. Krasner in
1983, where the addition is a hyperoperation, while the multiplication is an operation [24]. Prime, primary,
and maximal subhypermodules of a hypermodule in the sense of krasner hyperring R were discussed by
M. M. Zahedi and R. Ameri in [38]. The concept of 2-absorbing hyperideals on Krasner hyperrings was
introduced in [7] as a generalization of the notion of prime hyperideals in Krasner hyperrings. H. Bordbar
and I. Cristea in [13, 14] introduced and studied height of hyperideals in Krasner hyperrings. The concept of
O-primary hyperideals on Krasner hyperrings was introduced in [9]. R. Ameri et al. in [3]introduced Krasner
(m, n)-hyperrings and in [4] studied prime and primary subhypermodules of (i, nn)- hypermodules. Also,
K. Hila et al. in [23] introduced and studied (k, n)-absorbing hyperideals in Krasner (i, n)-hyperrings. The
notion of multiplicative hyperrings are an important class of algebraic hyperstructures which generalize
rings, initiated the study by Rota in 1982, where the multiplication is a hyperoperation, while the addition is
an operation [33]. Procesi and Rota introduced and studied in brief the prime hyperideals of multiplicative
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hyperrings [29-31] and this idea is further generalized in a paper by Dasgupta [18]. R. Ameri ef al. in [2]
described multiplicative hyperring of fractions and coprime hyperideals. Later on, many researches have
observed that generalizations of prime hyperideals in multiplicative hyperrings [5, 6, 8, 34]. Recently, The
concept of graded multiplicative hyperrings and graded hyperideals was introduced in [22]. Furthermore,
the study of graded rings arises naturally out of the study of affine schemes and allows them to formalize
and unify arguments by induction [35]. However, this is not just an algebraic trick. The concept of grading
in algebra, in particular graded modules is essential in the study of homological aspect of rings. Much
of the modern development of the commutative algebra emphasizes graded rings. Graded rings play a
central role in algebraic geometry and commutative algebra. Gradings appear in many circumstances,
both in elementary and advanced level. In recent years, rings with a group-graded structure have become
increasingly important and consequently, the graded analogues of different concepts are widely studied
(see [19-21, 25, 28]). Theory of graded hyperrings can be considered as an extension theory of hyperrings.
The notion of 2-absorbing ideals over commutative rings which is a generalization of prime ideals has been
introduced and investigated by A. Badawi in [10]. D. Zhao in [39] introduced the concept of d-primary
ideals of commutative rings. This concept was studied extensively in [11] and [12]. Many results in this
paper are inspired by the work of the authors in [11] and [12]. After that in [1, 36], the authors extended
the notion of 2-absorbing ideals to graded rings. Recently, G. Ulucak [37] introduced and study the concept
of 0-primary hyperideals and 2-absorbing 6-primary hyperideals in multiplicative hyperring which are the
extended classes of prime and 2-absorbing hyperideals, respectively. In this paper, we introduce and study
the notions of graded 6-primary hyperideals of R and graded 2-absorbing 6-primary hyperideals of R which
are the extended classes of graded prime and graded 2-absorbing hyperideals of R, respectively. Moreover,
we give a number of main results and the basic properties concerning these classes of graded hyperideals
and their homogeneous components.

2. Basic definitions and results

In this section we give some definitions and results of hyperstructures which we need to develop our
paper. We refer to [17, 18] for these basic properties and information on hyperstructures.

Definition 2.1. [33] Let R be a nonempty set. By P*(R), we mean the set of all nonempty subset of R. Let o be a
hyperoperation from R X R to P*(R). Rota called (R, +, o) a multiplicative hyperring, if it has the following properties:

(i) (R, +) is an abelian group;
(ii) (R, o) is a hypersemigroup;
(iii) Foralla,b,ce R,aoc(b+c)Caob+aocand (b+c)ocaCboa+coa;
(iv) ao(=b) =(—a)ob=—(aob).
If in (iii) we have equalities instead of inclusions, then we say that the multiplicative hyperring is strongly distributive.

Here, we mean a hypersemigroup by a nonempty set R with an associative hyperoperation o, i.e.,

ao(boc)= U aot= U soc=(aob)oc

te(boc) se(aob)

foralla,b,c € R.
Further, if R is a multiplicative hyperring withaob = boaforalla,b € R, then R is called a commutative
multiplicative hyperring.

Definition 2.2. [30] (a) Let (R, +, o) be a multiplicative hyperring and S be a nonempty subset of R. Then S is said
to be a subhyperring of R if (S, +, o) is itself a multiplicative hyperring.

(b) A subhyperring I of a multiplicative hyperring R is a hyperideal of (R, +,0)if -1 CIand forallx € I,r € R;
xorUroxCL



P. Ghiasvand et al. / Filomat 35:9 (2021), 3033-3045 3035

Definition 2.3. [17] (a) A proper hyperideal M of a multiplicative hyperring R is maximal in R, if for any hyperideal
Tof R MCICR, thenl =R.

(b) A proper hyperideal P of a multiplicative hyperring R is said to be a prime hyperideal of R, if for any a,b € R,
aobCP,thenaePorbeDP.

(c) A proper hyperideal Q of a multiplicative hyperring R is said to be a primary hyperideal of R, if for any a,b € R,
aobCQ, thena€ Qorb" CQ for somen € N.

Definition 2.4. [22] Let G be a group with identity element e. A multiplicative hyperring (R, G) is called a G-graded
multiplicative hyperring, if there exists a family {R;}sec of additive subgroups of R indexed by the elements g € G
such that R = EBgeG Ry and RyRy, € Ry for all g,h € G where RyRy, = U{ry o1y : 1y € Ry, 1y € Ry}, For simplicity,
we will denote the graded multiplicative hyperring (R, G) by R.

An element of a graded hyperring R is called homogeneous if it belongs to e Ry and this set of homogeneous
elements is denoted by h(R). If x € R, for some g € G, then we say that x is of degree g, and it is denoted by x,. If
X € R, then there exist unique elements x, € h(R) such that x =}, e Xg.

In fact, every hyperring is trivially a G-graded hyperring by letting R, = R and R, = 0 for all g # e. If
R=66p gec Ry is a graded multiplicative hyperring, then R, is a subhyperring of R where e is the identity
element of group G. Also, if R has an identity element 1 such thatxo1 =1o0x = {x}, then 1 € R,.

Example 2.5. Let G = (Z,, +) be the cyclic group of order 2 and R = {a, b, c,d}. Consider the multiplicative hyper-
ring (R, +, o), where operation + and hyperoperation o defined on R as follow:

+|a b c d o| a b c d
ala b ¢ d a | {a} {a} {a} {a}
b|b a d c bl{a {ad {ac {a b}
clc d a b c | {a} {a, c} {a} {a, c}
d|d ¢ b a d|{a} {a, b} {a c} {a d}

Let Ry = {a,d} and Ry = {a, b}. Then it is easy to verify that Ry and Ry are subgroups of (R, +) and we can write
a=a+ab=a+b c=d+bandd = d+ a uniguely. Hence, R = Ro@Rl, We have RyRg C Ry, RgR1 C Ry,
RiRoy € Ry and R1Ry € Ry. Therefore (R, G) is a graded hyperring and h(R) = {a, b, d}.

Definition 2.6. Let R = (D .
subhyperring of R, if S = @geG(S N Ry). Equivalently, S is graded if for every element f € S, all the homogeneous
components of f (as an element of R) are in S.

Ry be a graded multiplicative hyperring. A subhyperring S of R is called a graded

Definition 2.7. Let I be a hyperideal of a graded multiplicative hyperring R. Then I is a graded hyperideal, if
I= @[]Ec(l N Ry). Forany a € I and for some v, € h(R) that a = }. e 74, then vy € INR, forall g € G.

Lemma 2.8. [22] Let I and | be graded hyperideals of a graded multiplicative hyperring R. Then
(i) 1N [ isa graded hyperideal of R.
(ii) 1] is a graded hyperideal of R.
(iii) 1V [ is a graded hyperideal of R if and only if | C Jor [ C L
(iv) I+ ] is a graded hyperideal of R.

Definition 2.9. Let I be a graded hyperideal of a graded multiplicative hyperring (R, +,0). The intersection of
all graded prime hyperideals of R containing I is called the graded radical of 1, denoted by Grad(l). If the graded
multiplicative hyperring R does not have any graded prime hyperideal containing 1, we define Grad(l) = R.

Let I be a graded hyperideal of a graded multiplicative hyperring R. We define D(I) = {r € R : for any
gegG, r;”’ C I for some n,; € IN}. It is clear that D(I) is a graded hyperideal of R.
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Definition 2.10. Let R be a graded multiplicative hyperring and C be the class of all finite products of homogeneous
elements of Ri. e. C={rjoryo---or,:1; € h(R),n € N} C P*(h(R)). A graded hyperideal I of R is said to be a
C9-ideal of Rif forany Ae C,ANI#0, then AC L.

Theorem 2.11. [22] Let ] = EBgEc I, = ®g€G(I NRy) be a graded hyperideal of a commutative graded multiplicative
hyperring R = ®gEG Ry. Then D(I) € Grad(I). The equality holds when I is a C7"-ideal of R.
Definition 2.12. [22] Let R = €D, Ry and S = D
f: R — Sis called a graded homomorphism, if
(i) foranya,b eR, f(a+0b) = f(a)+ f(b),
(ii) foranya,b e R, f(aob) C f(a) o f(b), and
(iii) f(Ry) €S, forany g € G.

4eG 59 be two graded multiplicative hyperrings. The function

In particular, f is called a graded good homomorphism in case f(a o b) = f(a) o f(b). The kernel of a graded
homomorphism is defined as Ker(f) = f~1({0)) = {r € R : f(r) € (0)} and note that f(r) may not be a zero
element.

If Q is a graded hyperideal of Sand f : R — S is a graded good homomorphism, then f~(Q) is a graded
hyperideal of R. If I is a graded hyperideal of R and f : R — S is an onto graded good homomorphism,
then f(I) is a graded hyperideal of S.

Throughout this paper, we assume that all graded hyperrings are commutative graded multiplicative
hyperrings with absorbing zero, i. e. 0 € Rsuchthatx =0+xand0€xoc0=0o0xforall x € R.

3. On expansion of graded prime hyperideals

Definition 3.1. (a) A proper graded hyperideal I of a graded multiplicative hyperring R is called a graded prime
hyperideal of R if, for any ay, by, € h(R), az o by, C 1, thena, € I or by € L.

(b) A proper graded hyperideal I of a graded multiplicative hyperring R is called a graded primary hyperideal of R if,
forany az, by € h(R), ag o by, €1, then a, € I or by C I for some n € N.

Let R be a multiplicative hyperring. By 77 (R) and I7'(R), we mean all graded hyperideals of R and
proper graded hyperideals of R, respectively.

Definition 3.2. The function 6 : 79 (R) — I9"(R) is said to be an expansion function of I9'(R) if it satisfies the
following two conditions: (1) I C 6(I), (2) If I C ], then 5(I) € O(]) for all graded hyperideals 1, | of R.

In the following examples, we explain the definition of expansion functions over commutative graded
multiplicative hyperrings.

Example 3.3. 1. The function &g is an expansion function of 19" (R) with 6o(I) = I for every graded hyperideal
Ie I7(R).

. The function 61 is an expansion function of 19"(R) with 61(I) = D(I) for every graded hyperideal I € 179" (R).
. The function 6, is an expansion function of 19" (R) with 6,(I) = Grad(I) for every graded hyperideal I € 19'(R).
. The function 6, is an expansion function of 19"(R) with 6,(I) = R for every graded hyperideal I € 17 (R).

G x LN

. Let 6; and 6; be expansion functions of graded hyperideals of R. 6 is defined by 6(I) = 6;(I) N 6(I) for each
graded hyperideal I of R. Notice that 6 is an expansion function of 79" (R).

6. Let Oro(ry be defined by 6rory(J) = (W € T9(R)|] C I}. Then 1oy is an expansion function of graded
hyperideals of R.
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7. The compound function 6 o y of two expansion functions O and y of I9'(R) is an expansion of 19"(R) with
0o y(I) = 8(y(1)) for every graded hyperideal I of R.

8. Let 04 be defined by 6.(I) = 1 + | for every graded hyperideal I of R where ] is a graded hyperideal of R. It is
easy to see that 6, is an expansion function of 79"(R).

Definition 3.4. Let § be an expansion function of I%"(R). I € I7'(R) is called a graded &-primary hyperideal of R, if
ag, by € K(R) and a; o by, C I imply either a,; € I or by, € 6(1).

Example 3.5. Consider the expansion function 6, of a graded multiplicative hyperring R (see Example 3.3 (4)). Then
every proper graded hyperideal of R is a graded 6,-primary hyperideal.

Example 3.6. 1. It is clear that a graded hyperideal is graded Oo-primary if and only if it is a graded prime
hyperideal.

2. If a graded hyperideal of R is graded 61-primary, then it is graded primary.

3. Let every graded hyperideal of R is a C9"-hyperideal. Then a graded hyperideal of R is graded o,-primary if and
only if it is a graded primary hyperideal.

Example 3.7. Let (R, +,-) be a ring. Then corresponding to every subset A € P*(R)(|A| > 2), there exists a
multiplicative hyperring with absorbing zero (Ra, +, o), where R4 = Rand forany a, p € Ra, aof ={a-a-f:a € A}.
If (Ra, +, 0) be a commutative multiplicative hyperring and element x indeterminate over Ry. Consider the polynomial
multiplicative hyperring S = (Ra[x], +, *), where operation + and hyperoperation  defined on S as follows:

forall f(x) = Y_oamx* and g(x) = Y}, bx* of S, we consider

fx) + g(x) = Z(uk + bk)xk, flx)*g(x) = {Z X’ e € Z aib]}.
k=0

k=0 i+j=k

Let Ry = (R, +, o) with A = (3,4, —6} be the multiplicative hyperring and G = (Z, +) be the integers group. Consider
the multiplicative polynomial hyperring S = (Ra[x, yl, +,#). Then S = € S, is a G- graded multiplicative hyperring
such that for m = (my, my) € IN? and X" = X" y"™ we have Sy, = {Y. penp tmX™ | 1 € R, my +my = n}. Let I = (x).
Then I is a graded hyperideal of S such that it is a graded 6-primary hyperideal for any expansion function 6 of R.

Example 3.8. Let R = (Z[i], +,) be the Gaussian integers ring and G = (Z,, +) be the cyclic group of order 2.
Consider the multiplicative hyperring (Ra, +,0) = (Z[i], +,0) = {a + bi | a,b € Z} with A = {-1, 3}, where R4 = R
and forany x,y € Ry, xoy ={x-a-y:a € A}. Then, (Ra, +, o) is a G-graded multiplicative hyperring with Ry = Z
and Ry = iZ and Ry = Ry @ Ri. Consider the graded hyperideal | = 2R = {—2a — 2bi,6a + 6bi : a,b € Z}. Then
it is clear that | is a graded prime hyperideal of R. Hence | is a graded O,-primary hyperideal of R. But | is not a
Op-primary hyperideal because 2 is not irreducible in Ry.

Proposition 3.9. Let 6 and y be expansion functions of 19" (R) and 6(I) C y(I) for each graded hyperideal I of R.
Every graded o-primary hyperideal of R is a graded y-primary hyperideal of R.

Proof. 1t is straightforward. [J

By Proposition 3.9, every graded prime hyperideal is graded 6-primary hyperideal for any expansion
function 6 of a graded multiplicative hyperring. However, the next example shows that the converse is not
true, in general.

Example 3.10. Consider the Z,-graded multiplicative hyperring (Ra, +,0) = (Zalil, +, 0) with A = {-1,2,3,5}
and Z.ali] = Z[i]. Then Q = (4) &(0) is a graded d1-primary hyperideal of R. But it is not a graded prime hyperideal
of R, because
(2,000(2,0) = U(z, 0)-a-(2,0)=1{(-4,0),(8,0),(12,0),(20,0)} € Q
aeA

but (2,0) ¢ Q.
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Theorem 3.11. If1is a graded primary hyperideal of R and Grad(6(1)) = 0(I), then I is a graded o-primary hyperideal
of R.

Proof. Let a; o by, C I where ay, b, € h(R). Since I is a graded primary hyperideal of R, we have a, € I or
by € D(I) € Grad(I) € Grad(6(I)), and so a, € I or by € 6(I) because Grad(6(I)) = 6(I). Hence I is a graded
O-primary hyperideal of R. [J

Proposition 3.12. Let [ € I!'(R). Then I is a graded 5-primary hyperideal of R if and only if L o K C I for each
L,K € I19"(R) implies L € I or K C 6(1).

Proof. (=) Suppose that LoK CTand L ¢ Iand K £ &(I) for some L, K € I9"(R). Hence there exist a,, by, € h(R)
such thata; € L — I and b, € K- 6(I). Then a,; o b, C L o K C I, which is a contradiction.

(&) Let a; o by, € I where ay, by, € h(R). By [22], it is obtained that <ag> o(by) C <ag o bh> C I. Consequently,
<a9> C I or (by) € 6(I) by assumption. Therefore, a, € I or by € 6(I), as needed. [J

Lemma 3.13. If I, | be graded hyperideals of a strongly distributive graded multiplicative hyperring R, then (I :g
J) ={r € R:ro] C1}isa graded hyperideal of R, and also, if a; € h(R), then (I :r a;) ={r € R:roa, Cl}isa
graded hyperideal of R.

Proof. Letr € (I : ]). Then we can write r = }.i_; r,, where 0 # 1, € Ry,. It is enough to show thatr,, € (I : ])
foranyie{1,2,---,n}. Wehave Y\i.; 75, 0] CI. Letx € ], and hence x = }"; x,, where 0 # x,, € JNR, since |
is a graded hyperideal of R. Thus Y1 75,0 Y12 X5 = (rg, ++ 475, )0(Xp, ++ - +Xp,) = g, 0Xp, ++ -+, 0%y C L
Now we show thatr,, ox;, C I. Suppose thatt,,;, € 7,4, 0xy,. Sincer, 0x;, # 0, forany 1 <i<nand1<j<m,
then there exist t,,,, € 4, 0Xp,, -+, tg,n, € 1y, 0xp, suchthattyp, +t,p, +---+tgn, €71y 0Xy +---+7150x,, C1,
and sot,, € Iforany i, j, because Iis a graded hyperideal of R. Therefore r;, ox;,, C I. Inorder to, 7y, ox;, €1
forany j € {1,2,--- ,m}. Thusry, ox =1y o(xp, +---+xp,) =15 00Xy, +-+++150x,, CIsor, €(:]).
Consequently, we get r,, € (I : ]) for every i € {1,--- ,n}. Thus (I : ]) is a graded hyperideal of R. [J

Theorem 3.14. Let I be a graded 6-primary hyperideal of a strongly distributive graded multiplicative hyperring R.
Then

(i) (I:K) = I for each graded hyperideal K of 19"(R) with K € 6(I).
(ii) (I : H) is a graded 6-primary hyperideal of R for each graded hyperideal H of R.

Proof. (i) Let r € I. Then r o K C I since I is a hyperideal, so I C (I : K). Conversely, consider (I : K) o K.
Then (I : K) o K = U, e(:x)xek(r © x) € I. Since [ is a graded 6-primary hyperideal of R and K & 6(I), we get
(I : K) € I by Proposition 3.12.

(it) By Lemma 3.13, (I : H) is a graded hyperideal of R. Leta, o b, C (I : H) and a,; ¢ (I : H) for some
ag, by, € h(R). Hence there exists iy € H N h(R) such that a; o by € I. Thusa;oby oy = agohoby, C 1
and a, o Iy ¢ I, that is, we get (a; o i) o (by) € I and (a, o Iy} & I. Hence (b)) € 6(I) € 5(I : H). Therefore
bpeo(d:H). O

Theorem 3.15. If I is a graded 6-primary C9"-hyperideal of a graded multiplicative hyperring R with Grad(6(I)) =
o(I), then Grad(l) is a graded 6-primary C9"-hyperideal of R.

Proof. Notice that D(I) = Grad(I) because I is a C?"-hyperideal of R ([22]). Leta, ob, € Grad(I) and a ¢ Grad(I)
where a4, b, € h(R). Hence g © by = (ag o by)" C I for some positive integer n and ag ¢ I for each positive
integer m. By assumption and a;" o b} C I, we obtain b} C 6(I). Hence b, € Grad(6(I)) € 6(Grad(I)), and so
Grad(I) is a graded o-primary hyperideal of R. [J

Definition 3.16. If 6 holds 6(IN]) = 6(I) N &(]) for every 1, ] € 19" (R), we say that 6 has the property of intersection
preserving.
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Theorem 3.17. Let 0 has the property of intersection preserving. If I; is a graded 6-primary hyperideal of a graded
multiplicative hyperring R and 6(I;) = P foralli € {1,2,--- ,n}. Then I = (-, L; is so.

Proof. Let a; o b, C I and a, ¢ I for some a,, by, € h(R). Hence a, ¢ I; for some j € {1,2,---,n}. Thus
by € 6(I;) = P and o(I) = 6(Nit, i) = 6(I) N ---6(I,) = P. Therefore by, € 6(I), so I = N, I; is a graded
O-primary hyperideal of R. [J

Definition 3.18. Let R, S be graded multiplicative hyperrings and f : R — S be a graded good homomorphism.
Let 6 and y be expansion functions of 17 (R) and 19°(S), respectively. Then f is called a dy-homomorphism if

S(fF7X())) = fL(())) for each graded hyperideal ] of S.

Consider the expansion function y; of 79'(S) and 0; of 79"(R) defined in a similar manner of Example
3.3 (2). It is seen that each graded homomorphism from R to S is an example of 6;y1-homomorphism.
If every graded hyperideal of R is a C¥"-hyperideal, any graded homomorphism from R to S is a 65)»-
homomorphism where the graded radical operations y, of 79(S) and 0, of 79" (R) (see Example 3.3 (3)).
Also, note that y(f(I)) = f(6(I)) where f is a 6y-epimorphism and I € 79 (R) with Ker(f) € L.

Theorem 3.19. Let R, S be graded multiplicative hyperrings and f : R — S be a dy-homomorphism. Then the
followings hold:

(i) If ] is a graded y-primary hyperideal of S, then f~1(]) is a graded 6-primary hyperideal of R.

(ii) Let f be a graded epimorphism and I € 19"(R) with Ker(f) C 1. Then I is a graded o-primary hyperideal of R if
and only if f(I) is a graded y-primary hyperideal of S.

Proof. (i) By [22], f7'(]) is a proper graded hyperideal of R. Let a, o by  f~!(]) for each a,, by, € h(R). We
have f(a, o by) = f(ay) o f(by) € J. Since ] is a graded y-primary hyperideal of S, we obtain that f(a,) € | or
f(by) € y(]). Hence a, € f~1(]) or by € f~1(y(])), so by assumption, a, € f~1(]) or b, € 5(f~'(J)). Thus f~(J)
is a graded 0-primary hyperideal of R.

(i) Let I be a graded 6-primary hyperideal of R. Assume that x, o y, € f(I) with x,, y;, € h(S). Since f is a
graded epimorphism, x; = f(a,) and y;, = f(by) for some a,, by, € h(R). Hence f(a, o by) = f(a,) o f(by) € f(D).
We show thata, o b, CI. Lett € a; o by. Then f(t) € f(a; o by) C f(I) and so f(t) = f(x) for some x € I. This
implies that f(t —x) = f(t) — f(x) = 0 € (0), thatis, t —x € Ker(f) CIand so t € I. Thusa, ob, CI. Since [ is a
graded 6-primary hyperideal of R, we have a, € I or by, € 6(I) and so f(a,) € f(I) or f(by) € f(6(I)) = y(f(I))
by assumption. Consequently, f(I) is a graded y-primary hyperideal of S. Conversely, Let a; o b, C I where
ag,by € h(R). Hence f(a, o by) = f(a,) o f(by) € f(I). Since f(I) is a graded y-primary hyperideal of S, then
flay) € f(I) or f(by) € y(f(I)) = f(6(I)). Hence a, € FYf(D) CIorby € FAF(6(1)) C (1), as needed. [

Suppose that I is a graded hyperideal of a graded multiplicative hyperring R = P ge Ry Then quotient
group R/I = {a+1: a € R} becomes a multiplicative hyperring with the multiplication (a+1I)o (b+1I) = {r+1:
r € a o b}. One can easily prove that R/I is a graded hyperring with R/I = @geG(R/I)g where forall g € G,
(R/Dy = (Ry + I)/1. Also, all graded hyperideals of R/I are of the form J/I, where ] is a graded hyperideal
of R containing I since the natural graded homomorphism ¢ : R — R/Iisa graded good epimorphism ([22]).

Let 6 be an expansion function of 79 (R) and I € 7%"(R). Let the function 6, : R/I — R/I be defined by
04(J/1) = 6(J)/1 for all graded hyperideals ] (I C ]) of R. Note that ¢, is an expansion function of 79" (R/I).

Proposition 3.20. Let I and | be graded hyperideals of a graded multiplicative hyperring R with I C J. Then ] is a
graded 6-primary hyperideal of R if and only if ]/1 is a graded 6,-primary hyperideal of the graded quotient hyperring
R/L

Proof. Let (a; + 1) o (b, +1) C J/I for each a, + I, b, + I € h(R/I). Thus a; o by, C ], because if r € a; o by, then
r+1€(a;+1I)o(by,+1I),and sor € |. Hence a, € | or b, € 6(J) since | is a graded 6-primary hyperideal
of R. Therefore, a; +1 € J/I or by, + 1 € 6(])/1 = 64(J/I). Conversely, Let a; o b, € ]. Then we can see
(ag+1)o (b, +1) C J/I. Hence a; +1 € J/I or by, +1 € 6,4(J/I) = 6(])/I. Therefore, a, € | or b, € 6(]), as
required. [
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Definition 3.21. Lef (R, +, ) be a graded multiplicative hyperring.

(i) A homogeneous element r, € h(R) is defined as zero divisor if there is a homogeneous element 0 # r; € h(R)
such that ry o r, = {0}.

(ii) A homogeneous element r; € h(R) is a 6-nilpotent if r; € 6(0).

Theorem 3.22. A graded hyperideal I of a graded multiplicative hyperring R is a graded o-primary hyperideal of R
if and only if every zero divisor of the graded quotient hyperring R/1 is a 6,-nilpotent.

Proof. (=) Let I € I9"(R) is a graded 6-primary hyperideal. Assume that r, + I € h(R/I) is a zero divisor
element of R/I. Then there exists I # r; +1 € h(R/I) such that] = (r;+1)o(r, +I). Astheresultof =rjor, +1,
we have r, o7, C I. Since I is a graded é-primary, r; 07, C [ and r; ¢ I, we conclude r, € I. Consider
the expansion function 6, of 79"(R/I) and the natural homomorphism 7t : R — R/I. We obtain that 7t is a
66,-epimorphism. Thus we have 6(I) = 6(rn™" (Or/1)) = 7 (8,4(I)). Note that r, +1 € 5(I)/I = 7(5(I)) = 64(0r/1)-
Hence r; + I € 64(0r/1)-

(&) Let every zero divisor of R/I be a d;-nilpotent. Let r,or, CIandr,; ¢ I for ry, 7, € h(R). Thenr, +1
is a zero divisor element of R/l asryor, +1 = (r,+1)o(r, +1) = [ and r; + I # I. By assumption, we get
r, + 1€ 64(0r/1) = 6(I)/I. Consequently, r; € 6(I). O

Theorem 3.23. Let I be a graded 6-primary hyperideal of a graded multiplicative hyperring R and I, I, --- , I, €
I7(R) with L, I; € L Then I; € () for some i € {1,--+ ,n}. If iy I; = Land 5(5(])) = 6(]) for each | € I7(R),
then 6(I;) = 6(I) for somei € {1,--- ,n}.

Proof. Suppose that I; € 6(I) for every i € {1,---,n}. Then there exist elements x3,---,x, € h(R) with
xi € I; = 6(I). We getxj o---ox, CI foreveryiand sox; o---ox, C (., I; C I Since I is 6-primary and
X1, , X, € O(I), then x; € I C &(I) for each i € {1,---,n}, which is a contradiction. Let (_;; = . Then
o(I;) = o(I) since I € I;, and 6(I) € o(I;). O

Let G be an abelian group. Let (Ry,+1,01) and (R, +2,02) be two graded multiplicative hyperrings
where Ry = EBgeG(Rl)g and R, = EBgeG(RZ)y' Then (R = Ry X Ry, +,0) is a multiplicative hyperring
with operation + and the hyperoperation o are defined respectively as (x,y) + (z,t) = (x +1 z,y +2 t) and
(x,y)o(z,t) ={@a,b) e Rlacxorz, beyot}forall (x,v),(zt) € R. Also, (R = R; X Ry, +,0) becomes a
G-graded hyperring with homogeneous elements /(R) = ;g Ry, where Ry = (R1); X (Rp), for all g € G.
Note that each graded hyperideal of R is the Cartesian product of graded hyperideals of R; and R,. Suppose
that 6; and 6, are expansion functions of graded hyperideals of R; and R;, respectively. Let 6z be a function
of graded hyperideals of R with 6(I; X I) = 61(I1) X 62(I2) for every graded hyperideal I; of R; for i € {1,2}.
It is seen that the function Or is an expansion function of graded hyperideals of R.

Theorem 3.24. Let (Rq,+1, 01) and (Ry, +7, 02) be two graded multiplicative hyperrings and 61 and o, be expansion
functions of hyperideals of Ry and Ry, respectively. Let I; € I7' (Ry), I, € I (Ry) and R = (Ry X Ry, 0, +). Then the
followings hold:

(i) Iy is a graded O1-primary hyperideal of Ry if and only if I X Ry is a graded 6r-primary hyperideal of R.
(ii) I, is a graded 6,-primary hyperideal of R, if and only if Ry X I, is a graded dr-primary hyperideal of R.

Proof. (i) (=) Let (x4, yy), (zn, tr) € K(R) with (x,, y,) o (z4, ty) € I1 X Ro. Hence we get x; 01z, CI1. Thusx, € Iy
or z, € 61(I1) and so (x4, y5) € I1 X Ry or (zp, ty) € Or(I1 X R2).

(<) LetI; benot a graded 61-primary hyperideal of R;. Sowe have x,, y;, € h(R1) withx;01y;, C Iy, x, ¢ I; and
yn ¢ 01(I1). Note that (x,, Or,) © (yr, Or,) € It X Rp. By assumption, (x;,0r,) € I1 X Rz or (h,0r,) € Or(I1 X Rp).
It means x; € I1 or y;, € 61([1), a contradiction. Therefore, I; is a graded 6;-primary hyperideal of R;.

(i) The proof is similar to (7). O
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4. On expansion of graded 2-absorbing hyperideals

Definition 4.1. (a) A proper graded hyperideal I of a graded multiplicative hyperring R is called a graded 2-absorbing
hyperideal, if ag, by, ¢ € h(R) and agj o by o cx C I, thenagoby, Cloragocy Clorbyoc C1

(b) A proper graded hyperideal I of a graded multiplicative hyperring R is called a graded 2-absorbing primary
hyperideal, if ag, by, ¢k € h(R) and a; o by o cp C I, then ay o by, C I or ag o cx € Grad(I) or by, o ¢ C Grad(I).

Definition 4.2. Let & be an expansion function of I9"(R) and I € I (R). I is called a graded 2-absorbing S-primary
hyperideal of R if ag, by, cx € h(R) and ag o by o cx C 1, then ay o by, C 1 or ag o cx C 6(I) or by o ¢ € 6(I).

Remark 4.3. 1. Every graded 5-primary hyperideal of a graded multiplicative hyperring R is a graded 2-absorbing
O-primary hyperideal of R.

2. lis a graded 2-absorbing Oo-primary hyperideal if and only if I is a graded 2-absorbing hyperideal.
3. 1is a graded 2-absorbing O,-primary hyperideal if and only if I is a graded 2-absorbing primary hyperideal.

Example 4.4. Let R4 = (R, +, o) where A = {=3,5, 6} and G = (Z, +) be the integers group. Consider the Z-graded
multiplicative polynomial hyperring S = (Ralx, y,z],+,%). Let I = {xy) = (x) (\{y), which is intersection of two
graded prime hyperideals, is a graded 2-absorbing o-primary hyperideal for any expansion function 6 of R.

Example 4.5. In the graded multiplicative hyperring Ra = Z[i] with A = {2, 3}, the graded hyperideal | = (6) ®{0)
of R is a graded 2-absorbing 6,-primary hyperideal, but it is not a graded 6,-primary hyperideal. Since, for all « € A
we have (2,0) o (3,0) = (2,0) - a - (3,0) = {(12,0), (18,0)} < J but (2,0) ¢ J and (3,0) ¢ 6(J). This example shows
that a graded 2-absorbing &,-primary hyperideal of a graded multiplicative hyperring R is not necessarily a graded
Op-primary hyperideal of R.

Theorem 4.6. Let R be a graded multiplicative hyperring. Then the following statements hold:

(i) Let y be an expansion function of T9"(R) satisfied 5(I) C y(I) for each I € T9"(R). Then every graded 2-absorbing
O-primary hyperideal of R is a graded 2-absorbing y-primary. Additionally, every graded 2-absorbing hyperideal
is a graded 2-absorbing 6-primary hyperideal since I C 6(1) for each expansion function 6 of 19 (R).

(ii) Let I be a graded 2-absorbing primary hyperideal of R and 5(I) be a graded radical hyperideal (i. e. Grad(6(I)) =
o(I)). Then I is a graded 2-absorbing d-primary hyperideal of R.

Proof. (i) It is clear by assumption.

(i1) Let a; o by, o ¢y € I where ay, by, cx € h(R). Hence a; o by, C I or a; o ¢y C Grad(l) or by, o ¢ C Grad(I)
by assumption. We have Grad(I) C Grad(6(I)) because I C 6(I). Thus a, o by, C I or a; o cp C Grad(6(I)) or
by o cx € Grad(6(I)). Since Grad(6(I)) = 6(I), we have a, o by, CTora,oc, CO(I) or by ocy Co(I). O

Theorem 4.7. If 5(I) be a graded prime hyperideal of a graded multiplicative hyperring R, then I is a graded
2-absorbing o-primary hyperideal of R.

Proof. Letay o by ocy C Iand a, o by, € I where ag, by, cx € h(R). Let us consider two situations. Firstly, let
agoby & 6(I). Thus cx € 6(I) since 6(I) is a graded prime hyperideal. Therefore, a, o c; C 6(I) and by, o ¢ € 6(1).
Secondary, take a,; o b, C 6(I). By assumption, we geta, € 6(I) or by, € 6(I). Hence a; ocy C 6(I) or by ocy € 6(I),
asneeded. O

Theorem 4.8. Let I be a graded 2-absorbing 6-primary C7'-hyperideal of a graded multiplicative hyperring R with
Grad(6(1)) € 6(Grad(I)). Then Grad(l) is a graded 2-absorbing o-primary C7"-hyperideal of R.

Proof. It can be proved in a similar manner to Theorem 3.15. [

Theorem 4.9. Let I, K and L be proper graded hyperideals of a graded multiplicative hyperring Rwith L C K C L. If
Iis a graded d-primary hyperideal of R such that 6(I) = 5(L), then K is a graded 2-absorbing d-primary hyperideal of
R.
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Proof. Leta, o by oc € Kand a, o by, & K where ag, by, ¢, € h(R). We get two cases as K C I. The first case:
Let a; o by, € I. Then ¢ € 6(I) = 6(L) € 6(K) with our assumption. Thus a; o ¢t € 6(K) and by, o ¢x € 6(K).
The second case: Let a, o b, C I. It means a, € I C 6(K) or by, € 6(I) = 6(L) € 6(K) by assumption. Hence
ag o ¢ € 6(K) and by, o ¢y € 6(K). In the both cases, we obtain that K is a graded 2-absorbing 6-primary
hyperideal of R. O

Corollary 4.10. Let I be a graded 6-primary hyperideal of R and K € 79" (R) with K C I and 6(I) = 6(K). Then K is
a graded 2-absorbing o-primary hyperideal of R.

Proof. The proof holds by Theorem 4.9. [

Theorem 4.11. Let 6 and 1) be two expansion functions of 79" (R) and I € T9"(R). If n(I) is a graded prime hyperideal
of R, then 1 is a graded 2-absorbing 6 o n-primary hyperideal of R.

Proof. Leta, o by ocy € Iand a, o by € I where ag, by, ¢ € h(R). We consider two cases. Case 1: a, o by, £ 1(I).
Then ¢, € 1(I), and so ¢ € 6(n(I)) since (1) € 6(1(I)) (nI) € Z9"(R)). Thus ayocy € 6o1(l) and by ocx S 6 on(I).
Case 2: a0 by € 1(I). Hence a, € 1(I) or by, € n(I) since 1(I) is graded prime. Therefore, a, o cx C 1n(I) € 6(1(I))
or by, o ¢, € 6(n(I)). Therefore, I is a graded 2-absorbing 6 o n-primary hyperideal of R. [

Theorem 4.12. Let 6 be an expansion function of 19" (R) and I, | be graded 6-primary hyperideals of R with 6(IN]) =
o) N 6(J). Then I N ] is a graded 2-absorbing o-primary hyperideal of R.

Proof. Leta;ob,ocy CINJanda,ob, & 1N ] whereayg, by, ci € h(R). Thus it means a,; o b, £ [ora;oby £ J.
Hence we consider the following cases:

Case 1: a;o b, C ITand a; 0 by, € J. Since ay o by, € ], there exists ry, € a, o by such that ry, ¢ J. Since
rgpocx C Jand ry, € ], then ¢ € 6(I). Hence a, o cx € 6(J) and by, o ¢ € 6(]) since 6(I) is a hyperideal of R.
Also, a; € I € 6(I) or by, € 6(I) as a, o b, € I and I is graded 6-primary. Hence a, o ¢ € 6(1) or by, o ¢ € 6(I).
Then we obtain a; o ¢y € 6(I) N 6(]) = 6(I N ]) or by o ¢ € (1) N 6(J) = 6(I N J).

Case 2: Leta, o by £ Iand a, o by, C . Then the proof holds by a similar way to the proof of Case 1.

Case 3: Leta;oby, € I and a; o b, ¢ J. We have homogeneous elements 74, 8., € a, o by, with 7y, ¢ [
and sy, ¢ J. Thus we have rj, o ¢y € I and sy, o ¢ C J. Hence ¢, € 6(I) and cx € 6(]) by our assumption.
Consequently, a, o ¢y € 6(I) N 6(]) = 6(INJ)orbyocy Co(I)NO()) =o6(IN]). O

Theorem 4.13. Let 0 has the property of intersection preserving and K = 1N | for some graded o-primary hyperideals
Iand ] of R. Then K is a graded 2-absorbing 6-primary hyperideal of R.

Proof. 1t is clear by Theorem 4.12. [J

Theorem 4.14. Let R, S be graded multiplicative hyperrings and f : R — S be a 6y-homomorphism. Then the
followings hold:

(i) If ] is a graded 2-absorbing y-primary hyperideal of S, then f=1(]) is a graded 2-absorbing 5-primary hyperideal
of R.

(ii) Let f be a graded epimorphism and I € 19" (R) with Ker(f) C I. Then I is a graded 2-absorbing o-primary
hyperideal of R if and only if f(I) is a graded 2-absorbing y-primary hyperideal of S.

Proof. (i) Leta, o by o cx € f71(]) for each ay, by, cx € h(R). We have f(a, o by o cx) = f(ag) o f(by) o f(ck) € J.
Since | is a graded 2-absorbing y-primary hyperideal of S, we obtain that f(a,) o f(by) = f(a; o by) C | or
flag) o fck) = flagock) S y(]) or f(by) o f(ck) = f(bu o c) S y(])- Henceay o by, € f(J) orag o € f7(y()))
or by ocy € f71(y(])), so by assumption, a; 0 by € f71(]) orag o cp € 6(f1(])) or by o cx € 6(f'(J)). Thus f~1(])
is a graded 2-absorbing 6-primary hyperideal of R.

(i1) Let I be a graded 6-primary hyperideal of R. Assume that x, o y, o zx € f(I) with x;, yn, zx € h(S).
Since f is a graded epimorphism, x, = f(a,), y» = f(by) and zx = f(cx) for some a,, by, cx € h(R). Hence
flag) o f(by) o f(cx) = f(ag) o by ock) S f(I). We show that a; o b, oc C 1. Lett € a;0byoc,. Then
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f(t) € f(agobyock) € f(I) and so f(t) = f(x) for some x € I. This implies that f(t — x) = f(t) — f(x) = 0 € (0),
thatis, t—x € Ker(f) C Iandsot € I. Thusa,ob,ocy C I. Since I is a graded 2-absorbing 6-primary hyperideal
of R, wehavea,ob, CIora;oc, C 6(I)or byock € 6(I)and so f(azoby) € f(I) or f(azock) € f(6(I)) = y(f(I)) or
f(brock) € f(6()) = y(f(I)) by assumption. Consequently, f(I) is a graded 2-absorbing y-primary hyperideal
of S. The converse part is verified from (7). O

Corollary 4.15. Let I and | be graded hyperideals of a graded multiplicative hyperring R with I C J. Then [ is a
graded 2-absorbing o-primary hyperideal of R if and only if ]/1 is a graded 2-absorbing 6,-primary hyperideal of the
graded quotient hyperring R/1.

Proof. The proof is completely straightforward. [
Proposition 4.16. Let R be a graded multiplicative hyperring and I, [,K € I (R). If I C JUK, then I C J or I C K.

Proof. Let]I C JUK,I € Jand I € K. There exista,b € RsuchthataeI—Jand b€ I—-K. Thena—b €l. Thus
a € Jorb € K, which is a contradiction. O

Theorem 4.17. Let R be a graded multiplicative hyperring and I = €5 secls = P gecINRy) a graded hyperideal
of R. The following statements are equivalent:

(i) 1is a graded 2-absorbing 6-primary hyperideal of R.
(ii) (Ix R ag 0 by) € (6(I) N Ry iR ag) U (Ig1 iR by) for ag, by € h(R) such that ag o by, € 6(1).
(iii) (I iR ag 0 bp) € (6(I) N Rigy1 ik ag) or (Ix :r ag © by) = (Igg1 :r by) for ag, by, € h(R) such that a, o by, & 5(I).

Proof. (i) = (ii) Let x,1-1 € (Ix : agoby). Thenayobyox -1 C Iy € I. Thus by ox 11, € T oragoxy1,-1, € 6(I)
since a; o b, € 6(I) and I is a graded 2-absorbing 6-primary hyperideal. Therefore, x;-1-1x € (I : by) or
xg‘lh‘lk S (6(1) N Rkh‘l : ﬂg), that is, xg‘lh‘lk € (Ikg‘l : bh) U ((S(I) N Rkh‘l : ag).

(i1) = (i) Assume that a; o by ocp €1, a5 0 by & 6(I) and by, o ¢, £ I for each ag, by, cx € h(R). Then we have
ck € (Ixgn = ag o by). Hence cx € (I, : by) U (6(I) N Ry = ay). Since by, o ¢ € I, then we obtain a,; o ¢x € 6(I). Thus
I'is a graded 2-absorbing 6-primary hyperideal of R.

(i) © (iii) It is clear from Proposition 4.16 and (Iy,-1 : by) € (Ix 1 ag o by). O

Lemma 4.18. Let I be a graded 2-absorbing 5-primary hyperideal of a graded multiplicative hyperring R = €9 geG Ry
Let k € G and Ji be a subgroup of Ry. If agoby o Jx C I and a; o by & I for ay, by, € h(R), then a, o Jx € o(I) or
by o Ji € 6(I).

Proof. Suppose that a; o [ ¢ 6(I) and by o Ji € 6(I). Since a; o [ = Ujkelk ag o jx € 6(I) and by, o J =
Ujkelk by, o jx € 6(I). Hence there exist c, dy € Ji such that a, o ¢y € 6(I) and by, o d € 6(I). Since a, o by o cx C 1,
agoby € 1,a50ck ¢ 6(I) and I is a graded 2-absorbing 6-primary hyperideal of R, then by, o ¢y C 6(1).
Similarly, Since a; o by, o dy C I, a0 by £ 1, by, o di € 6(I) and I is a graded 2-absorbing 6-primary hyperideal
of R, then a; o dy C 6(I). Now since a; o by o (ck +dy) € 1, a;0by, € I and I is a graded 2-absorbing
O-primary hyperideal of R, then a, o (cx + di) € 6(I) or by, o (cx +dx) € 0(I). If a; o (cx + dx) C 6(I), then
agock = ago (cx+dp—dy) C ago(cx+di)—ayody C 0(I) since a,; o dy C 6(I), which is a contradiction. Similarly,
let by, o (cx + di) € O(I). Then by, ody = by, o (¢ + dy — cx) C by, o (cx + dy) — by, o cx € O(I) as by, o ¢ C 6(I), which is
a contradiction. Thus a; o Jx € 6(I) or by, o Jy € 6(I). O

Theorem 4.19. Let I be a graded hyperideal of a graded multiplicative hyrperring R. I is a graded 2-absorbing
O-primary hyperideal of R if and only if for any subgroups J,, Ky, Ly of Ry, Ry, Ry, respectively, ], o K o Ly C I, then
Jgo Ky CS1orJ,oLi CO(I) or Ky o Ly € 6(I).
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Proof. Let I be a graded 2-absorbing 6-primary hyperideal of R and J, o K, o Ly C I'and J, 0 K, £ I. We
show that J; o Ly C 6(I) or K}, o Ly € 6(I). Suppose that ], o Ly € 6(I) and K}, o Ly € 6(I). Hence j, o Ly € 6(1)
and ky, o Ly ¢ 6(I) for some j, € J, and k;, € K. By Lemma 4.18, since j, o k o Ly € I but j, o Ly € 6(I) and
ky o Ly & 6(I), we get j, ok C I. Since ], o Ky, € I, so there exist a, € ], and by, € K, such that a, o by, € I. Since
(agoby)oLy S JyoKyoLy Clanda,oby €1, by Lemma 4.18, a, o Ly € 6(I) or by, o Ly € 6(I).

Case 1: Suppose that a, o Ly C 6(I) and by, o Ly € 6(I). Since (j; o b) o Ly € J; 0 Ky 0 Ly S 1, by o Ly € 6(1)
and j; o Ly ¢ 6(I), we have j; o by, C I by Lemma 4.18. As a, o Ly C 6(I) and j, o Ly € 6(I), it means that
(ag + jg) o Ly € 6(I). Indeed, if (a; + j,) o Ly € 6(I), then we get (a; + j;) o xp C O(I) for every x; € Ly
and it is obtained j, o xx C (a; + j; —ay) o xx C (a5 + jg) © Xk — a5 © x¢ € 6(I), a contradiction. By Lemma
4.18, we have (a; + j;) o by C I as (a; + j;) oby oLy C 1, (a5 + jg) o Ly € 6(I) and by o Ly € 6(I). Then
agoby =(ag+j;—jg) obu C(a;+ js)oby—(jyoby) CI, thatis, we geta, o by, C I, which is a contradiction.

Case 2: Suppose that a, o Ly ¢ 6(I) and by, o Ly € 6(I). Then a, o k;, C I by Lemma 4.18. As by, o Ly € 6(1)
and ky, o Ly € 6(I), we get (by, + k) o Ly € 0(I). Indeed, if (by, + ky,) o Ly € 0(I), then we get (b, + kp,) o xx € 0(I)
for every x; € Ly and it is obtained kj, o x; C (b, + ki — by) o xx C (b, + ki) © xi — by, 0 x; € 6(I), a contradiction.
By Lemma 4.18, we have a; o (b, + ki) C T asa, o (b, +ky) o Ly S I, (by + ki) o Ly & 6(I) and a; o Ly € 6(I). Then
agoby = (by +ky—ky) oay C (by +ky) oay, — (ky o ay) C 1, that is, we get a, o by, C I, which is a contradiction.

Case 3: Suppose that a;, o Ly € 6(I) and by, o Ly € 6(I). Since by o Ly € 6(I) and kj, o Ly & 6(I), we
have (by, + k) o Ly € 0(I). If (by + ki) o Ly € (1), then we get (by, + kn) o xx € () for every x; € Ly. Then
kyoxy = (by +ky—by)oxx S (by +ky) oxp —by oxx € 6(I), a contradiction. By Lemma 4.18, we get j, o (b, +k;) C 1
as jgo(by +ky) oLy C I, (b +ky) o Ly € 6(I) and j, o Ly € 6(I). Since j, o ky o Ly € I, j; o Ly € 6(I)
and k, o Ly ¢ 6(I), then by Lemma 4.18, we have j, ok, C I. Also, it is obtained (a, + j;) o Ly £ 6(I) as
ag o Ly € 6(I) and j,; o Ly € 6(I) by a similar way to the explanation in above. By Lemma 4.18, we obtain
(ag+jg)oky S Tas (ag+jg)okpolLy €1, (ag+ jg) oLy € 6(I) and ky o Ly € 6(I). Then it is clear that
(ag + jg) o (by + ky) C I since (a, + j,) o (by +ky) o Ly € 1, (ay + j;) o Ly € 0(I) and (by, + ky,) o Ly € o(I). Thus
agoby = (ag+j;—jg) o (by +ky —ky) C (ag + jg) o (b + k) — (ag + jg) o kn — jg o (b + k) — jy o ky € I since
(ag+jg)o(by+ky) C1,(ay+js)oky €1, jyo (b +ky) CIand j, ok, C I. Hence a, o by, C I, a contradiction.
Consequently, J; o Ly € 6(1) or Kj, o Ly C 6(1).

Conversely, Let a,; o by, o ¢y C I where ay, by, cx € h(R). Consider <ag>, (by) and {cx) the subgroups of generated
by ag, by, cx, respectively. Hence we get <ag> o (bp) o {cx) € I. So by assumption, we have <ay> olbyy C I

or (by) o {cx) € o(I) or {by) o {cx) S 6(I). Therefore, a,; o by, C <a9> o(by) CIorbyock C(by)o{ck) € O() or
ag 0 cp S (by) o {cp) S O(D). O

Theorem 4.20. Let (Ry,+1,01) and (Ry, +2, 02) be two graded multiplicative hyperrings and 01 and O, be expansion
functions of hyperideals of Ry and Ry, respectively. Let I € I 7(R1), I € I (Ry) and R = (Ry X Ry, 0,+). The
following statements hold:

(i) Iy is a graded 2-absorbing o1-primary hyperideal of Ry if and only if I X Ry is a graded 2-absorbing Or-primary
hyperideal of R.

(ii) I, is a graded 2-absorbing 6,-primary hyperideal of Ry if and only if Ry X I, is a graded 2-absorbing 6g-primary
hyperideal of R.

Proof. (i) (=) Let (x4, Yg), (zn, tn), (uk, vx) € K(R) with (x4, y4) o (zn, tn) © (ux, vx) € [t X Rp. Hence x, 01z, 011k C 1.
Thus x,; 01 2, € I1 or zj o1 ux € 61(I1) or x; o1 ux € 61(I1) and so (xy, yg) © (2, ty) S It X Ry or (zp, t) © (ux, vx) S
Or(l1 X Rp) or (x4, y) © (uk, vk) € 6(I1 X Ry).

(&) Let I be not a graded 2-absorbing 6;-primary hyperideal of R;. So we have x;, y;, zx € h(R1) with
x501Yn012k © I, X501z € It, zporug & 61(I1) and xy01 1 € 01(I1). Note that (x4, Or,)o(zp, Or,) o (ur, Or,) € I1 XRa.
By assumption, (x,, O,) o (2, Or,) € I1 X Rz or (zp,, Og,) o (uk, Or,) € Or(I1 XR2) or (x4, Or,) © (14, Or,) € O6r(I1 XR2).
It means x,; o1 z; C I1 or z; o1 ux € 61(l1) or x; o1 ux C 61(I1), a contradiction. Therefore, I; is a graded 2-
absorbing 6;-primary hyperideal of R;.

(i) The proof is similar to (7). O



P. Ghiasvand et al. / Filomat 35:9 (2021), 3033-3045 3045

References

(1]
[2]
3]
[4]
(5]
(6]
[7]

(8]
191

[10]
[11]
[12]

[13]
[14]

[15]

[16]
[17]
[18]

[19]
[20]

[21]

[22]
[23]
[24]
[25]
[26]

[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]

[35]
[36]

[37]
[38]

[39]

K. Al-Zoubi, R. Abu-Dawwas, S. Ceken, On graded 2-absorbing and graded weakly 2-absorbing ideals, Hacet. J. Math. Stat. 48(3)
(2019) 724-731.

R. Ameri, A. Kordi, S. Hoskova-Mayerova, Multiplicative hyperring of fractions and coprime hyperideals, An. St. Univ. Ovidius
Constanta 25(1) (2017) 5-23.

R. Ameri, M. Norouzi, Prime and primary hyperideals in Krasner (1, n)-hyperrings, European Journal of Combinatorics 34 (2013)
379-390.

R. Ameri, M. Norouzi, V. Leoreanu, On prime and primary subhypermodules of (i, n)-hypermodules, European Journal of
Combinatorics 44 (2015) 175-190.

M. Anbarloei, On 2-absorbing and 2-absorbing primary hyperideals of a multiplicative hyperring, Cogent Mathematics 4 (2017)
1-8.

M. Anbarloei, On ¢-2-absorbing and ¢-2-absorbing primary hyperideals in multiplicative hyperrings, J. Indones. Math. Soc. 25
(2019) 35-43.

L. K. Ardekani, B. Davvaz, A generalization of prime hyperideals in krasner hyperrings, Journal of Algebraic Systems 7(2) (2020)
205-216.

L. K. Ardekani, B. Davvaz, Differential multiplicative hyperrings, Journal of Algebraic Systems 2(1) (2014) 21-35.

E. O. Ay, G. Yesilot, D. Sonmez, 6-primary hyperideals on commutative hyperrings, International Journal of Mathematics and
Mathematical Sciences 2017 (2017) Article ID 5428160, 4 pages.

A. Badawi, On 2-absorbing ideals of commutative rings, Bull. Austral. Math. Soc. 75(3) (2007) 417—429.

A. Badawi, B. Fahid, On weakly 2-absorbing 6-primary ideals of commutative rings, Georgian Math. J. 27(4) (2020) 503-516.

A. Badawi, D. Sonmez, G. Yesilot, On weakly 6-semiprimary ideals of commutative rings, Algebra Colloquium 25(3) (2018)
387-398.

H. Bordbar, I. Cristea, Height of prime hyperideals in Krasner hyperrings, Filomat 31(19) (2017) 6153-6163.

H. Bordbar, I. Cristea, M. Novik, Height of hyperideals in Noetherian Krasner hyperrings, U. P. B. Sci. Bull. Series A 79(2) (2017)
31-42.

M. Cohen, S. Montgomery, Group-graded rings, smash products, and group actions, Trans. Amer. Math. Soc. 282(1) (1984)
237-258.

P. Corsini, V. Leoreanu, Applications of Hyperstructures Theory, Adv. Math., Kluwer Academic Publishers, 2013.

B. Davvaze, V. Leoreanu-Fotea, Hyperring theory and applications, Internationl Academic Press, USA, 2007.

U. Dasgupta, On prime and primary hyperideals of a multiplicative hyperring, Annals of the Alexandru Ioan Cuza University-
Mathematices 58(1) (2012) 19-36.

E. Farzalipour, P. Ghiasvand, On the Union of Graded Prime Submodules, Thai. J. Math. 9(1) (2011) 49-55.

F. Farzalipour, P. Ghiasvand, On graded semiprime and graded weakly semiprime ideals, International Electronic Journal of
Algebra 13 (2013) 15-22.

F. Farzalipour, P. Ghiasvand, On graded hyperrings and graded hypermodules, Algebraic Structures and Their Applications 7(2)
(2020) 15-28.

P. Ghiasvand, F. Farzalipour, On graded prime and graded primary hyperideals of a graded multiplicative hyperring, submitted.
K. Hila, K. Naka, B. Davazz, On (k, n)-absorbing hyperideals in Krasner (m, n)-hyperrings, Quart. J. Math. 69 (2018) 1035-1046.
M. Krasner, A class of hyperrings and hyperfield, Intern. J. Math. Math. Sci. 6(2) (1983) 307-312.

A. Macdonal, Commutative Algebra, Addison Wesley Publishing Company, 1969.

N. H. MacCoy, A note on finite union of ideals and subgroups, Proceedings of the American Mathematical Society 8(4) (1969)
633-637.

F. Marty, Sur une generalization de la notion de groupe, in: 8iem Congres Math. Scandinaves, Stockholm (1934) 45-49.

N. Nastasescu, F. Van Oystaeyen, Graded Rings Theory, Mathematical Library 28, North Holand, Amsterdam, 1937.

R. Procesi, R. Rota, Complementary multiplicative hyperrings, Discrete Math. 208/209 (1999) 485-497.

R. Procesi, R. Rota, On some classes of hyperstructures, Combinatories Discrete Math. 1 (1987) 71-80.

R. Procesi-Ciampi, R. Rota, The hyperring spectrum, Riv. Mat. Pura Appl. 1 (1987) 71-80.

R. Rota, Strongly distributive multiplicative hyperrings, Journal of Geometry 39 (1990) 130-138.

R. Rota, Sugli iperanelli moltiplicativi, Rend. Di Mat. Series 7(2) (1982) 711-724.

E. Sengelen servim, B. A. Ersoy, B. Davvaz, Primary hyperideals of multiplicative hyperrings, International Balkan Journal of
Mathematics 1(1) (2018) 43—49.

J. P. Serre, Local Algebra, Springer Verlag, 2000.

R. N. Uregen, U. Tekir, K. P. Shum, S. Koc, On graded 2-absorbing quasi primary ideals, Southeast Asian Bulletin of Math. 43
(2019) 601-613.

G. Ulucak, On expansions of prime and 2-absorbing hyperideals in multiplicative hyperrings, Turkish Journal of Mathematics
43 (2019) 1504-1517.

M. M. Zahedi, R. Ameri, On the prime, primary and maximal subhypermodules, Italian Journal of Pure and Applied Mathematics
5(1999) 61-80.

D. Zhao, 6-primary ideals of commutative rings, Kyungpook Math. J. 41 (2001) 17-22.



