Filomat 35:9 (2021), 3091-3104

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2109091P

University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
Wy, @“‘
i axs

2,
%,
e,

¥
5
TIprpor®

Measure of Noncompactness and JS-Presi¢ Fixed Point Theorems and
Its Applications to a System of Integral Equations

Mohsen Parvaneh?, Ali Farajzadeh?

?Department of Mathematics, Razi University, Kermanshah, Iran

Abstract. In this paper, we gain a new extension of well-known Darbo’s fixed point theorem in a Banach
space. Our results provide several expressions which all are generalizations of Darbo’s fixed point theorem.
As applications, we obtain some Presi¢ type extensions of Darbo fixed point theorem which help us in the
studying of the existence of solution for a system of functional integral equations in BC(IR*). Finally, we
provided an example to demonstrate the efficacy of our results.

1. Introduction and preliminaries

The theory of integral equations is a crucial component of mathematical analysis, with numerous
applications in real-world problems. Noncompactness measures, on the other hand, are a powerful tool in
the field of functional analysis. Functional equations, ODEs, PDEs, fractional partial differential equations,
integral and integro-differential equations, and optimal control theory are all studied using them.

In reality, Kuratowski [14] proposed the intriguing concept of the measure of non compactness (MNC)
in 1930. For more information, see [3], [2], [5], [6], [7] and [22].

Measures of Noncompactness, their properties, and certain applications are discussed in Chapter 7 of
[15]. The authors offered various results from fixed point theory and compact operators, as well as an
axiomatic introduction to measures of noncompactness and their most well-known properties, such as
monotonicity and the generalized Cantor intersection property.

Malkowsky and V. Rakocevi¢ reviewed some of the conclusions in [16], including an axiomatic intro-
duction, a discussion of the Kuratowski, Hausdorff, inner Hausdorff, and separation measures of non-
compactness, as well as their roles in fixed-point theory and operator theory. The Hausdorff measure of
noncompactness of matrix operators and bounded linear operators was also determined in [16].

We propose various notations and definitions that will be used throughout this work. Let (@, || - [|) be
a real Banach space. As well as, E(a, r) marks the closed ball centered at ¢ with radius r. The symbol B,
subsists for the ball B(0,7). For A C @, let A and ConvA be the closure and the closed convex hull of A,

respectively. As well as, let us denote by Yiq the family of nonempty bounded subsets of Q and by Jiq its
subfamily subtending of all relatively compact subsets of Q.
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Definition 1.1. [8] Let T : Mq — R, be a mapping. It is declared to be a measure of noncompactness in Q if:
1° The subset kert = {A € Mg : T(A) = 0} of Mq is nonempty and kert C Ng;
2° Ac A= 1(A) < 1(A);
3° 7(A) = 1(A) = 7(ConvA);
4° T(nA+ (1 = nA) < nt(A) + 1 = )T(A) forall n € [0,1];

5° If {A,} C Mq is a sequence of closed sets such that A1 C Ay foralln =1,2,---, and lim ©(A,) = 0, then
n—o0
Ao =000 Ay # 0.

Now, we'll look at two important theorems in fixed point theory.

Theorem 1.2. (Schauder fixed point theorem) ([1]) Having ) as a nonempty, bounded, closed and convex subset of
a Banach space Q, a mapping Y : QO — Q admits at least one fixed point in the set Q) provided that Y be continuous
and compact.

The Darbo fixed point theorem, which is described below, generalizes the aforementioned result.

Theorem 1.3. (Darbo[12]). Having R as a nonempty, bounded, closed and convex subset of a Banach space Q and
T : Q — Q as a continuous mapping, Y possesses at least a fixed point in Q) provided that there exists a constant
K €10, 1) such that ©(TA) < Kt(A) for any nonempty subset A of Q, where t is an MNC defined in Q.

Theorem 1.4. [13, Corollary 2.1] Let (W, d) be a complete metric space and let I' : ‘W — ‘W be a given map and
0(d(I'x, I'y)) < 0(d(x, )",

forallx,y € W sothat d(I'x,'y) # 0 where O : (0, 00) — (1, o) is increasing, lim O(t,) = 1ifand only if lim ¢, = 0,

for each sequence {t,} C (0, o), and there exist r € (0,1) and ¢ € (0, co] such that tlir}}+ Q(tt)fl ={andk € (0,1). Then

there is a unique fixed point for I.

We use Jleli-Samet type contractions to achieve certain generalizations of Darbo’s fixed point theorem
in this study. The results of fixed points of the Pre$i¢ type are presented. As a result, we provide a program
for solving a system of functional integral equations. These findings generalize a number of similar ones
seen in the literature.

2. Main Results
Denote by E the set of all functions I": (0, c0) — (1, o) so that:
(Y1) T is continuous and increasing;

(Y2) lim t, = 0iff lim I'(t,) = 1 for all {¢,,} € (0, o),

The following are some examples of elements in E:

() T1(t) =1 +1In(1 + 1),
() Tot)=1+In(t+1- L +1),
(iii) T5(t) = == +2,

(W) Ta(h) = —= +1+2,

) Ts(t) = 77 +t+2.

(0) Te(t) = —-L +2.

1
Denote by W ;he set of all functions ¢ : (1,00) — (1, o) so that:
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(1) ¥ is continuous and increasing;
(2) lim ¢"(t) =1forall f € (1, 00),

Here are some examples of elements in \V:

(i) P1(t) = 1+ In(?),
(i) Yo(t) =1 +11n(t -1+,
(iif) P3(t) = v 2,
() Ya(t) = = +1+1,
—_1

(v)’ Ps(t) = -7 +t+ 1.
(i) Po(t) = -7 + 1 + 1.

(vi) Y7(t) = t* where k € (0,1).

Now we’ll present the study’s primary result, which expands and generalizes Darbo’s well-known fixed
point theorem.

Theorem 2.1. Having R as a nonempty, bounded, closed and convex subset of a Banach space Qand Y : R — R as
a continuous operator such that

[(z(YA)) < 9(I'(z(A) 1)
forall A CR, whereI’ € B, ¢ € W and 7 is an arbitrary MINC, then Y possesses at least one fixed point in R.

Proof. Let {R,) be such that Ry = R and R,,,; = Conv(Y(R,)) for all n € N.

If for an integer N € IN one has t(Ry) = 0, then Ry is relatively compact and so Schauder Theorem
guarantees the existence of a fixed point for Y. So, let 7(R,) > 0 for all n € IN U {0}.

Evidently, {R,},en is a sequence of nonempty, bounded, closed and convex subsets such that

Ro2N12--- 2R, 2Ryt
On the other hand
[(t(Rus1) = T(r(YR,)) < YT (r(RW)) < --- < PHT(1(Ro))). )

Thus, {7(R,)}ren is a convergent sequence. Suppose that lim t(R,)) = r.

Now, we show that r = 0.
Passing to the limit through (2),
[(t(Ry11)) — 1.

Therefore, we have lim 7(R,;1) = 0.
n—oo

Axiom (5°) of Definition 1.1 yields that the set R, = ﬂ R, is a nonempty, closed and convex set and
n=1
it is stable under the operator Y and is an element of Kert. Then according to the Schauder theorem Y
possesses a fixed point. [

Taking y(t) = t*® where ¢ : [0,00) — [0,1) so that lim (p(t))" = 0 for all t € [0, o), in Theorem 2.1, we
have,

Corollary 2.2. Having R C Q as a nonempty, bounded, closed and convex subset and Y : R — R as a continuous
operator such that

T(1(YA)) < (T(t(A)))P ) (3)

forall A CR, and t is an arbitrary MNC, then Y admits at least one fixed point in R.
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Taking ¢(t) = t*, k € (0, 1) in Theorem 2.1, we have,

Corollary 2.3. Having R C Q as a nonempty, bounded, closed and convex subset and Y : R — R as a continuous
operator such that

T(z(YA) < (C(z(A)* (4)
forall A CR, and t is an arbitrary MNC, then Y admits at least one fixed point in R.
Taking I'(t) = 1 + In(1 + £) and ¢(¢) = 1 + In(f) in Theorem 2.1, we have,
Corollary 2.4. Let R C Q be a nonempty, bounded, closed and convex and let Y : R — R be continuous such that
1+ In(1+7(Y(A)) <1+ In(1 + In(1 + 7(A))) )
forall ACR, D € D and 7 is an arbitrary MNC. Then Y has at least one fixed point in R.

Remark 2.5. Obuiously, the Darbo’s fixed point theorem is a special case of Corollary 2.3 if we take I'(t) =

3. Presic¢ type fixed point results

One of the most powerful results in nonlinear analysis is the Banach contraction principle (BCP) [4]. In
the background of ODE and PDE, it has numerous applications.

Theorem 3.1. [4] Let (A, d) be a complete metric space and let Y : A — A so that
d(Yt, Yx) < yd(i, ) forall 1, x € A,

where y € [0,1). Then, there is a unique ¢ in A such that 0 = Yo. Also, for each Cy € A, the sequence Cyi1 = Yy
converges to o.

The BCP has been expanded and generalized in a variety of ways (see, for example, [18], [17] and [21]).
Presic¢ [20] came up with the following outcome.

Theorem 3.2. [20] Let (A, d) be a complete metric space and let Y : A* — A (k is a positive integer). Suppose that

k
00Ty T Y (Coy o Gen)) < Y Aid(Ci, i) (6)
i=1

forall Gy, ..., Cerq in A, where A; > 0 and Z Ai €10,1). Then Y has a unique fixed point C* (that is, Y(C*, ..., C") = C').

Moreover, for all arbitrary points Cy, ... Ck+1 in A, the sequence {C,,} defined by Cpyix = Y(Cp, Cs1, .., Crak—1), CONvETGeES
to C".

It is obvious that for k = 1, Theorem 3.2 coincides with the BCP.
The above theorem generalized by Ciri¢ and Presi¢ [11] as follows.

Theorem 3.3. [11] Let (A, d) be a complete metric space and Y : A€ — A (k is a positive integer). Suppose that
d(Y(Ca-wrs Ce), Y(C2) oo Ci1)) < Amax{d(C, Civa) 1 1 <7 <K}, (7)

forall Cy, ..., Cesr in A, where A € [0,1). Then Y has a fixed point C* € A. Also, for all points Cy, ..., Cee1 € A, the
sequence {C,} defined by Cpix = Y(Cn, Gt .. Curk—1), converges to C*. The fixed point of Y is unique if

a(X(p,...p), Y(o,....0) < d(p, 0),
forall p, 0 € Awith p # p.
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For more details on Presi¢ type contractions, we refer the reader to [10, 18, 20].

Theorem 3.4. [7] Suppose that 11,72, ..., T, be some MNC in Banach spaces Qi, @y, ..., Qy, respectively, and let
the function v : [0, 00)" — [0, 00) be convex and v(oy,...,0,) = 0ifand only ifo; =0fori=1,2,...,n. Then

T(A) = v(11(A1), T2(A2), - .., Tu(An)),

is a measure of noncompactness in Qi X @, X ... X Q,, where A; denotes the natural projection of A into Q;, for
i=12,...,n

From now on, let I be a subadditive mapping.

Theorem 3.5. Having R C Q as a nonempty, bounded, closed and convex subset and Y : R" — R as a continuous
function such that

(z(Y(Ar % .. x A))) < %I,D([F(T(Al) + .+ 1(An)]) ®)

forall Ay, ..., A, CR, where I € B is a subadditiv mapping, ¢ € W and t is an arbitrary MINC, then Y has at least a
Presic type fixed point.

Proof. We define the mapping TR - R by
Y(01, o0y 0n) = (X(O1y vy G),y ooey X(G1y ovey O).

Clearly, Y is continuous. We demonstrate that Y satisfies all the conditions of Theorem 2.1. Let A € %" be a
nonempty subset. We know that 7(A) = 7(A1) +... + T(A,) is a (MNC) [8], where Ay, ..., A, denote the natural
projections of A into Q. From (8) we have

r(’f(q?(A))) = r(’%(Y(Al X o X Ap) X oo X Y(A X .. X An)))
- r(m(Y(Al X ... X An)))
< nT(T(V(A1 X ... X Ay))
< ¢(F<T(A1) o T(An)))
= y(I(7W))

Now, according to Theorem 2.1 we deduce that Y admits at least a fixed point which implies that there
exists 1, ..., 0, such that Y(o1, ..., 0,) = 01 = ... = 0, that is, Y possesses at least a Presi¢ type fixed point. [J

Theorem 3.6. Having R C Q as a nonempty, bounded, closed and convex subset and Y : R" — R as a continuous
function so that

T((X(A1 X ... X Ap)) < $(T(max{T(Ay), ..., (An)})) 9)

for all subsets Ay, ..., A, € R, wherel’ € B, € WV and t is an arbitrary MNC, then Y has at least a Presic¢ type fixed
point.

Proof. Let Y : R" — R" be defined by

Y(01, o0y 0n) = (X(O1y vy G), ooy X(O1,y ovey O)-
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Evidently, Y is continuous. It will be demonstrated that Y satisfies all the conditions of Theorem 2.1. Clearly,

T(A) = max{t(A1), ..., ©(An)} is a (MNC)[8], where A, ... and A, denote the natural projections of A into Q.
Let A ¢ R" be a nonempty subset. According to (12) we have

T(T(X(A)) = T(FOr(A1 X oo X Ag) X oo X Y(Ag X . X A)))

max{T(Y(A1 X ... X Ap)), .., T(Y(A1 X .. X A,))))

r(
r(

T(V(Ar X .. X Ay))

IN

P(r(max(t(A), .., T(A}))
= y(r(7w))

So, from Theorem 2.1 we obtain that Y has at least a fixed point which implies that Y has at least a Presi¢
type fixed point. [

Corollary 3.7. Having R C Q as a nonempty, bounded, closed and convex subset and Y : R* — R as a continuous
function so that

T(Or(A x .. x A) < p(r( ) Are(A) (10)
i=1

k

for all subsets Ay, ..., Ay € R, where T € B, Y € Y, T is an arbitrary MNC, A; = 0 and ), A; € [0,1) then Y has at
i=1

least a Presié type fixed point.

Corollary 3.8. Having R C Q as a nonempty, bounded, closed and convex subset and Y : K" — R as a continuous
function so that

F(T(Y(Al X ... X An))) < (F( AiT(Ai)))qJ(Z,’LI Ait(A) (1)
i=1

for all subsets Ay, ...,Ay € R, where T € B, ¢ : [0,00) — [0,1) so that lim (p(t))" = 0 forall t € [0, ), T is an

k
arbitrary MNC, A; > 0 and }, A; € [0,1) then Y has at least a Presic¢ type fixed point.
i=1

Corollary 3.9. Having R C Q as a nonempty, bounded, closed and convex subset and Y : R* — R as a continuous
function so that

T(r(0(A1 x . x Ap)) < (I Z A(A)) 12)

i=1

k
for all subsets Ay, ..., Ay CR, where T’ € B, k € [0,1), 7 is an arbitrary MNC, A; = 0and Y, A; € [0, 1) then Y has at
i=1
least a Presi¢ type fixed point.
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4. Application

Studying the existence of solutions for the following system is the aim of this section.

C(f)
G1(t) = o(t, h(t, Gr(a(t), .. Gulax(t)), fo n(t,5,G1((5)), -, Gu(y(5)))ds)

C(f)
Ga(t) = a(t, h(t, Gr(a(t)), .., Gulax(t)), f n(t,5,G1((5)), -, Gu(y(s)) )ds)
0 (13)

(1)
Gult) = a(t, h(t, G1(a(), ., Gula(t)), fo m(t, 5, G1(/(6)), -, Ga(y(6)) )ds)

in the space BC(IR,) consisting of all bounded and continuous real functions on R,. Let @ : R> - R be such
that

(D(tl, ty, t3) >0,

for all t1,t,t5 € Ry.
We will use a measure of noncompactness in the space BC(R,) which was constructed in the paper [9].
Let BC(R,) be endowed with the norm

61l = sup {IG(®) : t = 0}.

The modulus of continuity of a function G € BC(R,) is defined by

@"(G,€) = sup {IG(t) - G()| : £,5 € [0, T, |t - s| < e}.

Let
wT(A€) = sup {a)T(G, €):Ge A},

wg(A) = 1m01 wl(A ),

and
wo(A) = %im a)g(A).

Let

A ={G(1): G e A,

and

diamA(t) = sup {|G1() — Ga(H)] : G, G2 € A

for a fixed number t € R,.
Define
m(A) = wo(A) + lim sup diamA(t).

t—oo

Banas [9] proved that the above function is a measure of noncompactness in the space BC(R,).

Theorem 4.1. Assume that

(i) a,C ¥ : Ry — R are continuous functions and a(t) — oo ast — co.
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(ii) The function @ : Ry X R? — R is continuous and
‘m(tllﬁllﬁz) - a(ty, Cl,Cz)‘ < r_l(yb(r(’tl - tz‘ + maX{‘m - Cll, ‘02 - Cz‘}))),
forall t1,t;, € Ry and 01, 02,61, 62 € C(R).
(ii’) The function h : Ry X R" — R is continuous so that
(b1, 01, 02) = It 1, )

forall ty,t, € Ry and o1, ..., 04, C1, ..., Gn € BC(R4).

On —Cn

< |t1 - tz‘ + max{lol — g1|, ey

l

(iii) M :=

}andN = sup {'h(t, 0,.. 0)| i te 1R+},

(iv) m: Ry xRy X R" — R is continuous. Moreover, there exist continuous functions a,b : R, — R, such that
(¢, s, Gr, ... Gu)l < a(t)b(s)

and lim;_, fOC(t) a(t)b(s)ds = 0 for all G4, ..., G, € BC(Ry) and t,s € R,.

(v) There exists a positive solution ry to the inequality
F_l(lp(l"( max {r + N, Q}))) +M<r,

0 a(t)b(s)ds|}

Then the system of integral equations (13) has at least one solution in the space (BC(IR..))".

Proof. LetY : BC(R4) X ... Xx BC(R;) — BC(R) be defined by

where Q = suptzo{

C(t)
Y(G1, -, Gu)(®) = @(t, h(t, Gr(a(t), .., Gula(t)), fo n(t,5,G1(/(5)), -, Gu(y(s)) )ds). (14)

Let t > 0 be fixed and {t,} be a sequence such that t, — t as n — co. Without loss of generality, we can
choose t,, > t. Then

Y61, Gt = X(Gs, G)E)
C(tn)
< Jolt it G1 @) Guatt), [ (5616, G y5N)

C(t)
= a(t,h(t, Gr(a(t)), ..., Gu(a(t)), fo n(t,s,g1(y(s)),...,Qn()/(s))ds)|
I (o (r (e

C(tn)

IN

+ max {|h(tnr gl (a(tn))r s gn(“(tn)) - h(t/ gl (Oé(t)), gn(a(t))L

C(t)
(b5, G1(/(9)), -, Guy(5)) s - fo m(t, 5, G1((5)), -, Gu(y(6)))dsl})))

,
< T (T ([t
L

+ max{[t, — | + max{|G1((t)) = G1(@(B))], - 1Gn(@(ta)) — Gula(®)),
()
7(tn, 5, G1((5), s Gu(y(5)) s = f m(t,5,61(/()), -, Gu(y(s)))dsl})))
+ max{lt, —  + max{|G1((t)) = G1 (@O, ., 1Gn(@(t)) = Gula(®),
C(tn)
| fé (t, s,Ql(V(S)),~-.,§n(V(S)))dSI

C(tn)

C(t)
+] fo (m(tn, 5, G1/(6)), - Gul())ds = (1,5, G1(V(5)), .., Gu(¥(5))) s }))).
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Since G; (1 <i < n), a, C and 7 are continuous functions, therefore it is observed that the above inequality
tends to 0, as n — oo.

We observe that the function Y is bounded. Applying the assumptions (i) — (iv) we have
Y1, .. GO
()
< |cD(t,h(t, G1(a(®), .., Gnla(h)), f (t, 5, G1(/(5)), . Gu(y(s)ds) — (1,0, 0)’ + |@(t, 0, o)|
0

IA

T (9(r(max { (e, G1(a(®), ., Gula(t)],

C(t)
fo (L5, G1(/6)), -, Guy(s))es]}))) + (1, 0,0)

< T (p(r(max | max{iGa (@) . G (@)} + 110, 0, Q) + |o(1,0,0)
< T (y(r(max { max {IGil, .. IGll} + N, Q}))) + M.
Therefore,
0G1, s G)ll < T (T max | max {IGull, . G} + N, Q)))) + M. (15)

From (15) and by (v), it can be shown that Y brings (B,,)" into (B,,).
Now we prove that the operator Y is a continuous operator on (B,,)". Let us fix arbitrarily ¢ > 0.
Take (u1, ..., uy), (01, ..., vy) € (By,)" such that ||u; — v1]| + |luy, — v, < €. Then for all t € R, we have
Y1,y 1)) = Vo1, ) 0)
= |o(t, htt, us@(®), -, wala(®)), [ 7t 5, 1w (/(5)), s 1y (s))ds)
~a(t, h(t, 01(@(®), e vaa®), [ 72t 5, 01(/(6)), s 0 ()/(s))ds)|
< T ((T( max {Ja(t, w1 (@(t)), ..., un(@() = h(t, 01((t)), ..., vul (),
KO mlt, s, 00/ (s = [ 7t 5,01(0(6), - 0a((5))es1})))
< T (y(T(max { maxdfu (@(t)) = 1 (@(B), .., lun(@(B)) = vala(®))]},
| 1t 5,1 (/) s (s = [ 71t 5, 01(/9)), - 0a((6)S1})))-

Let

on(T(/ E)
= sup{ln(t, S, U1, ..., uy) — 1(t,s,v1,...,09) : t €[0,T],s €[0,Cr], u1, -.., Uy, 01, ..., U € [—70,70],

ity = v1ll + .. + Il = 0]l < ]
where
Cr=sup{C(t) : t e [0,T]}.
Therefore, for an arbitrary fixed t € [0, T] we have
Yty 1) (O) = X (@1, s 0) (O] < T (T (| max {lis = 01l o it = 0l}, Crev (7, )1])))-

Applying the continuity of = on [0, T] X [0, Cr] X [=70, 10]", we have w;(11,&) — 0 as ¢ — 0. Thus, Yis a
continuous function on (B,,)".
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Now, we prove that Y satisfies all conditions of Theorem 3.6. So, let Ay, ..., A, are nonempty and bounded
subsets of B,,, and assume that T > 0 and ¢ > 0 are arbitrary constants. Let t1,t, € [0, T], with |, — 5| < ¢,
C(t)) < C(t) and (G, ..., Gn) € A1 X ... X A,,. Then we have

Y61, - Gt = (G, - Gt

< T (¢(T(|0(t2, 1tz G1(@(E)), - Galat2)), f; ) Tlt2,5,G1((S)), s Gu(a(s))ds)

~o(t1, h(t2, G1(@(t2), .., Gala(t), f; 7 s, 5, G (), ., Gula(s))ds)
+o(t, it G1(@(t2), - Gulalt2)), ;7 mltr,5,G1(a(9)), -, Gula(s))ds)
~a(t, hty, Gr(a(tr)), ., Gala(t), [ (k2 5, G1(a(s)), ., Gulals))ds)
+a(t, hit, Gi(a(t)), ., Gulat)), [ 7i(tz, 5, G1(()), -, Gula(s))ds)
~a(t, hty, Gr(a(tr)), ., Gula(t), [ (k2 5, G1(a(s)), ., Gulals))ds)
+a(t, ht, Gi(a(t)), ., Gula(t)), [ i(tz, 5, G1 (), -, Gulr(s))ds)
—ca(tl,hal,gl(a(tl)) s Gala(t)), [ 71,5, G1(@(6)), s Gala()d5)]))
< T ({11t = 1] + (2, G1(@(82)), -, Gula(t2))) = (b1, Gr (@(81)), -, Gl(t1))

| [ s, 5, 61(@()), -, Gulale)ds| + LTIT (o))

< T (Y(T(1t2 = 1] + 2 = tal + max {IGi (a(t2)) = Gr(@(t))], - [Gn(a(t2)) — Gala(tr))I]
+(L(t2) = Lt U (7, €) + (D], (7, )

C(t2)

C(t)

~—

where

0" (p, ) = sup{Ip(tz) = p(t)| : t, 12 € [0, T], Ity = 1| < &,
0" (0, " (p, €)) = sup lo(t2) — o(tr)] : 11,2 € [0, T], It = ] < 0" (p, €)},
U(T) = sup {C(t) : t € [0, 1,

Uy, = sup{in(t,c, G, . Gu)l : t € [0, TL, ¢ € [0,UD)], G1, ., G € [=10, 70,
and
wh (1, €) = sup{In(t, ¢, G, .y Ga) = (11, €, G, s Gl < 1,12 € [0, T,
It = 1l < &,G1, .., Ga) € [=r0, 70, ¢ € [0,L(D]},
Since (G4, ..., Gn) Was arbitrary elements of Aj X ... X A, in the above inequality, we have
OT(Y(A1 X ... X Ay), €) (16)
<T@ 2l ~ bl + max{e’ (Gr, @' (@, €)), ., @ (Gn, @ (@, )} + (C(t2) = L) Uy (1, €) + ATy, (11, €))))-
Moreover, in the light of the uniform continuity of the functions 7 and C on
[0, T1 < [0, C(D)] % [=7o, o]",

and
[0,T]
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respectively, a)rTO(n, g) — 0 and (C(tp) — C(t1))Uyy (17, 6) — Oas e — 0.
Also, because of the uniform continuity of @ and C on [0, T, wl(a,e) — 0as e — 0.

Now, this remarks and the inequality 16 via tending ¢ — 0 imply that
Wp (Y(A1 X .. X A)) < T ((T( max {a)g (A1), ooy @] (A,,)}))). (17)
Furthermore, taking T — oo, we obtain that
Wo(Y(A1 X ... X Ay)) < T (y(T(max {awo(A), ..., wo(An)}))). (18)
Now, for arbitrary elements (G1, ..., Gn), (Ui, ..., Uy) € Ay X ... X A, and for all t € R, we have

Y61, GO = X (U, )0

< T4(y(T( max | max (G (a(®)) — Uy (@), .., |Ga(@(®) — Un(a(®)I}, 20() [} bis)ds))). "
Now, using the above inequality and the notion of diameter of a set, we have

diam(Y(A1 X ... x A)(D) ,

< 11 (T max | max {diam (@(t), .. diam s, (a(t)), 2a() [ be)ds)) 0
and hence

limsup,_,, diam(Y(Aq X ... X Ay)(t)) (1)

< 1 (y(r( max {limsup,_._, diamA, (1), .. lim sup, .., diamA, (1))

Adding inequalities 18 and 21 and by assuming that the combination function r-l(Lp(r)) is super-additive,
we obtain that

m(Y (A X ... X Ay))
= wo(Y(Ar X ... X Ay)) + limsup,_,  diam(Y (A1 X ... X A,)(t))

< F*l(lp(F( max {wo(A1), v wo(An)}))) 22)
+1‘*1(¢(F( max { limsup, , diamAq(t), ... limsup,_, diamA, (t)})))

< F_l(lp(F( max {m(Al), .y m(An})))
So, we get

T(m(Y(A1 X ... X A)) < (T max {m(Ay), .., m(An)}))- (23)

Thus, from Theorem 3.6 we obtain that the operator Y has a Presi¢ type fixed point. Thus, the system of
functional integral equations (13) has at least one solution in (BC(IR;))". O
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5. Example

Example 5.1. Let:

2 eI sin® (L Gi(x)) i
e %‘ " (Zi:zlgi(l)) 1 0 cosh(2 Z?:1 g;(K))
Gl =7 Y ew T2 0 G2V G
1+ & 4 =22l L p e sin (Lis Gi(x))
¢ cosh2 Y.L, Gi(K))

(24)

2 e —(1+%) San(ZZ 1Q1(K))
K

g (L) 1 1 % + (21:21# + 1 0 COSh(2 Zl 1 gl(K))
W=ze + s raw 2 ~+9) gin2(Y" . G
1+ 4 + L6 2e sin®(LiL; Gi(k ))dK

+ -
¢ cosh L1, Gi(x)
The above system is a special case of (13) with

a()y=y@) =1, C(1) = 2, L € [0,00),

1 21 G 1 G
(D(ngllgz)_7e +21+g1 21+g2/

eI sin? (YL, G'(x))
cosh(2 Y1, Gi(k)) '

(L, %, G1, ..., Gn) =

and

e, (TLGi)

WGt G = S + 22

Also, take D(1) = 5. To prove the existence of a solution for this system, we should interrogate the conditions (i)-(v)
of 1Theorem 4.1.
Condition (i) is clearly evident. Now

—h i ?: (L(i
|h(Ll/ gl/ weey gﬂ) - h(LZ/ 7/11/ [y n)l < |_ - _| |(Zlnl-|-gL1(L1)) (Z n1+ Lz(LZ))l

<y =1+ ;(|§1 - Uil + ... +1Gn — Uy)
< u = | +max{lG) — U, ..., |G, — U},

(25)

and

Lot 3191y G2 _ Tt U
[37“1 ‘2‘+2‘1+§1+1+§2 T+ 1+’L{2|]%

|(D(L1/ gll gz) - CD([Z, 7/11/ WZ)' < ln

Ll 91l G-l
<1 [67“1 ‘2‘*2((1+g1)(1+ful)*(1+g2>(1+'uz))]g
< In

2
[e¥la-ai BG1-th G-t
2 1
[el*“l —ipl+max{|G1 —Uq \,Ingﬂzl)]j
< 5 .
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Therefore, we have

@1, 61, G2) = @i, Uy, Up)| < T7(¢(T (111 — tal + maxdiGr — T, |G - hal))))

where I'(x) = e* and P(x) = %

and

We can find that @ satisfies condition (ii) of Theorem 4.1. Also,

1 2
M = sup{|o(t,0,0)| : t € [0, 00)} = sup{;e“ 11 €]0,00)} ~0.14285714285

N = sup{li(.,0,...,0)| : t € [0, 0)} = sup{%e_l 11 €[0,00)} = %

Moreover, 1 is continuous on Ry X R, x R? and

e () Sinz(Z?_—l gZ(K)) _(1+
n — | <e (l K)-
COSh(2 Zi_—l QZ(K))

|7T(l, K, gl/ [y gﬂ)' = |

Therefore, a(t) = ™", b(k) = e .

On the other hand,

Q= sup{lf a(t)b(x)dx| : 1, x € [0, c0)}
0

= sup{lf ek 1 1,k € [0, 00)}
0

= supfle™(1 - e"z)l 11,k € [0,00)} ~ 0.23384.

Furthermore, for every r > 0,

I (p(r(max{r + N, Q}))) + M

max {r+%,023384} 1

=In(—5—2) +1/7
=In(52) +1/7 <7

Consequently, all the reservations of Theorem 4.1 are fulfilled. Hence, the system of integral equations (24) has at

least one solution which belongs to the space (BC(IR.))".
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