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Matrix LSQR Algorithms for Solving Constrained Quadratic Inverse
Eigenvalue Problem

Masoud Hajarian?

*Department of Applied Mathematics, Faculty of Mathematical Sciences, Shahid Beheshti University, Tehran, Iran.

Abstract. The inverse eigenvalue problem appears in many applications such as control design, seismic
tomography, exploration and remote sensing, molecular spectroscopy, particle physics, structural analysis,
and mechanical system simulation. This paper investigates the matrix form of LSQR methods for solving
the quadratic inverse eigenvalue problem with partially bisymmetric matrices under a prescribed submatrix

constraint. In order to illustrate the effectiveness and feasibility of our results, one numerical example is
presented.

1. Introduction

Notation: Throughout this paper, we assume that R™", I, = (e1,€,...,en), Su = (€n, €n-1,...,€1),
|A]l = y/trace(ATA) and Dy, =1{d = (d1,d>, ..., dy) : 1 <dy <d> < ... <d, < n} respectively represent the m X n
real matrix set, the n X7 unit matrix, the n X n reverse unit matrix, the Frobenius norm of the matrix A and the
strictly increasing sequences of p elements from 1,2,...,n. For s = (s1,82,...,5p) € Dy, t = (t1,t2, ..., t5) € Dy
and u = (u1,uy, ..., u;) € D;,, we assume that E; = (e, €5, ..., es,) € R™P, Ey = (ey, €ty s etq) € R™ and
E, = (eu, euy, .-, 4,) € R™. The symbol Als|t] exhibits the p X g submatrix of A determined by rows indexed
by s and columns indexed by t. The notation A[5f] represents the (1 —p) X (1 — ) submatrix of A determined
by deleting rows indexed by s and columns indexed by t. A real n X n matrix A = (a;;) is named a
bisymmetric matrix if its elements satisfy the properties a;; = a;; and a;; = a,—j+1,4-i+1 for 1 < i,j < n. Let
BSR™" denote the set of n X n bisymmetric matrices. It can be verified that a matrix X € BSR™" if and only
if X = XT = 5,XS,. The bisymmetric matrices including symmetric Toeplitz matrices and persymmetric
Hankel matrices as special cases have wide applications in applied sciences [1, 4].
Various types of inverse eigenvalue problem such as

Given X € R™™, and A = diag(A1, Aa, ..., Ay) € R™™ )
{ Find C € R™" such that CX = XA, Inverse eigenvalue problem (IEP),

Given X € R™™, and A = diag(A1, Ay, ..., A) € R™ .
{ Find C,B € R™" such that CX = BXA, Generalized IEP (GIEP),
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. nxm = di i
{ Given X € R™™, and A = diag(A1, Ay, ..., Aw) €R Quadratic IEP (QIEP),

Find C,B, A € R™" such that AXA? + BXA + CX =0,

play a fundamental role in a variety of fields of wireless communications, pole assignment problem, inverse
Sturm Liouville problem and quantum mechanics, signal and data processing [5]. The inverse eigenvalue
problem attracted a lot of research attention over the last few years due to the growing importance of
inverse problems [3, 6-8, 13]. In practice we usually require that the resulting matrix from a specific
inverse eigenvalue problem is physically realizable and thus additional structural constraints are imposed
[14]. Therefore so far several constrained and specific inverse eigenvalue problems have been studied
[15-18]. Wei and Dai proposed two numerical algorithms to solve the inverse eigenvalue problem of Jacobi
matrix [12]. In [9], the inverse eigenvalue problem and the associated optimal approximation problem for
Hermitian reflexive matrices with respect to a normal k + 1-potent matrix were studied considered.

The present article deals with the quadratic inverse eigenvalue problem with partially bisymmetric matrices
under a prescribed submatrix constraint. We will develop the LSQR methods for a constrained quadratic
inverse eigenvalue problem as follows:

Problem 1. Given X € R, A = diag(Ay, A, ..., Aw) € R™™, 5 = (s1,82,...,5p,n+1=5p,...,n+1—s3, n+1-51) €
Dopp, t = (t1, to, s tgn+ 1=ty ,n+1—ty,n+1—t1) € Doy, u = (ur, iz, .y, n + 1= thy,..,n+1 -1y, n+
1—u1) € Doy, Ay € R¥%, By € R and C, € R, let S1 = {X|X[s,s] = Ay, X[5,5] € BSR" =2y
S» = {XIX[t,t] = B,, X[F,F] € BSR" 27020} and Sy = {X|X[u, u] = C,, X[i, d] € BSR" 20"} find A € Sy,
B € S, and C € Sj such that AXA? + BXA + CX = 0.

2. Main Results

In this section, first we propose a simplified form of Problem 1. By introducing the sets

S1 = {XIX[s,s] = Ay, X[p,pl = 0}&{X|X € BSR™, X[s,s] = 0},

3 =
S» = {XIX[t,t] = B;, X[7,3] = 0}@({X|X € BSR™", X[t,t] =0},

=35, =5
S; = {X|X[u, u] = C,, X[i1,i] = 0} {X|X € BSR™", X[u,u] =0},

=53 =S,
Problem 1 can be transformed into the following equivalent problem.
Problem 2. Given X € R™™, A = diag(A1, A2, ..., Aw) € R™M, s = (81,82, ..., 8p, 1+ 1=5p,...,n+1=55, n+1-51) €

Doy, t = (t1,to, . tg, n+ 11y, ..., n+ 1=ty n+1=t1) € Doy, tt = (U1, U, oo, Uy, N+ 1=y, .., n+ 1=y, n+1-uy) €
Doy, Ay € R¥*%, B, € R and C, € R*™¥, find A € S1, B € S and C € S5 such that

AXA?2+BXA+CX =7, 1)

where Z = —A\,,XA2 —EqXA - aX, in which A\p, Eq and a denote the matrices satisfying A\p[s, s] = Ay, Eq[t, t] = By,
C.[u, u] = C, and zeros elsewhere.

It is obvious that A* , B* and C* are the solutions of Problem 2 iff A* + Ay, B+ Ep and C' + C, are the solutions
of Problem 1. Now we can solve Problem 2 more easier than Problem 1.

By using the Golub-Kahan bidiagonalization process, two types of the LSQR method were constructed in
[10] to compute an approximation solution of the linear systems Ax = b and unconstrained least-squares
problem miny, [|JAx — b||. Two types of the LSQR method can be summarized as follows [10, 11].
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Algorithm 1. Type 1 of LSQR method

7(0) = 1; £(0) = =1; @(0) = 0; w(0) = 0; 2(0) = 0; B(1) = [Ibll; B(L)u(1) = b; a(1) = |ATu()|; a(1)o(1) = ATu(1);
Fori=1,2,..., until convergence, do:

&@) = &=/ ali); z(i) = z(i-1)+E@)o(1); w(i) = (t(i-1)-p(Hw(i-1))/a(i); (i) = w(i-1)+w(@)o(D); p(i+1) =
lAv(i) — a@)u()l; B+ 1)u@i+1) = Av(i)—a@)u(); (i) = —t(i—Da(@i)/pG+1); ai+1) = [|ATu(i+1) -G+ 1)0()|;
ai+ 1o+ 1) = ATu(i + 1) = B + 1)o(i); y(i) = B + DEG/ (B + Dw(i) — ©(); x(0) = z() — y()w (D).

Algorithm 2. Type 2 of LSQR method

gg)) :(1|)|ATb||; 6(1)u(1) = ATb; p(1) = lAv(D)I; p(Dp(1) = Av(L); w(l) = o(1)/p(L); &(1) = B(L)/p(1); x(1) =
w\1);

Fori=1,2,..., until convergence, do:

6 + 1) = IATp() — p(yo(ll; 6 + 1)o(i + 1) = ATp(i) - p(i)o(i); p(i + 1) = [|AvGi + 1) — 6G + DpO)ll; p(i +

Dp+1) =Av(i+ 1) — 603G + Dp(i), w(i+1) = (vi+1) - 03 + Dw(@))/pi +1); EG+1) = =EG)OG + 1)/p(i + 1);

x(@+1)=x@)+ &G+ Dw(i +1).

Theorem 1. [11] LSQR algorithms return the minimum-norm solution.

In the above algorithms, the scalars a(i) > 0, (i) = 0, p(i) = 0 and 6(i) > 0 are chosen to make |[[u(i)|]| = 1 and
llo(@)Il = 1, respectively [11].

Now we propose the matrix form of the above algorithms for solving Problem 2. With the aid of Kronecker
product and vectorization operator, it is easy to see that solvability of Problem 2 is equivalent to the
following system:

XA el  (XATeL  XTel, vec(Z)
L®(XA)T I, ®(XA)T L, ® X" vec(ZT)
(XA)'S,®S, (XA)'S,®S, X'S,®85, vec(Z)
2\T T T — -
Sy @}; %AE )'Sn Sn@ ()éA) Sy Su® 5{ Sn | (vec( D) |vee@)
o ET @ E! 0 vee®) = 0 @)
0 o ET@El |\vec(C) 0
E’S,®EIS, 0 0 — 0
0 E/S,®ES, 0 : 0
0 0 E,fSn ® Ez;sn 0
A

If we substitute the above system into Algorithms 1 and 2 then we obtain the following matrix LSQR
algorithms for solving Problem 2.

Algorithm 3. Type 1 of matrix LSQR method

7(0) = 1, £(0) = =1, 4 (0) = 0; (0) = 0; Q3(0) = 0; w(0) = 0; Z1(0) = 0; Z2(0) = 0; Z5(0) = 0;

p) =2lZI;

BU(1) = Z; Ux(1) = 0; Us(1) = 0; Ux(1) = 0;

a(l) = (Ilul(l)(XAz)T+EsU2(1)EST+(U1(1)(XA2)T+ESU2(1)EST)T+Sn(ul(l)(XAz)T+ESU2(1)EST+(u1(1)(XA2)T+
E{U(DE)N)SHl? + Uy (XA + EUs(DE + (Uh(D)(XA)T + EUs(DE])T + Sy(Lh(D)(XA)T + EUs(DE] +
(Ui (D)XA)" +EUs(WENTSull? + 1L (DXT + E Us(DE + (Ui (DX + E,Us(DE)T +Su(Un(DXT + EyUs(1E] +
(U (XT + EUsMEDDSIE) 7

a()Vi(1) = Ui (1)(XA?) +EsUr(DE +(Ur (1)(XA?) T +EsUn(1)ED) T +8, (U (1)(XA%) T +Es Ua (1) ES +(Un (1)(XA%) T+
Esu2(1)E§)T)Sn;

a(l)Va(1) = Ui (1)(XA)" +EUs(DE] + (Ui (1)(XA)T +EUs(1E])" + 5, (Ui (1)(XA)T +EsUs(DE] +(Ur (1)(XA)" +
EUs(DE])")Sy;
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a()V3(1) = Uh()XT+E, Us(DE;+(Un (DX +E, Us(DE) T +8,(Un (1) X" +E, Us (D EL +H(Uy (DX +E,Us(1E;))Sy;

Fori=1,2,..., until convergence, do:

&@) = =& - 1))/ ali);

Z1(i) = Z1(i = 1) + E@OVa(D); Z2(i) = Zo(i = 1) + SO V2(0); Z3(0) = Z3(i — 1) + E@V300);

w(i) = (t(i = 1) = pl)w(i - 1))/a(i);

O1(0) = (= 1) + w@)Va(D); Q) = Q@i — 1) + w@) V2(i); Q3() = Qa(i — 1) + w(@) V(i)

pi+1) = 2(|IV1(1')XA2 + Va())XA + V3 ()X — a()Us ()IP+IES Vi()Es — a() @I + IE] Va()E; — a(i)Us(0)I* +

IELVS(E, - aUsIE)

Bli + DU (i + 1) = V1()XA? + Vo () XA + V3()X — a(i)Ua (i);

Bli + DU(i +1) = EVi()Es — ai)Ua(i);

Bi + DUs(i + 1) = E] Va(i)E: — a())Us(i);

B(i+ U4 + 1) = E, V3(i)Ey — a(i)Ua(i);

(i) = —t(i — Da(i)/p(i + 1);

a(i+1) = (I|U1(i +1)(XA?)T + EsUn (i + 1)ET + (U (i + 1)(XA2)T + EsUn (i + 1)ENT + S, (U1 (i + 1)(XA%)T + EsUn (i +

DET + Uy (i + 1)(XA?)T + EsUa (i + 1)ENT)S, — Bi + V()P + U1 i+ 1)(XA)T + E,Us (i + 1)EtT + (U1 +1D)(XA)T +

Els(i+ 1)EDT + S, (Uy (i + 1)(XA)T + E;Us (@ + DET + (Un (i + D)(XA)T + ExUs(i + 1)ENT)S,, — B(i + 1)V (0)I° +

UG+ DXT + E,Uy(i + DED + (U (i + 1)XT + E,Us(i + DEDT + S, (Us (i + DXT + E, Uy(i + DEL + (U (1 + 1)XT +

E, Ui+ DEDD)S, — fli+ DVa@IE) s

ai +1)Vi(i+1) = Uy (i + D)XAD)T + EUs(i + 1)EL + (Uy (i + 1)(XA2)T + E;Uy(i + 1DEDNT + S, (U1 (i + 1)(XA?)T +

EsUn(i + DE] + (Ui (i + )(XAY)T + EsUs(i + 1)ED)T)S, = (i + DV (i);

ali + DVa(i +1) = Uy(i + XA + EUs(i + DET + (Uy (i + 1))(XA)T + EUs(i + DENT + S, (UL (i + 1)(XA)T +

E:Us5( + 1)EtT + (U1 + DXA)T + EUs(i + 1)EtT)7t)Sn — B + 1)V, (i);

a(i + 1)V + 1) = Uy (i + DXT + E,Uy(i + DEL + (Uy (i + 1)XT + E Ui + 1EDT + S, (Uy (i + 1DXT + E, Uy (i +

DET + (U1 (i + 1)XT + E, Ui + DEDD)S, — (i + 1) V5(i);

y(@) = i+ DE@/ (B + Dw(i) = 1(D));

A(D) = Z1()) = y () (),

B(i) = Zx(i) = y()<2(i);

C(i) = Zs(i) = y(HQs().

Algorithm 4. Type 2 of matrix LSQR method

0(1) = (IZXAY)T + ZXA))T + SUZXAY)T + ZXAN)DSIP + IZXA)T + ZXA)T + SyZ(XA)T +

(Z(XA)T)T)SH||2+||ZXT+(ZXT)T+sn(ZxT+(ZXT)T)sn||2)m,- B(1)V1(1) = Z(XA2)T +(Z(XA2)T)T +5,(Z(XA2)T +

ZXAY)S; R R R L L

0(1)V1(1) = Z(XA)T+(Z(XA)DHT+S,(Z(XA)T+(Z(XA))T)S,; 0(1)V3(1) = ZXT+(ZX)T +S,(ZXT+(zX")T)S,;
1/2

p(1) = 2(||V1(1)XA2 + Va(DXA + Va()XIP + [|ET Vi(DEIP + |E{ Va(DEI? + IIEZV3(1)EuII2) ;

p(DP1(1) = Vi(DXA* + Vo(1)XA + V3(1)X;

p(1)P2(1) = EJVi(1)Es; p(1)P5(1) = E{ Va(1)Er; p(1)Pa(1) = E;V3(1)E,;

O (1) = Va(M)/p(1); Qa(1) = Va(1)/p(1); Q3(1) = Va(1)/p(1);

&) = 6(1)/p(1); A(1) = E(1)Q1(1); B(1) = E(1)(1); C(1) = £(1)Qs(1);

Fori=1,2,..., until convergence, do:

0 +1) = (IPy()XA2)T + EP2()ET + (P1()(XAY)T + EcP2()ED)T + S,(Py())(XA2)T + EPa()ET + (P1()(XA)T +

EsP>())E{)")S, — p()) Vi(D)IP> + P ()(XA)T + E:P3()E] + (P1()(XA)" + E:P3(DEY)" + Su(P1()(XA)" + E:P3()E] +

(P1()(XA)T+EP3()E])")S = p(i) Vo ()P +|IP1 () X" +Ey Pa()Ef+(P1 () X" +E, Pa())Ey) " +S, (P1 (i) X" +E, P () E} +

(P1()XT + E,Ps()EDT)S, — p(i)Vs(i)Hz)l/z"

O(i+1)V1(i+1) = P1(i)(XA2)T+EsPo () ET+(P1 (i)(XA2)T+EsPo () ET)T +S,(P1 (1) (XA2)T+EsPa (i) ET +(P1 ()(XA%) T+
EsP>y(DES)N)Sn = p())Va(i);
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0(i+1)Va(i+1) = P1(i)(XA)T +EP3()ET +(P1(i)(XA)T + EiP3()ET)T +S,,(P1())(XA)T + EP3()ET + (P1(i)(XA)T +
EiP3(i)E])")Su—p(i)Va(i); 0(i+1)V3(i+1) = P1(i) X" +E,Py()EL+(P1 (i) X" +E,Py()EL)" +S,(P1() X" +E, P4 (i) EL +
(P1()XT + E,P4()E;)")S, — p(i)V3(i);

pli +1) = 2([IVa(i + DXA? + Va(i + DXA + V3(i + DX - 0 + DP1GIP + IETV: (i + DE; — 0 + DP,)I +

IETVa(i + 1)E; — 0 + 1P3(0)| + IETVa(i + 1)E, — 0 + 1)P4(i)||2)1/ ’ pli + Py +1) = V(i + 1)XA% + Vo(i +
DXA + Va(i + 1)X = 0( + 1)P1(i); p(i + 1)Pa(i + 1) = ETVy(i + 1)Es — 6 + 1)P2(i);

p(i + )Ps(i + 1) = ETV,(i + 1)E, — 0 + 1)Ps(i);

p(i + 1)Py(i + 1) = EIV3(i + 1)E, — 6 + 1)P4(i);

O +1) = (Vi +1) = 03 + 1) (@) /pi + 1),

Qo(i+1) = (Va(i + 1) = 0G + 1))/ p(i + 1),

Qs(i+1) = (V3@ + 1) — 03 + 1)Q3(1))/ p(i + 1);

c(i+1) ==E®OG +1)/p(i +1);

Al +1) = &G+ 1D+ 1);

Bli+1) = &3 + 1) + 1);

Cli+1) = & + 1)Qs(i + 1).

Stopping criterion. To check convergence of Algorithms 3 and 4, we use the stopping criterion

JIAG)XA? + B@XA + COX - ZIP + IETADE? + IETBGOER + IEICOE,I? < tol,

where tol is a chosen fixed threshold.

3. Numerical results

In this section, to illustrate the effeteness of Algorithms 3 and 4, we give an example. The following
example is taken from [2]. We consider the constrained generalized inverse eigenvalue problem CX = BXA
with the following parameters:

0.1034 0.0869 -0.4414 0.7860 -0.9775 -0.9975
03922 0.1724 0.6877 —1.0000 1.0000 -0.1738
09541 0.8176 -0.8511 0.4781 0.4923 0.8610

X= —1.0000 1.0000 -1.0000 -0.4625 -0.4971 1.0000 [’
-0.3853 0.1767 0.7691 0.9927 —0.9974 -0.5748
-0.1200 0.1535 -0.6144 -0.7733 09719 -0.5570

7.5462 0 0 0 0 0
0 0.6732 0 0 0 0
A= 0 0 0.1659 0 0 0
- 0 0 0 -0.0719 0 0
0 0 0 0 -0.0221 0
0 0 0 0 0 0.0368
Considering s = {3,4}, t = {2,5}, C, = (00'25 06.115), B, = (_002255 _002%5), gives us
00 O 0 00 0 0 00 0 0
0 0 O 0 00 0 025 0 0 -050 O
6—0 0 005 015 0 O E—O 0 00 0 0
P710 0 020 0.10 0 oOf 7710 0 00 0 0
0 0 O 0 00 0 -025 0 0 025 O
00 O 0 00 0 0 00 0 0
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Figure 1: Residual plots.

=== CC algorithm
m== Algorithm 3

10! Algorithm 4
=
-15+
-20r
-25+
o - o
-30 ‘ ‘ ‘ ‘ ;
0 20 40 60 80 100 120

Iteration number

Now we apply the iterative methods proposed in [2] (CC algorithm) with zero initial matrices and Algo-
rithms 3 and 4 for solving this problem. The results plot in Figure 1 where

1(i) = log /I - BOXA + CX - ZI2 + ETBOENR + IEICOE. 2.
The solutions of Problem 1 can be computed as
-050 -0.30 -0.10 0.10 090 0.70

-030 -050 0.15 025 070 0.90
= = -0.10 015 005 015 025 0.10

C+G =010 025 020 010 015 -010|"
090 070 025 015 =050 -0.30
070 090 010 -010 -030 -0.50
000 150 -000 -2.00 450 8.00
150 025 000 000 -050 450
5 .F _|-000 000 025 050 000 -200
7702200 000 050 025 000 -0.00[

450 -025 0.00 000 025 1.50
8.00 450 -2.00 -0.00 150 -0.00

It is found from Figure 1 that Algorithms 3 and 4 are more efficient than the CC algorithm [2].

Acknowledgments

The author is grateful to Professor Jing Cai for sharing the M-file of [2].



M. Hajarian / Filomat 35:9 (2021), 3105-3111 3111

References

(1]
[2]
3]
[4]

[5]
(6]

[7]
(8]
191

[10]
[11]

[12]
[13]
[14]
[15]
[16]
[17]

[18]

J. Bunch. Stability of methods for solving Toeplitz systems of equations. SIAM Journal on Scientific and Statistical Computing,
6:349-364, 1985.

J. Cai and J. Chen. Iterative solutions of generalized inverse eigenvalue problem for partially bisymmetric matrices. Linear and
Multilinear Algebra, 65:1643-1654, 2017.

J. Cai and ]. Chen. Least-squares solutions of generalized inverse eigenvalue problem over Hermitian-Hamiltonian matrices
with a submatrix constraint. Computational and Applied Mathematics, 37:593-603, 2018.

A. Cantoni and P. Butler. Properties of the eigenvectors of persymmetric matrices with applications to communication theory.
IEEE Transactions on Communications, 24:804-809, 1976.

M. Chu and G. Golub. Inverse Eigenvalue Problems: Theory, Algorithms, and Applications. Oxford University Press, New York, 2005.
Z. Dalvand and M. Hajarian. Solving generalized inverse eigenvalue problems via L-BFGS-B method. Inverse Problems in Science
and Engineering, 28:1719-1746, 2020.

Z. Dalvand and M. Hajarian. Newton-like and inexact Newton-like methods for a parameterized generalized inverse eigenvalue
problem. Mathematical Methods in the Applied Sciences, 44:4217-4234, 2021.

Z.Dalvand, M. Hajarian, and J. E. Roman. An extension of the Cayley transform method for a parameterized generalized inverse
eigenvalue problem. Numerical Linear Algebra with Applications, 27:e2327, 2020.

S. Gigola, L. Lebtahi, and N. Thome. The inverse eigenvalue problem for a Hermitian reflexive matrix and the optimization
problem. Journal of Computational and Applied Mathematics, 291:449-457, 2016.

C. Paige. Bidiagonalization of matrices and solution of linear equation. SIAM Journal on Numerical Analysis, 11:197-209, 1974.
C. Paige and M. Saunders. LSQR: an algorithm for sparse linear equations and sparse least squares. ACM Transactions on
Mathematical Software, 8:43—-47, 1982.

Y. Wei and H. Dai. An inverse eigenvalue problem for Jacobi matrix. Applied Mathematics and Computation, 251:633-642, 2015.

J. Wu. On the realizability of open nonnegative inverse eigenvalue problems. Applied Mathematics Letters, 25:907-913, 2012.

K. Yang. Numerical Algorithms for Inverse Eigenvalue Problems arising in Control and Nonnegative Matrices. PhD thesis, The Australian
National University, Canberra, Australia, 2006.

F. Yin and G.-X. Huang. Left and right inverse eigenvalue problem of (R, S)-symmetric matrices and its optimal approximation
problem. Applied Mathematics and Computation, 219:9261-9269, 2013.

S.-F. Yuan, Q.-W. Wang, and Z.-P. Xiong. Linear parameterized inverse eigenvalue problem of bisymmetric matrices. Linear
Algebra and its Applications, 439:1990-2007, 2013.

Y. Yuan and H. Dai. Solutions to an inverse monic quadratic eigenvalue problem. Linear Algebra and its Applications, 434:2367-2381,
2011.

L. Zhao, X. Hu, and L. Zhang. Inverse eigenvalue problems for bisymmetric matrices under a central principal submatrix
constraint. Linear and Multilinear Algebra, 59:117-128, 2011.



