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Abstract. An isometric immersion f : M" — M" from an n-dimensional Riemannian manifold M" into an
almost Hermitian manifold M" of complex dimension m is called pointwise slant if its Wirtinger angles define
a function defined on M". In this paper we establish the Existence and Uniqueness Theorems for pointwise
slant immersions of Riemannian manifolds M" into a complex space form M"(c) of constant holomorphic

sectional curvature ¢, which extend the Existence and Uniqueness Theorems for slant immersions proved
by B.-Y. Chen and L. Vrancken in 1997.

1. Introduction

The class of slant submanifolds initiated by B.-Y. Chen in [5] is an important class of submanifolds of
almost Hermitian manifolds, including almost complex and totally real submanifolds as special cases. In
fact, Chen introduced a slant submanifold M of an almost Hermitian manifold (M, g, ]) as a submanifold
whose Wirtinger angle 0(X) between X and the tangent space T,M (p € M) is global constant, i.e, 0(X)
is independent of the choice of the unit vector X € T,M and also independent of the choice of p € M (cf.
e.g.,[1,5,6,8, 11, 17]). Further, Chen and Vrancken established in [12, 13] the Existence and Uniqueness
Theorem for slant immersions in complex space forms. Later, in the contents of contact geometry, similar
results were obtained for “slant submanifolds” in Sasakian space forms [1], in Kenmotsu space forms [18],
and in cosymplectic space forms [16].

Due to the popularity of slant submanifolds, F. Etayo [15] defined the notion of pointwise slant subman-
ifolds under the name of “quasi-slant” submanifolds as those whose Wirtinger angle 9(X) is independent
of the choice the unit vector X € T,M at any fixed point p € M, but 6 may depend on the point p € M. Also,
Etayo proved in [15] that a complete, totally geodesic, quasi-slant submanifold of a Kaehler manifold is
always a slant submanifold.

In [9], B.-Y. Chen and O. ]. Garay studied pointwise slant submanifolds of almost Hermitian manifolds
and obtained many new results on such submanifolds. In particular, they provided many examples of
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pointwise slant submanifolds of almost Hermitian manifolds. Later on, pointwise slant submanifolds were
investigated on Riemannian manifolds equipped with different structures in [19, 20].

The main purpose of this paper is to establish the Existence and Uniqueness Theorems for pointwise
slant immersions in complex space forms, which extend the Existence and Uniqueness Theorems of Chen
and Vrancken.

This paper is organized as follows: In Section 2, we recall some basic formulas and definitions for
pointwise slant submanifolds in almost Hermitian manifolds. In Section 3, we provide the basic properties
and formulas of pointwise slant submanifolds. In the last two sections, we prove the existence and
uniqueness theorems for pointwise slant submanifolds in complex space forms, respectively.

2. Preliminaries

Let M be an almost Hermitian manifold with an almost complex structure | and an almost Hermitian
metric ( , ), which satisfy

P=-L (JXJV)=(XY), (1)
for any X, Y be the vector fields on M. An almost Hermitian manifold M is called a Kaehler manifold if [8, 21]
(VxNY =0, ¥X, Y e€TM, 2)

where V denotes the Levi-Civita connection on M.

A Kaehler manifold is called a complex space form if it has constant holomorphic curvature. In the
following, we shall denote a complete simply connected m-dimensional complex space form with constant
holomorphic curvature c by M"(c). The curvature tensor of M"(c) satisfies

RX,YV)Z = EKY, L)X =X, )Y + (Y, 2)]X = (JX, Z)]Y + %X, ]Y)]Z}. 3)

Let x : M — M"(c) be an isometric immersion of a Riemannian n-manifold into a complex space form
M™(c). We denote the differential map of x by x, and let T*M denote the normal bundle of M.
For any X € TM, we put

JX = PX + FX, (4)

where PX and FX denote the tangential and normal components of JX, respectively. Also, forany V € T*M,
we put

JV =tV + £V, ()

where tV and fV are the tangential and normal components of [V, respectively.

For a submanifold M in M"(c), let V and V denote the Riemannian connections on M and M, respectively,
while V* denotes the normal connection in the normal bundle T-M of M. Then, the Gauss and Weingarten
formulas are respectively given by

VXY =VxY + O(X, Y), (6)
VXV =-AyX + V?V, (7)

for tangent vector fields X, Y and normal vector field V of M, where o is the second fundamental form of
M, and A is the shape operator of the second fundamental form.
It is well-known that the shape operator and the second fundamental form are related by

(AvX,Y) =(a(X,Y), V). (8)
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For the submanifold M in M"(c), let R denote the curvature tensor of M, and let R* denote the curvature
tensor associated with the normal connection V*. Then the equation of Gauss, Codazzi and Ricci are given
respectively by (cf. e.g., [2, 8])

R(X,Y;Z,W) =R(X,Y; Z,W) + (a(X, Z), o(Y, W)) — (a(X, W), a(Y, Z)), )

RX,VZ)* = (Vxo)(Y, Z) - (Vyo)(X, Z) (10)
and

RX,Y;UV)=R*(X,Y;U V) - ([Au, AvIX Y), (1)

forall X,Y,Z, W e TM, and U,V € T*M, where (R(X, Y)Z)* is the normal component of R(X, Y)Z.
The covariant derivative Vo of the second fundamental form ¢ is defined by

(Vxo)(Y, Z) = Vxa(Y,Z) = a(VxY, Z) - o(Y, VxZ). (12)
The covariant derivatives of P and F, respectively given by

(VxP)Y = VxPY — P(VxY), (13)
(VxF)Y = V%FY — F(VxY). (14)

With the help of (2)—(7), the above relations give (cf. [6])

(WXP)Y =ApyX + tO'(X, Y), (15)
(VxF)Y = fo(X,Y) — o(X, PY), (16)
for X,Y € TM.

Recall that an isometric immersion f : M — M is called pointwise slant if the Wirtinger angle 6(X) can
be regarded as a function on M, known as the slant function in [9]. A pointwise slant submanifold with
slant function 6 is simply called a pointwise O-slant submanifold. Clearly, a pointwise slant submanifold M
is a slant submanifold if its slant function 6 is a constant function on M [5, 6]. It is easy to verify that every
surface of an almost Hermitian surface is pointwise slant (cf. Example 1 of [7]).

A point p of a submanifold M in an almost Hermitian manifold is called a totally real point (resp., complex
point) if cos © = 0 (resp., sin @ = 0) at p. A submanifold M of an almost Hermitian manifold is called a totally
real submanifold if every point p of M is totally real (cf. [10]). It is well-known that every pointwise slant
submanifold is even-dimensional if it is not totally real (cf. Corollary 2.1 of [7]).

3. Basics of pointwise slant submanifolds
We recall the following lemma from [9].
Lemma 3.1. Let M be a submanifold of an almost Hermitian manifold. Then M is pointwise slant if and only if
P? = —(cos? 0)], (17)
for some real-valued function O defined on M, where I is the identity map.
The following relations are direct consequences of equation (17):

(PX, PY) = (cos? O)(X,Y), (18)
(FX,FY) = (sin? (X, Y). (19)
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Clearly, we also have
tFX = —(sin” 0)X, fFX = —-FPX, (20)

for any vector field X on M.
Now, we put

X" = (csc O)FX. (21)
Let 8 be the symmetric bilinear TM-valued form on M defined by

BX,Y) =to(X,Y) (22)
for any X, Y € TM. Then it follows from (4), (21) and (22) that

JBX,Y) =PB(X,Y) + (sin0)B" (X, Y). (23)
Also, if we let y be the symmetric bilinear TM-valued form on M defined by

V(X,Y) = fo(X,Y), (24)
then (5), (22) and (24), we find

Jo(X,Y) =X Y) + (X, Y). (25)
Applying the almost complex structure | and using (1), (5) and (23), we get

—0(X,Y)=PBXY)+ (sin0)B (X, Y) + ty" (X, Y) + f" (X Y).
Equating the tangential and the normal components, we obtain

PBX,Y)=-ty"(XY), —0(X,Y)=(sin0)f (X, Y) + fr" (X Y).
Using (20) and (21), we conclude that

Y(X,Y) = (csc O)PB(X, Y).
Also,

0(X,Y) = —(csc 0)" (X, Y), (26)
which can be written as

a(X,Y) = (csc? O)(PB(X, Y) = JB(X, Y)). (27)
Taking the inner product of (15) with Z € TM and using (5), (8) and (22), we derive that

(VxP)Y,Z) = (B(X,Y), Z) = (B(X, Z), Y).

For an n-dimensional pointwise 0-slant submanifold M of a complex space form M"(c), we derive the
equations of Gauss and Codazzi of M in M"(c) as follows: From (3), we have

RO Y52, W) = (X WY, 2) = (X 200 W) + X, WY, Z) = X, 20, W) + 20X, [ Z, W),
Substituting (9) into the above equation, we find

R(X,Y;Z,W) +(a(X,Z),0(Y, W)) = (o(X, W), a(Y, Z))
= 2{<X, WXY, Z) = (X, Z)Y, W) + (PX, WX(PY, Z) — (PX, ZXPY, W) + 2(X, PYKPZ, W)}.
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Using (18) and (27), we may write
R(X,Y;Z,W) = (esc® O)(B(X, W), B(Y, 2)) ~ (B(X, Z), (Y, W) (28)

+ fI{<X' WYY, Z) = (X, ZXY, W) + (PX, WXPY, Z) — (PX, ZXPY, W) + X, PY)(PZ, W)},

which gives the Gauss equation of M in M™(c).
Next, for Codazzi equation if we take the normal parts of (3), we obtain

(R(X,Y;Z, W))* = i{uvy, Z)FX — (PX, Z)FY + 2(X, PY)FZ|. (29)
Further, it follows from (21) and (26) that
Vi((Y, 2)) = ~Vi((es® OFB(Y, 2)),
which yields
Vx(0(Y, Z)) = —(csc® O)VFB(Y, Z) + 2(csc? O cot O)(XO)FB(Y, Z).
Then by (16), the above equation takes the form
Vi(0(Y, 2)) = ~(csc® 0)[ fo(X, B(Y, 2)) — o(X, PR(Y, 2)) + F(VxB(Y, 2)) - 2(cot O)(XO)FB(Y, Z) .
On the other hand, it also follows from (21) and (26) that
a(VxY, Z) = ~(csc® O)FB(VxY, Z).
Similarly, we have
(Y, VxZ) = —(csc® O)FB(Y, VxZ).
Substituting these relations into (12), we obtain
(Vxo)(Y, Z) = ~(csc? 6)[f a(X, B(Y, Z)) — o(X, PB(Y, Z)) + F(VxP)(Y, Z)) — 2(cot O)(XO)FB(Y, Z)]
Thus, by using (20), (21) and (26), we can write
(Vxo)(Y,Z) = — (csc? 9)[(CSC2 OFPB(X, B(Y, Z)) + (csc® O)FB(X, PR(Y, Z)) + F(VxP)(Y, 2))
— 2(cot O)(XOFB(Y, Z)]. G0

Similarly, we have

(Vy0)(X, Z) = = (csc? 0)| (csc? O)FPR(Y, B(X, 2) + (csc® O)FB(Y, PR(X, Z)) + F((Vx)(X, 2))

(31)
— 2(cot O)(YO)FB(X, Z)-

Finally, after applying (29), (30) and (31) into Codazzi’s equation, we get

(VxB)(Y,Z) + (csc? O)[PB(X, (Y, 2) + B(X, PR(Y, Z))} + § (sin® O(X, PY)Z + (X, PZ)Y]
— 2(cot 6)(XO)B(Y, Z)
= (VyP)(X, 2) + (csc O)PR(Y, B(X, 2)) + B(Y, PB(X, Z))} + £ (sin® O){(Y, PX)Z + (¥, PZ)X]
—2(cot O)(YO)B(X, Z).
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4. Existence theorem

In this section we present the detailed proofs of the existence and uniqueness theorems for pointwise
slant immersions into a complex space form.

Theorem 4.1. (Existence Theorem) Let M" be a simply connected Riemannian manifold of dimension n equipped
with metric tensor { , ). Suppose that c is a constant and there exist a smooth function 0 on M" satisfying 0 < 0 < 7,
an endomorphism P of the tangent bundle TM™ and a symmetric bilinear TM"-valued form  on M" such that the
following conditions are satisfied :

P?X = —(cos® 6)X, (32)
(PX,Y) = —(X,PY), (33)
(VxP)Y, Z) = (B(X,Y),Z) = (B(X,Z),Y), (34)

R(X, Y;Z,W) = (esc® O)[(BX, W), B(Y, 2)) — (B(X, 2), B(Y, W)}
+ L@ WY 2) - X 20 W) + (PX, WP, 2) (35)
—(PX, Z)(PY, W) + 2({X, PY){(PZ, W)},

(VxB)(Y, Z) + (csc? ) PB(X, B(Y, 2) + B(X, P(Y, Z))

+ i(sinz O)[(X, PY)Z + (X, PZ)Y} - 2(cot 6)(XO)B(Y, 2) y
= (VyB)(X, Z) + (csc® 9)=Pﬁ(Y, B(X, 2)) + B(Y, PB(X, Z))} %)
+ ;i(sinZ O){(Y, PX)Z + (Y, PZ)X] - 2(cot O)(YO)B(X, 2),

for X,Y,Z € TM". Then there exists a pointwise 0-slant isometric immersion of M" into a complex space form M"(c)
such that the second fundamental form o of M" is given by

(X, Y) = (esc? O)(PB(X, Y) = JB(X, ). (37)

Proof. Assume that c, 6, P and M" satisfy the conditions given in the theorem. Suppose that TM" & TM"
be a Whitney sum. For each X € TM", we simply denote (X, 0) by X, (0, X) by X*, and the product metric on
TM"®TM" by ( , ). We define the endomorphism f on TM" & TM" by

a a

J(X,0) = (PX, (sin0)X), J(0,X) = (—(sin 6)X, —PX), (38)
for each X € TM. Then by (17), (4) and (21), we find

JA((X,0)) = J(PX, (sin 0)X) = —(X, 0).
Similarly, we find *((0, X)) = =(0, X). Hence, J> = —I. Also, it is easy to check that (fX, JY) = (X,Y) and it
can be obtained by (38). Therefore, (/,( , )) is an almost Hermitian structure on M.

Now, we can define an endomorphism A on TM", a (TM")*-valued symmetric bilinear form ¢ on TM"
and a metric connection V+ of the vector bundle (TM")* over M" as follows :

Ay-X = (esc O){(VxP)Y = B(X, Y)}, (39)
a(X,Y) = —(csc O)B (X, Y), (40)
VxY* = (VxY)* = (cot 0)(XO)Y* + (csc® O){PB*(X, Y) + B(X, PY)}, (41)

for X,Y € TM.
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Denote by V the canonical connection on TM" @ TM" induced from equations (38)-(41). Using (13), (20),
(22) and (39)-(41), we get

Vx)Y = (Vx))Y' =0,

for any X,Y € TM".
Let R* be the curvature tensor corresponding to the connection V+ on (TM")*, which gives by

RY X, V)Z" = ViVyZ" = VYV Z" = Vi 1 7",

forany X,Y,Z € TM". Then by (41), we have
R(X,Y)Z' =V§[(VyZ)' - cot O(YO)Z" + csc® O{PB'(Y, Z) + (Y, PZ))|
— V[(VxZ)' = cot O(XO)Z" + csc? O{P(X, Z) + B'(X, PZ))]|
— (Vixn1Z)" + cot 0([X, Y10)Z* — csc® O(PB*([X, Y1, Z) + B*([X, Y], PZ)}.
Now, by (33), (13), (36) and (41) with direct calculations, we have the following relation

R (X, Y)Z' = (es® 0)[(Y0) - (XO)|Z* + (R(X, )Z)'

+ {2P{(Y, PZ)X — (X, PZ)Y — 2(X, PY)Z}

42
+ §{<Y, P2Z)X - (X, P*Z)Y — %X, PY)PZ) 42)

%

+ (cs? O)[(VxP)B(Y, Z) = (VyP)B(X, Z) - B(X, (VyP)Z) + B(Y, <VXP>Z>]} :

On the other hand, from (34) and (39), we derive
([Az-, Aw-1X, Yy = (csc® 9){((VXP)W, (VyP)Z) = ((VxP)Z, (VyP)W) + ((VxP)Z, B(Y, W))
+{((VyP)W, B(X, 2)) = {(VxP)W, B(Y, Z)) (43)
—((VyP)Z, B(X, W)) + (B(X, W), B(Y, Z)) = (B(X, Z), B(Y, W))}'
Also, using (33), we can write
(B(Y, 2), PW) + (PB(Y, Z), W) = 0.
Taking the covariant derivative of the above equation with respect to X with using (13) and (33), we obtain
(B, Z), (VxP)W) +((VxP)B(Y, Z), W) = 0.
Furthermore, from (34), we find
(VxP)Z, (VyP)W) = (VxP)Z, B(Y, W)) — (B(Y, (VxP)Z), W).
Substituting these relations in (42) and (43) with a simple computation, we arrive at

(RHX,V)Z", W) = ([Az:, Aw-1X, Y)

= 2[(sin2 O) (X, WYY, Z) = (X, ZXY, W)} = 2(X, PYKPZ, W)] + (esc® 0)[ YO — XOKZ, W).

Notice that the last equation with Equations (3), (32) and (33) means that (M", A, V*) satisfies the Ricci
equation of an n-dimensional pointwise 6-slant submanifold of M"(c), while (35) and (36) mean that (M", o)
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satisfies the equations of Gauss and Codazzi, respectively. Therefore, we have a vector bundle TM" ® TM"
over M" equipped with the product metric ( , ), the second fundamental form o, the shape operator
A, and the connections V* and V which satisfy the structure equations of n-dimensional pointwise 0-
slant submanifold of M"(c). Consequently, by applying Theorem 1 of [14] we conclude that there exists a
pointwise 6-slant isometric immersion from M" into M"(c) whose second fundamental form is given by
o(X,Y) = (csc? O)(PB(X, Y) — JB(X, Y)). O

A submanifold of an almost Hermitian manifold is called purely real if it contains no complex points (cf.
[4]). It was proved in [7] that Ricci’s equation is a consequence of the Gauss and Codazzi equations for
purely real surfaces in any Kaehler surface. On the other hand, Theorem 4.1 implies the following.

Corollary 4.2. The Ricci equation is a consequence of the Gauss and Codazzi equations for n-dimensional pointwise
slant submanifolds in any complex space form M"(c).

5. Uniqueness theorem

The next result provides the sufficient conditions to have the uniqueness property for pointwise slant
immersions.

Theorem 5.1. (Uniqueness Theorem) Let M"(c) be a complex space form and M" be a connected Riemannian
n-manifold. Let x*,x* : M" — M"(c) be two pointwise O-slant isometric immersions with 0 < 6 < %. Suppose that
o1 and oy are the second fundamental forms of x' and x2, respectively. If we have

(01X, ), J0Z) = (02(X, Y), JX2Z), (44)

forall X,Y,Z € TM. In addition, if we consider that at least one of the following conditions is satisfied:

(i) Every point is totally real point,
(ii) there exists a point p of M such that P1 = P,
(iii) ¢ £0,
then Py = P, and there exists an isometry ¢ of M"'(c) such that x' = ¢(x?).

Proof. Let us choose any point p € M with assuming that x!(p) = x*(p) and x!(p) = ¥?(p). Then we take a
geodesic ¢ through the point p = 1(0). Define ¢; = x!(¢) and 1, = x%(). So, it is sufficient to prove that
Y1 = 1, to prove the theorem. First, we know that ¢1(0) = ¢2(0) and ¢ (0) = ¥5(0). We fix {ey, e, ...e,} be an
orthonormal frame along ¢. Now, we define a frame along 11 and v, as:

ai = xiei), bi=x2e), anei = (1 (&))", buri = (7€),

such that X* defined by (21), fori=1,2,---n.
From (40), we can write

;i = —(csc O)(Bi)’,
for any i = 1,2. Using (40) and (32), we obtain
(B (X, Y), FxiZ) = ((B2) (X, Y), FX2Z)
Then, by (21) the above equation takes the form
(B1(X, V), X1 Z) = (B2(X, V), X2Z).

As Z be arbitrary vector field and x!(p) = x%(p), we get p1 = Bo.
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Now, we want to prove that P; = P,. If (i) is satisfied, then we have P; = P, = 0, while if (ii) is satisfied,
then from (34) we have (Vx(P; — P2))Y = 0. Since at any point p € M we already have P; = P,. So P; = P,
everywhere.

For the remaining situation, suppose thatc # 0, P; # P, with (i) and (ii) are not satisfied. In the beginning
we will show that P; = —P». For this, using (35), we find

(P1X, WXP1Y, Z) = (P1X, ZYXP1Y, W) + (X, PrY)(P1Z, W)
= (P2 X, WKP2Y, Z) = (P2 X, Z)(P2Y, W) + 2(X, Py Y (P2 Z, W).

If we replace W by X and Z by Y with using (33), the above equation can be written as
(P1X, V)" = (P2X, V). (45)

Then, we fix e; = X, e, = P1X and e3 = Y with assuming that the component of P,e; is in the same direction
of a vector e3 which is orthogonal to e; and e,. Hence, equation (45) becomes

((Pae1, e3))* = ((P1e1, e3))* = ({ez, €3))* = 0,

which is a contradiction. Thus, by (32) and (33), we have Piu = £P,u, for any u € T,M. Now, we let a
basis {e1, e, ..., e,} of the tangent space at p € M. Then there is a number ¢; € {—1,1} such that Pie; = ¢;P»e;.
Therefore, we have

Pz(ei + 6]') = iPl(Ei + 6]‘) = c;iPie; + ijle]'

So, we conclude that all values of ¢; have to be equal. Hence, either Piu = Pyu or Piu = —P,u for any
u € T,M. As M is connected, it follows that in situation (iii) either P; = P, or P; = —P5.
If we assume that now we have two immersions such that P; = —P,. Then, we can write (34) as

(VxP1)Y,Z) = (B1(X, Y), Z) = (B1(X, 2), V).
Similarly, we can obtain
(VxP2)Y,Z) = (B2(X, Y), Z) = (B2(X, 2), Y.
But 1 = B2 = B, therefore we deduce that
BX,Y),2) = (B(X, 2), Y), (46)
For both immersions, we rewrite the equation (36) as follows
{(VxBI(Y, 2) = (FyB)(X, 2)} = (cse® O)P1B1(Y, Bu(X, 2)) + B1(Y, P11(X, 2)
= Pipu(X, B1(Y, 2)) - B1(X, P1f (Y, 2)))
+ z(sinz O){(Y, PLZ)YX = (X, P1Z)Y - 2(X, P1Y)Z}
+2(cot O)f(XO)B1(X, Z) — (YOI (Y, Z).
Similarly, we get
{(VxB2)(Y, 2) = (VyB2)(X, 2)} = (cse® O)Pafa(Y, Bo(X, Z)) + Ba(Y, P2pa(X, 2))
= Pafa(X, Ba(Y, 2)) — Ba(X, Pafa(Y, 2))}
+ i(sinz O){(Y, PLZ)X = (X, PaZ)Y — 2(X, P,Y)Z)
+ 2(cot O){(XO)B2(X, 2) = (YO)Ba(Y, 2))
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Putting P; = =P, = P and 81 = f, = B in the above two equations, and then subtracting them, we obtain
PR(X, p(Y, 2)) + B(X, PB(Y, 2)) = PR(Y, B(X, Z)) = p(Y, PB(X, 2))
+ i(sir# O)(X, PZ)Y ~ (Y, PZ)X + 2X, PY)Z} = 0.
Taking the inner product of the above equation with W for any W € TM and applying (46), we get

(B(X, 2), (Y, PW)) = (B(X, PW), B(Y, Z)) + (B(X, W), PB(Y, Z)) — (B(Y, W), TB(X, Z))

C i (47)
+ 7 (sin O){(X, PZ)(Y, W) = (Y, PZ)(X, W) + (X, PYXZ, W)} = 0.

In the pervious equation, if § = 0 at any point p € M , then we get a contradiction because ¢ # 0. So, we
now choose a fixed point p € M and define a function f on UM, by

fu) = Bu, u),u),

for each u € UM,, where UM, be the set of all unit tangent vectors. It is known that UM, is compact.
So, there exists a vector v such that f arrives an absolute maximum at v. Suppose that w be a unit vector
orthogonal to v. Then the function f(f) = f(g(t)), such that g(t) = (cos t)v + (sin t)w, satisfies the following

(i) f’(0) = 0, which gives that {((v,v), w) = 0.
(ii) f”(0) < 0, which implies that (8(v, w), w) < $(B(v,v), v).

Now, by the total symmetry of f, we can fix an orthonormal basis {e; = u, e, ..., e,} which satisfies
Bler,e1) = wer, Pler,e) = piei, (48)

fori>1and y; < $u1. Using the total symmetry of (46) and B # 0, we obtain y; > 0. Substituting (46) and
(48) into (47) with X = Z = W =¢; and Y = ¢;, we obtain

(B(ei, Per), pier) — (Ble1, Per), piei) + (uaer, Puie;y — uiei, Puier)
+(sin* 0){=Cei Per)(en, 1) + 2(ex, Peer,en)) = 0,

which implies that
2 3¢ . 4
(yi + pipi + 1 sin 6) (e;, Per) = 0. (49)

Now, we need to show that Pe; be an eigenvector of S(ey, - ). For this, weput X =Z =¢;, Y =¢;and W = ¢;
in (47) such that i, j > 1 with using (46) and (48) to obtain

palPler, e:), Pej) — pi{Bler, ei), Pej) + pidBler, ej), Pei) — u1{B(ei, e;), Per) = 0,
or

(uF — pai + pip)ei, Pejy + ua(Blei e;), Per) = 0. (50)
Replacing the indices i and j in the above equation, we deduce that

(7 = iy + pige)ei, Pej) — i (Bleiej), Per) = 0. (51)
Adding (50) and (51), we find that

(1 = g + 15 = sy + 24i41)ei, Pej) = 0,
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which gives that
(i + pj)(u — pi — pj)ei, Pej) =0, (52)

But we have y; < 1u1. So, py — i — pj = O only if p; = pj = $u1.
Now, by taking X = W = e, Y = ¢; and Z = ¢; such that i, j > 1 in (47), we get

(Bler, Per), Blei, e))) — piPlei, €)), Per) + wiuj{ei, Pej) + ua{pei, e)), Per) + E(Sif# 0)¢ei, Pej) = 0. (53)
Replacing the indices i and j in the above equation, we obtain

(B(e1, Per), B(ei, ej)) — ui{Plei, ej), Per) + pipj{Pe;, e) + u1{B(ei e;), Per) + E(Sin4 0)(Pe;, ej) = 0. (54)
Subtracting (53) from (54), we derive

(i — uj){P(ei,ej), Per) + 2u;u (e, Pej) + %(Sin4 0){e;, Pej) = 0. (55)

Now, we need to brief the preceding equations in the following method.
First, interchanging j by 7 in (50) with using (Pe;, ¢;) = 0, we obtain
(B(ei, e;), Per) = 0. (56)
Thus, we have ((v,v), Pe;) = 0 if v is an eigenvector of f(e1, - ). In addition, the symmetry of § give us that
(B(ei,e)), Per) = 0, whenever u; = u;. So that, we can consider the following four different cases:

(@) wi+pj#0,butnot y; = ;= %yl. Thus, (40) follows (Pe;, e;) = 0;
(b) pi+puj =0and u; # 0. So, (50) gives that {(B(e;, e;), Pe1) = pi{e;, Pe;), if we apply this in (55), we get
(ei, Pej) = 0;

(c) ui = uj=0. Thus, by (55), we obtain (Pe;, ¢;) = 0;

(d) pi=pj =z
Hence, if welete;,, ...,;, are eigenvectors in an eigenvalue which is different from % u1, theneachPe;,s =1, ...,
can just have a component in the same direction of e;, such as Pe;, = use;. Therefore, psPe; = —(cos? O)e..
Accordingly, either r = 1 or there does not exit an eigenvector with eigenvalue different from ;. If r =1,
then certainly Pe; is an eigenvector. In the other case f(ej, - ) limited to the space e}, only has one eigenvalue,

that %yl. As Pe; is orthogonal to e; forever, then Pe; is also an eigenvector in this case. Thus, Pe; is always
an eigenvector of f(e1, - ).

Now, we can consider that ¢; is in the same direction of Pe;. So, we get directly that f(e1, Pe1) = uaPes,
such that from (37), u, satisfies the equation

[J% + pipn + % sin* 9 = 0. (57)
IfweputX=2Z=e1,Y =¢; and W = Pey, for i > 2 in (47), we find
ui{B(e1, Per), Pe;) — p1{B(e;, Pe1), Pe1) = 0,
which gives
pitia(cos® O) e, e;) — p1{B(ei, Per), Per) = 0.
Hence,
B(Pey, Pey) = yz(cos2 0)e1
Taking X =Z = W = Pe;, and Y = ¢; in (47) again, we derive
—U3 = uyn + %C sin* 0 = 0. (58)

Finally, (57) and (58) implies that csin* @ = 0, which is a contradiction because ¢ # 0 and 0 be a real-valued
function. Thus, P = P,. O



A. Alghanemi et al. / Filomat 35:9 (2021), 3127-3138 3138

References

[1] J.L. Cabreizo, A. Carriazo, L.M. Fernandez and M. Fernandez, Existence and uniqueness theorem for slant immersions in Sasakian
space forms, Publ. Math. Debrecen 58 (2001) 559-574.

[2] B.-Y. Chen, Geometry of submanifolds, M. Dekker, New York, NY, 1973.

[3] B.-Y.Chen, CR-submanifolds of a Kaehler manifold I, J. Differen. Geom. 16 (1981) 305-322.

[4] B.-Y. Chen, Differential geometry of real submanifolds in a Kéhler manifold, Monatsh. Math. 91 (1981) 257-274.

[5] B.-Y.Chen, Slant immersions, Bull. Austral. Math. Soc. 41 (1990) 135-147.

[6] B.-Y. Chen, Geometry of slant submanifolds, Katholieke Universiteit Leuven, Belgium, 1990.

[7] B.-Y.Chen, On purely real surfaces in Kaehler surfaces, Turkish J. Math. 34 (2010) 275-292.

[8] B.-Y. Chen, Pseudo-Riemannian geometry, 6-invariants and applicationsm World Scientific Publishing, Hackensack, NJ, 2011.

[9] B.-Y.Chen and O. J. Garay, Pointwise slant submanifolds in almost Hermitian manifolds, Turk. J. Math. 36 (2012) 630-640.

[10] B.-Y. Chen and K. Ogiue, On totally real submanifolds, Trans. Amer. Math. Soc. 193 (1974) 257-266.

[11] B.-Y. Chen and Y. Tazawa, Slant submanifolds of complex projective and complex hyperbolic spaces, Glasg. Math. J. 42 (2000)
439-454.

[12] B.-Y.Chen and L. Vranken, Existence and uniqueness theorem for slant immersions and its applications, Results Math. 31 (1997)
28-39.

[13] B.-Y.Chen and L. Vranken, Addendum to: Existence and uniqueness theorem for slant immersions and its applications, Results
Math. 39 (2001) 18-22.

[14] J.H. Eschenburg and R. Tribuzy, Existence and uniqueness of maps into affine homogeneous spaces, Rend. Sem. Mat. Univ.
Padova. 89 (1993) 11-18.

[15] FE. Etayo, On quasi-slant submanifolds of an almost Hermitian manifold, Publ. Math. Debrecen 53 (1998) 217-223.

[16] R.S. Gupta and A. Sharfuddin, Existence and uniqueness theorem for slant immersion in cosymplectic space forms, Publ. Math.
Debrecen 67 (2005) 169-188.

[17] I Mihai, Slant submanifolds in complex space forms. Topics in Differential Geometry, 157-182, Ed. Acad. Romane, Bucharest,
2008.

[18] PK.Pandey and R.S. Gupta, Existence and uniqueness theorem for slant immersions in Kenmotsu space forms, Turk. ]J. Math. 33
(2009) 409-425.

[19] K.S. Park, Pointwise slant and pointwise semi-slant submanifolds in almost contact metric manifolds, arXiv:1410.5587v1 [math.
DG].

[20] B. Sahin, Warped product pointwise semi-slant submanifolds of Kahler manifolds, Port. Math. 70 (2013) 251-268.

[21] K. Yano and M. Kon, Structures on manifolds, World Scientific Publ., Singapore (1984).



