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Abstract. In this paper, we introduce the based and unbased n-Spanier groups and n-semilocally simply
connected spaces, and investigate their relationship. We show that under some conditions, vanishing of

the n-Spanier group with respect to an open cover is equivalent to the n-semilocal simple connectivity of
that space, and vice versa.

1. Introduction

This paper discusses some local properties of topological spaces. In the homotopy theory of topological
spaces, studying the homotopy groups of spaces is a basic problem. Two main tools which are used
for computing the fundamental groups of locally well-behaved spaces are van Kampen’s theorem and
covering spaces; see [10, 14], for instance. Also, in the classical theory of covering spaces, one of the most
important problems is the existence of the universal covering of a locally path connected topological space
[10, 14], which is equivalent to the semilocal simple connectivity of that space [14]. Hence, semilocal simple
connectivity is a crucial condition in the classical theory of covering spaces.

Spanier [14] characterized the semilocal simple connectivity of a topological space in terms of vanishing
a specified subgroup of its fundamental group, but names have not yet been given to these groups. Recently
named in [7] the Spanier group. However, this characterization holds only if one assumes that the space
is locally path-connected. Indeed, Fischer et al. in [7] constructed a semilocally simply connected space in
the sense of Spanier with non-trivial Spanier group. Then, they proposed a modification of Spanier groups
so that the corresponding results were correct for all spaces. They also provided two concepts of semilocal
simple connectivity and two versions of Spanier groups - one which depends on base points, and one which
does not; see [7, Definitions 2.1-2.3 and 2.5]. For the sake of simplicity, we speak of these concepts using
the attributes “based” and “unbased”.

For general spaces, there were several attempts to define generalized coverings; see [2, 5, 8]. It is
known that, if a paracompact Hausdorff space X admits a universal covering space, then the natural
homomorphism from the fundamental group of X to its first shape homotopy group is an isomorphism.
In the generalized covering space theory, treated in [8] by Fischer and Zastrow, it has been shown that the
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injectivity of the natural homomorphism in a path-connected topological space implies the existence of
generalized covering maps. Instead of semilocal simple connected, they considered the condition of being
“homotopically Hausdorff”. Similar to Spanier’s book, they associated a certain group to a topological
space X together with an open covering of X, and showed that the semilocal simple connectivity of a space
is equivalent to the existence of an open covering of the space such that its associated group is trivial. They
also proved that the intersection of these groups (ranging over all open coverings) lies in the kernel of the ;-
shape group homomorphism determined by X. Furthermore, the existence of generalized covering maps is
intimately related to Spanier groups. Fischer et al. [7, Theorem 2.8] asserted that the condition of semilocal
simple connectivity can be equivalently described by the properties of Spanier groups if the base points
are treated correctly. Then, Brazas and Fabel [1] proved that if X is a locally path-connected paracompact
Hausdorff space, then the kernel of the 7;-shape group homomorphism is precisely the intersection of these
groups (ranging over all open coverings).

The aim of this paper is to introduce the based and unbased n-semilocal simple connectivity of a
topological space, and the based and unbased n-Spanier groups as subgroups of the nth homotopy group,
and to investigate their relationship. Then, we extend some of the aforementioned results to our setting.
To do so, we organized the paper as follows:

In Section 2, we present some basic concepts and results concerning topological spaces and their homo-
topy groups that will be used in other sections. For example, we recall the definitions of n-homotopically
Hausdorff spaces, open covers, open covers by pointed sets and, the based and unbased Spanier groups.
At the end of this section, we recall the construction of the nth shape homotopy group. In Section 3, we
define the based and unbased n-Spanier groups as subgroups of the nth homotopy group. Also, we define
the based and unbased n-semilocal simple connectivity of a topological space. In Lemma 3.6, we show
that for an open cover U of a topological space, the path-connectivity of all elements of U implies the
equality of the based n-Spanier group with respect to V and the unbased n-Spanier group with respect
to U, where V is the pointed cover induced by U. In Theorem 3.7, we explore the relationship between
the based and unbased n-Spanier groups and the based and unbased n-semilocal simple connectivity of
a topological space. In Examples 3.8, 3.9, 3.10, 3.11 and 3.12, we show that the nth based and unbased
Spanier groups and based and unbased n-semilocally simply connected spaces are different in general. In
Proposition 3.13, we show that if the based n-Spanier group of a path-connected space X is trivial, then X is
n-homotopically Hausdorff. Hence by Theorem 3.7, all based and unbased n-semilocally simply connected
spaces are n-homotopically Hausdorff.

In Section 4, we study some properties of the based and unbased n-Spanier groups. To do so, we first
show that nZSp and nZSp (n = 2) are functors from the category of pointed topological spaces to the category
of abelian groups. Proposition 4.3 shows that the product of {(X;, x;) : i € I}, a family of path-connected
spaces, is unbased (based) n-semilocally simply connected if and only if all spaces X; are unbased (based)
n-semilocally simply connected and 7, (X, x;) is the trivial group for all but a finite number of indices 7 € I.
After introducing 75(X, x) and nig (X, x0), we obtain the following chain of subgroups of the nth homotopy
group,

(X, x0) < 703 (X, X0) < 700V (X, x0) < 7y ¥ (X, X)-

Theorem 4.8 proves that these subgroups are identical in topological groups. In the sequel, the concept
of n-local triviality of a space with respect to a continuous map f is introduced, which is a generalization
of the definition of n-semilocally simply connected space. Then, we consider the relationship between this
concept and the based and unbased n-Spanier groups in Proposition 4.13. At the end of the paper, it will be

shown that if U ranges over all open covers of a pointed space (X, xp), then (4, nzSp('l{, Xp) is contained in
the kernel of the canonical mapping from the nth homotopy group to the nth shape homotopy group of X.
2. Preliminaries

In this section, we present some definitions and results of the homotopy theory in algebraic topology
which will be used later in the paper. The contents can be found in [10].
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Throughout this paper, I" = {(x1,...,x,) € R": 0<x; <1, i=1, ...,n}is the n-cube in R”, and the
boundary JI" of I" consists of all (xy,...,x,) € I'" for which x; = 0 or x; = 1 for at least one value of i.
Let X be a topological space and xj € X.

(1) An n-loop at xp in X is a continuous map « : I" — X such that a(dI") = {xp}. An n-loop «a is essential
if it is not null-homotopic. If a is an n-loop at xp in X, @ : " > X is defined by g(xl,xz, cee Xp) =
a(l —xq,x,...,%,) is an n-loop in X at xp, which is named by reverse of «.

(2) It is well-known that relative homotopy is an equivalence relation on the set of all n-loops at x in
X. If [a] denotes the equivalence class of an n-loop a, then 7,(X, x0) = {[a] : a is an n — loop at x¢}
is a group which is called the nth homotopy group of X. The first homotopy group of X is called the
fundamental group of X.

(3) The space X is called locally n-connected if for every x € X and any neighborhood U of x, there
exists an open set V containing x such that V' c U and for every 1 < k < n, the homomorphism
e(V, x) — m(U, x) induced by the inclusion map is the trivial homomorphism.

(4) The space X is said to be n-homotopically Hausdorff at x € X if for any essential n-loop «a : (I",dI") —
(X, x), there exists an open neighborhood U of x such that no n-loop at x with image in U are homotopic
(in X) to v rel JI". The space X is called n-homotopically Hausdorff if X is n-homotopically Hausdorff at
x, for every x € X. See [9] for more details.

(5) Let xg,x; be two points of X, 0 : [0,1] — X be a path from o(0) = x¢ to 0(1) = x1, and [a] € 7,(X, x1). If
we choose a continuous map F : I" X [0,1] — X with the properties

F(s,0) = af(s) sel,
F(s,t) = G@) sedl"tel0,1],
Fi(s) = F(s,1) sel,

then by [12, Theorem 2.5.6], the mapping os : m,(X,x1) — 74(X, xo) defined by ox([a]) = [F1] is a
well-defined isomorphism and only depends on the homotopy class of o.

Theorem 2.1 recalls some basic properties of the mapping o4 from [3].

Theorem 2.1. If o, T : I — X are paths, then for every n € IN, the isomorphisms oy, Ty : (X, x1) = 7. (X, X0) have
the following properties.

1. If o = 1 rel(9l), then o4 = T4.

2. If 6(1) = ©(0), then (07)4 = 04 © T4

3. If o is the constant map, then oy is the identity mapping.

4. (Naturality) Let Y be a topological space and ¢ : X — Y be a continuous map such that © = ¢ o 0. Then, the
following diagram commutes.

(X, 0(1)) —2= 11,(X, 5(0))

(Y, 1(1)) —= (Y, 7(0))

In the following, we state some definitions about the open covering of topological space.

(6) An open cover of X is a family {U, : i € I}, of open subsets of X, whose union is the whole set X.

(7) An open cover of X by pointed sets is a family {(U;, x;) : i € I} of pointed subsets, where {U; : i € I} is an
open cover of X and X = {x; : i € I}.

®) U ={(U,x)):ielland U = {(Uj,x)) : j € ]} are open covers of X by pointed sets, then U" refines
U if for each i € I, there exists j € | such that U € U; and x! = x;.

Now, let us mention the following remark from [7] about open covers by pointed sets.
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Remark 2.2. Let U = {U; : i € I} be a covering of X by open sets. Observe that due to the equality X = {x; : i € I},

demanding that each point of X occurs at least once as the base point of one of the covering sets, it will in general
not suffice to choose a base point for each of the sets U; in order to turn it into an open covering V of X by pointed
sets. Instead, the following procedure is apparently in general necessary:

o for each U; € U take |U;| copies into V; and

e define each of those copies as (U;, P), i.e. use the same set U; as first entry, and let the second entry run over all
points P € U;.

When constructed with this procedure, coverings by neighbourhood pairs offer in principle the same options for
refinements as coverings by open sets. Vice versa, note that this procedure will usually generate such coverings by
pointed sets, where a lot of x € X occur as base points for different sets U;. The cover V is called the pointed cover
induced by U.

Definition 2.3. [7] Let X be a topological space, xo € X and U = {U; : i € I} be an open cover of X. The unbased
Spanier group with respect to U is the subgroup 1(U, xo) of 11(X, xo) which contains all homotopy classes having

n
representatives of the type ] ujvjulTl, where u; is an arbitrary path (starting at the base point xo) and each v; is a
j=1

loop inside one of the neighborhoods U; € U.

Definition 2.4. [7] Let X be a topological space, xo € X and V = {(U;, x;) : i € I} be an open cover of X by pointed
open sets. The based Spanier group with respect to V is the subgroup 1*(V,x) of mi(X, x0) which contains all
n

homotopy classes having representatives of the type Hl ujv ju]T1, where each uj is an arbitrary path that runs from xo
]:

to some point x;, and each v; must be a 1-loop inside the corresponding U;.

Finally, we recall the construction of the nth shape homotopy group via the Cech expansion. See [1, 11]
for more details.

Let O(X) be the set of all open covers of X and O(X, xg) = {(U, Up) : U € O(X),xg € Uy € U}. It is easy
to see that O(X) is a directed set by refinement, where (V, V) refines (U, Uy) if V refines U as a cover and
Vo C Up.

The nerve of a covering (U, Up)e O(X, x¢) is an abstract simplicial complex N(U/) whose vertex set is U
and the vertices Uy, Uy, ..., U, € U span an n-simplex in N(U) if (i_; U; # 0. The vertex Uy is taken to be
the base point of geometric realization [N(U)|. If (V, V) refines (U, Uy), then there exists a simplicial map
Pqy : N(V) — N(U), which is called the projection map(this map is unique up to homotopy). An open cover
U of X is called normal if it admits a partition of unity subordinated to U. Let A be the subset of O(X, x)
consisting of all pairs (U, Uyp), where U is a normal open cover of X. For each (U, Uy) € A, choose a pointed
map py : (X, x0) = (N(U), Up) such that pi}(St(U, N(U))) C U for all U € U, where St(U, N(U)) denotes the
open star of the vertex of N(U) which corresponds to U. The nth shape homotopy group of a space X based
at xo, which is denoted by 7, (X, xo), is defined by 7,,(X, xp) = lz'(_m(rcn(N (U), *), puvs, A). Since the maps pyy
induce homomorphisms pqs : 7,(X, X9) = 7, (N(U), *) such that pey = pays o pys, whenever (V, Vj) refines
(U, Uyp), we obtain an induced homomorphism ¢ : 7,(X, x9) — 7,(X, x0) given by ¢([a]) = ([a¢/]), where
aqy = pu ° Q.

3. The nth based and unbased Spanier groups

In this section, we define the based and unbased n-Spanier groups as subgroups of the nth homotopy
groups. Also, we introduce based and unbased n-semilocally simply connected spaces. Theorem 3.7 shows
their relationship, and Examples 3.8, 3.9, 3.10, 3.11 and 3.12 explore their differences.

Definition 3.1. Let X be a space, xg € X, and U = {U; : i € I} be an arbitrary open cover of X. Let nﬁSP(‘L{, Xo) be
the subgroup of 1,(X, xo) which is spanned by all homotopy classes of the form o4([v]), where o is an arbitrary path
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(starting at xo) and v is an n-loop with the base point o(1) that lies in one of the neighborhoods U € U. This group

is called the unbased n-Spanier group with respect to U. We call the subgroup o (X, x0) = Mgy 7ot (U, x0) the

unbased n-Spanier group of X with based point x.

Definition 3.2. Let X be a topological space, xo € X and U = {(U;, x;) : i € I} be an open cover of X by pointed sets.
Let T[ZSP (U, x0) be the subgroup of m,(X, xo) which is spanned by all homotopy classes of the form oy([v]), where o is
an arbitrary path and v is an n-loop with the base point x; which lies in one of the neighborhoods U; € U. This group

is called the based n-Spanier group with respect to U. We call the subgroup nzSp(X, x0) = Ny niSp (U, xo) the based
n-Spanier group of X with based point x.

In Definitions 3.1 and 3.2, it is obvious that T(ZSP (X, x0) C T(ZSP (X, xp). It is easy to see that if n = 1, then the
unbased and based n-Spanier groups are the unbased and based Spanier groups, in the sense of Definitions
2.3 and 2.4, respectively.

n+1
Example 3.3. Let X" = S" U S", where S* = {(x1,...,Xu41) € R™ 1 (xg +1)% + Y x7 =1}, and = € {—,+). The
i=2
space X" is homeomorphic to S*\/ S". By [10, Example 1.26], the fundamental group 71(X?,0) is the free group
Z + 7, and by [10, Example 4.26], 7,(X",0) is the group Z.& Z. (n > 2). For each n € IN, let U" = {U", U} be an
open cover of X", where * € {—, +} and

n+1
u:l = {(xll' . ~/xn+1) eR™: (xl * 1)2 + Z xiZ < %} N X"
i=2

Since the image of the generators of m,(X",0) are contained in U" and U, nZSp (U",0) = m,(X",0). If V"
{(U;, x) : U; € (U7}, U}, i € 1} is an open cover by pointed sets, since the space is locally path-connected, nzs’” (vV",0) =

11,(X",0). On the other hand, since the space is n-semilocally simply connected, by Theorem 3.7, nZSp (X",0) and
PP (X", 0) are trivial.

The following remark shows the relationship between the based and unbased n-Spanier groups and the
inverse limits.

Remark 3.4. Let (X, xo) be a pointed space.

1. If U and V are open covers of (X, xo) such that U refines V, then nZSp (U, xp) C nZSp (V, x0). Due to this
inclusion relation, the inverse limit of nZSP (U, xp) exists, defined via the directed system of all coverings with
respect to refinement. Hence RZSP (X, x0) = Z(i1_ﬂrl(nﬁ5p('u, X0))-

2. Similarly, (1) holds for any based n-Spanier group.

Authors in [13] defined the notion of n-semilocally simply connected space. In following by using this
notion, we define based and unbased n-semilocally simply connected spaces.

Definition 3.5. Let X be a topological space. Then,

(9) Xis called based n-semilocally simply connected if for each x € X, there exists an open subset U of X containing
x such that every n-loop in U at x is null-homotopic in X;

(10) X is called unbased n-semilocally simply connected if for each x € X, there exists an open subset U of X
containing x such that every n-loop in U is null-homotopic in X.

Lemma 3.6. Let X be a topological space and let V = {(Uj;, x;) : i € I} be an open cover of X by pointed sets such that
every U is a path-connected set. Then nlfp (V,x) = nﬁSp (U, xo), where U = {U; : i € I}.
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Proof. It is clear that nf,s” (V,xp) C nﬁsﬁ (U, x0). We show that n,'is” (U, xp) C nZSp (V,x0). Let o4([f]) be a
generator of nZSP (U, xp), where o is a path in X from x( to 0(1), and g is an n-loop in some U; € U at o(1).
Since U; is path-connected, there is a path y in U; from (1) to x;. Since y(I) C U; and p(I") C U;, by [12,
Exercise 2.5.11], it is easy to prove that ((77)#([ﬁ]) isann-loop in U; at x;. Thus, (o *)/)#((7)#([[3])) is an element
of nf,Sp (U, xp). On the other hand, by Theorem 2.1,

(0 )((PIBD) = @y * YIu((B]) = ow((B).
This means that o4([8]) is an element of nZSp (V, x0). Therefore, nzs” (U, xp) C nzSp (V,x0). O

Theorem 3.7 is a generalization of Theorems 2.8 of [7]. In general, it is obvious that if a topological space X is
unbased n-semilocally simply connected, it is also based n-semilocally simply connected. In the following
theorem, we show that the converse of this statement is true for locally path-connected spaces.

Theorem 3.7. Let X be a path-connected topological space and xo € X. Then, the following hold.

1. The space X is an unbased n-semilocally simply connected space if and only if X has an open covering U such
that nZSp (U, xp) is trivial.

2. The space X is a based n-semilocally simply connected space if and only if X has an open covering by a pointed
set U such that 12 (U, xo) is trivial.

3. The property in (1) implies in (2).

4. If X is a locally path-connected space, then the property in (2) also implies in (1).

Proof. 1. Let X be an unbased n-semilocally simply connected space. Then, for each x € X, there exists
an open subset U, of X such that x € U, and every n-loop a whose image is contained in U, is null-
homotopic in X. Thus, U = {U, : x € X} is an open cover of X. Let [S] be a generator of nZSp (U, xp).
Then, there exist a path ¢ from xg to 6(1) = x and an n-loop « at x such that a(I") € U, for some
U € U, and o4([a]) = [B]. Since the mapping o4 : m,(X, x9) — 7,4(X, x) is an isomorphism and « is
null-homotopic, B is null-homotopic in X. So, U is an open cover of X such that nzSP (U, xp) is trivial.
Conversely, suppose that nZSp (U, xp) is trivial, where U is an open cover of X. Let x € X. Since U is
an open cover of X, there exists U, € U such that x € U,. Let @ be an n-loop such that a(I") € U,, and
0 : I — X be a path from x( to (1) = x. Then, ox([@]) lies in the trivial group nzSp((Ll, Xp). Since oy is
an isomorphism, «a is null-homotopic. Thus, the elements of the covering U suffice to prove that X is
unbased n-semilocally simply connected.

2. The proof is similar to (1).
This follows directly from the definitions of the based and unbased n-Spanier groups.
4. Let X be a based n-semilocally simply connected and locally path-connected space. Then, there

W

exists an open cover ‘W of X by pointed sets such that RZSP((VV, Xp) is the trivial group. By the local
path-connectivity of X, there is a refinement V = {(U;,x;) : i € I} of W such that the U;s are open
path-connected sets. By Lemma 3.6, nZSp (V,x0) = nZSp (U, x0), where U = {U; : i € I}. But, by the
definition of the based n-Spanier group, TP (V, x0) is a subgroup of the trivial group e (W, x0). So,
nZSp (V,x0) = nﬁsP (U, xp) is the trivial group, as desired.

|

In the following examples, we compute the based and unbased n-Spanier groups of some topological
spaces, and study the relationship between them and based and unbased n-semilocally simply connected
spaces.

Example 3.8. It is easy to show that if X is a based (an unbased) n-semilocally simply connected space, then its based
(unbased) n-Spanier group is trivial. But, the converse may not be true. Let

2 n+l
Sy = {(xl,...,xml) eR™(x1 - }) + L (x)? = %}
1=
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and H, = Uyen Sk be the n-dimensional Hawaiian earring. It is obvious that H, is not n-semilocally simply
connected, but the based and unbased n-Spanier groups of H,, are trivial. By Theorem 4.14, nﬁSp (H,, 0) is contained
in the kernel of ¢ : 1,(H,,0) — 7t,(H,, 0). But Eda et al. in [6] showed that ¢ is injective, so nzs’g (H,,0) =

Example 3.9. Let A" = (Ujen (S2 % [0,1])) U (Uien (B2 X [0, 1)), where i = 1,2,3, ..,

N2
n _ n+1 2 2 n n+1 2 2 _ [ 2i+1
S —{(xl, ,Xn1) € R xpHotx = 12} and B; {(xl, , X)) € R x7+- --+xn+l—(2i(i+1)) }

It is easy to show that if x € B, then %ijﬁx and 52 x are in St and S? |, respectively. Hence, the following relation is

an equivalence relation on A". For any i € N, and x € B,
(x,0) ~ (%iﬁx 0) and (x, 1) ~ (212+’1x 1)

and the other points of A" are only related to themselves. Let W" = 4~ be the subspace of R"*2. Figure 1 shows W'.
The space W" is based and unbased n-semilocally simply connected, and its based and unbased n-Spanier groups are
trivial.

Figure 1: The space W'

Example 3.10. Let W' be the space defined in Example 3.9, and let
WL=W'U{(0,0,) e R*:0<b<1}UC,

where C is a single arc that intersects the central axis of W' only at its endpoint (Figure 2).
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Figure 2: The space ‘W!

Fix a point xo on ‘W', Let o, be a simple path such that o,(0) = xo, contained in the plane determined by x and the
central axis, and with the endpoint at distance r from the central axis. Let a, be the simple loop with radius 0 <r <1,
on the surface. Obviously, a, is not null-homotopic and any neighborhood of a point of the central axis contains such
a loop. For each 0 < r < 1, the loops o,0,0,~ % are non-trivial and homotopic to each other; hence n;’Sp((Wl,xo) is

non-trivial. On the other hand, the space ‘W' is not locally path-connected and nll’s” (W1, x) is trivial. Hence, the
space W' has the following properties.

1. Its unbased 1-Spanier group is non-trivial.

2. Its based 1-Spanier group is trivial.

3. 1t is based 1-semilocally simply connected.

4. It is not unbased 1-semilocally simply connected.

Example 3.11. Let W" = W" U{(0,...,0,b) € R*™! : 0 < b < 1} U C, where C is a single arc that connects the
central axis to W". This arc C cannot intersect W" or the central axis at any points other than its endpoints. The
space W™ has the following properties.

1. Its unbased n-Spanier group is not trivial.

2. Its based n-Spanier group is trivial.

3. It is based n-semilocally simply connected.

4. It is not unbased n-semilocally simply connected.

It is sufficient to present the proof only for n = 2. For the other values of n, the proof is similar to that of the
aforementioned case.

1. Let xo € W?, and let U be an open cover of W?. For each point x of the central axis, there exits U € U such
that x € U. Based on the construction of ‘W?, there exists 0 < r < 1 such that the 2-loop S? is contained in U
(for suitable high of the plane x3 = 0). We know that this 2-loop is not freely homotopically trivial, and that any
neighborhood of a point of the central axis contains such a 2-loop. Let aq be a 2-loop such that aqi(I*) = S%.
Let o denote a path on ‘W? starting at xo, contained in the plane determined by xo and the central axis, with the
endpoint at distance r from the central axis. Since o4 is an isomorphism, oglaq] € n;Sp (U, xp) is non-trivial.

Now, let °V be an open cover of X and xy € V € V. We know that all such loops lie in n;’Sp((V, Xo), for a suitable
choice of 0 < r < 1. So, the unbased 2-Spanier group of ‘W? is non-trivial.
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2. We know that every point of x € ‘W? has an arbitrary small neighborhood whose path component containing
x is contractible. Let U be an open cover of W? by these neighborhoods. It is trivial that the based 2-Spanier
group of this cover is trivial. So, the based 2-Spanier group of W? is trivial.

Finally, (3) and (4) follow directly from Theorem 3.7.

Example 3.12. Take the space W" of the above example, and replace the single arc C with a system of horizontal
arcs which are dense (only) near the central axis. Denote the resulting space by W™ . Similar to what we observed in

Example 3.11, the unbased n-Spanier group of W"' is non-trivial. Since W"' is locally path-connected, by the step
(4) of Theorem 3.7 , the following assertions hold for W™’

1. Its unbased n-Spanier group is not trivial.

2. Its based n-Spanier group is not trivial.

3. It is not based n-semilocally simply connected.

4. It is not unbased n-semilocally simply connected.

Proposition 3.13. Let X be a path-connected space. If nﬁs"’ (X, xo) is trivial, then X is n-homotopically Hausdorff.
Moreover, every based and unbased n-semilocally simply connected space is n-homotopically Hausdorff.

Proof. If X is not n-homotopically Hausdorff, then there exists x € X such that X is not n-homotopically
Hausdorff at x. So, there is an essential n-loop a with base x such that for each open neighborhood W of x,
there is an n-loop fw in U with the base point x satisfying [a] = [fw]. Now, let U be an open cover of X
by pointed sets. Then there exist U € U and an n-loop p with the base point x such that x € U, g(I") c U
and [B] = [a]. By the path-connectivity of X, there exists a path ¢ from x¢ to x. Obviously, o4([f]) = os([a]),

which implies that o4([a]) € nZSp (U, x¢) is an essential n-loop by the isomorphism oy. Since U is arbitrary,

as([a]) € Ny Mo (U, x0) = 77 (X, x0) = 1,

which is a contradiction. [

4. Some results on the based and unbased n-Spanier groups

In this section, we study some properties of the based and unbased n-Spanier groups. For example, we

show that n,l;Sp and RZSP are functors, and that nZSp(G, x) = nf,Sp (G, x) on a topological group G. Moreover,

we characterize the n-semilocal simple connectivity of the product of a family of path-connected spaces.
The concepts of small path, small n-loop group and n-local triviality with respect to a mapping are also
introduced, and the sequence

m(X, %0) < 17 (X, x0) < 7,7 (X, x0) < 70,7 (X, x0) < her(g)
of the subgroups of the nth homotopy group is obtained.

Proposition 4.1. Let h : (X, x0) — (Y, yo) be a pointed map, and o : [0,1] — X be a path with 6(0) = xo. Then,
the following hold.

1. For every [B] € (X, 0(1)), (h o 0)s([h o B]) = h. o a4([B]).
2. If ‘W is an open cover of Y, then

(1 (Y (W), x0)) € 100" (W, o) and b (1P (X, x0)) € iy 7 (X, o).
3. If ‘W is an open cover of Y by pointed sets, then
I (7 (W), x0)) € 70 (W, o) and. hu(” (X, x0)) € 707 (Y, yo).
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Proof. 1. Let 0 : I — X be a path with 0(0) = xp. Let F and F; be the maps defined in (5). Then
o4 : (X, 0(1)) — mu(X x0), defined by o4([]) = [Fi1], is a group isomorphism. Obviously, the
mapping hoo : [0,1] — Yis a path with 1o 0(0) = yo, and the function G : I" X [0, 1] — Y, defined by

b
G(s,t) = ho E(s, t), is a continuous map such that for every s € I", G(s,0) = h o f(s) and G(s, t) = h o o(t),
for all s € dI" and t € [0, 1]. Therefore,

h(ox([B]) = h([F1]) = [h o F1] = [G1] = (h 0 0)4([h © B]).
2. Let ‘W be an open cover of Y. Then, i (‘W) = {h"}(W) : W € W} is an open cover of X. Suppose that
o is a path with 0(0) = xp and o([a]) € nﬁSp(h‘l((W), x0). By (1),

h(oy(lal)) = (o o[ o al) € 7, (W, x0).

By the definition of the unbased n-Spanier group, the last inclusion is obvious.
3. The proof is similar to that of (2).
O

Theorem 4.2. The mappings nzs’” and nZSp are functors from the category of pointed topological spaces to the category

of groups (Abelian groups if n > 2).

Proof. We only prove that nﬁs’j is a functor; that RZSP is a functor can be proved similarly. If (X, xo) is a pointed

space, by Definition 3.1, nZSp (X, x0) is a group. Let f : (X,x0) — (Y, 1) be a pointed map. Define ffSp :

RZSP (X, x0) — nzSp (Y, yo) by j}”S’” = ﬁlnzsp(x,x(]). By Proposition 4.1, ffsﬂ is a well-defined homomorphism

such that ﬁ”Sp(a#([a])) = (f o 0)4([f o a]), where ¢ : | — X is a path with ¢(0) = xo, [a] € 7,(X, (1)) and
a(™) € U for some U € U. If f: (X,x0) — (Y, y0) and g : (Y, yo) — (Z,zp) are pointed maps, then by
Proposition 4.1, ¢*" o ¥ = (7 0 £)*”, and it is easy to show that id;sf = id psr - O

Let {X;}!, be a family of topological spaces, and X = TI! X;. It is easy to show that X is n-semilocally
simply connected if and only if X; is n-semilocally simply connected, for each 1 < i < n. In general, a
similar assertion may not be true for an infinite index set I. A countably infinite product of the copies
of the n-dimensional sphere is not n-semilocally simply connected, but the n-dimensional sphere is an
n-semilocally simply connected space. In the following theorem, we characterize the n-semilocal simple
connectivity of infinite products under suitable conditions on the involved spaces.

Proposition 4.3. Let {(X;, x;) : i € I} be a family of path-connected pointed spaces, x = {X;}ie; and X = [];; Xi. Then
X is unbased n-semilocally simply connected if and only if the following hold.

1. Foreachi € I, X; is unbased n-semilocally simply connected.
2. For all but a finite number of the indices i, 11,(X;, x;) is the trivial group.

Proof. Assume that P; : X — X; is the canonical projection map into the ith component of X. Let X
be unbased n-semilocally simply connected. By Theorem 3.7, there is an open cover ‘W’ of X such that

RZSP (W', x) is trivial. Let ‘W be a refinement of ‘W’ which is an open cover of X and its elements form the
basis of the product topology. Then, RZSP (W, x) is also trivial. It is clear that the set Uy = Pi(‘W) is an open

cover of X;.. We show that T(,L;Sp (Ui, xy) is trivial. Let [8] be a generator of nﬁsy (Ur, x). Then there exist a path
T : I — X from x; to 7(1) = y and an n-loop y : I" — Xj at y such that 74([y]) = [B] and y(I") C P«(W),
for some W € W. Define the maps 0 : I — X and a : [' — X by o(t) = {0i(f)} and a(s) = {ai(s)}, where
ok(t) = 1(t), ax(s) = y(s) and for each i # k, 0;(t) = ai(s) = x;. Then ¢ is a path from x to z = {z;}, and the map
a is an n-loop at z, where z; = y and z; = x; for each i # k. It is easy to prove that Pxoo =17, Pyoa =y
and a(I") € W. Hence, o4([a]) is in the trivial group nZSp (W, x). By Proposition 4.1, Pr.(ox[a]) = w([y]) = [B],
which implies that [#] is null-homotopic. Thus, (1) holds.

Now we prove (2). Since ‘W is an open cover of X, there exists W = [];; U; in ‘W such that x € W and
U; = X;, for all indices i except those that lie in a finite subset ] of I. Let k € I\ ] and a be an n-loop at x; in Xj.
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If i : Xy — X is the canonical embedding defined by ix(z) = {zi}ic;, where z; = z and z; = x;, for any i # k,
then iy o a is null-homotopic in W. Suppose that Py : X — X is the projection map. Then Py.([ix o a]) = [a]
implies that « is null-homotopic. Hence, m,(Xk, x) is the trivial group.

Conversely, let (1) and (2) hold. We prove that X is unbased n-semilocally simply connected. By

(1), there exists an open cover U; of X; such that nZSp (U;, x;) is trivial, and by (2) there exists a finite
subset | of I such that for each i € I\ ], the fundamental group 7,(X;, x;) is trivial. Obviously, the set
W ={[liqVi:VieUfor je]Jand V; = X; fori € I\ ]} is an open cover of X. Consider the isomorphism
Y 1 (X, X) — [lie; Ta(Xi, x;) defined by ¢([a]) = {Pi([a])}ier. Let o4([@]) be a generator of 7P (W, x). Then
0 : I — Xisapath from x to 0(1), and a : I" — X is an n-loop with the base point (1) such that a(I") C W,
for some W = [],; Vi € W. Since the fundamental group m,(X;, x;) is trivial for any i € I'\ ], by part (1)
Proposition 4.1, Y(os([])) € [1ier n”Sp('T/I,-,xz) Hence, ¢(nZSp(‘W, X)) € Il nﬁSP(‘LIi, Xj)-
Now, let {[Bi]}ic1 be a generator of [ ;g nnSp((Lll,x,) Then for some k € I, [B] is a generator of niSp(‘LIk,xk)
and for every i # k, [Bi] = [Cy]. Thus, there exist a path ox : I — X from x; to ox(1) and an n-loop
ay : I" — X such that ak(I") C Uy, for some Uy € Uy, and owx([ax]) = [Bx]. Define the path ¢’ : I — X by
o’ (t) = {oi(t)}ier, and the n-loop y : I" — X by y(s) = {ai(s)}ier, where for every i # k, 0; = a; = Cy,. Then the
n-loop a;([y]) belongs to nﬁsr’("VV ,x), and

Py = (Pulol(lyDlier = {(Pi 0 0")u([Pi o yDlier = {ois([il)}ier = {[Bil}ier-

Hence, {[Bi]}ier € yb(nns’” (W, x)), which implies that L/)(nnSp (W, x)) =11l nn P(U;, x;). Therefore, nn P(‘W, x)
is the trivial group. By Theorem 3.7, X is unbased n-semilocally simply connected.
|

Remark 4.4. Proposition 4.3 holds for based n-semilocal simple connectivity. By this proposition and the examples
provided in Section 3, we can provide many examples of unbased or based n-semilocally simply connected spaces.

In the following definitions, we define the notions of small n-loop, small n-loop group and small #n-loop
generated group, which are generalizations of small loops, small loop groups and small generated groups
defined in [4], [15] and [16], respectively.

Definition 4.5. An n-loop f : (I",0I") — (X, x0) is a small n-loop if for every open neighborhood U of x, there
exists an n-loop o : I'" — X with the base point xq such that a(I") C U and [a] = [f].

A small n-loop group at xo, denoted by 15(X, xo), is a subgroup of 1,(X, x) consisting of homotopy classes

of all small n-loops at xg. The set 71 (X, x0) = {os([a]) : [a] € no(X, xo),0 is a path with the end point xo} is a
subgroup of m,(X, x9) which is called the n-small generated group.

Proposition 4.6. Let X be a topological space and x € X. Then
S Sg bSp uSp
(X, x0) < 7,7 (X, x0) < 11, (X, x0) < 11,7 (X, X0)-

Proof. The proof is straightforward and therefore omitted. [J

Example 4.7. By Proposition 4.6, the small n-loop groups and the small n-loop generated groups of H, and ‘W" are
trivial.

In the following theorem, we show that the small n-loop groups, small n-loop generated groups, unbased
Spanier groups and based Spanier groups are identical on topological groups.

Theorem 4.8. Let G be a path-connected topological group. Then for every x € G,

n8(G,x) = 7(G, x) = ¥ (G, x) = "V (G, x).
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Proof. Let x € G and [f] be a generator of nlnSp (G, x). Then, there exist a path ¢ from x to ¢(1) = y and an
n-loop a : I" — G at y such that o4([a]) = [B]. Let W be an open neighborhood of x. Since G is a topological
group, there exist open neighborhoods U and V of e such that xU € W,V? € U and V is symmetric. If
(V {9V : g € G}, then V is an open cover of G such that forsome g € G,y € a(I") C gV. Smce V is symmetric,
ylgeV.lett:1— Gbea path from g to y. Define the n-loop y : I" — G by y(s) y~la(s) at g, and the
map H : I"xI —s Gby H(s,t) = T (t)g~"y(s). Then for any s € I", H(s,0) = T (0)g'y(s) = yg‘lgy‘la(s) = a(s),
and for every s € dI",

Hs, 1) = T(t)g'y(s) = (g gy als) = Tty 'y = T(o).

Since for each s € ", H(s =7 (1)9‘17/(5) g9 1(s) = y(s) by (5), ts([a]) = [y]. Now define the map
6 : 1 — Gby d(t) = 0% (t), and the map )’ I” —> G by y’(s) = xg7'y(s). Then 6 is a path from x to g,
Y'(@I") = x and

Yy (I € xg~y(I") € xg gy ta(I") S xylgV S xV2 CxU C W.

Suppose that the map F : [" x I — G is given by F(s,t) = 6 (1E)x‘1 ’(s). Then for each s € I", F(s,0) =
h
6 (0)xLxg~1y(s) = gg7'y(s) = y(s), and for any s € JI",

F(s,) = 6 (hxxg y(s) = 6 (B~ gy~la(s) = & (hy 'y = o (8)

Since for every s € I", F(s,1) = (3(1)9(’1 '(5) = xx19/(s) = v'(s), by (5), [y’] = 8+([y]) = (@ De([y]) =
0% 0 T#([)/]) = oy4([a]) = [B]. Therefore, [f] € nS(G x). By Proposition 4.6,

18(G,x) = 7(G, x) = 7 (G, x) = "V (G, x).
O

The existence of a topological group with non trivial nth Spanier group is a question for authors. The author
don’t know the answer of this question.

Proposition 4.9. Let G be a topological group, xo € G and U be an open subgroup of G. If 6 : I — G is a path from

X to e, then there exist an open cover V and an open cover by pointed sets ‘W such that nﬁfs” (V, xg) and nZSp (W, x0)
are isomorphic.

Proof. The set V = {xU : x € G} is an open cover of G. If H = {[a] : a(I") € U, a(dI") = ¢}, then the map
¢:H— nZSp((V, xo), defined by ¢([a]) = o#([a]), is a monomorphism. To prove that ¢ is surjective, let [§]
be a generator of T, ((V Xp). Since o : 11,(G,e) — 1,(G, xo) is onto, there exists [y] in 7,(G, e) such that
o#([y]) = [B]. On the other hand, since [$] is a generator of 7, usp (V, xp), there exist a path A from x( to A(1) =

and an n-loop a at y such that A4([a]) = [ﬁ] and a(I") € gl for some g € G. Define the maps6: 1 — G and
a :["— Gbyo(t)=o0 TA) and o/ (s) = Yy a(s), respectively. Then ¢ is a path from e to y, and o’ is an n-loop
ate. Since y € gU and U is a subgroup of G, y~ g € Uandso a'(I") C y~ta(I") C y~'gU C U. This 1mp11es that
[@']€e HIfF:I"x] — Gisgivenby F(s,t) = 6 (t)a (s), then P(s 0) = a(s) and for any s € ", F(s,t) = 6 (t)
Since for every s € I, F(s,1) = ac "(s), by (5), [@’'] = 6s([a]) = Setu(la]) = 0#([5]) = [y]. Consequently, [y] € H
and so ¢ is onto. Therefore, T(n (V,x0) and H are isomorphic. Now, if W = {(xU, x) : x € G}, then ‘W is an
open cover by pointed sets. In a similar way, we can prove that nffp (W, x0) and H are isomorphic. [

Definition 4.10. A path ¢ : [ — X is said to be a small path if for every connected open set V containing o(0) and
o(1), there exists a path t from o(0) to o(1) such that ©(I) C V and [t] = [o]. The topological space X is called a small
path space if every path is a small path.

It is easy to see that R" and S”, for nn > 2, are small path spaces, and that in the circle 5! there are no small
paths.
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Proposition 4.11. Let G be a small path topological group, and V be a connected open neighborhood ofe. If 6 : I — G
is a path from xq to e, then there exist an open cover V and an open cover by pointed sets ‘W such that nZSp((V, Xo)
and nZSp (W, xo) are isomorphic.

Proof. Let U be a symmetric open neighborhood of e such that U*> C V. The set V = {xU : x € G} U {V}
is an open cover of G. If H = {[a] : a(I") € V,a(dI") = e}, then the map ¢ : H — nZSp((V, xp), defined by
¢([a]) = ou([a]), is a monomorphism. To prove that ¢ is surjective, let [$] be a generator of 7_(25;; (V, xo).
Since o4 : ,(G, e) — 1,(G, xp) is onto, there exists [y] in 71,,(G, €) such that o4([y]) = [f]. On the other hand,
since [f] is a generator of RZSP (V, xp), there exist a path A from xg to A(1) = y and an n-loop a at y such that
As([a]) = [B] and a(I") € W, for some W € V.

Let W = gU, for some g € G.If §,a’ and F are the maps defined in Proposition 4.9, then [a] = [y]. On the
other hand, y € gU and U is a symmetric open neighborhood of e. Hence y'g € U and a/(I") C y~'a(I") C
y~tgU C UU ¢ V. Consequently, [y] = [¢’] € H, which implies that ¢([e’]) = [B]. If W = V, then TAisa path
from e to y such that ¢, y € V. Since G is a small path space, there is a path 6 from e to y such that 6(I) € V
and [GA] = [8]. Consider A = (I" x {0}) U (JI" x I) and define the map L : A — V by

L(s,) = { 0{(_(s) (s,t) eI" %0,

o) (s,t)edl"xL
Since for any s € JI", a(s) = y = (6_(0), the map L is continuous. By [12, Exercise 2.5.11], there is a retraction
r: I" xI — A such that r(s,t) = (s, t) for every (s,t) € A. Now, F = Lor : ["XxI — V is a continuous
H
map such that F(s,0) = L o 7(s,0) = a(s) for any s € I", and F(s,t) = 0 (t) for every (s,t) € JI" X I. By (5)
and Proposition 2.1, [y] = G4([]) = (G A)#([a]) = [F1]. Hence, ¢([F1]) = ox([F1]) = os([y]) = [B]. Therefore,
uSp . .

1, (V,xp) and H are isomorphic.

Now, if W = {(xU x) : x € G} U {(V,¢)}, then W is an open cover by pointed sets. In a similar way, we
can prove that nf,Sp (W, x0) and H are isomorphic. [

Definition 4.12. Let X and Y be path-connected topological spaces, and f : X — Y be a continuous map. The space
X is called n-locally trivial with respect to f if for each x € X, there exists an open subset U of X such that x € U and
every n-loop based at x which it has a representation in U lies in the kernel of f..

It can be shown that, if Y is a based or unbased n-semilocally simply connected space, then for every
continuous map f : X — Y, the space X is n-locally trivial with respect to f.

In the following proposition, we consider the relationship between the n-local triviality of X and the
n-Spanier group.

Proposition 4.13. Let X and Y be path-connected spaces and f : X — Y be a continuous map. If X is n-locally
trivial with respect to f, then T(ZSP (X, x0) € nZSP (X, x0) € ker(f.).

Proof. By Definition 3.1, it is sufficient to show that there exists an open cover U of X such that nZSp (U, x0) C
ker(f.). By the n-local triviality of X with respect to f, for each x € X, there exists an open neighborhood U,
of x such that every n-loop in U lies in the kernel of f.. The set U = {U, : x € X} is an open cover of X.
We claim that nzSP (U, x0) C ker(f.). Let o4([y]) be a generator of nZsP (U, xp). Since y : [" — U, is an n-loop
and o is a path from x to the base point of y, the n-loop f.([y]) is trivial. By Proposition 4.1, the n-loop
f(o([¥]) = (f 0 0)s(f([y])) is also trivial. Hence o4([y]) € ker(f.). O

Theorem 4.14. If (X, x¢) is a pointed space, then nzs” (X, xo) is contained in the kernel of ¢ : 7,(X, x0) — 71,(X, x0).

Proof. Let U be an open cover of X such that xo € Uy € U. It suffices to show nZSP (X, x0) C ker(Pqy,). Let
N(U) be the nerve of U. Since N(U) is an unbased n-semilocally simply connected space, by Definition
4.12, the space X is n-locally trivial with respect to Pg; : (X,x0) — (N(U), Up). By Proposition 4.13,

(X, x9) C ker(Pgy,). [
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